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PREFACE 


“THE ALGEBRAIC SUM OF ALL THE TRANSFORMATIONS OCCURRING IN A CYCLICAL 
PROCESS CAN ONLY BE POSITIVE, OR, AS AN EXTREME CASE EQUAL TO NOTHING” 


MEANS IF YOU CONTINUOUSLY PUT YOUR EFFORTS ON AN ASPECT YOU HAVE VERY 
GOOD CHANCE OF POSITIVE OUTCOME i.e. SUCCESS 


It is a matter of great pride and honour for me to have received such an overwhelming response to the 
previous editions of this book from the readers. In a way, this has inspired me to revise this book 
thoroughly as per the changed pattern of JEE Main & Advanced. | have tried to make the contents more 
relevant as per the needs of students, many topics have been re-written, a lot of new problems of new 
types have been added in etcetc. All possible efforts are made to remove all the printing errors that had 
crept in previous editions. The book is now in such a shape that the students would feel at ease while 
going through the problems, which will in turn clear their concepts too. 


A Summary of changes that have been made in Revised & Enlarged Edition 
e Theory has been completely updated so as to accommodate all the changes made in JEE Syllabus & Pattern in 
recent years. 


e¢ The most important point about this new edition is, now the whole text matter of each chapter has been 
divided into small sessions with exercise in each session. In this way the reader will be able to go through the 
whole chapter in a systematic way. 


e Just after completion of theory, Solved Examples of all JEE types have been given, providing the students a 
complete understanding of all the formats of JEE questions & the level of difficulty of questions generally 
asked in JEE. 


e Along with exercises given with each session, a complete cumulative exercises have been given at the end of 
each chapter so as to give the students complete practice for JEE along with the assessment of knowledge 
that they have gained with the study of the chapter. 


e Last 13 Years questions asked in JEE Main & Adv, IIT-JEE & AIEEE have been covered in all the chapters. 


However | have made the best efforts and put my all Algebra teaching experience in revising this book. 
Still | am looking forward to get the valuable suggestions and criticism from my own fraternity i.e. the 
fraternity of JEE teachers. 


| would also like to motivate the students to send their suggestions or the changes that they want to be 
incorporated in this book. 


All the suggestions given by you all will be kept in prime focus at the time of next revision of the book. 


Dr. SK Goyal 
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2 Textbook of Algebra 


The square of any real number, whether positive, negative 
or zero, is always non-negative ie. x? > 0 for all x€ R. 


Therefore, there will be no real value of x, which when 
squared, will give a negative number. 

Thus, the equation x” +1=0 is not satisfied for any real 
value of x. ‘Euler’ was the first Mathematician to 
introduce the symbol i (read ‘Iota’) for the square root of 
—1 with the property i? =—1. The theory of complex 
number was later on developed by Gauss and Hamilton. 
According to Hamilton, “Imaginary number is that 
number whose square is a negative number ”’. Hence, the 
equation x? +1=0 

=> x =H 


or x =tJ-1 


(in the sense of arithmetic, /—1 has no meaning). 
Symbolically, V1 is denoted by i (the first letter of the 
word ‘Imaginary ’). 

. Solutions of x? +1=0are x =+i. 
Also, iis the unit of complex number, since i is present in 


every complex number. Generally, if a is positive quantity, 
then 


V-a xV-a =,(-1) x a x,f(-1) x a 
=J-1xJaxV-1x-Va 
=iJaxiva 


2 
=S_a=-a 


Session 1 


Remark 
V—a = iJa,where ais positive quantity. Keeping this result in 
mind, the following computation is correct 

J—a J-b =i Ja-i Jb =i° Jab =- Jab 
where, a and b are positive real numbers. 
But the computation, /-a J—6 = ,/(-a)(-6) = ,/Jal [4] is wrong. 
Because the property, Ja Vb = Vab is valid only when atleast one 
of aand bis non-negative. 


If aand bare both negative, then a/b =—ja] 5]. 


Example 1. Is the following computation correct? 
If not, give the correct computation. 


J-2 J-3 = ,(-2)(-3) = v6 


Sol. No, 
If aand bare both negative real numbers, then VaVb=—ab 
Here, a=— 2 and b=— 3. 


J-2 J-3 = —.|(-2)(-3) =- v6 


Example 2. A student writes the formula 


Jab = Va vb. Then, he substitutes d=—1andb=-1 
and finds 1=—1. Explain, where he is wrong. 


Sol. Since, a and bare both negative, therefore Jab #Vavb. 
Infact a and bare both negative, then we haveJa Jb=— Jab. 


Example 3. Explain the fallacy 
—1=ixi=V-1x ¥-1= J(-1)x (-1) = v1=1. 
Sol. If a and b are both negative, then 
va Vb = — y\a\|b| 
V-1 x J-1 =-,|-1||-1] =-1 


Integral Powers of lota (7), Switch System Theory 


Integral Powers of lota (/) 


(i) If the index of i is whole number, then 
P=1i =i, =(V-1) =-1, 
Perre-_9r =r) SC) =1 

To find the value of i” (n > 4) First divide n by 4. 
Let q be the quotient and r be the remainder. 
Le. 4)n(q 

: 


=> n=4qtr 
When, 0 <r <3 

m= i*t*" =(i*)? (S(T) 7 
In general, fw? =1, "t= 


dn +3 
i"*~ =-i for any whole number n. 


An +2 
i" =-1, 


(ii) If the index of i is a negative integer, then 


Example 4. Evaluate. 


(i) j1998 
(ii) j~ 9999 
(iii) (=./-1)" = ,neN 
Sol. (i) 1998 leaves remainder 2, when it is divided by 4. 
i.e. 4) 1998 (499 
1996 
2 
i998 _ 2g 
Aliter 
ee 
f° =a 
(ii) 9999 leaves remainder 3, when it is divided by 4. 
i.e. 4) 9999 (2499 
9996 
3 
.— 9999 1 1 u l 
7 =—=—=-=i 
5999938 
Aliter 
j- 9999 1 oi ee 
;9999 ;10000 4 


(iii) 4n + 3 leaves remainder 3, when it is divided by 4. 


i.e., 4) 4n+3 (n 
4n 
3 
4n+3 _ 33 _ : 
1 =i1=-1 
Now, (—/-1)"*5 =(- it = a(t? 
=-(-1) 
=i 
Aliter (- fy)" +3 = (py t3 a— it? 
==(°77 
=-(ay' (=i) =! 


Example 5. Find the value of 1+i7+/°+i°+...4i7", 
where i = J—landneN. 
Sol. 142 4i° +i +..42" =1-14+1-1+4+...4+(-1)" 
CaseI Ifnis odd, then 
142 4i +i +4 i"=1-141-14+..41-1=0 
Case II Ifn is even, then 


1427 444i 40.40?" =1-141-14+..4+1=1 


1+/ 


=z 


Example 6. If a= , where i = J-1, then find the 


value of a'%9. 


Chap 01 


.\2 ey : 
1+1 1+i° +2i 

Sol.-- a’ = = 
: ea 2 ) 
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qe? =e qs 75 (a’ ye" =a (i)°4 


= ail) = a-(i*)*"! =a 


Example 7. Dividing f(z) by z — i, where i = /—1, we 
obtain the remainder i and dividing it by z+ i, we get 
the remainder 1+ i. Find the remainder upon the 
division of f(z) by z* +1. 
Sol.z-i=0 > z=i 
Remainder, when f (z) is divided by (z — i) =i 


ie. f@e=i ... (i) 
and remainder, when f(z) is divided by (z+ 1)=1+i 
Le. f(-dj=14+i [vz+i=05z=- i]... (i) 


Since, z? +1isa quadratic expression, therefore remainder 
when f(z) is divided by z? +1, will be in general a linear 


expression. Let g(z) be the quotient and az + b (where a 
and b are complex numbers) be the remainder, when f(z) is 
divided by z? +1. 


Then, f (z)=(z? +1) g(z)+az+b ... (iii) 
f @=(? +1) g (i) +ai+b=ait+bd 

or ait+b=i [from Eq. (i)] ... (iv) 

and f (-i)=(? +1) g(-i)-ait+b =-ai+b 

or -aitb=1+i [from Eq. (ii)] ...(v) 


From Eqs. (iv) and (v), we get 


1 i 
b=—+i and a=- 
2 2 
Hence, required remainder = az + b 
1. 1... 
= -izt+—+i 
2 2 


The Sum of Four Consecutive 
Powers of / (lota] is Zero 
Ifne IT and i=./-1,then 


gh pg tt 4 ght? 4 td ai tite? +7) 
=i" (1+i-1-i)=0 
Remark 
m m-pt1 
1 Lin= Yo Prep? 
r=p r= 
m m+p+i 
2 PAN = f(r-p-1) 
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13 
Example 8. Find the value of §\ (i +i"*') 
(where, i = J-1) = 


13 13 13 
Sol YP 4P = YP + MPT =G4+0)+0 +0) 
n=1 n=1 n=1 


3 13 


> Ystand Y i =0 


n=2 n=2 


—I 


=i- 1 
| (three sets of four consecutive powers ofi) 


100 


Example 9. Find the value of §\ i”' 


(where, i = ./—1). -“ 
Sol. n! is divisible by 4, V n = 4. 
100 97 
by jn! = y pars)! 
n=4 n=1 
10,0 , 30 : _ : 
=i +i +i +...97 times =97 (i) 
100 3 100 
bee = ya + a 
n=0 n=0 n=4 


=i 4 477'47' 4097 [from Eq. (i)] 


=f 474i? 4+i°+97=i+i-1-1+97 


=95 + 2i 
4n+7 
Example 10. Find the value of > i’ 
r=1 
(where, i = ,/- 1). 
4n+7 4n+7 4n+4 
Sok Y fate? ++ Y Psi-1-i+ Yr? 
r=1 r=4 r=1 


=-—1+0 [(n +1) sets of four consecutive powers of i] 
=-1 


Example 11. Show that the polynomial 
xiP 4 XAT the yt? 4 4543 is divisible by 
x>+x?+x+1, where p,g,r,5€N. 
Sol. Let f(x) = x*? +x“4t1 4 x 424 x43 
and x?+x7+x+4+1=(x? +1)(x +1) 
=(x + i)(x -i)(x +1), 
en 


Now, f (i)=i*? + i497 +i" 4? 4 i843 =141474+7 =0 


where 


[sum of four consecutive powers of i is zero] 
f (—i) =(-i)? £(=p $(=i)"*? £(Si)8*9 
=1+(-i)' +(-i)’ +(-i)? =1-i 
and f(- 1)=(- 1)? +(- yee +(- ay? +(- 1)8*3 
=1-1+1-1=0 
Hence, by division theorem, f (x) is divisible by 
xitx txth 


1+i=0 


Switch System Theory 

(Finding Digit in the Unit's Place] 

We can determine the digit in the unit’s place in 

a’, where a, b€ N.If last digit of a are 0, 1,5 and 6, then 


digits in the unit’s place of a? are 0, 1,5 and 6 
respectively, for all be N. 


Powers of 2 
9° Oo" 9° 9 o>? 2° a! 98 oe ihe digits in unit’s place 
of different powers of 2 are as follows : 


2, 4, 8, 6, 2, 4, 8 6, 2,... (period being 4) 
es ia (i i a a 


DQOOW QAQdOa ... (switch number) 


(The remainder when b is divided by 4, can be 1 or 2 or 3 or 0). 
Then, press the switch number and then we get the digit 


in unit’s place of a’ (just above the switch number) ice. 
‘press the number and get the answer’. 


Example 12. What is the digit in the unit’s place of 
(Sine? 


Sol. Here, last digit of a is 2. 


The remainder when 11327 is divided by 4, is 3. Then, 
press switch number 3 and then we get 8. 


Hence, the digit in the unit’s place of (5172)'”7 i 


1s 8. 


Powers of 3 
gg? Bo 3" So 3° 3! 3°... the digits in unit’s place of 
different powers of 3 are as follows: 


3, 9, 7, 1, 3, 9, 7, 1,...(period being 4) 
oe aie ae aE 


OQDBDOOABDEO) ... (switch number) 


The remainder when b is divided by 4, can be 1 or 2 or 3 
or 0. Now, press the switch number and get the unit’s 
place digit ( just above). 


Example 13. What is the digit in the unit’s place 
of 


(ag)? ? 


Sol. Here, last digit of a is 3. 
The remainder when 86 is divided by 4, is 2. 
Then, press switch number 2 and then we get 9. 
Hence, the digit in the unit’s place of (143)* is 9. 


Powers of 4 


41,4? 4°, 4*,4°.... the digits in unit’s place of different 
powers of 4 are as follows: 

4, 6, 4, 6, 4, ... (period being 2) 

Te ed 


OOOOA) ... (switch number) 


The remainder when b is divided by 2, can be 1 or 0. Now, 
press the switch number and get the unit’s place digit 
(just above the switch number). 


Example 14. What is the digit in unit's place of 
(1354)°22722 


Sol. Here, last digit of a is 4. 


The remainder when 22222 is divided by 2, is 0. Then, 
press switch number 0 and then we get 6. 


Hence, the digit in the unit’s place of (1354)? 


is 6. 


Powers of 7 
Cat et Tt or 
different powers of 7 are as follows: 


7, 9, 3, 1, 7, 9, 3, 1,...(period being 4) 
+o) 2 tT -o 


OQABDOD Q@O ... (switch number) 


(The remainder when b is divided by 4, can be 1 or 2 or 3 
or 0). Now, press the switch number and get the unit’s 
place digit ( just above). 


the digits in unit’s place of 


Example 15. What is the digit in the unit’s place of 
(susp ? 


Sol. Here, last digit of a is 7. 


The remainder when 941120579 is divided by 4, is 3. Then, 
press switch number 3 and then we get 3. 


Hence, the digit in the unit’s place of (13057)71”? is 3. 
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Powers of 8 
81.87,83848°.3° 378°. the digits in unit’s place of 
different powers of 8 are as follows: 

8 4, 2, 6, 8 4, 2, 6,... (period being 4) 

TPT Tr Tt 

@) DDOD@O@O® ... (switch number) 


The remainder when )b is divided by 4, can be 1 or 2 or 3 
or 0. 


Now, press the switch number and get the unit’s place 
digit (just above the switch number). 


Example 16. What is the digit in the unit’s place of 
(1008)”*° ? 


Sol. Here, last digit of a is 8. 


The remainder when 786 is divided by 4, is 2. Then, press 
switch number 2 and then we get 4. 


Hence, the digit in the unit’s place of (1008)’*° is 4. 


Powers of 9 


9" 67 9° 9% 9° the digits in unit’s place of different 
powers of 9 are as follows: 

9, 1, 9, 1, 9,...( period being 2) 

i ae aa a 

OOMOQA ... (switch number) 


The remainder when b is divided by 2, can be 1 or 0. 


Now, press the switch number and get the unit’s place 
digit (just above the switch number). 


Example 17. What is the digit in the unit’s place of 
aig"? 


Sol. Here, last digit of a is 9. 
The remainder when 111213 is divided by 2, is 1. Then, 
press switch number 1 and then we get 9. 


Hence, the digit in the unit’s place of (2419)'1128 


is 9. 
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Exercise for Session 1 


7 Wf(147)?" + (1-1)2” =-2"* ' (where, i = J— 1) for all those n, which are 


(a) even 
(c) multiple of 3 


(b) odd 
(d) None of these 


2 \fi =./—1, the number of values of i” + i~” for differentn €/ is 


(a) 1 
(c) 3 


(a) — Ja-|b| 
(c) fa-|b| 
4 Consider the following statements. 
S,:-6 =2i x3i =/(-4) x J(-9) (where, i = /- 1) 
S3 : /(- 4) x (-9) = 36 


Of these statements, the incorrect one is 
(a) S; only 
(c) S3 only 


50 
5 The value of x i'2"*1)! (where, i = ,/—1)is 
= 


(a)i 
(c) 48+ / 
1003 


6 The value of X. i’ (where i = ./—1)is 
Pixs 


(a) 1 
(c)i 
7 The digit in the unit’s place of (153)°8 is 
(a) 1 
(c)7 
8 The digit in the unit’s place of (141414)'2'7" is 
(a) 4 
(c) 3 


) 
3 \fa>Oandb <0,then Va Vb is equal to (where, i = J-1) 
) 


(b) 2 
(d) 4 


(b) Ja. |b] i 


(d) None of these 


So: y(-4) x y(-9) = J(- 4) x(- 9) 


S, :¥36 =6 


(b) S» only 
(d) None of these 


Session 2 


Definition of Complex Number, Conjugate Complex 
Numbers, Representation of a Complex Number in 


Various Forms 


Definition of Complex Number 


A number of the form a + ib, where a,b € Randi=./—1, is 


called a complex number. It is denoted by zie.z =a + ib. 


A complex number may also be defined as an ordered pair 
of real numbers; and may be denoted by the symbol (a, b). 
If we write z =(a, b), then a is called the real part and b is 
the imaginary part of the complex number z and may be 
denoted by Re (z) and Im (z), respectively i.e., a = Re (z) 
and b =Im(z). 

Two complex numbers are said to be equal, if and only if 
their real parts and imaginary parts are separately equal. 


Thus, at+ib=ctid 
S a=c and b=d 
where, a, b,c,d € Randi=./—1. 


ie. Z1=Z2 
S Re(z,)=Re(z,) and Im(z,)=Im(z,) 


Important Properties of Complex Numbers 


1. The complex numbers do not possess the property of order, 
i.e., (a+ ib) >or<(c + /d) is not defined. For example, 
9 + 6/ > 3+ 2/ makes no sense. 


2. Areal number acan be written as a+ /-0. Therefore, every 

real number can be considered as a complex number, whose 
imaginary part is zero. Thus, the set of real numbers (A) is a 
proper subset of the complex numbers (C) i.e. R CC. Hence, 
he complex number system isN CW C/I CQCRCC 


3. Acomplex number z is said to be purely real, if|m(z) =0; and 

is said to be purely imaginary, if Re (z) = 0. The complex 

number 0 =0 + /-0 is both purely real and purely imaginary. 

4. In real number system, a°+ 6? =0 3 a=0=6. 

But ifz; and z» are complex numbers, then a + Ze =0 

does not imply z, = Z> =0. 

Forexample,z,;=1+/andzZ )=1-/ 

ere,Z, #0,Z5 #0 

Butz,°+z5° =(14 (2? + (1-/)?=14 (7 42414 7? -2i 
=249/* =9-9=0 

owever, if product of two complex numbers is zero, then 


atleast one of them must be zero, same as in case of real 
numbers. 


fZ4Z9 =0, then z, =0,Z5 #40 or z, 
or Z,=0,Z5 =0 


0,Z5=0 


Algebraic Operations on 
Complex Numbers 


Let two complex numbers be z, =a+ib and z, =c + id, 
where a,b,c,d€ Randi=,/-1. 

1. Addition z, + z, =(a+ib)+(c+ id) 

=(a+c)+ i(b+ d) 

2. Subtraction z, —z, =(a+ib)—(c+id) 

=(a-—c)+i(b-d) 

3. Multiplication z, -z, =(a+ib)-(c+id) 
=ac + iad + ibe + i’bd 
=ac+i(ad + bc) —bd 
=(ac — bd) + i(ad + bc) 

Z, _(at+ib) (c—id) 
Zo ~(e+id) (c—id) 


4. Division 


[multiplying numerator and denominator by c — id 
where atleast one of c and d is non-zero] 


_ac-iad +ibe—i’bd _ act+i(be—ad) + bd 


(c)* —(id)? ¢ i'd’ 
_ (ac + bd) +i(be—ad) _(act+bd) | , (bc —ad) 
e +d’ (2 +d’) (c? +d”) 
Remark 
id : =/and a =—/, where / = J-1, 
17 1+/ 


Properties of Algebraic Operations 
on Complex Numbers 
Let z,,Z2 and z3 be any three complex numbers. 


Then, their algebraic operations satisfy the following 
properties : 


Properties of Addition of Complex Numbers 
(i) Closure law z, +z, is a complex number. 
(ii) Commutative law z, +z, =z, +2, 
(iii) Associative law (z, +z2.)+2Z3 =Z, +(Z2 +23) 
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(iv) Additive identity z +0 =z =0 +z, then 0 is called 
the additive identity. 


(v) Additive inverse —z is called the additive inverse of 
Z,ie.z+(—z) =0. 
Properties of Multiplication 
of Complex Numbers 
(i) Closure law z,-z, is a complex number. 
(ii) Commutative law z,- Zz. =2Z,: 2; 
(iii) Associative law (z, -z.)z3 =Z, (Z2°Z3) 
(iv) Multiplicative identity z-1=z=1-z, then 1 is 
called the multiplicative identity. 


(v) Multiplicative inverse If z is a non-zero complex 


1; pate. ih 
number, then — is called the multiplicative inverse 


(vi) Multiplication is distributive with respect to 
addition z, (z. +23) =Z, Z2 +z, 23 


Conjugate Complex Numbers 


The complex numbers z =(a, b) =a + ib and 
Z =(a,— b) =a — ib, where a and b are real numbers, 
i= /-1 and b £0, are said to be complex conjugate of each 
other (here, the complex conjugate is obtained by just 
changing the sign of i). 
Note that, sum =(a + ib) + (a — ib) =2a, which is real. 
And _ product =(a + ib) (a—ib) =a? —(ib)’ 

=q’ —i* b® =a’ -(-1) 0’ 

=q’ +b’, which is real. 
Geometrically, z is the mirror image of z along real axis on 
argand plane. 


Remark 
Let z=-a-jib,a>0,b>0=(-a4-b)) (lll quadrant ) 


Imaginary axis 


P(2) 
b 
06a 
> Real 
) 8 axis 
b 
Q@) 
Then, z =—-a+ /b=(-a, 6) (Il quadrant). Now, 
(i) If z lies in | quadrant, then z lies in IV quadrant and 


vice-versa. 
(ii) If z lies in Il quadrant, then z lies in Ill quadrant and 
vice-versa. 


Properties of Conjugate 
Complex Numbers 


Let z, z, and z, be complex numbers. Then, 


(i) (Z) =z 

(ii) z +Z =2 Re(z) 

(iii) z —Z =2 Im(z) 

(iv) z+Z=0 => z=-Z = zis purely imaginary. 
(v)z-Z=0 => z=Z = zis purely real. 


(vi) z, tz) =Z, +Z, Ingeneral, 


Z, 42, ¢2,4...£2, =2, £2, +2, 4...42, 


(vii) zy «22 =21 22 


In general, 21-2) +23 ..-2Zn = 21° 22° 23+ Zn 


cain =71 2, £0 
(ix) 2" =(z)" 


(x) Z; 22 +21 Z, =2Re(z, z,) =2 Re(z, Zz) 


(xi) Ifz = f (z1,z2), then Z =f (21,22) 


X=5 -—3 
Example 18. If ei, where x, y ER and 
+i - 
i=./—1, find the values of x and y. 
Sofie 2-2 Y= oy 
34+i 3-i 
=> (x —3)(3-i)+(y-3)(3+i)=i(3+i)(3-i) 
= (3x — xi—9 + 3i) + (3y + yi —9 — 3i) = 10i 
> (3x + 3y — 18) +i(y — x) =10i 


On comparing real and imaginary parts, we get 
3x + 3y —18=0 


> xty=6 (i) 
and y-x=10 ...(ii) 
On solving Eqs. (i) and (ii), we get 

x=-2, y=8 


Example 19. if (a+ ib) ° = p+ iq, where i =,/-1, 
prove that (b+ ia) > = q+ ip. 


Sol. -. (a+ ib)> =p+tig 
(a+ib)>=p+tiq = (a-—ib)*® =(p — iq) 
= (— i’a — ib)” =(-i’p — ig) [vie] 


= (-i) (b+ia)’ =(-i)(q + ip) 
=  (-i)(b+ ia)’ =(-)(¢+ ip) 
(b+ ia)° =(q+ ip) 


Example 20. Find the least positive integral value of 
n, for which (= where i = J/-1, is purely 
imaginary with positive imaginary part. 
Sol. (=) “(24 =i -("" 2) (tea) 
1+i iti 1-i 2 2 


=(-— i)" = Imaginary 


=> n = 1,3,5,... for positive imaginary part n = 3. 


Example 21. If the multiplicative inverse of a 
complex number is (v3 + 4i) /19, where i = ,/—1, find 
complex number. 


Sol. Let z be the complex number. 


Bett), 


Then, z: 
19 


7 pee 3 = 4i) 
(V3 +4i) (v3 - 4i) 


_ 19(¥3 - 4i) = (3 - 41) 
19 


Sacer 
Example 22. Find real 0, such that ee 
1-2isin® 

where i = /—1, is 
(i) purely real. (ii) purely imaginary. 


3+ 2isi 
Sol. ia 
1-2isin 9 


On multiplying numerator and denominator by conjugate 
of denominator, 


_ (34 2isin®)(1+2isin®) (3-4 sin’ 0) + 8isin 0 


(1 — 2i sin 8) (1 + 2i sin 0) (1+ 4 sin? 0) 


(8 sin @) 


(3-4sin?0) 
= +1 
(1+ 4 sin? 0) 


(1+ 4 sin’ 6) 


(i) For purely real, Im(z) = 0 
8 sin 8 
1+ 4sin? 0 


=0 or sin8 =0 


= 


Pe O@=nT,neEl 

(ii) For purely imaginary, Re (z) =0 
(3 — 4sin’@) 
(1 + 4sin’@) 


or sin“ §@ =—= =| sin 
4 2 3 


Tt 
6=nt+t—,neEl 
3 


=0 or 3-4sin’0 =0 
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Example 23. Find real values of x and y for which 
the complex numbers — 3+ix*y and x 24 y+4i, 
where i = ./— 1, are conjugate to each other. 


Sol. Given, —3+ix*yax? +yt4i 


=> —3-ix*y=x?+y+4+4i 
On comparing real and imaginary parts, we get 
x? +y=-3 (i) 
and —x*y=4 (ii) 
From Eq. (ii), we get x? = — = 
y 
Then, 2s +y=-3 puting —— a Eq. a 
y BY 
y' +3y-4=0 = (y+4)(y-1)=0 
y=-4,1 
For y=-4,x°=15 x=H1 
For y=1,x*=-4 [impossible] 


Example 24. If x =—5+2./—4, find the value of 


ae ae Ss ae ee 8 


Sol. Since, x=-54+2,/-4 =p x4+5=4i 
= (x +5) =(4i)? = x? +10x +25=-16 
x* +10x + 41=0 ...(i) 
Now, 


ual; | page aki 
x*+10x° + 41x? 


4x7 +40x+4 
4x? + 40x + 164 


— 160 
xi +9x3435x*-x4+4 
= (x? + 10x + 41)(x? — x + 4) — 160 
=0- 160 =-160 [from Eq. (i)] 


Example 25.Let z be a complex number satisfying 
the equation z * _(3+i)z+A+2i=0, where AER and 


i = J/-1. Suppose the equation has a real root, find the 
non-real root. 


Sol. Let a be the real root. Then, 
a? -(3+i)a+A4+2i=0 
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=> (0° -30+A)+i(2-a)=0 
On comparing real and imaginary parts, we get 

a? -30+A=0 ...(i) 
> 2-a=0 ... (ii) 
From Eq. (ii), @ = 2 
Let other root be B. 
Then, a+B=3+i 

B=1+i 


Hence, the non-real root is 1 + i. 


=> 2+P=3+i 


Representation of a Complex 
Number in Various Forms 


Cartesian Form 
(Geometrical Representation] 


Every complex number z = x + iy, where x, y € Rand 
i=./—1, can be represented by a point in the cartesian 


plane known as complex plane (Argand plane) by the 
ordered pair (x, y). 


Modulus and Argument of a 
Complex Number 


Let z=x+tiy=(x,y) forall x,ye Randi=./-1. 


Imaginary axis 


Real axis 


The length OP is called modulus of the complex number z 
denoted by |z ; 


ie. OP =r=|z|=4(x° +y’) 


and if (x, y) #(0,0), then @ is called the argument or 
amplitude of z, 


ie. O=tan' (2) [angle made by OP with positive X-axis] 
x 


or arg(z)=tan' (y/x) 


Also, argument of a complex number is not unique, since 
if @ is a value of the argument, so also is 2nm +0, where 

né I. But usually, we take only that value for which 

0 <0 <2m. Any two arguments of a complex number differ 
by 2nt. 


Argument of z will be 0,7 —0, 2 +0 and 2m —0 
according as the point z lies in I, II, III and IV 
x 

<i 


quadrants respectively, where 0 = tan * 


Example 26. Find the arguments of z, = 5+5i, 
Z,=-44+4i,zZ3=-3-3i andz, =2-2i, 
where i = ./-1. 
Sol. Since, zz ,z43 and z, lies in I, II, I and IV quadrants 
respectively. The arguments are given by 


1{9 


arg (z,) = tan” =tan-'1=17/4 
{i 4 = 31U 
arg (z.) = 7 — tan =T—tan 1=n-—=— 
=1 3 -1 T™ 51 
arg(z,;)=m+tan '|—~|=7 + tan tame a 


1/7 


and arg (z,)=2n — tan” 


ez tT 71 
=2n — tan 1=2n0 —-—=— 
4 4 


Principal Value of the Argument 


The value 0 of the argument which satisfies the inequality 
—1 <0 <7 is called the principal value of the argument. 


Ifz=x+iy=(x,y),Vx,y¢€ Randi=./—1,then 


1 


arg(z) = tan” (2) always gives the principal value. It 
x 


depends on the quadrant in which the point (x, y) lies. 


YA Imaginary 
axis 
P(%Y) 
I 
ry. 
I 
1 
x’ : ! Xx 
~ 1 > 
O . Real axis 
yy’ 


(i) (x, y) € first quadrant x >0, y >0. 


The principal value of arg (z) =@ = tan’ (2) 
x 


It is an acute angle and positive. 
(ii) (x, y) € second quadrant x <0, y >0. 
The principal value of arg (z) =0 


=m —tan (2) 
|*| 
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Y = - = 2 
A Imaginary or tan-'1,m—tan '1,-m+tan ‘1, —tan ‘1 
(x, y) axis T Tt ma nt n3n 30 
or Ay 1 = Tbr ji or —, 5 , 
i 4 4 4 4 4 4 4 4 
1 
yt ae Hence, the principal values of the arguments of 2, Z2, z3 
: mn 3n 30 #1 ; 
xX xO X and z, are —, —, — —, — —, respectively. 
Real axis 4 4 4 4 
y Remark 
Y’ emar 
: x 1. Unless otherwise stated, amp z implies principal value of the 
It is an obtuse angle and positive. argument, 
(iii) (x, y) € third quadrant x <0, y <0. 2. Argument of the complex number 0 is not defined. 
ee a afy 3. IfZ, = 2. | Z| =|Zo| and arg (z,) =arg (Zp). 
The principal value of arg (z) =O=— + tan (2) 4. lfarg (z) = /2or— 1/2, z is purely imaginary. 
y 5. lfarg (z) =0 orn, z is purely real. 
Imaginary 
axis Example 28. Find the argument and the principal 
value of the argument of the complex number 
x’ x 2+! , 
Beciieis Zz = ————__., where j = ,/-1. 
hia ies? 
F 2+i 2+i 2+i 1 1 
Sol. Since, z = : = ! = a i 


r 4i¢+(1+i 4i+1++2i Gi 6 3 
.. Z lies in IV quadrant. 
It is an obtuse angle and negative. 


(iv) (x, y) € fourth quadrant x >0,y <0. - 
Here, 9 = tan” 


The principal value of arg (z) =0 


ban -. “arg (z)=2n —0 =2n —- tan '2 
vA Hence, principal value of arg (z) = — 0 = — tan 2. 
Imaginary 5 
axis Properties of Modulus 
, x (i) z|20=>|z|=0, iffz =0 and|z|>0, iffz #0 
xX x sl 
Real axis (ii) —]z|<Re(z) <|z|and—-|z|<Im(z) <|z| 
y ais = ~ 
(ii) |z|=|2|=|-2|=|-2| 
—— 2 
(x, y) (iv) zz =|z| 
vy 
(v) |Z1 z,\= z1||z2| 
It is an acute angle and negative. In general, |z, Z2 Z3...Zy =|21 || Z2 \|Zs ee Zn 
ee Zz 
Example 27. Find the principal values of the | (vi) 4] = [21] (z, #0) 
arguments of 7,=2+2i, z,=—-3+3i, 2;=—-4—-4i z2| |Z | 
and z, =5-—5i, where i = J-1. (i ede: <2, |+|22 | 
Sol. Since, z,,z ,z3 and z, lies in I, II, III and IV quadrants In general, |z, tz, +z +...+z,|< | Z |+ | Zp | 
respectively. The principal values of the arguments are Sle Nas... onl 
given by | 3 | 7 | n 
(2 {3 af=4 (viii) | z, +z, >| | 21 |-|z2 || 
tan (2). tan = 1% + tan — |, 
2 |-3| ~ (ix) |z” =|z|" 


a 


4(|-5 
— tan (Ea) (x 


|z1|-]z2||S]z1 +Z5 |<] 21|+| Z2| 
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Thus, 
Z1 + Z2 
Z1 +2 


Z1|+| z,| is the greatest possible value of 
and | |Z1|—|Za| | is the least possible value of 


(xi) ey 29/° =(21 #22) @ £22) =|2,) +] 20) 
+ (z1Z, +2122) 
or |z,[ +|z2| +2Re(z, Z>) 


(xii) z,Z, +Z,Z, =2|z,|[z2|cos(®, —6,), where 
0, =arg(z,) and, =arg (zz) 


(xiii) |z, +z. |’ Sle +|z,) @ is purely imaginary. 
22 
(xiv) zi +Z, [ +z, —Z> i =2 fle, [ +\z| } 


a 


(xv) jaz, —bz,| +|bz, + az») =(a’ +b*)((z1) +|z, 


where a,beE R 

(xvi) Unimodular i.e., unit modulus 
If z is unimodular, then | Zz | = 1.In case of unimodular, 
let z=cos0+isin0,0€ Randi = /-1. 


Remark 
1. If f(z) is unimodular, then | (z) | =1and let 
f (z) =cos 0+ /sin0, 8 e Randi = V1. 


Zo ; 
2. iz] is always a unimodular complex number, if z #0. 
Zz 


(xvii) The multiplicative inverse of a non-zero complex 
number z is same as its reciprocal and is given by 
1 Zz Zz 


Example 29. If 6; €[0,/6],i=1,2,3,4,5 and 
sin@, z’+sin@, z°+sin@;z7+sin0, z 
+ sins =2,show that > <|z|<1 
Sol. Given that, 
sin 0, z* + sin®@, z* +sin@, z* +sin®, z+sin@,; =2 
or2= ‘sin 0,z‘+sinO, z*> +sin0, z? +sin@, z + sin85| 
2< ‘sin 0,2°| + |sin, z? + [sin z? 
+ | sinO4 z |+ | sin®5| [by property (vii)] 
=2<|sin 8, |] 4 |+|sin®, ia |+| sin95)] 2” | 
+|sin0, | Zz |+| sin®,| [by property (v)] 
=> 2<|sin 0, ||z | +| sind, || z]° +] sinds]| z 
+| sin, || z | +] sin®,| 
But given, 0; € [0, 1/6] 


[by property (ix)] ...@) 


1 
sin8; €| 0,-}, 
2 
‘ : 1 
ie. 0<sin®0; <—- 
2 


.. Inequality Eq. (i) becomes, 


a<+|z['+-|z|°+-|2P +-]2|+- 
2 2 2 2 2 

=> 3<|z|'+|z|>+|z] +]z| 
=> 3<|z|+|z[+|z| +]zf <|z|+]z/ 


+|z| +|z|o+..+0 
2 3 4 
=> 3<|z|+|z] +|z| +|z[ +..+e 


3 s<_l# 
1-|2| 


[here, |z| < 1] 


=> 3-3|z|<|z| => 3<4|z| 


3 
Hence, ~<|z|<1 [." |z| <1] 
4 


Example 30. if | z— 2+ |<2, find the greatest 
and least values of |z| , where i = /—1. 


Sol. Given that, | z—-2+i |<2 (i) 
z-2+i|2||z|-|2-i]| [by property (x)] 
z-2+i[2||z|- v5| (ii) 


From Eqs. (i) and (ii), we get 
|z|- v5] <|z-2+i|s2 


|z|- v5 |s2 
= 2<|z|-v5 <2 
=> V5 -2<|z|<V5+2 


Hence, greatest value of | 4 |is V5 +2and least value of | Zz | 


is V5 -2. 


Example 31. If z is any complex number such 
that | z+4 |< 3, find the greatest value of | z+1\. 
Sol. --|z+1|=|(z+4)-3| 
=|(z+4)+(-3)|<|z+4|+|-3] 


=|z+4|+3 
<34+3=6 [| z+4|<3] 
“ [z+1/S6 


Hence, the greatest value of | z+1 |is 6. 


Example 32. If | z, |=1, z;|=3and 


97,22 + 4Z 32, +ZZ3|= 6, find the value of 
Z,+Z) +25) 


Z2 |=2, 


Sol. -. |z|=1 = |x [=1 
> 4Z%,=1 > —=2z 
21 
| 2 |=2 > | z2 [ =4 => 22%, =4 
> wae and |z3|=3 => |z,|’ =9 
—d ZgZn5=9 5 see 
23 


and given | 92122 +4232, +2923 |=6 


4 1 
> | 21 22 25 | —+—+4+—]|=6 
Zz 
=> |z:|[z2| [23 |/Zst+2+%|=6 
E : = 24; i =Z, and -7,] 
24 22 23 
= 1-2-3] 2, +22 +25 |=6 
| 41 +22 +25 |=1 [- |Z] = [21] 


Example 33. Prove that 


1 1 

5 +22) +2122 54 +25) -JfZ)Zz 
1 

gt ea) ea 


Z,+Z.—-2 
1 2 
2 


=Ht| fart ve [ +| Jer - vee ly 
=t2t| dal +f 


=| z,|+| 22 |=LHS 


+ 


|Z |+| 22 |= 


Sol. RHS = Ro + Z.)+4/Z,Z9 | + 


_ | 2 +2, +2 
2 


21%2 21%2 


[ by property (xiv)] 


Example 34. z, andz, are two complex numbers, 


Z —2Z5 < 1 a 
such that ———— is unimodular, while z, is not 
2-—2Z1:Z) 
unimodular. Find |z; |. 


Z, —2z 
Sol. Here, a | 
2- 242% 
Z, —2z 
> : as = 1 [by property (vi)] 
2- 2429 
=> | 21 - 222 [=| 2-222 | 
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2 — 2 
> | 21 — 222 | =|2- 22, 


l 


(2 — 2z9)(2 — 222) =(2— 2422) (2 — ZZ) 


Z [by property (iv)] 
=> (2, - 222) (% — 222) = (2 — 222) (2 - HzZ2) 


DS 2421 — 2242 — 2%2Z, + 42922 


= 4 - 22%. — 22,2, + 242Z1Z2Z2 


=> Jaf +4)z.f=44]af |2o/ 
=> |a)-|al-|2)+4\/zP-4=0 
2 2 
= (la f-4)(2-|22/J=0 
But | z2 |#1 [given] 
jaf=4 
Hence, | z, |=2 


Properties of Arguments 
(i) arg (z,z,) =arg(z,) targ(z,)+2kn,keI 
In general, arg (z, Zz Z3.--Zn) 


=arg(z,)+arg(z,) + arg (z3) +...+ arg (z,,) + 2km, 
kel. 


(ii) arg (2) =arg(z,) —arg(z2)+2kn, kel 
22 


(iii) arg 8 =2arg(z)+2kn,ke1 
Z 
(iv) arg (z") =n. arg (z) + 2km, ke I, where proper value 
of k must be chosen, so that RHS lies in (—7, 7]. 


(v) If arg [2 =6, then arg (2) =2nt — 0, where neé I. 


zy Zo 
(vi) arg (Z) =— arg (z) 
Example 35. if arg (z,)= = and arg (aja, find 


the principal argument of z,z, and (z, /Z2). 
Sol. arg (z,z2) = arg (z,) + arg (z2) + 2kn 


1 
ao TE ae, 
18 18 
mel + 2k 
4 2 
= _og eS [for k = — 1] 
5 3 
and arg (2) = arg (z,) — arg (z2.) + 2k 
22 
_17m =70 2 Bie 107 Lahey 
18 18 18 
5 5 
=Sros2 [for k = 0] 
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Example 36. If z, and z, are conjugate to each 
other, find the principal argument of (— z,Z2). 
Sol. « z, and z, are conjugate to each other ie., z, = z,, there- 
fore, z,;Z2 = ZZ = | Zy 
“arg (— 2, Z,) = arg(- | Zy [’ )=arg [negative real number] 


=T 


Example 37. Let z be any non-zero complex 
number, then find the value of arg (z)+ arg (z). 


Sol. arg (z) + arg (z)= arg (zz) 
= arg ( |z [’) =arg [positive real number] 


=0 


(a) Mixed Properties of Modulus 
and Arguments 


(i) | z4 +22 |=] 21 |+| ze | <= arg (z1) = arg (z2) 


(ii) | 2 +2Z, |=] 21 |-|z2 |< arg (z,) — arg (z.)=7 
Proof (i) Let arg (z,;)=9 and arg (z,)=0 
|Z: + Zo |= Z1 |+| 22 | 


On squaring both sides, we get 


2 2 2 
| z1 +22| = z,| +|z2| +2| z,|| z2| 


> | z:[ +|z2) +2|z,| z,| cos (0-96) 


2 2 
z,| +|z2| +2] 2z,|| z,| 


=> cos (8 — @) =1 
80-o=0 or 0=0 
arg (z;) = arg (z2) 
(ii) [21 +2Z2/=|21 1-122 | 


On squaring both sides, we get 
21 +22) =| +|z0)° -2] 24[] 20] 
=> | 2 i +|Z2 [ +2] z, || z2 |cos (0 - 9) 

= [zi [ +]22 -2[21 || 22 | 


=> cos (8 — 6) =-1 
: 8-—o=7 or arg(z,;)—arg(z2.)=7 


Remark 

1. | 2Z,-2Z.|=| 2, |+| 22 | = arg (Z,) =arg (Zp) 

2. |Z, -Z2|=| 2% |-|2Z2| — arg (Zz) -arg (Zp) =2 

3. |Z, — Zo |=| 2; + Z| © arg (z)) arg (29) = #5, 2,20 


Z, : 
and — are purely imaginary. 
Zo 


(6) Trigonometric or Polar or 
Modulus Argument Form of a 
Complex Number 


Let z= x +iy, where x,y € Randi= /-1, z is represented 
by P(x, y) in the argand plane. 


Y 
Q 

3 P (x,y) 

> 

fav} 

c 

D 

& y 

0 
> xX 

O x M Real axis 


By geometrical representation, 
OP =4\(x? +y") =|z | 
ZPOM =0 = arg (z) 

In AOPM, x = OP cos(Z POM) =| Zz | cos (arg z) 
and y =OP sin(Z POM) =| Zz | sin (arg z) 
te zZ=xtiy 

Zz =| Zz | (cos (arg z) + isin (arg z) ) 
or z=r(cos0 +isin®) 

Z =r(cos® —isin®) 


where, r = | Zz | and 9 = principal value of arg (z). 


Remark 
1.cos8+ /sin@is also written as CiS 0. 
2. Remember 


=cos0 + /sin0 => -1=cosn+/sinn 


, Tl re | . ™ - oo 1 
/ =COS +7 Sin => —/1=COS -/ sin 
2 2 2 2 
1 iv3 
Example 38. Write the polar form of — age 


J 
(where, i = ./— 1). 
La = Since, - . - 2) lies in III quadrant. 
~ V3 /2 
-1/2 


7 Tv 27 
‘V3 =-mt+— =-— 


Sol. Let z =—- 


1 


“. Principal value of arg (z) = — 1 + tan” 


=-1+ tan 


we FCS) fa 


*. Polar form of z= | Zz | [cos (argz) + i sin(argz)] 


te 2-8 = cos (- 22) isin (-)] 


(c] Euler's Form 


If8e Rand i=./-1, then e!® =cos@ + isin® is known as 


Euler’s identity. 
Now, e '°=cos@ —isin® 
Let z=el® 

|z |=1 and arg (z)=90 
Also, e+e '8 =2cosO and e!°—e !® 2isind 


andif 0,@¢€ Randi=./—1,then 
(22) 
(i) e® +e =e \ 2? 4 -2c0s| —— 
cos = 
2 
and arg(el® +8) = °° 4) 


(948 
(ii) e® —e® - :  area(2=2) 


sin (2) | 
2 


feet )=2 


, , 6+ Tt i 
aad arg (e” e”) Oo, [ i=e™!?] 
2 2 
Remark 
1. e® 41=0/% 20s (8/2) (Remember) 
2, e@ —1=e'9/2 9) sin(6/2) (Remember) 
e_ 
3, a | 27 tanta o) (Remember) 
eM +1 


4, lfz=re”;|z|=r,thenarg(z)=@zZ=re" 


5. If] Z- Zo |=1, thenz-—2z) =e” 
Example 39. Given that| z — 1|= 1, where z is a point 


—2 
on the argand plane, show that ~*~ i tan (arg z), 
Z 


where i = J—1. 


Sol. Given, z-1|=1 
z-1=e!? = z=e'94+1=0!9 «2 cos (8/2) 
arg (z)=0/2 (i) 
-2 1+e-2 e¢?-1 
LHS = 2" = -"£ "= £ = j tan @/2) 
Zz 1+e' ee +1 


= i tan (arg z)= RHS [from Eq. (i)] 


Example 40. Let z be a non-real complex number 


1+/ tan (=e 2) 
2 


1~itan( 82?) 
v. 


lying on | z |=1, prove that z = 


(where, i = ./— 1). 
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Sol. Given, | z | = 
z=e'? .-(i) 
=> arg (z) =0 ..-(ii) 
1+itan (8) : 9 
RHS = 27 1+!) lpomeg Gi] 


1~rtan (#8) 1—i tan (0/2) 
2 


_ cos0/2+isinO/2 _ 
cos8 /2—isin@/2 


e 18/2 


e 18/2 


=e!9-7=LHS [from Eq. (i)] 
ji) OID 2ab 
Example 41. Prove that tan} i|n —||= 
a+ ib Gb 
(where a,be€R* andi=./—1). 
5 Lah A 
Sol. -: ao ca [-|zZ1=|zI] 
atib | a+ib | 
Let cai =e'° (i) 
a+ib 
By componendo and dividendo , we get 
a | — 7 id — 
(a-— ib) Cu) ee 1 i =i tan (0/2) 
(a—ib)+(at+ib) e!®41 a 
or tan (F}- a .-(ii) 
2 a 


LHS = tan : In [: a *) 
at+ib 


= tan (i In (e’®)) 

= tan (i-i0)=— tan 8 
2tan@ /2 

1—tan’0 /2 
2(-b/a) 


Soy from Eq. (ii 
Bete, [from Eq, (i)] 


[from Eq. (i)] 


Applications of Euler's Form 
Ifx,y,8ER and i =./—1, then 


let z=xtiy 
=| Zz | (cos® + isin®) 


[cartesian form] 


[polar form] 


=| z\e” [Euler’s form] 


(i) Product of Two Complex Numbers 
Let two complex numbers be 
= 10, = 0, 
z,=|z; |e and z, =|z,|e™, 


where 0,,0, € Randi=./-1 
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21°22 =|z,;e™ -| Zz) e™ =|z,]|Z2 pee 
=| 2z,||z2|(cos (6, +0,) +isin (0; +9, )) 
[2s 22] =|25||22| 


=0, +0, =arg(z,) + arg (z2) 


Thus, 


and arg(z, Z2) 


(ii) Division of Two Complex Numbers 


Let two complex numbers be 


z1=|21 e and Z2 =|Z2 eX | 
where @,,0, € Randi=./-1 
z lz |e" _ [21] 1a, -e4) 
Zale [a 
= cost 0.) +isin (0, —9,)) 
Thus, |" te, #0) 
2 2 


and arg 2] 0, —9, =arg (z,) — arg (z2) 
2 


(iii) Logarithm of a Complex Number 


log,(z) = = log, |z | +log, (e”) 


zie”) 


z | +iarg (z) 


=log, | z | + 10 = log. 
So, the general value of log, (z) 


=log,(z) +2nni(-m <argz <7). 


Example 42. If m and x are two real numbers and 
m 
+ cot Xi+1 
i=,/-1, prove that e2”'* * =) =i 
x= 
Sol. Let cot”! x =9, then cot 9 = x 


. m 7 m 
“LHS = 02 micot x xit+1 = p2mio icot0 +1 
xi-1 icot® -1 


(cot® — 2) = pz mid (= 6 —isin®O ) 


_ 52mid i 
=e 
1 


(cot + i) cos 8 + isin® 
=e2zmid, : spr gg ety 
id 
e 
=e2mio, ,-2mib =e? =1=RHS 


Example 43. If z and w are two non-zero complex 
numbers such that | z |=|w | and arg(z)+ arg(w) = 2, 
prove that Z=— Ww. 
Sol. Let arg (w) =9, then arg (z) = -90 
z= | Zz | (cos (arg z) + isin (arg z)) 
=|z |(cos (1 — 0) + isin (m — 8)) 


=|z|(—cos @ + isin @)=—| z |(cos® — isin®) 


= =| w | (cos (arg w) — isin (arg w)) 
7 -| w | (cos (— arg w) + isin (— arg w)) 


=-| w | (cos (arg w) + i sin (arg w))=— w 


Example 44. Express (1+ i)’, (where, i = J—1) in the 
form A+ iB. 
Sol. Let A+ iB=(1+i)' 
On taking logarithm both sides, we get 
log, (A + iB) = — i log, (1+ i) 


=—i log, [2 (= + =)| 


=-—ilog. [x2 [cos +isin *) 
4 4 


=~ i log, (V2 e'’ *)=— i (log, V2 + log, e'” *) 


ICP 24m 
Beat 


vio 2+ 2 


by a4 
"46 a 
gore a 


T/A | | i loge a 


-A+iB=e. 2 


=e *.(cos (log, 2” any) 


sgt ee ot (=) tien *sin og (=)} 


Example 45. If sin (log, i')=a+ ib, where i =./-1, 
find a and b, hence and find cos (log, i'). 


=e 


V2) + isin (log, 


Sol. a+ ib=sin (log, i') = sin (i log, i) 
= sin ( i( log, |i|+ i arg i)) 
= sin (i( log, 1+ (i 7/2))) 
=sin(i(0+(i7/2)))=sin(-7/2) =- 
a=-1,b=0 


cos( log, i') = .{1 — sin? ( log, i’) 
=,/1-(-1) =./1-1) =0 


—n/2 
e 


Now 


Aliter 

: f=(e™?)i- 

*. sin (log, i') = sin (log, e 7?) = sin (- : log. 
= sin (— 1/2)=-1=a+ib 


a=-1,b=0 
i') = cos ( log, e 


D6 c= eos - “0 
iin 2 


Example 46. Find the general value of log 5 (5i), 


where i =,/—1. 


Sol bn, Spe oe = 
a 2 


[given] 


a) 


and _cos( log, 


= Cos 


{ log, |5i |+ i arg (5i) + 2nni} 
= 2 


{ log, 5+ + anni}, nel 
a 2 


10 


11 


12 


13 


14 
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If =a —ib anda? + b* =1, wherea,b €R andi = ,/-1, then x is equal to 
+ ix 
— b) 2 ¢) i. _ 
(1+ a)* + b? (1+ a)* + b? (1+ b)? + a? (1+ b)? + a? 
\n 
The least positive integer n for which (1 Le = cs [sec i +sin"' x |(where, x #0,-1<x <1andi = J- 1), is 
-i T x 
(a) 2 (b) 4 (c) 6 (d) 8 
Ifz =(3 + 4/)° + (3 —4/)°, where i = /— 1, then Im(z) equals to 
(a)-6 (b) 0 (c) 6 (d) None of these 
If(x + iy)"* =a + ib, where = ./—1, then ( + Y) is equal to 
a 
(a) 4.a2b? (b) 4 (a? - b?) (c) 4a? —b? (d) a? + b? 
9 + ib, wherei =./- 1 anda? + b? =a —3, the value of Ais 
2+cos@+/sin0 
(a) 3 (b) 4 (c) 5 (d) 6 


If a is purely imaginary, then| z |is equal to 
Z+ 


(a) (b) 1 (c) V2 (d) 2 


Mla 


The complex numbers sin x + / cos 2x andcos x —i sin2x, wherei = ./— 1, are conjugate to each other, for 


(a) xX =nn,nel (b) x =0 (c) xX = i" + AG el (d) no value of x 
If « and 6 are two different complex numbers with|B| = 1, then a is equal to 

1 
(a) 0 (b) . (c) 1 (d) 2 


If x =3 + 4i (where, = ./— 1), the value of x* — 12x 3 + 70x 7 -204x + 225, is 

(a) -45 (b) 0 (c) 35 (d) 15 
If|z;-1]<4|z.-2|<2, 
(a) 6 (b) 12 (c) 17 (d) 23 


Z3 —3|<3, the greatest value of | z;+Z2 + Zs |is 


The principal value of arg (z), where z = (1 + COS =) +/ sin = ( where, / = ,/— 1) is given by 


1 4n T 
(a) = 5 (b) = 5 (c) 5 (d) 75 


If | z,|=2, | Z2|=3, 


Z3|=4and|z;+Z2+Z 3 |=5, then | 4z2z3 + 9232; + 162;Zz |is 


(a) 24 (b) 60 (c) 120 (d) 240 
If|z —i | <5 and z, =5 + 3i (where, i = ./— 1), the greatest and least values of | iz + z || are 
(a) 7 and 3 (b) 9 and 1 (c) 10 and 0 (d) None of these 
IfZ1,Z2 and Z3,Z4 are two pairs of conjugate complex numbers, then arg (2) + arg (2) equals to 
Z4 Z3 
T 3n 
a)0 b)— c)T d) — 
(a) (b) 5 (c) (d) : 


Session 3 


amp(z) — amp (—z) = + 2; According as amp (z) is Positive or 
Negative, Square Root of a Complex Number, Solution of 
Complex Equations, De-Moivre's Theorem, Cube Roots of Unity 


amp(z)— amp(-— z)=+7, 


According as amp (2) is Positive 
or Negative 
CaseI amp (z) is positive. 


If amp (z) =9, we have 


>< 


amp (-z) =—-( ZP’ OX) =-(n -8) 


amp (z) — amp (-z) =7 [here, OP = OP’] 


Case lI amp (z) is negative. 
If amp (z) =—9 
We have, amp (-—z) = ZP’OX = -9 


*. amp (z) —- amp (-z)=-7 [here, OP = OP’] 


>~< 


Example 47. If |z, |=|z2 | and arg (z, /z2) =, then 


find the value of z, +z). 
Sol. -. arg [2] = 
22 
= arg(z,)-arg(z,)=1 
Z,= | z,| (cos ( arg z,) + i sin (arg z,)) 


and z,= | Zo | (cos (arg z.) + isin (arg z2)) 


i) 
(ii) 
(iii) 


From Eq. (ii), we get 
Z= | Zo | (cos (a + arg (z,)) + isin (1 + arg (Z2))) 
[from Eq. (i) and | Zy | = | Zo |] 
= | Zo i cos (arg z,) — isin (arg z.))=— Z, 
[from Eq. (iii)] 


“. Zy+Z, =0 


Example 48.Let z and w be two non-zero complex 
numbers, such that |z |=|w | and 
amp (z)+ amp (w)= 7, then find the relation between 
z and w. 
Sol. Given, amp (z) + amp(w) =7 
=> amp(z)- amp(w)=7 


Here, |z|= | =| | [given |z| =|w|] 
and amp (z) >0 
Then, zt+w=0 


Square Root of a Complex Number 


Let Z=x+iy, 
where x ,ye€R andi=./-1. 
Suppose (x+iy) =a+ib ..-(i) 


On squaring both sides, we get 
(x +iy)=(a" —b?) +2iab 


On comparing the real and imaginary parts, we get 


a’ —b’? =x ...(ii) 
and 2ab=y ...(iii) 

a? +b? = (a? —b’)? +4a°b? = (x? +’) 

a’ +b? =|z | ... (iv) 


From Eggs. (ii) and (iv), we get 


ase [| | ov (aE) 
2 2 
2 2 


Now, from Eq. (i), the required square roots, 


| FRE oe }time>o 
2 2 
| FE oy ee ptimes<o 
2 2 
Aliter 


If (x +iy), where x,y € Randi=./-1, then 
(i) If y is not even, then multiply and divide in y by 2, 


then ./(x + iy) convert in 
[ y? 
x+2 : 
7 
2 
y 


(ii) Factorise: — cre say 0, B (a <B). 


ie. Jz= 


x+y /-1 


Take that possible factor which satisfy 
x =(ai)’ +B’, ifx>0 or x =a” +(iB)’, if x <0 
(iii) Finally, write x + iy =(ai)” +B’ +208 
or a” +(iB)? + 2i08 


and take their square root. 


(iv) (x + iy) “| ke) and ,/(x — iy) -| 


or (a + if) 


+ (B — io ) 


or +(a-if) 


Remark 
1. The square root of /is + (5) where / = J-1. 


1-/ 
2. The square root of (— /) s( } 
V2 


Example 49. Find the square roots of the following 
(i) 4+ 3i (ii) — 5+ 12i 
(iii) —8 —15i (iv) 7 — 24i (where, i = ./-1) 
Sol. (i) Let z= 4 + 3i 
|z|=5,Re(z) =4,Im(z) =3>0 


ies = mae e 
2 


2 


ang ETE) 


(443i) = [443 -1= s+2,(-2) 
Feu 


(%) 
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(ii) Let z=-5+4+12i 


|z|=13, Re(z) =—5, Im (z)=12>0 
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-eremi-s{ (2) EP) 


Aliter 


=+(2 +3i) 


J(—5 +12i) =.(-5 +12 /-1) 


(iii) Let 


= ,(-5+2.f (-36) 
= (-5+2.f(-9x4)) 
= (-9+4+2. (9x4) 


= (31)? +2? +2-31-2 


=4/(2+3i)? =+(2 +3i) 
z=-8-15i 


|z |=17, Re(z) =-8,Im(z) =—15 <0 


rai PS) E) 


=+(? =) 
2 
Aliter ./(—8 - 15i) =./(-8 -15 J-1) 


aa[ [ERO ae 
2 2 


| 


9 


AT) Ee 


2 


) 
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(iv) Let z =7 —24i 
“.|z |= 25, Re (z) =7, Im (z) =—24 <0 


dee aan ye 
2 


(? + ") (3 7 
2 
Aliter 


(7 = 243) = (7 - 24-1) = [7-2 (- 144) 
=,/7 —2./(16 x —9) 
= /16-9-2,/(16x-9) 
= (4)? +(3i)? -2- 4-3: 
(4-31)? =+(4-3i) 


(7 — 24) 24i) 


ae 


Example 50. Find the square root of 
Keg =x? =e * = 1), 
Sol.Let z=x+ (-x'-x?~-1) 
=xtiq(xt +x? 41) [. ¥-1 =i] 
|z fax? +(xt +x? 41) 
= f(x 42x? +1) = f(x? +1) 
| z|=(x" +1) 
Re(z)=x 


Im (z) = 4/(x* +x? +1) >0 
faa PERO, EERO) 


2 2 


" jx tal(—x? x? 1) 
— x7 +14+x - x? +1-x 
VW? Wo 2 
Aliter 


= iF [aE 
4 


Solution of Complex Equations 


Putting z = x + iy, where x, y€ Rand i=./—1 in the given 


equation and equating the real and imaginary parts, we 


get x and y, then required solution is z = x + iy. 


Example 51. Solve the equation z* +|z |=0. 
Sol. Let  z=x+iy, where x,ye Randi=J-1 
> Zz =(xt+iy)? =x? —-y? + 2ixy 
and | Zz | = Wx? +’) 


Then, given equation reduces to 
x? —y? +2ixy +(x? +y7)=0 

On comparing the real and imaginary parts, we get 
x? y ae Wx? +y?) =0 


and 2xy =0 
From Eq. (iii), let x = 0 and from Eq. (ii), 


-y' +? =0 


a -|yf +]y|=0 
|y|=o1 
=> y=0,+1 


From Eq. (iii), let y = 0 and from Eq. (ii), 
<tuale? S0 

=> x*+|x|=0 

=> |x[+|x|=0 > x=0 


. x +iyare0+0-i,0+i1,0-i 


i.e. z = 0, i, —i are the solutions of the given equation. 


i) 


...(ii) 
...(iii) 


Example 52. Find the number of solutions of the 
equation z? +|z|° =0. 


Sol. -. 2’ +\z| =0 or 2? +zz=0 
> z(z+z)=0 
* z=0 ...(i) 
and z+z=0 = 2Re(z)=0 
Re (z) =0 
If z=xtiy [x = Re(z)] 
=O+iy,yER 
and i=J-1 ...(ii) 


On combining Egg. (i) and (ii), then we can say that the 
given equation has infinite solutions. 


Example 53. Find all complex numbers satisfying 
the equation 2|z|* +z? — 5+i V3 =0, where i =. /-1. 


Sol. Let z = x + iy, where x, y€ Randi=./-1 


> z? =(x t+iy) =x’ —y’ + 2ixy 
and | z)=y(x? +’) 


Then, given equation reduces to 


2(x? + y")+ x? —y? + 2ixy —5 +i v3 =0 


=> (3x? + y? —5)+i(2xy + ¥3)=0=0+i-0 
On comparing the real and imaginary parts, we get 

3x° + y* —-5=0 ...(i) 
and 2xy +3 =0 ...(ii) 


On substituting the value of x from Eq. (ii) in Eq. (i), we get 


(-2] +y’-5=0 


2y 
2 
=> jae =5 
or 4y* —20y? +9 =0 
=> (2y? — 9) (2y? -—1)=0 
5.9 5 3 i 
=-—,y°=-ory=t Syok 
er, y ried m5 
3 1 1 
v2’ V2’ V2’ V2 


From Eq. (ii), we get 


ol 


z=xtiy 


1 3 1,3 BB i a 4 
V6 v2 aE 2 bes 


are the solutions of the given equation. 
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De-Moivre's Theorem 


Statements 
(i) If6,,0,,03,...,0, € R andi=./—1, then 


(cos0, +isinO,)(cosO, +isinO, ) 
(cos03 +isin®@;)...(cos6, +isin®,, ) 
=cos (0, +0, +0, +...+6,) 
+isin(8, +6, +0; +...+6,) 
(ii) If6 € R,ne€ I (set of integers) and i= J-1, then 
(cos® +isinO)”" =cosnO + isinnO 
(iii) If € R, n€ Q (set of rational numbers) 
and i= J-1, then cosn8 + isinn®@ is one of the values 
of (cos® + isin@)”. 
Proof 
(i) By Euler’s formula, e” =cos0 + isin® 
LHS =(cos0, +isin®,)(cos@, +isin®,) 
(cosO; +isin@;)...(cos0, +isin®, ) 
® . pi is pi®h 


=¢! e@ -@ Je = ei (8 +O +05 +..+ 8) 


=cos (0, +0, +0; +...+60,) 
+isin(0, +0, +0, +... +0, )=RHS 
(ii) If6, =O, =O, =...=0,, =0, then from the above 
result (i), (cos® + isin@) (cos®@ + isin®) 
(cos® + isin®) ... upton factors 


=cos(0+0+6 +... upton times) 
+isin(0+0+6 +... upton times) 


ie., (cos®0 +isin@)” =cos nO + isin nO 


(iii) Letn = P , where p,q € I and q #0, from above result (ii), 
q 


q 
we have [oo ¢ 0 +isin 2 0) 
q q 
= Cos [2 0 ‘| + isin [2 0 7 =cos p@ + isin pO 
q q 


=> cos [| +isin (2) is one of the values of 


q q 

(cosp @ + isin p 0) \/4 

=> cos [= +isin (2) is one of the values of 
q q 


[(cos ® + isin 0)? ]1/4 
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; ip)P/4 ; 
as, 4s (2) eee (2) ieancot ewer To Find the Roots of (a + ib)?'?, where a, be R; 
q q p,qei,q#0andi=V-1 
(cos + isin®)? is Let at+ib=r(cosO + isin®@) [polar form] 


(at iby? '4 = {r (cos (nn + 8) 


+isin (2nn+6))}? 4,ne1 


Other Forms of De-Moivre's Theorem 


1. (cos® —/ sin)” =cosn@—-/sinn®V nel 


_ .p/ ae / 
Proof (cos@ — / sin@)” = (cos (— 0) + / sin(— 6))” =r?"4 (cos (2nn +0) + isin (2nn +0))?"4 
= cos (— Nn) + / sin(— n8)=cos n6—/ sinnd 
a Pilg P in| 2. 
2. (siné + / cos@)" =(/)" (cos nB-/sinn 8), V ne! =" cos [2 (2mm + | eee (2 ent | 


; i n_¢s a n 
Proof (sin® + / cos@)” = (/ (cos@ — / sin®)) where, n = 0,1,2,3,...q-1 


= /" (cos@—/ sin@)” =(/)” (cosn@— / sinn 6) 
[from remark (1)] Example 56. Find all roots of x° -1=0. 
3. (sin® — / cos®)” =(-/)" (cos nO + /sinn®), V ne! ' 4 , 
Proof (sin@ — / cos®)” = (—/ (cos@ + / sin@))” Sol." x°-1=0 = x*=1 
= (-/)" (cos@ + / sin@)” 2 x =(1)/° =(cos0 + i sino)’ ®, 
=(-/)” (cos nO + / sin né) 
4, (cos0 + / sing)” #cos nO + /sinnd, V nel where i = V-1 
(here, 8 # o.. De-Moivre's theorem is not applicable] = [cos (2nn + 0) + isin (2nn + op 
1 | 
5, ——_—____—_ =(cos6@ + / sin ®@) 
cos@ + / sin® = cds (72) + isin (7="} 
=cos (—8) + / sin(— 6) =cos®@—/ sind 5 5 


where, n=0,1,2,3,4 


Tl se Tt “. Root 
Example 54. if z, =cos| — |+isin} — |, where soli : 
3! 3 (=) _ (=) (=) 7 (=) 
1, cos | — | + isin | — |, cos] — | + isin | — |, 
i=./-1, prove that z, Z) Z3 ... upto infinity =i. 3 > 3 5 
T Tt 67 ... (67 870 .. {8n 
Sol. We have, z, = cos | —|+ isin} — cos | — | + isin} — |, cos} — | +i sin | — 
3 3 5 5 5 5 
ct Tt (=) . (=) 
“. Z1 Zq Zz... = COS +—+—+H+..,+ 0 Now, cos | — | + isin | — 
3 3% 33 5 5 
T 41 
tisin(E+ 5434 +0] ~ cos (2n- “2+ isin (an - <2) 
n) 5 
4m 


(cos@ +isin@)* 


Example 55. Express — = ina+ib 
(sin® + i cos) =< (=) as (=) 
form, where i = ,/—1. 3 3 
Sol. (sin® + icosO)° = (i)° (cosO —i sin®)° Hence, roots are 1, cos (=| +isin (=) 
=i(cos@ +isin®) ° 
i 4 41 .. (40 
(cos0 +isinO)* _ (cos + isin 8) and cos ee ti sin 3 
- (sin® +icos@)*> i(cos®@+isin®@) ° 

_ (cos® + isin®)’ Remark 
7 i Five roots are 1, Z;, Z, Z;, Zo (one real, two complex and two 


cos90 +isin90 conjugate of complex roots). 
= - =—icos90 + sin90 
1 


= sin980 —i cos90 


Example 57. Find all roots of the equation 
x° x? txt — x? +x? -x41=0. 


Sol. -. t-xtx?-x34¢x4-x 5 +x°=0 
ae 

=> re ia ee ee 
1-(-x) 

or 1+x’=0, x¥-1 or x’ =-1 


x=(- 1/7 =(cosm + isin ny!7, i=-VJ-1 


= [cos (2n + 1) 1 + isin (2n +1)n}/7 


2n+1 : 2n+1 
= cos (Gaza) +isin [Gee ne 
7 7 
forn = 0,1, 2, 4,5, 6. 


Remark 
Forn=3x =-1butherex #-1 
: nN#3 


Cube Roots of Unity 


Let z=(1)'? = z?=1 => z?-1=0 
=(z-1)(227 +z4+1)=0 = z-1=0 or z74+z+4+1=0 


141-4) -14iv3 
2 2 
~1+i v3 ANS. here i= VAL 


z=lorz= 


Therefore, z =1, ; 
2 


If second root is represented by w (omega), third root will 
be w’. 


.. Cube roots of unity are 1, ©,” and @, w” are called 


non-real complex cube roots of unity. 


Remark 
2 Jo =+ w, Jo? =+ 


1. O= 07, (0)? =o 


3.,a|=|o"|=1 


Aliter 
Let  z=(1)"? =(cos0 + isin0)?,i=./-1 


=[cos (2nm +0) +isin(2nn +0)]'”? 


2ntt 2nt 
=cos (2) +isin (A) where, n=0,1,2 
3 3 


Therefore, roots are 


27 ... (27 4 .. ( 40 
1,cos| — | +isin}| — ]|,cos} —— | +isin | — 
3 3 3 3 


2ni/ 3 4ni/3 
or iene 


If second root is represented by «, then third root will be 


or if third root is represented by «, then second root will be @. 
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Properties of Cube Roots of Unity 
(i) 1+@+0° =0 anda@’ =1 
(ii) To find the value of w"(n > 3). 
First divide n by 3. Let q be the quotient and r be the 


remainder. 3) n(q 
ron 
ie. n=3q+r,where0<r<2 
@” = 79t? =(w°*)! . qo’ =" 
In general, 0°" =1, 0°"*1 =@, 0°" *? =a? 


3, when nis a multiple of 3 


(iii) 1+." +o” = 
0, when nis not a multiple of 3 


w and—’. 


(iv) Cube roots of — 1 are —1, 
(v) a+bwo+cw’ =0 > a=b=cifab,ceER 
(vi) If a, b, c are non-zero numbers such that 
atb+c=0=a’ +b’ +c’, thena:b:c=1:0:0’. 
(vii) A complex number a + ib (where i = /-1), for which 
| a:b | =1:3 or V3 :1 can always be expressed in 


terms of @ or ’. 


For example, 
ena ie) [fe y3 |=1:V3] 
2 (5"")- io 
2 
(b) 5 4iaiv3 +i) _ (C1 +iv3) 


ea 


(viii) The cube roots of unity when represented on complex 
plane lie on vertices of an equilateral triangle 
inscribed in a unit circle, having centre at origin. One 
vertex being on positive real axis. 


[eo |/3 21) =-v3 :1] 
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Important Relations in Terms 
of Cube Root of Unity 
(i) a? +ab +b? =(a— bw) (a - bw’) 
(ii) a” —ab +b? =(a+ bw) (a+ bw’) 
(iii) a? + b® =(a + b) (a + bw) (a + bw’) 
(iv) a? —b? =(a—b) (a — bo) (a — bw’) 
(v) a? +b? +c? —ab—be—ca 
=(a + bw + ow") (a + bw* + ow) 
(vi) a> +b° +c* —3abe 
=(at+b+c)(a+bot+ an’) (a+ bw’ + a) 


Example 58. If @ is a non-real complex cube root of 
unity, find the values of the following. 
(i) @'999 
(ii) @ 928 
3n+2 
—1+1v3 
(iii) [es] »neNandi=./-1 


(iv) (1+ w) (1+ w7) (1+. ") (1+ 0° )... upto 2n factors 


: [sf + 5? 


, where a, B, y,5ER 
B+ aw? +ya+ a Bry 


(vi) 1-(2— @) (2— w*)+2-(3 — @)(3— w*) + 3- 
(4—«)(4- @*)+...+...+ (n—-1)-(n- @)(n- 7) 
Sol. (i) wy??? = ap * 966 +1 =o 


oe = 1 (00) 
(ii) @ 998 = =O 


= (1)” wo = 0 
(iv) (1 + w) (1+ @’) (1+ @‘) (1 + ©)... upto 2n factors 


= (1+) (1+ ’) (1+ @) (1+ @’)... upto 2n factors 


=(- w”)(— @) (— 0”) (- @)... upto 2n factors 
=(@°)(@°)... upto n factors = 1-1-1-...upto n factors 
=(1/"=1 


wv) c +Po+yo" Se w(a +Bot yo + 5a’) 


B+aw +yot+do)] (Potam +yo + 5a’) 


_ O(4 +PO+ Yo +50") _ 


(Bat+at+yo + 5a’) 


(vi) U(n -1)(n-@)(n- w”)= 2X (n? -1) = Un? -D1 


-[rool 
7 2 


Example 59. if «,6 and y are the roots of 
x>~3x*+3x+7=0, find the value of 


a-1 B-1 y-1 
B-1 yo1 oH 
Sol. We have, x3 -3x? +3x+7=0 
= (x -1)?+8=0 
=> (x-1)° +27 =0 


=> (x-1+2)(x—1+2@)(x -—1+20")=0 
= (x +1)(x —1+2@)(x —1+ 20”) =0 


x =-11-2@1-20° 


=> a =—-1,B =1-2@ y =1-20" 
2 
Then, & 18 re 1 2 20 20 
B-1 y-1 a-1 20 -20° -2 
~ 1 yt ews +0 =30" 
(00) (00) 
V3+i . 
Example 60. If z= , where i =./—1, find the 
value of (27°°" 472), 
. . «2 
Sol. -- pS a[hest) tet 
2 i 2 
(ES) 
Ll =-10 
2 
7 zl = (— i)! = — 1. wo =-iw and 8 =2=-i 
Then, 21 +7'% =-iw? -i=-i(w +1) 
=—i(-@) =i 
Hence, (z 101 , 103 yas = (ia)! = 2%. gl =j.4H=i 
50 
3 V3 
Example 61. If Fs ) = 3°(x — iy), where 


x, y €R and i =./—1, find the ordered pair of (x, y). 
bead -6(He") 
2 


Sol. «. 


2 2 i 2 


= is6(248) 1 Bo 


2 2 


eas 50 
(ES) =(=13 ()59 = 550 3% . @°o 
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Th —)=0 and f (-@’)=0 
-m (te! 33 (9) Ieiven) en, f(-@)=0 and f(-o”) 
22 => -70° —am+b=0 and —7@° — aw’ + b=0 
1 V3 or —-7-an+b=0 
X= Y= — 2 
2 2 and -7-aw +b=0 
= Ordered pair is e = =a On adding, we get 
2 2 —14-a(W+ w’)+2b=0 
or -—14+a+2b=0 or a+2b=14 ..-(i) 


Example 62. If the polynomial 7x ° + ax +b is 
divisible by x* — x +1, find the value of 2a+b. 


Sol. Let 


f (x)=7x? +ax+b = 


and on subtracting, we get 


—a(M@—-@’)=0 


a=0 
and x” — x +1=(x + w)(x + 0’) From Eq. (i), we get b =7 
: 2a+b=7 


“8 x) is divisible by x? — x +1 
f (x) y 


Exercise for Session 3 


The real part of (1- i)”, where =./-1is 


(a)e™'* cos (3 loge 2) 


(b) -e7 7/4 sin (3 loge 2| 


(c)e”/* cos [lose 2| (d)e 7/4 sin (5 loge 2) 


The amplitude ofe® ”, where 0 ER andi =./-1is 
(a) sind (b) — sin 
(c) @ 0088 (d)e sin® 


Ifz =i log, (2 — V3), wherei = ./—1, then the cos z is equal to 


(a)i (b) 2 (c) 1 
lfz =i’, wherei = /-1, then|z |is equal to 

(a) 1 (b)e"*/? (c)e"* 
.(—8 —6/) is equal to (where, i = V—1) 

(a) 14 3 (b) + (1- 3/) (c) + (14 3/) 


6+ 12i) + \(6-12/) 
V6 + 12/) — (6 -12/) 


(a) - si (b) 


is equal to (where, / = /- 1) 


Eat 


(0) 3i 


Blow 


IfO0 <amp (z) <7, then amp (z) — amp (—z) is equal to 
(a) 0 (b) 2amp (z) (c) x 
If | 21] =| Z2 | and amp (21) + amp (z2) =0, then 
(a) 2, =Z (b) 2; =Z2 (C)Z, +2, =0 
The solution of the equation | z |—z =1+ 2/,wherei = J-1, is 
3 3 3 


(a)2- <i (b) 5+) (0) 5-2 


[ @- wo #0] 
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10 The number of solutions of the equationz? +z =0,is 


(a) 1 (b) 2 
(c) 3 (d) 4 


11 Ifz, =cos (5) +i sin (5 where r = 42,3... andi =./—1, then lim 24Z2Z3...Z, is equal to 
n n N-> 00 


(a) e jo. (b) e ja /2 
(c)e@/? (d) Je“ 


1+ sin@—/ cos 0 
(a) cos (= - no) +i sin (= = no) (b) cos & + no) +7 sin (= + no) 
2 2 2 2 


(c) sin (= - no) + i cos (= = no} (d) cos Ge + 20) +i sin 2 + 20)) 


13 \fiz* +1=0,wherei =./— 1,thenz can take the value 


7 Z n 
12 If@eRandi =./-1, then joan eee is equal to 


1+i T (1 
(a) eos (b) cos (=) +i sin (=) 
(zt (d)i 
14 \fw(#1)is a cube root of unity, then (1— w+ w*) (1— w? + w)(1- w! + w°)... upto 2n factors, is 
(a) 2" (b) 22” 
(c) 0 (d) 1 


xXat+yPp+zy 
xB+yy+za 


Cie Sa (0) 5 (1+ 7 V8) i = 1 


15 Ifo, 6 and y are the cube roots of p (p <0), then for any x, y andz, is equal to 


(a) 


(c) — (1-i V3),i = J-1 (d) None of these 


Session 4 


nth Root of Unity, Vector Representation of Complex Numbers, 
Geometrical Representation of Algebraic Operation on Complex Numbers, 
Rotation Theorem (Coni Method), Shifting the Origin in Case of Complex 
Numbers, Inverse Points, Dot and Cross Product, Use of Complex Numbers 


in Coordinate Geometry 


nth Root of Unity 


Let x be the nth root of unity, then 
x =(1)'" =(cos0 +isin 0)” 
=(cos (2k +0) +isin (2kn +0)” 
[where k is an integer] 
=(cos 2kt + isin 2kn)'”” 


2ktt _... ( 2k 
x =cos | —— | +1sIn| —— 
n n 


where, k =0,1,2,3,...,.n-1 


2m  . . 27 : 
Let & =cos — + isin —, the n, nth roots of unity are 
n n 
ak (k =0, 1, 2,3,...,2 —1) ie, the n, nth roots of unity are 


n=l 


1a, oe , OL z ero! which are in GP with common ratio 


= pimiln 
(a) Sum of n, nth roots of unity 
ltoto?ta?+..ca%? =rGoe') 
(1-a) 

_ 1-(cos 2m + isin 27) 
7 1-0 
_1-(1+0) _ 
a 


0 


Remark 
14 a+ 004+ 0° +...+ a~| =0 is the basic concept to be 
understood. 


(b) Product of n, nth roots of unity 
1xa xa? xo? x xq"! =i t2t3+.+(2-1) 


(n-1)n (n-1)n 
ca [ 2M. &. ) 2 
=a =| cos ——- + 1s1n — 


n n 
=cos(n—-1)m+isin(n—1) 7 


=(cosm +isinm)”~' =(—1)""' 


Remark 


1-0-07- a8... a7! =(-1)"7' is the basic concept to be 


understood. 


(c) Ifo is an imaginary nth root of unity, then other roots 


n 


are given by Co 8 a 


Imaginary 
axis 
ya 


(d) * 1ta+07+...40"71 =0 


n=1 
=> ~ at = 
k=0 
"S  (2mk 2 
or Dy cos 7) sin{ Ws )-0 
k=0 n k= n 
=> cos? ‘=a 
k=0 n 
n-1 9 . 
and by sin) <0 
k=0 n 


These roots are located at the vertices of a regular 
plane polygon of n sides inscribed in a unit circle 
having centre at origin, one vertex being on positive 
real axis. 


(e) x" -1=(x 


1) (x — 00) (x —0?)...(x -0" 74), 
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Important Benefits 
1. If 1, 04, Oo, Oe, ..., UH, 7 are the n, nth root of unity, then 
(1)? + (OG)? + (Ol)? +. + (Oy 1)? 
_ {0, ifp is not an integral multiple of n 
- tn if pis an integral multiple of n 
2. (1+ oh) (1+ 0) (1+ G4) = lade 


3. (1 


04) (1 = O%) 1 


(n-2)/2 
4.z7"-1=(z-N(z+1) (2? ~22.cos 2 + 1} 
n 
if ‘n’ is even. 


(n= 2) /2 
.z 4+1= t [2-22 cos (aes) \ if nis even. 
n 


io 


(n=3)/2 / 
6.2" +1=(z +1) 1, [# ~22c0s(@*9*), 1} 
rs n 


if ‘n’ is odd. 


ol 


The Sum of the Following 
Series Should be Remembered 


(i) cos® +cos20 +cos36 +...+cos nO 
: [=] 
sin] — 

=i cos](***)0] 

(9 2 

sin} — 
() 

(ii) sin® + sin26 + sin30 +...+sinn0 


; [| 
sin | — 
. (8 2 
sin} — 
Proof 


(i) cos® +cos20 +cos30+...+cosn8 
=Re {e® + ¢7% +67 +. +e"), where i=/-1 


eae asin) 
2 


=Re 


eo ey _ = 


e —1 ec” . 23 sin (0 /2) 


=Re 


(ii) sin® + sin26 + sin360 +...+sinnO 
=Im fe? +678 403% 4. +e") where i=J-1 


id 


rs rae e® 9 2 -asin{ ") 
ce. =H aim 2 


Remark 
For@= om we get 
n 


1.1+.c0s (=]+ cos (“)+ cos (=)+ ... # COS (AA) -0 
n n n 


n 
2.sin (=) + sin (=) + sin(°=}+ w+ Sin (a) =0 
n n n n 
Example 63. If 1,@,@’,...,@" | aren, nth roots of 
unity, find the value of (9 — w) (9 - w”)..(9-@" "), 
ret" 
has n roots 1,  @”,..., a”! 
1) (x 
On putting x = 9 in both sides, we get 


9” -] 
Sa = 


Sol. Let => x"-1=0 


xe —1=(% 0) (x — 0”)... (x — 0" 7") 


(9 — w)(9 — w”)(9 — w’)...(9 - w"~") 


or (9-0)(9- @)...(9 - a!) =? 


Remark 


Example 64. — If a=cos =}: isin (=) where 


i=~-1, find the quadratic equation whose roots 
area =at+a*+a" andB=a°+at+a°. 


(=) a (=) 
a= cos | — |]+1siIn }] — 
7 7 


a’ =cos2m + isin 2a =1+0=1 


or a=(1)/7 


Sol. :. 


1,a,a’,a°,a’,a°,a° are 7,7 th roots of unity. 
ltatat+at+a't+a +a’ =0 


=> (ata t+a')+(@ +a +a°)=-1lorat+f=-1 


i) 


anda =(a+a* +a‘)(a? +a +a°) 


=a't+a°t+a’tat+a’t+a+a't+a ta” 


=a't+a°tita@t+itati¢@a+a [va =1] 


=(ltata +a? ta'+a? +a°)+2 
=0+2 
=2 

Therefore, the required equation is 


x* -(a +B) x +08 =0 or x*+x+2=0 


[from Eq. (i)] 


Example 65. Find the value of 
|. (2nk 2nk \ | 
py sin =iC0s eal where i = ./=1. 
10 
Sol. & sin (=) os eal 
k =1 11 11 
onl (2) - (2#)] 
=-!1 cos | —— | +12 sin | —— 
ral 11 11 | 
10 
=- | D3  cos( 2 + isin“) - ; 
=o] 11 11 | 


=-i(0-1) 


Example 66. If 0 9,0;,2,...,%,-1 are the n,nth 


[sum of 11, 11th roots of unity] 


n-1 
roots of the unity, then find the value of x ; a 
I= = OL ; 


Sol. Let x =(1)"" = x" =1 x" -1=0 


n 
or x 


1= (Xx — O19) (x — 4) (X — Oy)... (% — Oy 1) 
n-1 
= IT (x-a,) 
On taking logarithm both sides, we get 
m= 
log, (x" -1)= > log, (x — 0;) 


On differentiating both sides w.r.t. x, we get 


On putting x = 2, we get 


n-1 


ma 
2 (i) 
g-1 i= (2-a,) 
n-1 1 Maat 
Now, a Se, baie : 
i=0(2-Q;) i=0 2-Q; 
wal n-1 1 9 er 
= Lise =—(n)+—""* — [from Eq. (i)] 
i=0 i=0(2-@Q,) v 
n-2" n 
=—-nt 
2” -1 2" 4 
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Example 67. If n>3 and 1,0),07,03,...,@,-4 are 
the n, nth roots of unity, then find the value of 


xd OL; Oj. 
1si<j<n- 
Sol. Let x =(1)" 
x" =1 or x" -1=0 


14+0,+0,+0,+..+0,_,=0 

or O, +O, +03 +..+0,-,=-1 
On squaring both sides, we get 

2 2 2 
Oy +05 $05 tt O7n—-1+2(Ay +003 

$$ Oly 1 FO 3 to. +o Oy 1 
+...40,-20,-,)=1 

2 2 2 2 2 

or 1° + (04) +(Q@)° +(3)° +... 4+ (On 1) 


ae 2 


1<i<j<n-1 


a,a,=1+1? 


pIp> 


0+2 a;a; =2 
1Si<j<n-1 
[here, p is not a multiple of n] 
2 Gig=l 


1<i<j<n-1 
Aliter 


x" -1=(x 


1) (x 


On comparing the coefficient of x" ~? both sides, we get 


O11) (x — Oby)... (% — Hy -1) 


0= eS Oj; Aj; FH, +A, +... +n -1 
O0si<j<n-1 
1lsi<j<n-1 
[.1+0,+0,+..4+0,_,=0] 
a o,a,;=1 


1<i<j<n-1 


Vector Representation of 
Complex Numbers 


If Pis the point (x, y) on the argand plane corresponding 
to the complex number z = x + iy, where x, y € R and 


i=J-1. 


=—= Ke % > 
Then, OP=xi+yj = |OP = (x? +?) =|2| 
— 
and arg (z) = direction of the vector OP = tan * (y /x) =0 
— 
Therefore, complex number z can also be represented by OP. 
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Geometrical Representation 
of Algebraic Operation on 
Complex Numbers 


(a) Sum 


Let the complex numbers z; = x, +iy, =(x,,y,) and 
Zo =X + iy, =(X2, yz) be represented by the points P and 
Q on the argand plane. 


YA 


R (21 + Zo) 
Q @e) 


P 1) 
xX 


O 


Complete the parallelogram OPRQ. Then, the mid-points 
of PQ and OR are the same. The mid-point of 


r9=(7! + X2 V1 + V2 


p) 


2 2 
Hence, R=(x,+%2,y, +y2) 


Therefore, complex number z can also be represented by 
— 


OR = (x1 +xX2)+i(y1 +2) = (x1 tiv) + (x2 + tye) 
=2Z, +22 =(%1,1) +(X2,y2) 
In vector notation, we have 


> > > > > 
z, +z, = OP +OQ=OP+PR=OR 


(b) Difference 


We first represent — z, by Q’, so that QQ’ is bisected at O. 
Complete the parallelogram OPRQ’. Then, the point R 
represents the difference z, — Z). 


YA 
Q(Z2) 


P@) 


, R@1 —Z2) 


vy’ 


—_— 
We see that ORPQ is a parallelogram, so that OR = QP 
We have in vectorial notation, 


> > > > 
Z, —Z, = OP —-OQ=OP +QO0 


= OP + PR=OR=QP 


(c] Product 


Let Z, =n, (cos®, +isin®,)=r, e'™ 
| 21 |=n and arg (z,) =, 
and Z2 =T (cos0, +isinO,) =r e™ 
| Zo |=n and arg (z,) =9, 
Then, 2,2, =r (cos0, +isin@,) (cos, +isin®, ) 
=1r,1 {cos (0, +9,) +isin (8, +8, )} 


| 2122 =n ry and arg (z;Z2) =O, +0, 


va R(@iZ2) 


O 

Let P and Q represent the complex numbers z, and Z,, 
respectively. 

OP =r,,0Q0 =r 

ZPOX =8, and ZQOX =80, 

Take a point A on the real axis OX, such that OA = 1 unit. 
Complete the ZOPA 
Now, taking OQ as the base, construct a AOQR similar to 

OR _ OP 


AOPA, so that —— = —— 
OQ OA 


Le. OR = OP - OQ =r!» [since, OA = 1 unit] 
ZROX = ZROQ + ZOOX =8, +8, 


Hence, R is the point representing product of complex 
numbers z, and Zz». 


and 


Remark 
1. Multiplication by / 
Since, z =r (cos@+ /sin®@) and/= [cos - +/sin ) 


iZ=T cos (% + a} + /sin(Z + a) 
L 2 2 


Hence, multiplication of z with /, then vector for z rotates a 
right angle in the positive sense. 
2. Thus, to multiply a vector by (— 1) is to turn it through two 
right angles. 
3. Thus, to multiply a vector by (cos @ + / sin@) is to turn it 
through the angle 6 in the positive sense. 


(d) Division 


Let Zz, =n, (cos0, +isinO,)=r, e™ 
| Z1 |=n and arg (z,) =0, 
i8, 


and = Z) =r (cosO, +isinO,) =r e 


|Z. |=rm and arg(z,)=0, 
Z, _m% (cosO, +isinO, ) 


Then, = [z. #0,% #0] 
Z, 1 (cos, +isinO,) 
“1 =" [eos (8, —0,) + isin@, —9,)] 
Z2 
t =1are{ 2] =0 0, 
22 er} 22 


Let P and Q represent the complex numbers z, and z., 
respectively. 

. OP=r,,0Q=r,, ZPOX =0, and ZQOX =8, 

Let OS be new position of OP, take a point A on the real 
axis OX, such that OA = 1 unit and through A draw a line 
making with OA an angle equal to the ZOQP and meeting 
OS in R. 


Then, R represented by (z,/Z2). 
YF Q@s) 


since OA=1 and ZAOR= ZPOR —- ZPOX =8, —-8, 
Hence, the vectorial angle of Ris — (0, —0,)ie.,0, —Oo. 


Remark 


If 8, and ®, are the principal values of z, and Zz. , then @; + @ and 
0, — 85 are not necessarily the principal value of arg (Z;Z.) and 
arg (Zz, / Zp). 


Rotation Theorem (Coni Method) 


Let z,;,Z, and z; be the affixes of three points A, B and C 
respectively taken on argand plane. 


¥ 
Cs) 
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—7 —5 
Then, we have AC=z;-z, and AB=z,-z, 


—S 

and let arg AC = arg (z3 —z,)=0 
4 

and arg AB=arg(z, —z,)=0 

Let ZCAB=Q 


—7 


—" 
ZCAB=a=0-=arg AC — arg AB 


= arg (z3 —2,) — arg (zz — 21) 


age [=] 
22% 
or angle between AC and AB 


= affix of C — affix of A 
affix of B — affix of A 


For any complex number z, we have 


i (arg z) 


zZ=|z le 

. . = = 22 —-Z 
Similarly, |; 2» || 2 a 

22721 22 — 21 

= Z3-2 

Z3-Z 3 1 | AC ; 
Ge 321 _ i(ZCAB) _ pict 

Z2 —24 22-24 | AB 
Remark 


1. Here, only principal values of the arguments are considered. 


2. arg [2-22 = @, if AB coincides with CD, then 
23-24 


arg bea =Oorn,sothat 172 js real. It follows that 
23 —Z4 23 — 24 
if 1 — 22 is real, then the points A B,C, Dare collinear. 
24-2, 
D 


Qe) 


3. If AB is perpendicular to CD, then 


Z-Z TMT 2,-Zo, le 
arg | “1 “2 |= 4 —,so “1 *® js purely imaginary. 
23-24 2 23-24 


4. It follows that, if z, -Z> =+ k (Zz — Z,), where k is purely 
imaginary number, then AB and CD are perpendicular to 
each other. 


32 Textbook of Algebra 


Example 68. Complex numbers z,,z, and 
z;are the vertices A,B,C respectively of an isosceles 
right angled triangle with right angle at C. Show 
that (z; — Z2)* =2(z,; —Zs)(Z3 -—Z2). 


Sol. Since, ZACB = 90° and AC = BC, then by Coni method 
2723 AC , ini2 _ 


Z.—-Z3 BC 
Biz: 
J (Ze) 
Z) 
A(21) C(Zs) 
> 2 —2Z3 = i(z, —Z3) 
On squaring both sides, we get 
2 2 
(z,-Z3)" = -(z2 —23) 
2 2 2 2 
=> 4 +23 —2z23 =-(Z2 +23 —2z2z3) 


2 2 2 
=> 4 429 —22,Z, = Az,Z3 —2,Z,. —Z3 +223) 


Therefore, (z, — z,)* = 2(z, — 23) (z3 — Z2) 


1 
Aliter CA = CB =—— BA 
V2 
B(Ze) 
T/4 
n/4 
A(z1) Cs) 
ZBAC =(t/4) 
Z2~% _ BA | ania) 
Z3—-Z, CA 
- ti 2a etna) (i) 
21-25 
and Z CBA = (1/4) 
tp te 8 fie gp Ty 
Z1—-Z, AB Z1— 22 V2 


On dividing Eq. (i) by Eq. (ii), we get 


(Z — Zz)" = 2(z, — 23) (Z3 — Z2) 


Example 69. Complex numbers z,, Z, Z; are the 


vertices of A, B, C respectively of an equilateral 
triangle. Show that 
7 ez 422 =2Z1Z7 +2223 +Z3Z}. 
Sol. Let AB=BC=CA=a 


ZABC = = 
3 


From Coni method, = 4, in/3 (i) 


and ZBAC == 
3 
From Coni method, SS ee (ii) 
Zo—-Z%, a 
A(z1) 
a a 
bs 
B(Zs) a CZs) 
From Eqs. (i) and (ii), we get ce pec a 
23 —~ 22 22 — &4 
=> (2% - Z2)(Z2 — 2) =(Z3 — A)(Z3 — Z2) 
= zeae zk = 22. +2925 4252; 
Remark 
Triangle with vertices Z,, Z5, Z3, then 
(i) (Z Ay)" + (Zp =a + (Z3 =7)° =0 
(ii) (z, —Z5)* = (Zp — Z3)(Z3 -Z;) 
ss ; 1 
(il) Wi(z, — Z5)(Zp —Z3) =0 (iv) =0 
> 1 La, — Zo) 


Complex Number as a Rotating Arrow 
in the Argand Plane 
Let z=r(cos0 +isin@) =re™ ...(i) 


be a complex number representing a point P in the argand 
plane. 


ul Q(ze") 
P() 
b 7 
xX’ < O > X 
YY 


Then, OP =| 4 |=rand ZPOX =0 
Now, consider complex number z, = ze' 
i (0+) 


p 
[from Eq. (i)] 


Clearly, the complex number z, represents a point Q in the 
argand plane, when OQ =r and ZQOX =0+6 


aie 
or z, =re”-e® =re 


. ——- 
Clearly, multiplication of z with e” rotates the vector OP 


through angle 6 in anti-clockwise sense. Similarly, 
4 


multiplication of z with e~" will rotate the vector OP in 
clockwise sense. 


Remark 
1. If Z,, Z) and z, are the affixes of the 
three points A Band C, such that 
AC = ABand ZCAB = 8. Therefore, 


AB =z, z,, AC =z, Z. Ble) 


Then, AC will be obtained by rotating A(z;) 
AB through an angle @in anti- 
clockwise sense and therefore, 

AC = AB e’° 


Z3—-Z 
or (23 -Z,) =(Zz -z,) e” ae, eo 


or — =e 
29-2 


2. If AB and Care three points in argand plane, such that 
AC = AB and ZCAB = 8, then use the rotation about Ato find 
e” but if AC # AB, then use Coni method. 


Example 70. Let z, and z, be roots of the equation 
z* + pz+q=0,where the coefficients p and q may be 


complex numbers. Let A and B represent z, and Z, in 
the complex plane. If ZAOB =a #0 and OA=OB, 
where O is the origin, prove that p* =4 qcos? (a /2). 


—" — 
Sol. Clearly, OB is obtained by rotating OA through angle a. 


OB= OAe'* 
> Sy See! 
=> 72 = eit (i) 
at 
B(Z2) 
A(Z1) 
on 
O 
or 2 41 =( re 44) 
1 
+ 7 
=> ta 72) = gi®!2 9 cos (ct /2) 
2 


On squaring both sides, we get 


(z, + 22) = 


2 
cal 


e'*.(4cos* a /2) 


2 
+ 
=> (21 #1) = 72 -(4cos” a / 2) 


2 2 


[from Eq. (i)] 


(z, + Z2)° = 4 %z cos” (a /2) 
(— p)? =4q cos” (a /2) 
"" z, and z» are the roots of z’ + pz + q =0 
2, +2, =— pand z, Zz, =q 


or p’ =4q cos” (a /2) 
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Shifting the Origin in Case 
of Complex Numbers 


Let O be the origin and P be a point with affix zy). Let a 

point Q has affix z with respect to the coordinate system 

passing through O. When origin is shifted to the point P 

(Zz, ), then the new affix Z of the point Q with respect to 

new origin P is given by Z =z —Zy. 

ie., to shift the origin at zy, we should replace z by Z + Zz). 
y 


iM 
Example 71. If z, ,z, 
equilateral triangle with z, as its circumcentre, then 
changing origin to z,), show that Z,’+Z,°+Z;° =0, 


and z; are the vertices of an 


where Z,,Z ,Z3 are new complex numbers of the 
vertices. 


Sol. In an equilateral triangle, the circumcentre and the 
centroid are the same point. 


ZtZ+23 
So, Zq = 
3 
Z+Z. +23 =32% ..-(i) 
To shift the origin at z), we have to replace z,, Z2,Z3 and Zp 
by Z, + 2),Z2 +2, Z3 + Z and0 + Zp. 
Then, Eq. (i) becomes 
(Z, + 2) + (Zz + 2) +(Z3 + Z) = 3(0 + Zo) 
=> Z\ + Zo + 23 = 0 
On squaring, we get 
Lo ee? eae O12 24402 ZZ e8 ...(ii) 
But triangle with vertices Z, ,Z2 and Z; is equilateral, then 
Ve ae a amy ey ee eH 
From Eqs. (ii) and (iii), we get 
4(Z, $2, 425°)=0 


Therefore, aa + Zz. ee =0 


Inverse Points 


(a) Inverse points with respect to a line Two points P 
and Q are said to be the inverse points with respect to 
the line RS. If Q is the image of P in RS, ie., if the line 
RS is the right bisector of PQ. 
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Example 72. Show that z,,z. are the inverse points Example 73. Show that inverse of a point a with 
with respect to the line za+az=b, ifz,a+az, =D. respect to the circle|z—c|=R (a and c are complex 
Sol. Let RS be the line represented by the equation, numbers, centre c and radius R) iS the point c+ — =. 

zataz=b (i) a-c 


Let P and Q are the inverse points with respect to the line RS. Sol. Let a’ be the inverse point of a with respect to the circle 
The point Q is the reflection (inverse) of the point P in the | z-C | = R, then by definition, 

line RS, if the line RS is the right bisector of PQ. Take any 
point z in the line RS, then lines joining z to P and z to Q are 
equal. 


P |z-c| =R a 
’ 
| 
The points c, a, a’ are collinear. 
R ———— S We have, arg (a’ — c) = arg(a—c) 
| Pe 
=-—arg(a-c) [. arg z = —argz] 
= arg(a’—c)+arg(a—c)=0 
O => arg {(a’—c)(@-@)}=0 
. 2 2 “. (a’ —c)(a@ — C)is purely real and positive. 
iLe., |z-z|=|z-22|or|z-2,| =|z-2,| a , . : 
< o ae By definition,| a’-—c ||a—c|=R [° CP-CQ=r"] 
ie. (2 - 2) (Z-%) =(z- 22) (Z-Z) piesa ae 
=z (Z) —Z) +2 (Zz) —2) + (a — ZyZ0) =0 ...(ii) = |a’-c|[a-e|= [<lzl=12 1] 
Hence, Eqs. (i) and (ii) are identical, therefore, comparing > | (a’-c)(a-c )| ak 
coefficients, we get = a a 
[“(a’ — c)(a — C) is purely real and positive] 
, R , R 
=> a CS - => a=c + = = 
O16 a= 
Re S 
Let z) =x, +iy, =(x1,y1) and z, =x» tiv, =(X2, V2), 
a 4 = where x1, yj, X2, V2 € Randi=./—1, be two complex 
Za — ky 2g —- By yy — ZZ numbers. 
= = If ZPOQ =9, then from Coni method, 
za aZy 
So that, —$— =— lz | 
Z(Z2-%) Z2(Z2 -— %) Z2 —0 eal Be Qo) 
_ —b _ Za t+az,—b Zz, —-0 | 21 | 
ZZ — 222 0 Zz | Z2 | 0 
[by ratio and proportionrule] = : — =—e' 9 Pt) 
a eo ee ae Z1Z; | 2 | 
za+az,-b=0 or z3a4+az,=b 6 
(b) Inverse points with respect to a circle If C is the 2% ZoZ1 _ | 2 | 2% 
centre of the circle and P, Q are the inverse points | ele | es | 
with respect to the circle, then three points C, P, Q are : . 
> i 
collinear and also CP - CQ =r’, where r is the ZZ, =|21||221e 
radius of the circle. Z224 =| Zy | Zo | (cos® +isin®) 
> Re (Z2Z;) =| Z1 || 22 |cos® ...(i) 
and Im (z22,) =| Z1 || 22 |sin® ..-(ii) 
Q The dot product z, and z, is defined by, 
Z4'Z2 =| zy | Zo |cos® 


=Re(Z, 22)=%1%.+yiy2 [from Eq. (i)] 


and cross product of z; and z, is defined by 
Z1 XZ =|Z1 || 22 |sin® 
=Im (222) = X12 — X2y1 
Hence, 21:2) =X1X_ ty, V2 = Re (Z,Z2) 
and 2, XZ, =X, V2 —X2y1 =Im (ZZ) 


[from Eq. (ii)] 


Results for Dot and Cross 
Products of Complex Number 


1. Ifz, and Z> are perpendicular, then z;-Z. =0 

2. If z, and Z» are parallel, then z; x Z) =0 

3. Projection of z, on Zp = (2Z;-2Z9)/| Zp | 

4, Projection of 2) on Z, = (21-22) /| Z; | 

5. Area of triangle, if two sides represented by z, and Zo is 
“ll Z, X Zo | 


6. Area of a parallelogram having sides z, and Zz, is | ZX Zo | 
. Area of parallelogram, if diagonals represented by z, and Z> is 


~ 


1 
lien. 


Example 74. If z;=2+ 5i,z,=3-i, where i=./—1, find 
(i) 21 +Z2 (ii) 2; XZ 
(iii) Z3°Z, (iV) 2. XZ, 
(v) acute angle between z, and Zp. 
(vi) projection of z,;on Zz). 
Sol. (i) 2-22 = x1X2 + Wye = (2) (3) +(5)(- I) =1 
(ii) 2 XZ = xXyy2 — X2y =(2)(— 1) - (3)(5)=—-17 
(iii) 22:2) = x1 X2 + Wo = (2) (3) + (5)(— I =1 
(iv) Z_ X Z = X21 — X12 = (3) (5) — (2)(— 1) = 17 
(v) Let angle between z, and z, be 0, then 


Z +2, =| Z1 || Z2 | cosO 


> 1=./(4 + 25) (9 +1) cosO 


cos@ = = 8 =cos’ (es) 
V290 V¥290 
1 


; ee Z°Z 1 
(vi) Projection of z; on z, = 7 Z 


z| 9+ ~ Vio 


Use of Complex Numbers in 
Coordinate Geometry 


(a) Distance Formula 


The distance between two points P(z,) and Q (z, ) is given by 
Qo) 


P(2:) 
PQ =|z, =8;| =| affix of Q — affix of P 
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Remark 
1. The distance of a point z from origin, | z-0 | - | Z | 


2. Three points A(z,), B (Z.) and C (z3) are collinear, then 
AB + BC = AC 
C(Z3) 


Bo) 


Ai) 


Zp |+| 22-23 |=| 2 — 23 | 


ie. |Z, 


Example 75. Show that the points representing the 
complex numbers (3+ 2i),(2—i) and —7i, where 


i=./-1, are collinear. 


Sol. Let z; =3+2i,z, =2-—iandz, =—7i. 
Then, | Z1- 22 | =|1+3i |= -vi0, 


2, —Z3|=|2+6i | 


= /40 =2 V10 
and | z:-z3 |=|3+9i|=v90 =3 V10 
| 21-22 |+] 22-23 [=| 21-25 | 


Hence, the points (3 + 2i), (2 — i) and — 7i are collinear. 


(b) Equation of the 
Perpendicular Bisector 


If P(z,) and Q (z,) are two fixed points and R (z) is 
moving point, such that it is always at equal distance from 


P(z,) and Q (z;). 


 QGz) 
ie. PR=OR 
or |z-z1 |=|z-z2 | 
or Z(Z, —Z_) + Z(z, —Z2) =2Z1Z, —2Z2Z2 


ee 2 2 
or z(Z, —Z,) + Z (z, —Z2) =| 2: | —| 22 | 
Hence, z lies on the perpendicular bisectors of z, and Z2. 
Example 76. Find the perpendicular bisector of 3+ 4i 
and — 5+ 6i, where i = ,/—1. 


Sol. Let z; =3+ 4i and z, =-5+ 6i 


If z is moving point, such that it is always equal distance 
from z, and zp. 


i.e; |z-z|=|z-2z2 | 
or z(Z—%) +2 (4-2) =|" -| 2 
=z ((3— 4i) -(—5 - 6i)) +z ((3 + 4i) -(—5 + 6i)) = 25 - 61 


Hence, (8 + 2i) z + (8 — 2i)Z +36=0 


which is required perpendicular bisector. 
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(c] Section Formula 


If R(z) divides the joining of P (z,) and Q(z.) in the ratio 
Mm, 2M, (m,,m, >0). 
Q(Z2) 


Pi) 


(i) If R (z) divides the segment PQ internally in the ratio 
of m, :m,, then z = Mea 
m, +m, 
(ii) If R (z) divides the segment PQ externally in the ratio 
ofm,:m,,then z a Thee See 
m, —M3 


Remark 
1. If R (z) is the mid-point of PQ, then affix of R is a 
2. If Z,,Z_ and Zz, are affixes of the vertices of a triangle, then 
. . cg 2 for 29 
affix of its centroid is ———~——~. 
3. In acute angle triangle, orthocentre (O), nine point centre (/V), 


centroid (G) and circumcentre (C) are collinear and GC = 7 


4. If 2, Zo, Z3 and Z, are the affixes of the vertices of a 
parallelogram taken in order, then z, + 273 =Z. + Z. 


Example 77. \f z,,z, and z;are the affixes of the 
vertices of a triangle having its circumcentre at the 
origin. If z is the affix of its orthocentre, prove that 
Z,+Z,+2Z3;-Z=0. 

Sol. We know that orthocentre O, centroid G and circumcentre 


C of a triangle are collinear, such that G divides OC in the 


Zt+2Z.+z 
ratio 2:1. Since, affix of G is ane 3 and C is the 


origin. Therefore, by section formula, we get 


4 Cc 


2 G 


Z+Z,.4+2Z3 2-04+1-z 
3 2+1 
=> Z1 + Zo +Z3=2Z 


=> 


Therefore, z, + z2 +z; —-z=0 


Example 78. Let z,,z, and z; be three complex 
numbers and a,b,c ER, such that a+b+c=Oand 
az,+bz,+cz;=0, then show that z,,z, andz; are 
collinear. 


Sol. Given, at+b+c=0 (i) 


(ii) 
[from Eq. (i)] 


and az, + bz, + cz, =0 
=> az,t+bz, -(a+b)z,=0 
az, + bz 
a+b 


It follows that z, divides the line segment joining z, and z, 
internally in the ratio b: a. (If a, b are of same sign and 
opposite sign, then externally.) 


Hence, z,,Z2 and z, are collinear. 


(d) Area of Triangle 


If z,,z 2 and z; are the affixes of the vertices of a triangle, 
Z1Z,1 
then its area =—||z, Z, 1 || 
Z3Z31 
Ali) 


B(Z2) C(s) 


Remark 
The area of the triangle with vertices z, @z andz + zis “ | Zz [. 
where wis the cube root of unity. 


Example 79. Show that the area of the triangle on 
the argand plane formed by the complex numbers z, iz 


. where i = ./—1. 


~. od 
and z+iz is=|z 


a Zz 1 
: 1 ‘ a 
Sol. Required area = — || iz iz 1| 
4 
ztiz ztiz 1 
Zz zZ 1 
1 : 7 
=-|| iz iz | 
ztiz ztiz 1 


Zz Zz 1 
==|| iz -iz 1i| 
zt+iz z-iz 1 
On applying R; — Rz —(R, + R2), we get 
Z .f 1 


1 = 1 es 
Area=-—|jiz -iz 1 | =— (- 1) (- izz - izz) 
4 4 


0 0 -1 
1 
= — | 2izz | ==|i|| zz |==|z 
2 
Aliter 
We have, iz= z (cos(m/2) + isin(m/2)) = ze “"'”) iz is the 


vector obtained by rotating vector z in anti-clockwise 
direction through (1/2). Therefore, OA 1 AB, 


Imaginary axis 
YA 


DA 


a) > X Real axis 


Now, area of AOAB= “OA x AB=—| 2 || iz| 


1 . 1 
=*)2l[allz|=2lef 


(e) Equation of a Straight Line 


(i) Parametric form 


Equation of the straight line joining the points having 
affixes z, and z, is 


z=tz, +(1-t)z,, wherete R ~ {0} 
Proof 


_ tz, +(1-t) z, 

pia gy 

Hence, z divides the line joining z, and z, in the ratio 
1-t:t. Thus, the points z,,z.,,z are collinear. 


z=tz, +(1-t)z, 


(ii) Non-parametric form 


Equation of the straight line joining the points having 
affixes z, and z, is 


zzi 
Z, Z, 1| =0 


Z_ Zo 1 


or z(Z, —Z,)—Z(z1 —Z2) +21 Z_ —Z1Z2 =0 
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Proof Equation of the straight line joining points having 
affixes z, and z, is 


z=tz, +(1—-t)z,, where te R ~ {0} 


=> Z—-Z, =t(z, -Z2) ...(i) 
and Z—-Z_ =t(z, —Zp) 
or Z-Z> =t(Z, —Z») (ii) 


From Eqs. (i) and (ii), we get 
Z—Z2 2, 22 Z—Z9 _ £7 2o 


Z—Zo Z—Zo 0 
=> 24 2% Z1 —Z> 0| =0 
Z2 Z2 1 
Now, applying R, — R; + R3 and R, > R, + R3, we get 
zzi 
Z, Z, 1| =0 
Zq Z 1 
or z(Z, —Z,) -—Z(z, —Z2.) +2, Z_, —Z,Z_ =0 
Aliter 


Let P (z) be an arbitrary point on the line, which pass 
through A (z,) and B(z,). 
: ZBAP =0or tt 


22 — 24 


arg —- =0or7 [by rotation theorem] 


ZA 2y. 
=> ——— is purely real. 
22741 


Z-Z Z-24 Z-Z Z-Z 
u = => i = = 
22-24 Zo —Z4 227-21 22 7~ 21 


Z(Z, —Z2) —Z(z, —Z2) +21Z_ — ZZ, =0 
ZZ A 
or Z, Z, 1} =0 


Z_ Z_ 1 
Remark 


1 
IfZ,,Z.andz3arecollinear, |Z. Z) 1/=0 
1 


or ¥124(Zp — 23) = 0. 
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(iii) General form The general equation of a straight (i) If the lines are perpendicular, then 
line is of the form a z+az+b=0, whereaisa 
complex number and b is a real number. 


@ Z3) 


Sol. The equation of a straight line passing through points 
having affixes z, and z, is given by (2) « © (25) 


z(Z-Z_) — Z (Z, —Z.) + 2 Z_ — ZZ, =0 (i) 
On multiplying Eq. (i) by i (where, i = /—1), we get 


zi(Z,—Z,)—Zi(z,—Z_) + i(ayz_ —Zz,)=0 oes 
=> Z{-i(4- 2) +z {i(A-Z)} +i (az, — Az.) =0 (e-$63) Genes) os 


= 2 {-i(a—n)t2 Fi —z)} +i (Zim @z,))}=0 ae es oe 
=z {-i(z4— Z2)}+z{-i(% — Za} + {(— 2lm (2,2, )} = 0 2 2 
2 = (Zi —Z2)" _ (23 —Z4) im 
= zat+zat+b=0, => = So 
where, a = —i(z, — Z2),b = —2Im(z,z,) | Z1 —22 | |z3 —Z4 | 
Hence, the general equation of a straight line is of the form — ¥ Genz yy 
aztaz+b=0, => 1 = — 3 = _ em 
where a is complex number and bD is a real number. (21 —Z2)(Z1 —Z2) (23 —Z4) (23 —Z4) 
(iv) Slope of the linea z+az+b=0 = iS Ea) NF 4) 1) 
Let A(z,) and B(z,) be two points on the line (21 —Z2) (%3 —Z4) 
az+az+b=0,then = Ol, =—- Oy [from Eq. (i)] 
@z,+az,+b=0 Ee Q, +A, =0 
and az, +azZ,+b=0 (ii) If the lines are parallel, then 
a(z,; —2,) +a(Z, —Z,) =0 Z1~Z2__ 237Z4 40 
> ait =O [Remember] | Z1 -22 | |z3 —Z4 | 
Z1-Z a 2 2 
: : — = (Zz; —Z2) (z3 —Z4) 
a coefficient of Z — = 2 
Complex slope of AB=-—= = — | 21-22 | |z3-Z4 | 
a coefficient of z 
2 2 
Thus, the complex slope of the linea z +azZ+b=0is = (Z1 —Z2) = (z3 Za) 
2 (Z; —Z2)(Z1 —Z2) (z3 —Z4) (Z3 — Za) 
7 = (z1 —Z2) _ (23 —Z4) 
Z,—-Z Z3,-Z 
ae @,-%Z) @-Zs) 
The real slope of the line az + az + b=Ois => OO, =A, 
_ Re(a),. _ Re (coefficient of zZ) 
Im(a)’——s Im (coefficient of Z) _ Remark 
1. The equation of a line parallel to the line az + az + b=Ois 
Important Theorem azt+az+2=0,wherea eR. 
2. The equation of a line perpendicular to the line 
If, and, are the complex slopes of two lines on the ae phe +b=0 oo ae £IRSO 
argand plane, then prove that the lines are where, AeRandi=J-1 


(i) perpendicular, ifa, +a, =0. , 
7 ; (v) Length of perpendicular from a given point on a 
(ii) parallel, ifa, =a. given line 
Proof Let z; and z, be the affixes of two points on one 

line with complex slope @, and z3 and z, be the affixes of 


two points another line with complex slope &,. Then, 


The length of perpendicular from a point P (z, ) to the 
line 
| az, +az,+b | 


23 —Z4 , a@z+az+b=0is given b 
aes (i) cee OT a| 


-—Z 
Oo, =——* and a, =— — 
21 — 22 2324 
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Proof Let PM be perpendicular from P on the line = ani Z (-=] “6 
az+az+b=0and let the affix of M be z., then a-a b 
Fey _ b(a—a’)-—b(a—a’)=0 (ii) 
On subtracting Eq. (ii) from Eq. (i), we get 
a’b+ab+c=0 
Aliter 
M(e) Equation of perpendicular bisector of PQ is 
PM =| z, -z, | z(a’-a)+zZz(a’-—a)-a’a’+aa=0 ..-(i) 
and given line zb+zb+c=0 (ii) 


az+az+b=0 


and M(z,) lies ond z+aZ+b=0, then Since, Eggs. (i) and (ii) are identical, we have 


, 


= , = Vit 
a a a a aa aa 


a@z,+az,+b=0 ..-(i) 5 ~ a: 7 ; =k [say] 
Since, PM perpendicular to the line (@ z+azZ+b=0). « @=a@=bke' =ask 
Therefore, 71 —*2 +(-£)=0 and aa —a’a’ =ck 
a: ‘ Now, visa [a(@ = *) +a(2 =*)| 
=> 42,-A2Z,-aZ,+aZz,=0 k k 
=> @2z,+az,+b=2az7,+az,-az,+b ao dary eae ee, ee 


=2aZ, —azZ, +(az. +b) ” os 

=2a2, —aZ,—aZ, [@z,+b=-aZ,] A te eee ae 
=2a(Z, -Z2) ; 

or |@z, +az,+b|=2\al]z, -Z, | (f] Circle 

The equation of a circle whose centre is at point affix z 


=2\a||z,-2.| C-lzZl=Iz1] ation 
and radius r, is| z— Zp |=r. 


=2|a|PM 
Jaz, taz +d) P(z) 
PM =-—WY____ 
ala 


Example 80. Show that the point a’ is the reflection 
of the point ain the line zb+zb+c =0, if 
a’b+ab+c=0. 


Remark 
Sol. Since, a’ is the reflection of point a through the line. 1, If the centre of the circle is at origin and radius r, then its 
So, the mid-point of PQ equation is | z |=. 
P=a 2.|Z—-—2Z)|<rrepresents interior of a circle| z — Z) |=rand 
Z — Zo |>r represent exterior of the circle] z — Zo |=r. 
M 
| 


Che | Z-Zp | < R, this region is known as annulus. 


| (i) General Equation of a Circle 
AZ x) The general equation of the circle is 


Aseat = = zzt+az+az+bd=0, 
liesonzb+zb+c=0 


Le., 
where a is a complex number and b € R, having centre at (— a) 


2 
-(ata ata’ 
or i( 5 Jef z Jrexe and radius =| | a[° — b. 


= b(a+a’)+b(ata’)+2c =0 ..(i) Proof The equation of circle having centre at z) and 
radius r is 


Since, PQ | AB. Therefore, 


Complex slope of PQ + Complex slope of AB = 0 | z— Zo| =r 
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2 
=> |z-Zo | =r? 
> (z—z)(Z-Z)) =r’ 
=> ZZ —2Zy —Zyzt+ZoZ0 =r" 


=> 2zZ +(—Zo)z+(—Z)Z+| Zo [ —r*® =0 


=> zz+az+az+b=0 

2 
where, a=-Z, and b=| zo | —r? 
> zzt+azt+az+b=0 


where, b€ R represents a circle having centre at (— a) and 


radius = || Zo i —b=,a\? —b. 


Remark 
Rule to find the centre and radius of a circle whose equation is 
given 
1. Make the coefficient of zz equal to 1 and right hand side 
equal to zero. 
2. The centre of circle will be = (—a) = (— coefficient of z). 


3. Radius = Vila |?—constant term) 


Example 81. Find the centre and radius of the circle 
2zz+(3—i)z+(3+i)z—7=0, where i = J-1. 


Sol. The given equation can be written as 
= 3+1 S+E\= 7 

22 + Zr Zz =0 
2 2 2 


So, it represent a circle with centre at — ( 


-(-C2- JAG 


(ii) Equation of Circle Through Three 
Non-Collinear Points 


Let A(z, ), B(z,), C(z3) be three points on the circle and 
P(z) be any point on the circle, then 


3+i 
] and radius 
2 


Z ACB = Z APB 


Using Coni method, 
24 ae 23 7 CA 
Z,—z __ BP oi 


= — (ii 
Z,—-z AP ti) 


in AACB, ak cde ...(i) 


in AAPB, 


From Eggs. (i) and (ii), we get 
(z — 21) (22 —23) 2. Peal 


(z —Z2)(Z1 -Z3) 


...(iii) 


Remark 
(24 — 2) (Zp — Zs) 


If four points Z;, Zo, Z3, Z, are concyclic, then 
Z4 — Zp) (Z, — Z3) 


real [replacing z by z, in Eq, (iii)] 


or arg Keo 2 al) i) | Tt, 0. 
(2 — Z3) (Zq — Zs) 


(iii) Equation of Circle in Diametric Form 


If end points of diameter represented by A (z,) and B(z,) 
and P (z) is any point on circle. 


; ZAPB = 90° 
*. Complex slope of PA + Complex slope of PB =0 
P@) 


= Z—-2 |, {2-22 |_o 
Z-Z, 2-%5 


Hence, (z —z,)(Z—Z.)+(z—-2z2)(Z-Z,) =0 


which is required equation of circle in diametric form. 


(iv) Other Forms of Circle 


(a) Equation of all circles which are orthogonal to 
zee =n and |e=2, |=n. 


Let the circle be | zZ-O | =r cut given circles 


orthogonally. 
2 : 
r? +r =|0-2, | (i) 
and r+ ry =| O—Z f ..-(ii) 
On solving, 


2 2 SS _ 2 2 
moon = 01 (Z; —Z_) +O (z; —Z2) +| Z: | —|z1 | 
and leta =a+ib,i=./-1,a,bER 
Z- 2 


Z—Zo 


(b) Apollonius circle =k#1 


It is the circle with join of z, and z, as a diameter, 
Zz, +kz Zz, —kz 
where z, =— 2.24 S—" z 
1+k i=* 
for k =1, the circle reduces to the straight line which 
is perpendicular bisector of the line segment from z, 


to Zo. 


F Zz 
(c) Circular are arg | ——~* |= 
Vos Zo 
This is an arc of a circle in which the chord joining z, 
and z, subtends angle at any point on the arc. 


If a= z then locus of zis a circle with the join of 
2 


z, and z, as diameter. If =0 or 7, then locus is a 
straight line through the points z, and zy. 


(d) The equation |z - z,[ + lz - za| =k, will represent a 


circle, ifk>- za =z,) . 


Example 82. Find all circles which are orthogonal 
to|z|=1and|z-1|=4. 


Sol. Let | z-O | =k (i) 


(where, & =a+ ibanda,b,k € Randi= J-1) be a circle 
which cuts the circles 

|z|=1 
|z-1|=4 
Orthogonally, then using the property that the sum of 
squares of their radii is equal to square of distance between 


centres. Thus, the circle (i) will cut the circles (ii) and (iii) 
orthogonally, if 


...(ii) 
...(iii) 


and 


k? +1=|a-0] =a0 
and k? +16=|a-1] =(a -1)(a -1) 
=aa -(a+a)+1 
. 1-(@+0)-15=0 > a+a=-14 
2a=-14 >a=-7 
=> Qa =atib=-7+ ib 
Also, k? =a | -1=(-7) +b? -1=b" +48 
=> k =./(b? + 48) 


Therefore, required family of circles is given by 


|z+7-ib|= (48 +B). 
(g} Equation of Parabola 


Now, for parabola 


Imaginary axis 
tf —P@) 
M 
<—sin A © Satin > Real axis 
{av} 
N 
IN Y 
N 
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| z+z+2a | 
|z-a= 
2 


or 22 —4a(e+z)=— {2” +(@)"} 


where, a€ R (focus), directrix is z +Z +2a=0. 


(h) Equation of Ellipse 


For ellipse 
Imaginary axis 
t Pe 
<i Real axis 
Y 
SP +S’ P=2a 
> |z-21 |+|2-z2 |=2a 


where, 2a >| Zz; —Z» since, eccentricity < 1 
y 


Then, point z describes an ellipse having foci at z, and z, 
and ae R*. 


(i) Equation of Hyperbola 


For hyperbola 


Imaginary axis 


> Real axis 


SP—-S’P=2a > |z-zZ1 |-|z-z2 |=2a 


where, 2a<|z,—-Z since, eccentricity > 1 
1 2 y 


Then, point z describes a hyperbola having foci at z; and 
z, andae R*. 


Examples on Geometry 


Example 83. Let z, = 10+ 6i,z, =4+ 6i, where 
i =./-1. If z is a complex number, such that the 


argument of (z —z,)/(z —Z2) is m/4, then prove that 
| 2-7-9 |=3 v2. 


Z-% T 
arg | ——— |=— 
Z-Zo 4 


Sol. «. 
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It is clear that z, z,,z, are non-collinear points. Always a 
circle passes through z, z, and z,. Let z, be the centre of the 
circle. 

A(z) 


L\ 


(Z2)B C(21) 


On applying rotation theorem in ABOC, 


= OC : 
ee [-- OC = OB] 
Z.—Z, OB 
> (2 — Zo) = i (Zz - Zo) 
> 10+6i-z =i(4+6i-Z) 
> 16 + 2i = (1 — i) zp 
16+2i) (1+i 
a =) i) (+i) 
(1-i) (1+i) 
_ 16 +161 + 2i + 2i° 
2 
14 + 18: 
= =74+9i 


and radius, r = OC =| z) — z |=|7 + 91-10 - 6: 
=|-3+3i| 
= (9 +9) =3v2 
Hence, required equation is 
| z— Zo |=r 
= |z-7-9i|=3V2 


Example 84.1f | z—2+i|<2, where i = ,/—1, then 
find the greatest and least value of | z |. 
Sol. | Radius = 2 units 
Y 


O 


AC = CB = 2 units 
a Least value of | z =OA=O0C - AC=V5-2 
and greatest value of | Zz |= OB = OC + CB= 5 +2 


1.e., 


Hence, greatest value of | Zz | is > + 2 and least value of | Zz 


is V5 -2. 


Example 85. In the argand plane, the vector 
z=4-3i, where i=./—1, is turned in the clockwise 


sense through 180° and stretched three times. Then, 
find the complex number represented by the new 
vector. 

Sol. -. z=4-31 = |z|=¥(4)? +(-3) =5 


Let z, be the new vector obtained by rotating z in the 
clockwise sense through 180°, therefore 


3i) = 


4 + 3i. 


moze ™=-z=-(4 

: : : : . 4 3, 

The unit vector in the direction of z, is -— + =i. 
5 5 


Therefore, required vector = 3 | Zz | (- = + 2) 
..9 


4 3, : 
=15| -—+-i}/=-12+9i 
5 5 


Aliter 
Imaginary axis 


> Real axis 


4 
| 
1 
| 
1 
| 


Here, z,=—-—4+3i 
Hence,3 z; = — 12+ 9i 


Example 86.ABCD is a rhombus. Its diagonals AC 
and BD intersect at the point M and satisfy BD = 2AC. 
If the points D and M represents the complex numbers 
1+ and 2-i, where i = ./—1, respectively, find A. 
Sol. Let A=z 
BD =2AC or DM =2 AM 


Tax 
A(z) 


D(1 + i) 
Now, in ADMA, 
Applying Coni method, we have 
z—(2-i) AM wo 1. 
G+)-@-) DM 2 


. i : i 3) 
> z-2+i=—(-1+2iI)=-—-1 or z=1-—i 
2 2 2 


; 
A=1-~ior3-~ 
2 2 


[if positions of A and C interchange] 
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If| z + — | =a, then the greatest and least values of | z | Example 87. Find the ae and minimum 
Zz 
; ; values of | z | satisfying | z+ — | =2. 
a+. (a°+4|b|) -—at+ j(a°+4|b]|) Z 
are and . 


2 2 Sol. Here, b=1 and a=2 


respectively. 
2+.(4+4 
Proof rs b ~ b .. Maximum and minimum values of |z|are erate 2) 
roo oar = | z | = - 2 
—-2+,/(44+4 
\b| and Sea’) ie.,1+-V2 and-1+ +2, respectively. 
> a2 | Zz | -— 2 
|z| i 
ie waelale ble, Example 88. If |z+— | = 2, find the maximum and 
Iz| 
io minimum values of |z |. 
Now, Pigs Sol. Here, b= 4 and a=2. 


*, Maximum and minimum values of | Zz | are 


2+ 4/(4 + 16) —2+./(4 +16) 
ae (@ +410) cat ya" +41) 5 and ; 


2 2 ie. 1+ V5 and —1+ V5, respectively. 
at (a? + 4|b|) ; ; 
or a --G) | Example 89. If | z|> 3, then determine the least 
1 
and lye a =P +alel— [0120 value of z+—J. 
Zz Z 
2 
-a+ (a +4|b 
|z|= a < [A1) .(ii) Sol. zt—|2 z|-|2| = |z| 72] (i) 
Zz 
From Eqs. (i) and (ii), we get | 23 4 1 1 
z\|= <= or 
= at fla? +41) 2) at ve +410) [=| Iz) 3 
<|z|< 
2 2 [2 3 52 || be 
2 Zz Zz 
+(a° +4 |b 
Hence, the greatest value of |z| is arya ert , ‘ 
or |z|-— > (ii) 
2 
—at (a +4 |b z 3 
and the least value of |z| is bana | I) | | 
2 From Eqs. (i) and (ii), we get 
Corollary For b=1, eee =a ae al 
A z 3 
[2 2 
-—at (a +4 at (a +4 
Then, —“*V*4) <),|< ) *, Least value of te is —. 
Zz 
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Exercise for Session 4 


1 If Z1,Z2,Z3 and Z, are the roots of the equation z* =1, the value of > iP is 
(a) 0 (b) 1 (c)i,i=Jf-1 (d) 14 4,f ==74 
2 If Z1,Z2,Z3,.--,Z, aren, nth roots of unity, then fork =1, 2, 3,...,n 
(a) | Z« |=k| 244 | (b)| Ze+1|=K| 2x | 
(C)| Ze 44 |=| Ze [+ |Ze-1 | (d)| Ze [=| Zk +4 | 
3 If 1, Oy, Oy, O3,...,%,_-, aren, nth roots of unity, then (1— o) (1—- a2) (1- a3)...(1- &, _,) equals to 
(a) 0 (b) 1 (c)n (d) n? 


6 
4 The value of > [sin (75) i cos (72 )) where =,/—1,is 
k=1 


(a)-1 (b) 0 (c)-/ (d)i 


5 Ifa #1is any nth root of unity, thenS =1+304+5 O $2: upto n terms is equal to 


2n 2n 
a Gag a a ae 


(a) 


6 \faandb are real numbers between 0 and 1, such that the points Zz; =a +/,Z) =1+ bi andz3 =O form an 
equilateral triangle, then 
(aja=b=2+ V3 (b)a=b=2- 3 
(c)a=2-J3,b=2+ V3 (d) None of these 

7 If | Z | =2, the points representing the complex numbers — 1+ 52 will lie on 


(a) a circle (b) a straight line (c) a parabola (d) an ellipse 
8 If|z —2|/|z —3|=2 represents a circle, then its radius is equal to 


(a) 1 (b) — (c) 


(d) 


Blo 
w!N 


9 |fcentre of a regular hexagon is at origin and one of the vertex on argand diagram is 1+ 2/, where/ = ./—1, its 
perimeter is 


(a) 25 (b) 6 V2 (c) 4/5 (d) 6 V5 
10 \fz is acomplex number in the argand plane, the equation |z-2|+|z+2|=8 represents 


(a) a parabola (b) an ellipse (c) a hyperbola (d) a circle 


17 If|z-2-3i |+|z +2 -6i |=4, where/ =./-1, then locus of P (z)is 


(a) an ellipse (b) 
(c) line segment of points 2+ 3) and - 2+ 6/ (d) None of these 


12 Locus of the point z satisfying the equation | iz -1|+|z-—1]=2, is (where, i =./- 1) 


(a) a straight line (b) a circle (c) an ellipse (d) a pair of straight lines 


13 Ifz,iz andz + iz are the vertices of a triangle whose area is 2 units, the value of | Z | is 
(a) 1 (b) 2 (c) 4 (d) 8 


14 If 
(a) 5-1 (b) /3 +1 (c) V5 +1 (d) /3 -1 


z- cs | = 2, the greatest value of | z |is 
z 


Shortcuts and Important Results to Remember 


1 || 2 |-| 22 ||s| a+ z2|s| 4 |+| 22| 
Thus, | z; |+]| Zs | is the greatest possible value of 
| 2; + Z |and|| z; |—| Zp | |is the least possible value of 
| 21 + Zo |. 
Iffz+ =a, then the greatest and least values of | Z | are 
[2 _ [m2 
= #12) and = . 241A) , respectively. 


21+ (2? - 22°) |+| 22 -Jle? -2")| 


=|Z+2Z)|+| 24-2 | 


2+ Zo |=|2,|+| Z| < arg (z)=arg (Zp) 


i.€. Z, and Zo are parallel. 


Z + Z2|=| 2 |-| 22 | arg (z)-arg (z)=n 


6 | 2+ 2 |=| 2-2 |arg(z)—-arg (z2)=+2/2 


7 If] 2 |=| Z | and arg (z;)+ arg (Zo) = 0, then z, and Z> are 
conjugate complex numbers of each other. 


The equation | z— z, P+|z-2 |) =k,k € Rwill 


represent a circle with centre at ; (Z, + Z2) and radius is 
> Vek -| 2-25 7 provided k 2S 2, -Zo iE 


9 Area of triangle whose vertices are Z, iz and z + iz, 
. es 
where i = /—1, is a a\*. 


10 Area of triangle whose vertices are z,azandz+ zis 
W8 |Z i where wis cube root of unity. 

11 arg (z) -—arg (- Z)=7 or — m according as arg (Z) is 
positive or negative. 


12 Ifarg E 74 ) = a (fixed), then the locus of z is a segment 
Z-Z> 
of circle. Pez) 
P(2) LX 
> 
A(z1) 
B(2s) 


Ifarg (4) =+ 7 /2,the locus of zis a circle with z, 
Z-2Zo 


and Z» as the vertices of diameter. 

14 Ifarg (=) =0 orm, the locus of Z is a straight line 

Z-Zo 

passing through z, and Zo. 

15 If three complex numbers are in AP, they lie on a straight 
line in the complex plane. 

16 If three points Z;, Zo, Z3 connected by relation 
aZ,+bZ.+C Z3, =0,wherea+b+c =0, the three points 
are collinear. 


17 |f 2, 2, Z3 are vertices of a triangle, its centroid 


A+ 2Zo+2Z3 . 1 il? (22 - 2s) 
Zy = ————, circumcentre z, = <—_———_, 
3 Y A(z - Zs) 
5/5. _5 2 
Z,(Z> -Z3)+ ¥| Z)° (2 -Z 
Siocon (22 a)+ Dla (Zo ~ 23) 
Y (422 — ZZ) 
; Z, Z, 1 
and its a ae |] Zo Zo 1)I 
Z3 Z3 1 
18 If] Z| =M,| Z2| =N2,| 23] =13,....|Zm| = 9m 
2 2 2 2 
then| Zt 4 22 , 7s 4m =| 2+ Zo +23 +...+ Zm|. 
4 2 23 Zm 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


> Ex. 1 If z, and z, be then th root of unity which subtend 


right angled at the origin. Then, n must be of the form 
(a) 4k+1 (b)4k +2. (c)4k +3. (d) 4k 
Sol. (d) The nth roots of unity is given by 


2r 7 jan. | 2 j 
cos| —— | + isin} @— | = e27™!/", 
n n 


where r=0, 1, 2,...,(n —1) 


2mr,i/n 2mrgi/n 


So, let z; =e and z, =e , where 0 <1, 7 <n, 


NAM. 


It is given that the line segment joining the points having 
affixes z, and z,, subtends a right angled at the origin. 


Therefore, 
z T 
arg) + |=+— 
Zo 2 
= amr, — 20ry _ 4h 
n n 2 
a n=+t4(n-1) 


n = 4k, where k = (1, — rz) 


Ex. 2 If|z|=1andw = (where z #—1), then Re(@) is 
Z+ 


1 


(a) 0 —— 
|z+]| 
Z 1 J2 
("= @ 
z+ |z+]| |z+]| 
Sol. (a) We have, |z| = 1. 
Let z=e!° where @ € Randi = J-1. 


Then, O= 


Ex. 3 Ifa, b,c, a,b, andc, are non-zero complex 
ee en € : a, bc 
numbers satisfying — +— +—=1+iand—++—++—+=0, 
a, b, «c a b c 
2 2 22 
; a bo Cc, 
where i = ~—1, the value ay +—+-—— is 


2 2 
ay b; Cy 


(a) 2i (b) 2+ 2i (c) 2 (d) None of these 


Soh Wena 4 63 
a 1 1 


On squaring both sides, we get 
a b ¢ ( ab be ca 
+ 


ab, bey cya 


=1+i? +2i 
a bp ¢ abe (c, QJ, 
=> ++ +2 + 
ab cy abe,.c oa 
=1-14+2i 
ap 2 
=> +—+—40=2i 
2 
a bb Cy 
ab 5s 
++ =2i 
a by 


» Ex. 4 Let z and be complex numbers. If Re(z) =|z — 2I, 


Re(@) =|@—2| andarg(z—W) = ., the value of Im(z +@) is 


OF OF Ove oz 
Sol. (d) Let z=x+iy,x,ye€Randi=J-1 

s Re(z) =|z — 2| 

> x=(x-2) +y? 

=> y* =4(x -1) 


“.z=14+t° + 2ti, parametric form and let w= p + iq 


Similarly, W=14+s? +2si 
z—@M=(t* —s”) + 2i(t —s) 
Tt : 
=> arg(z — @)= a [given] 
= 2 Tl 2 
tan! = > = 3 
t+s 3 t+s 
2 
> (t +s) =—— 
V3 
Now, Z+W=24+t? +57 +2i(t +s) 


ing pwisareie 


B 


© Ex. 5 The mirror image of the curve arg [Z - ; = 
z-t 6 


i=~-1 in the real axis, is 
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1 1 
aa 4 7 [os )- (w+ w’)=1 
2017 
z w 


arg(222)=2 (are 
Zt+i 6 Zt+l 
(oarg(244)-2 (are 2 

Zt+ —3 


v4 


n n-4 n-4 

and 2? =2*? = 16° has last digit 6. 
b=6-1=5 

Hence, a? +b? =1° +5” = 26 


Ji 
Hs 


Sol. (d) «« The image of z in the real axis is z. 
The image is given by 


- z-3) 1 Ex. 8 If is complex cube root of unity and a, b, c are 
z-i) 6 such that _! + l + V2 2m and 
Bo a 7 a+@ b+@ c+@ 
> —arg = [= a [ arg(z) = — arg(z)] 1 1 1 
zZt+i =+ = ; = 2, then the value of 
24 Tt Zy 22 ae b+ oo 
= arg =—  arg|— |=-arg| 1 1 1 
Z=3) 6 22 cat + + is equal to 
at+1 b+1 c#1 
+i a) —2 b) -1 c)1 d) 2 
Ex. 6 The mirror image of the curve an 2 ; = = 1 " 1 i : 
Z=1) 4 Sol. (d)*- ar =20° = 
+ + + 
i=~-1 in the line x —y =0, is “ 7 ° é _ 
é and + a =20= 
(ar 244) Ware 221)-2 atm b+@m c+@ wo 
zt+1) 4 z—-1}) 4 


It is clear that, wand w” are the roots of the equation 


z-i Tt zt+i T 
(are )-4 ar ‘\-2 a er a ali) 


oe i a a+x b+x ctx x 
Sol. (c) «« The image of z in the line y = x is iz. = giibesicanatuereeieaw 
“. The image of the given curve is as 42Gb heh ode =oabe=8 
ZF 4i 
ae = ) = 7 “* Coefficient of x? = 0, the sum of roots = 0 
iz — 
- > a+0+0 =0 > a-1=0 
z+1 Tl 
=> arg] = =— . a= 
E + | 4 ; 
. Third root is 1. 
+1 _ ; 
> —arg ad ae [« arg(Z) = —arg(z)] From Eq. (i), we get 
z-ij 4 1 1 1 
+ + = 


(z=*) ‘| (2) (=) a+1 b+1 c+l1 
> arg =— |‘ arg] — | =-— arg) — 
rf ale 4 Zo zy 


Ex. 9 Ifa, b andc are distinct integers and (#1) is a 


1 1 : j ini 
Ex. 7 ifz+1=1anda=z"" + to biethetan cube root ay anty, then ue naEooe value of 
Zz zo |a+bw+cw*|+lat+bm* +col, is 
digit of the number 2” —1, when the integer n >1, the value (a) 2V3_ (b) 3 (c) 4v2 (d) 2 
of a* +b? is Sol. (a) Let z=a+ bo+co’. Then, 
(a)23 (b) 24 (c) 26 (d) 27 2? =22 =(a+ bot aw’ (a + bO +c") 


Sobieiee eet SS eoetiet =(a+ bo + ow? )(a + bo? + a) 


Zz 


pet) gy 


: = F[la- by +(b- 0)" +(e a)"] 


[@is cube root of unity] 


=a’? +b? +c? —ab—be-ca 


 G@#DFE 
and 2207 = (— "7 =-@ eed 
sige ee = |z/ 2-x6=3 “ |a—b| 21,|b-cl21 
ze =(-a@)"" =-@ 2 
and |a—c| 22 
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|z| > v3 
ja + bw + cw’ | + |a + bo + co 
=|a+ bot on’'|+|a+ bw + cO| 
=|a+ bw+ om’ | +|a+ bw+ cw’ | 
=2\a + bo + cw’ | = 2|z| > 2v3 
Hence, the minimum value of |a + bw + cw’ | +|a+ bo’ + co 


is 2/3. 


Ex. 10 If|z —2i|< V2, where i =/-1, then the maximum 
value of |3 —i(z —1)|, ts 
(a) V2 (b) 2v2 


(c)2+ V2 (d)3+2V2 


JEE Type Solved Examples : 


Sol. (b) *: [3 — i(z 


1)| =|-i(z -1-31)| =|-i]|z - 1-33 
=|z-1-3i| li) 


i)| <|z-2i]+|-1-i| 
[ |Z, + Z2| Sz) + 1z2{] 


and |z—1-3i|=|(z —2i)+(-1 


(g= f= SiS fe= ai] +02 
= jea1—3)ev9449 


=> |z-1-3i|/<2V2 


[e|z -2i| < V2] 


From Eq. (i), we get 
|3 — i(z — 1)| < 2v2 


Hence, the maximum value of |3 — i(z — 1)| is 2V2. 


More than One Correct Option Type Questions 


This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
more than one may be correct. 


» Ex. 11 If z,=a+ib and z, =c + id are complex numbers 
such that | z,|=|Z2|=1andRe(z,Z,) =0, where i =~-1, 
then the complex numbers ®, =a+ic andW, =b+id 


satisfy 

(a)|@|=1 (b)|@,| = 1 

(c) Re(@,@2) = 0 (d) None of these 
Sol. (a, b, c) 


|z,|=1,|z.;=1 => z=CiS0,z, =CiSo 
Re(z,Z2) = Re(CiS(8 — )) =0 


=  cos(0-6)=0 = 0 o=7 > o=0 


[given] 


and a=cos0,b=sin0,c = cos@,d =sing 
@, =a+t ic =cos0 + icos@ = cos@ + isinO 


oe 


and @, =b+ id =sin®@ + isin =sin® — icos0 
™ 
“o=-0-— 
frees 
|| = 1, |@,| = 1 


and Re(@,@,) = Re(cos@ + isin®@)(sin® + icos@) =0 


Ex. 12 The complex numbers z,, Z2, Z3 satisfying 
(z, —z3) =(1+ i)(z, — z3), where i =J-1, are vertices ofa 
triangle which is 
(a) equilateral (b) isosceles 
(c) right angled (d) scalene 


Sol. (b,c) 


(Zz — 23) =(1 + i)(z - 23) 


B(Z2) 
n/2 
C(Zs) A(Zi) 
=> (Z, — 2) = i(z, — 23) 
> (Z, — 2) =—i(z3 — 2%) 
or (z3 — 4) = i(z_ — %) 
=o 237 41 _ ein? 
22% 


AC is obtained by rotating AB about A through id 
anti-clockwise. 2 


AB = AC, ZCAB =~ 


Hence, z;, Z2, Z3 form isosceles right angled triangle. 


Ex. 13 If z satisfies the inequality|z —1|<|z +1], then 
one has 
(a)|z-2-i|<|z+2-i,i=V-1 
(b) |arg(z + i)|< > (354 
(c) Re(z) <0 
(d) Im(iz) > 0, i = J-1 
Sol. (a, b, d) 
On putting z = x + iy in the given relation, we have 
(x-1)? +y? <(x +1)? +y? 


=> x>0 


ie. Re(z) > 0 ...(i) 
and on putting z = x + iy in alternate (a), then 

(x — 2)? +(y—1)? <(x +2)? +(y—-1) 
> x>0 [from Eq. (i)] 
which is true. 


.. Real part of (z + i) = x > 0, 
then arg(z + i) lies between a sai . 


and hence |arg (z + i)|< “ 


Im(iz) = Im(i(x — iy)) = Im(y + ix) 
=x>0 


and 
[from Eq. (i)] 


which is true. 


» Ex. 14 The equation z? — i|z —1|° =0, where i = J—1, has 
(a) no real root 
(b) no purely imaginary root 
(c) all roots inside |z| = 1 
(d) atleast two roots 
Sol. (a, b, c) 
On putting z= x + iy, we have 
(x + iy) - ilx +iy-1|? =0 
> x” —y? + 2ixy - i((x - 1)’ + y”)=0 
On comparing real and imaginary parts, we get 
x? —y®=0 and 2xy=(x-1)? +y’ 
Case I When y = x, then 2xy =(x —1)* + y* reduces to 


ax” =(x-1) +x’ 


> 0O=-2x+1 
1 
x=-= 
, y 
1+i ; 
> z=xtiy= ; ...(i) 


JEE Type Solved Examples : 
Passage Based Questions 


= This section contains 2 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I (Ex. Nos. 16 to 18) 
Consider a quadratic equation az” + bz + c = 0, where a, b andc 
are complex numbers. 


16. The condition that the equation has one purely 
imaginary root, is 
(a) (ab — ab) (be + bc) + (ca — Ca)? =0 
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Case Il When y = — x, then 2xy =(x —1)* + y* reduces to 
2x7 =(x-1) +x? 
=> (x — 1)? +3x* =0which is not possible. (ii) 


+i 


From Eqs. (i) and (ii), we get z = . 


ie., no real and no purely imaginary roots 


1 
|z|=—~<1 


V2 


» Ex. 15 Let z, and z, be two complex numbers represented 


and 


by points on circles| z|=1and|z|= 2 respectively, then 


(a) max.| 2z;+ Z.|=4  (b)min.|z,-— z.|=1 


1 2 
(c)} Zz. +—| <3 (d)}z; +—|<2 
Zi Zo 
Sol. (a, b, c, d) 
* |z,,;=1 and |z,|=2 
|2z; + Z2| S$ |2zy| + |z2| = 2|z| + |z2| 
> |2z, + z,| $2|z,|+|z.]=2+2=4 
|2z, + z,|<4 
> max.|2z, + z,| = 4 [alternate (a)] 
and [21 — Za] 2 |Z] — [zal] =|1 - 2] =1 
> |Z, —Z|21 
min.|z, — Z2| =1 [alternate (b)] 
1 1 1 1 
Zy +— S$ |z2|+|4 =|z.|+—=2+-=3 
cal nat Iz1| 1 
1 
Zy+— <3 [alternate (c)] 
2 
2 2 
and z+—s|z,|+ =|z,|+ =1+-=2 
22 22 Z2| 2 
2 
z+ <2 [alternate (d)] 
22 
(b) (ab + ab) (be + bc) + (ca — Ca)? =0 
(c) (ab — ab) (be — bc) + (ca + a)’ =0 
(d) (ab + ab) (be — bc) + (ca — Ga)’ =0 
Sol. (b) - az’ +bz+c=0 ...(i) 
az’ +bz+c=0 
— a(zZ)? + bz +e=0 


For purely imaginary root, 
Z=-2Z 
az’ —bz+e=0 


Then, ..-(ii) 
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From Eqs. (i) and (ii), we get 


2" =| Z _ 1 
be+be ca-ca —ab—ab 
be + be ca — ca 
=> z= —— = =— 
ca-ca —ab-ab 


(ab + ab) (be + bc) + (ca — ca)* =0 


17. The condition that the equation has one purely real 
root, is 
(a) (ab + ab) (be — bc) =(ca + a) 
(b) (ab — @b) (be + bc) = (ca + Ea)’ 
(c) (ab — @b) (be — bc) =(ca — Za)’ 
(d) (ab — ab) (be — bc) =(ca + €a) 


Sol. (c)" az* +bz+c=0 ..-(i) 
=> az? +bzt+c=0 
=> a(z)? + bz +e =0 


For purely real root, Z = z 


Then, az? +bz+e=0 ...(ii) 
From Eqs. (i) and (ii), we get 
z° =e = 1 
be-—be ca-—ca ab-ab 
be-be  ca—éa 
> g=— = 
ca-—ca ab-—ab 
= (ab — ab) (be — bc) =(ca — Gay’ 
18. The condition that the equation has two purely 
imaginary roots, is 
(a) 2 bie a ae 
a ob € ab ¢ 
a_b c a boc 
c)-—-==+==-— d)—=-—=-— 
©) a b c (s boc 
Sol. (d) *. az’ +bz+c=0 ..-(i) 
az’ +bz+ce=0 
=> a(z)’ +bz+e=0 
Since, both roots are purely imaginary. 
AS Z=-Z 
Then, az? —bz+e=0 ...(ii) 
Hence, Eqs. (i) and (ii) are identical. 
22828 
a@ ob ¢ 


Passage II (Ex. Nos. 19 to 21) 
Let P be a point denoting a complex number z on the complex 
plane. 
ie. z = Re(z)+iIm(z), wherei = J-1 
If Re(z) = x andIm(z)=y, then z= x +iy 


19. If P moves such that 
|Re (z)|+|Im(z)|=a (ae R*) 
The locus of P is 
(a) a parallelogram which is not a rhombus 
(b) a rhombus which is not a square 
(c) a rectangle which is not a square 


(d) a square 


Sol. (d) *- |Re(z)| + |Im(z)| = a 
= Ix|+|yl=a 
YA 
a 
X’« = 5 >X 
-a 
YY’ 


*. Locus of P is a square. 


20. The area of the circle inscribed in the region denoted 
by |Re (z)| +|Im(z)| =10 equals to 

(b) 100 7 sq units 

(d) 110 sq units 


(a) 50 1 sq units 
(c) 55 sq units 
Sol. (a) From above, a = 10 
Diameter of circle = Distance between sides of square 
= Length of side of square = aV2 = 102 
or 2r = 10V2 
=> r=5V2 


. Area of a circle = mr” = 507 sq units 


21. Number of integral solutions satisfying the inequality 


|Re (z)|+|Im(z)| < 21, is 


(a) 841 (b) 839 
(c) 840 (d) 842 
Sol. (c) *. |x| +|y|<21 => 0S|x|+|y|<20 
If x>0y>00Sx+y<20 
21-20 
Number of solutions = "C, = a = 210 


.. Total integral solutions = 4 x 210 = 840 


JEE Type Solved Examples : 


Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 
(both inclusive). 

@ Ex. 22 if z,,z. €C,z? +z; ER, z, (Zz; —3z,) =2 and 


Z» (3z7 —z3) =11, the value of zt 06 is 


Sol. (5) We have, z, (z? —3z3)=2 .-(i) 
and z,(3z7 —z})=11 ...(ii) 
multiplying Eq. (ii) by i (J-1 ) and then adding in Eq. (i), we 
get 

Zp — 32,23 +i (3z7z. —z4)=2411i 
=> (z, + iz.) =24+11i ...(iii) 


Again, multiplying Eq. (ii) by (— i) and then adding in Eq. (i), 
we get 


zi = Sze? = 1 (32, 25 — 22) = 211i 
=> (z, —iz,)® =2-11i ...(iv) 
Now, on multiplying Eqs. (iii) and (iv), we get 
(z? +23)? =44+121=125=5° 
ze + za =5 
© Ex. 23 The number of solutions of the equations 
|z —(4+8i)| = 10 and|z — (3 +5/)|+|z -—(54+11/)| = 45, 
where i = gt, 
Sol. (2) Here, |z — (4 + 8i)| = V10 
represents a circle with centre (4, 8) and radius V10. 


JEE Type Solved Examples : 
Matching Type Questions 
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YA 


BR’ 


1 4 


Also, |z —(3 +5i)| +|z—(5 + 11i)| = 4V5 
represents an ellipse. 
(3 + 5i) - (5 + 11i)| = [4 + 36 = V40 < 45 
with foci S,(3,5) and S, (5, 11). 
Distance between foci = S,S, = /40 = 210 = Diameter of 


circle 


Le., 2ae = 2v10 
=> ae = /10 and 2a=4J5 = a=25 
ae 1 


a v2 
Now, b = ay(1- e”) = 2/5 [ - 5 -vi0- Radius of circle 


.. Centre of the ellipse = Mid-point of S, and S, 
_34+5i+5411i 

2 
which coincides with the centre of the circle and length of 


minor-axis is equal to the radius of the circle. Hence, there 
are only (2) two solutions of the given equations. 


= 448i ie.,(4,8) 


= This section contains 2 examples. Examples 24 and 25 have three statements (A, Band C) given in Column I and four 
statements (p, q, r ands) in Column II. Any given statement in Column I can have correct matching with one or more 


statement(s) given in Column II. 


@ 


» Ex. 24 


Column | 


Column II 


(A) | IfA and are the greatest and least values of |z — 1], if |z + 2+ i|< 1, where i = J—1, then (p) A+ p= rational 


(B) IfAandw are the greatest and least values of |z — 2|, if |z + i] <1, where i = J-1, then (q) A+ p= irrational 


(C) | IfA and are the greatest and least values of |z + 2i|, if1< |z-1|< 3, wherei=~J-1, then | (r) | A—p = rational 


(s) A-—pw = irrational 
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Sol. (A) > (q, r); (B) > (q, 1); (C) > (p, s) 


(A) - jz+2+i/<1 
> \((z-1)+(+i)| <1 
=> |o+(3 + i)| <1 where, @=z—-1 


From the figure, the greatest value of 
|z -1|=|o|=|@—0| = OB= OP + PB = V10 +1 


A= 10 +1 
Yy 
A 
B 
A 
xX’ « >X 
O 


and the least value of |z — 1| =|o| 
=|w-0| =OP- AP= 10-1 
o. u=~v10-1 
— A+ =(V10 +1) +(V10 - 1) = 210 = irrational 
and = =A-p=(J10 + 1)—(V10 -1) =2 = rational 


jz+2+il/<1 
> \((z-1)+(3+i)| <1 
=> jw+(3+i)| <1 


where, W= z-1 

|w+ (3 + i)| = ||@| — |3 + il 
or |w+ (3 + i)| = ||a| — V10| 
From Eqs. (i) and (ii), we get 

||| — V10|<|m@+3+i]<1 


= lol - 10] <1 
or —1<|o|- 10 <1 
or J10 -1<|a)<V10 +1 
A=V10+1 and w=V10-1 
=> A +p =2/10 = irrational 
and A — UW = 2 =rational 
(B) *. jztif<1 
=> \(z -—2)+(2+i)| <1 
=> j@+(2+i)| <1 
where, @=z-2 
Y 
A 
B 


From the figure, the greatest value of |z — 2| = |@| 


=|@-0| =OB 
= OP + PB=V5+1 
N=V5 41 


and the least value of |z — 2| =|o| 

=|w-0| =OA=OP- AP=¥5-1 
és w=v5-1 
> A +u=(v5 +1)+(v5 — 1) = 2V5 = irrational 
and =A-—p=(V5 +1)—(v5 — 1) =2 = rational 
Aliter 


5 |z+i|<1 

=> \(z-2)+(2+i)| <1 

> |w+(2+i)| <1 

where, WO=z-2 

]o+ (2+ i)| 2 IIo —[2 + il 
or |w + (2 + i)| > ||| — V5| 


From Eqs. (i) and (ii), we get 
Ilo] - V5] <|m+2+ i <1 


= lol - V5] <4 
or ~1<|o)—95 <1 of 45-12 )alo5 +1 
A=V54+1 and w=V5-1 
= A+ = 25 = irrational 
and A —W=2=rational 
(Cp 1<|z-1|<3 
=> 1<|(z+2i)-(1+2i)| <3 
> 1<|m-(1+2i)| <3 
where, O=z+2i 
Y, 
A 
> X 
B 


From the figure, the greatest value of |z + 2i] =| 
=|w-0| =OA=OP+ PA =V5 +3 
A=34+5 
and the least value of |z + 2i| =|o| 
=|@-0| = OB= PB- OP =3- V5 
p=3— V5 
> A4+p=(3+ V5) +(3- V5) =6=rational 
and A -w=(3+ V5) -(3 - V5) = 2V5 = irrational 


ii) 


i) 
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© Ex. 25 =3-31,1+i4-1-i,-3+3i 
Column! Column II “. Principal values of arg (z) = — a = 
(A) | If (3 - 41) + .[C 3 - 43) =z, the principal (p) 0 isa5 i= 
value of arg (z) can be (where i = ./-1) (B) (ori = + | 2 ri 2 
(B) | If (5 + 121) + f(— 5+ 12) =z, the principal |(q) | +7 = + (3 +2i) 
value of arg (z) can be (where i = J—1) 4 13-5 1345 
= iy=+ i 
(C) |If (15 + 81) + JE 15 — 81) =z, the principal |(r) | +2 qi edal) (| - +i ) 
value of arg (z) can be (where i = J—1) 2 = +(2+3i) 
@) | 43% z= (5 + 12i) + (—5 + 121) 
4 
= +(342i) +(2+3i) 
Sol. (A) > (q, s); (B) > (q, s); (C) > (p, r) =5+54,1-i,-1+i1,-5-—5i 
z| + Re(z . {|z| — Re(z . inci = _" 3m _ 3a 
= e=+( | ; Osi | ; 2 oa(ey>e “. Principal values of arg (z) a ae 
17-15 17 +15 
- C) /j-15+8i=2 +i 
-+( Pee {2 $2) | (a) <0 ©) | 2 ‘J 2 
_ =+(1+ 4i) 
DS 5-3 
(a) (=a) = 4 | 5 iy 5 ]-#e-0 and — 15-81 =-15+8i =+(1+ 4i) 
=+(1-4i) 
[a= w -4[ so i PE }-s0-m z= (— 15 + 81) + (15 - 8i) 


=+(1+ 4i) +(1— 4i)=2, 8, — 8i,-2 


fen, Tt 
*, Principal values of arg (z) = 0, us -——,T. 
2 2 


z= (3 - 4i) + (-3- 4i) 
z=+(2-i)+(1-2i) 


JEE Type Solved Examples : 
Statement | and II Type Questions 


= Directions Example numbers 26 and 27 are Sol. (c) Statement-1 
Assertion-Reason type examples. Each of these examples AB =|z, — z,|=|4i] = 4, 
contains two statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these examples also has four alternative choices, CD =|z3 — z4|=|-4i|=4 
only one of which is the correct answer. You have to select DA =|z4 —z,|=|-4|=4 
the correct choice as given below. 
(a) Statement-1 is true, Statement-2 is true; Statement-2 


BC =|z2 — 23 = 4| = 4, 


AC =|z, — z3|=|4 + 4i] = 4V2 


is a correct explanation for Statement-1 and BD =|z, —z,|=|4- 4i|= 4/2 
(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 aN 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


® Ex. 26 Consider four complex numbers z, =2 + 2i, 

Zy =2-2i,z3; =-2-2iandz, =—2+4+2i, wherei=./-1. x 
Statement-1 z,, Zz, z3 and z, constitute the vertices of a 

square on the complex plane because 

Statement-2 The non-zero complex numbers z, Z,— Z,— Z 

always constitute the vertices of a square. 
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It is clear that, AB = BC = CD = DA and AC = BD 

Hence, z;, z2, Z3 and z, are the vertices of a square. 

*. Statement-1 is true. 

Statement-2 If z = a + ib 

Ifa#b 

Then, AB =|z — z| =|(a + ib) — (a — ib)| = 2|D| 
BC =|z —(-z)|=|zZ +z|=|a—ib+a+ ib|=2|a| 
AB # BC 


Statement-2 is false. 


Ex. 27 Consider z, and z are two complex numbers 
such that|z,+Z2|=|Z1|+|Z2| 
Statement-1 amp(z,)—amp(z,)=0 
Statement-2 The complex numbers z, and z, are collinear 
with origin. 
Sol. (b) Statement-1 
lz. + Z2| = lal + [22] ..(i) 
If amp (z,) = 8, and amp(z,) =90, , then 


lz + zal? =|z|" +[z2l? +2|z1| |z2| cos (8; - 82) 


Subjective Type Examples 


= In this section, there are 24 subjective solved examples. 
Ex. 28 If| z—iRe(z) |=| z—Im(z) 
lies on the bisectors of the quadrants, where i = ./—-1. 


, then prove that z 


Sol. Let z= x + iy, where x,y¢ Randi=./-1 
& Re(z) = x andIm(z)=y 
Then, 


z—iRe(z)|=|z-Im(z)| 
=> | x+iy—ix|=|x+iy-y| 
=> |x —i(x—y)|=|(x-y) + iy | 
= x? t(x-yh =y(x-y)? +? 
=> x! +(x-y)y =(x-y) ty" 
> x*=y* ory=+x 


Hence, z lies on the bisectors of the quadrants. 


Ex. 29 Find the greatest and the least values of | Z1+2Z2 
if Z,=2447i and| Z |=6, where i = ./—1. 


> 


Sol. z,=24+7i 
2. | 2: |= v(2ay? + (7)? =25 
[|= [22 | S]21 #22 |<] [+] 22 
=> | 25-6 |<|z +z, |<25+6 


or 19 <|z +z, |<31 


=> (ail +|z2|)° =lal? +|z2/? +2|z1| |z2| cos (8; — 82) 
[from Eq. (i)] 
=> al’ +|zo|? +2|zr| [zal 
=|z,|? + |z2|? +2|z||z2| cos (0; — 82) 


cos (6, —8,)=1 


Z ra) O 


=> 0, = 0, =0 
or amp (z,) — amp (z,) =0 
. Statement-1 is true. 


Statement-2 Since, z,,z. and O (origin) are collinear, 


then 
[2 — 2 ) 
amp = 
O-2Z» 
=> anp| | =0 
22 
= amp(z;) — amp(z,) = 0 


*, Statement-2 is true, which is not a correct explanation of 
Statement-1. 


Hence, the least value of | Z +2, | is 19 and the greatest 
value of |z; + Z| is 31. 


Ex. 30 Let S denotes the real part of the complex number 
a 5+2i 20+5) 
2-5i 7+6/ 

of the imaginary parts of the roots of the equation 


z? —8(1—i) z +63 —16i =0 andG denotes the value of 
2012 


x i", where i =V-1, find the value of S— K +G. 
4 


r= 


+ +31, where i = Ja, K denotes the sum 


Sol. For S, 
5 + 2i 20 + 5i 
gg 
(2—5i) (7 +6i) 
_ (5+ 2i) (2 + 5i) y (20 + 5i) (7 =!) gi 
29 85 
0+29i 170-851 ; 
= + + 3i 
29 85 
=i+2-i+3i=2+4+3i 
“. Re(z)=2 SSS 2 
For K, 


Put z = x + iy in the given equation, then 
(x+ iy)’ —8(1-i)(x + iy) + 63-161 =0 


On comparing the real and imaginary parts, we get 
x? —y’ —8(x+y)+63=0 (i) 
(ii) 
On substituting the value of x from Eq. (ii) in Eq. (i), we get 
y* +16y? +...=0 


and xyt+4(x-y)=8 


K =-16 
2012 2009 
For G, G=Lfad t= *3 40-1 
r=4 r=1 


S—K+G=2-(-16)+1=19 


Ex. 31 If| z-1 | =1, where z is a point on the argand 


z-2 


plane, show that =i tan(arg z), wherei=~-1. 


Sol. Given, z-1|=1 = |z-1) =1 
> (z-1)(z-1)=1 => zz-z-z=0 
= _ Zz 
> (z+zZ)=zz7 => =+1=z 
Z 
> F=z-1 ...(i) 


Zz 
Now, RHS = i tan (arg z) =i (= 2) 


Re (z) 
Zz 
ap) 2t | og) 2% 
zZ+z i(z+Z) 
a 
ar 
-Z 5. -1)-1 2-2 
PF oe 8 ee ain) 
z+z ae (z-1)+1 
Z 
= LHS 
Aliter 
We have,| z — 1 | = 1i.e.(z — 1)is unimodular, so we can take 
z—-1=cos@+isin0 
z—-2=-—1+cos0 +isin®@ 
. 29 : 
= —2sin? — + 2isin — cos — 
0 a) 
= 2i° sin® — + 2i sin — cos — 
2 2 
or ce cos © + isin 2 ...(i) 
2 2 2 
and z=1+cos@ + isin® 


0 . 98 8 
=2 cos? — + 2isin — cos — 
2 2 2 


ii) 


0 
2 


"Wicca 


is) Om. x 
Z=2 cos cos —+isin 
2 2 


From Eqs. (i) and (ii), we get 
z-2 


Zz 


=i tan — 
2 


z-2 


Therefore, 


=i tan (arg z) [" arg (z)= 0/2 from Eq. (ii)] 
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Ex. 32 Ifarg (z"*) = 5 arg (z*> +z z “°), find the value 
of | Zz } 


1 = 
Sol. We have, arg (z‘/*) = = arg (z? +z z'/?) 
2 
> 2 arg (z/*) = arg (z? +z") 
> arg (z*/*) = arg (z* +zz"/*) [by property] 
=> arg(z? +z z"3)- arg (z?/3)=0 
Par a kd 
> arg |-—3 — |=0 [by property] 
Z 
=> arg 241° + F,]=0 
Zz 
4/3, 2 ; 
=> is es purely real. 
Zz 
=> Im Ga + =0 
1/3 
4 
43, 2 )_foaa, 2 
(on #) (oe) 
> 0 
2i 
434, 2 _opais, _@) 
> z —~ =(Z) 
we (z)3 
s)\(s)/3 1/3 
ata, @)@) _ (siti , 2) 
= ¢ 2/3 =a) 2/3 
[| [=| 
per Gs =G2 aa") 
os 1 = 
4/3 4/3 4/3 4/3 
= 2!) __((z)*/3 —@*/8) =0 
[Z| 
4/3 _ 75y4/3 1 _ 
|| 
lef sa [ez#z] 
Therefore, | Zz | =1 


Ex. 33 C is the complex numbers f :C — R is defined by 
f(z) = ze-z+2 Find the maximum value of f (z), if 


|Z |=1. 
Sol. |z|=1 
eaigh 
: f(e®)=|e-e% +2| =[e7®(e®—e®)+2| 


=|e7'°. 2i sin® +2 

= | (cos20 + i sin20)-2i sin® +2 | 

= | (2 —2sin20 sin®@) + 2i sinO cos20 | 
=2 | (1 — sin20 sin®) + i sin® cos20 | 
=2 Ja —sin20sin@)’ +(sin@ cos20)* 
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=2 ya +sin’ @ —2sin sin20) Il. Aliter 
J = Here, OA = OB ..-(i) 
ey eee From Rotation theorem, 
= 2,/1 + (1— cos) (1 + cos®) (1 — 4 cos®) Z,-0 OA anis3 
=—e 
1 1 Zz. - 0 OB 
For maximum value, cos@ = — — E cos8 #— 1,1, : 7 
2 : => 1 =| cos —+isin [from Eq. (i)] 
3\(] Zo 3 3 
. Maximum value of f (z) =2- 1+(2)(ZJo-ve - m1, iN8 
Zo 2 2 
Ex. 34 Prove that the complex numbers z, and zz oe e A fae 
. . . . . . Tl . om, _ = ——— il 
the origin form an isosceles triangle with vertical angle a if = [ Zs : 2 ..-(ii) 
2 2 
Z1 +Z2 +2Z4Z2 =0. On squaring both sides in Eq. (ii), we get 
Sol. Given, Zy +22 +22, =0 % aa 4 1 sg A 3 
> (z, — @z_) (z — Wz.) =0 zz 4 22 4 
2 
=> Z, = WZ, or Z = Wz, => 4+ 4150 
In the first case, z,| = | WZ» | => lz,| = | co||z2 > lz,| = 2 | ZS 22 
2 2 
Hence, two sides equal = % +222 +22, =0 
amp (z,) = amp(@) z. = amp (@) + amp (z2) a Zz +25 +242) =0 


2 
= amp (z,)= - + amp (z,) 


Ex. 35 Ifa =e?"'’, where i =./—1 and 


> amp (z,) — amp ee 20 P 
3 f(x)=Aq+ d Ay x", then find the value of 
k=1 


: _ 2m 
So, the angle between two sides is —. 
3 


f (x) + f (ax) + f (a?x) +... + f (a°x) independent of a. 


Similarly, the other case Soles  geae2t?? 
I. Aliter : 
é 7 7 7 =e?™ = cos2n+isin2n =1+0=1 or a =(1)”” 
iven, Z +2. +22. =0 

: : 7 ee  1,0,07,0°,a4,a°,a° are the seven, 7th roots of unity. 
— (z — WZ2)(z, — Wz) =0 - 50 
=> Z = WZ» or Z, = WZ, wt f(x) = Ag + > Ayx* = bY Ay x* 
In the first case, z, = Wz, het ars 

oni 2 6 
; — Now, f (x) + f (ax) + f (a°x)+...4+ f (a°x) 
=> (z, — 0) =(z, —0) e273 “-“@m=e 3 bi a i f 
= > Apx*[( (ay + (ay + (0.7 +... +9] 
TA Op 2/3 k=0 
=> OA = OBe 
+ —~ on = Ap x? (7)+ Ay x? (7) + Aya xi4 (7) 
i.e., OA is obtained by rotating OB through angle of re =7(Ay + Ay x’ + Ay x") 
oO 
(1 +a) + (a?) +. + (0°) 
2n/3 
_ | 7,k is multiple of 7 
0, k is not multiple of 7 
B(Z2) A(z1) 
> OA = 0B and ZA0B = 2™ Ex. 36 Show that all the roots of the equation 
3 


a,z? +ay Zz" +a3z +44 =3, (where| a; |<1,i=1, 2,3, 4) lie 


Thus, triangle formed by z,, z, and origin is isosceles with 
: on outside the circle with centre at origin and radius 2 / 3. 
vertical angle —. ‘ ‘ 
3 Sol. Given that, az° + a)z° + a3z + a, =3 


3 2 
3|=|az + A, Z° + A3Z +a,| 


3<]az*|+|a,2”|+|asz|+| a4 | 
[2 |+ |g || 2*]+| as |[2|+| a4 | 
3<]a||z[ +]a |]2{ +]as ||z|+] a6 | 


= 
=> 
> 3<|z)+|z[+|z|+1 
= 
= 


3<1+ z|+|z/+|z[+.. 


1 
= = 3< 
1-|z| -|z| 
> 1 |z|<2 => |z|<o 
3 
— |z|>2/3 or|z-0|>2/3 
Hence, all the roots lie in the exterior of circle, 


|z-0 = 2/3. 


Ex. 37 If A, BandC represent the complex numbers 
Z1,Z7 andz; respectively on the complex plane and the 


angles at B andC are each equal to = (m — 0), then prove 


that(z> —z3)? =4(z3 —z,)(z,—z>) sin” (=) 


Sol. It is given that, 


espe = Zags 

2 2 
> ZA=Q 
AC = AB 


So, A ABC is an isosceles triangle. 
Considering rotation of AB about A through angle, we get 


A(z1) 


23.7 A i OL 


=> = 
2. —% 
Za —Z. eee 
=> 3__*l — cos, + i sina 
22 —% 
Z3 —Z. = 
3 *l_1 = cos~ —1+isina 
22 -%y 
24 —2 . 90 .. O 104 
> é 2 =~ 2sin? — + 2i sin— cos — 
Z_— 2 2 2 
Za —-Z =, Ob a 
or : 2 = 2isin cos — +isin 
2 -% 2 2 


3<1+ z|+|z/ +|z[ <1t|z|+|z/ +]z[ +. 


[-]a;| <1] 


i) 


(ii) 


24 
number. Find the angle between the lines from the origin to 
the points z; +z, and z, — z» in terms of k. 


Sol. (i) Given, 
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On squaring both sides, we get 


(z3 —z2)" o oO a) 
3 2’_=-4sin? cos — + isin 
(2, — 2)" a" 2 2 


: a ue 
=-—4sin’ — (cos o + isin a) 
2 
[from De-Moivre’s theorem] 


=—4sin? . [2 = 4 [from Eq. (ii)] 
xz 


2741 


Therefore, (z. — z3)’ = 4 sin” (a /2)(z3 — z,)(z, — Z2) 


Aliter a a 
ZABC = (= - =) 
2 2 


From Coni method, we have 


es if 2_S) 
Sag oe i) 
Z3—-Z, BC 
and ZACB = (= . $) 
2 2 
From Coni method, we have 
se (2-9 
ee ge (ii) 
Z,-2Z3; AC 
On dividing Eq. (ii) by Eq. (i), we get 
= 2 2 2 
(Z2 Z3) _ (BC) _ (75) fe AB = AC] 
(z3 — 2%) (1-22) AB-AC AB 
2 
sing 


[using sine rule] 


4(z3 — 2) (z, —Z2) sin? a /2 


Therefore, (z, — z3)’ 


Ex. 38 If z, and z, are two complex numbers such that 


-—Z IZ ‘ 
2 =1, then prove that — =k, where k is a real 


22 


AV F2 | 


Z, +22 
Zz 
o-1 
Zz 
> 2 =1 
cal 
| 
22 
Zz z ' 
=> S-1/=/44+1 ...(i) 
z2 z2 
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On squaring Eq. (i) both sides, we have 
2 2 
= +142 Rel) 
Z2 Z2 
4 Re| “1 |=0 
22 


Z. ee 
= is purely imaginary number 


2 cal cal 


+1 2Re( 


22 Z2 


=> 


20 
Zy ; “a, . 

= — can be written as i— = k, where k is a real number. 
22 Z2 


(ii) Let 0 be the angle between z, — z, and z, +z, , then 


Q(Z1 + Z2) 
8 
O P(Z1—Z2) 
Phag i 
6 = arg as = arg| ~2 = arg =aeY 
21 — Zo AL 1 — ik -1 
Z2 
-1+ ik k? —14 2ik 
= arg _ 
1+ ik k? +1 


7 2k 
Therefore, 0 = tan”! 
k* -1 
Aliter (i) Given, | 4 —*2 | =14 
Z+Z, 
oe Z—-Z, cosa +isina 
é - 
2+ 2 1 
Z—Z,)+(z4, +2 1+ cosa +isina 
=> ( 1 2) ( 1 2) = [ by 


(Z, + Z2.)-(z% -Z2) 1-cosa —isina 


componendo and dividendo] 


Qa a a 
2 cos’| — | + 2i sin | — | cos | — 
Zy 2 2 2 


= 
22 2sin‘{ ©) aisin {© cos [) 
2 2 2 
S)(= (3) «=(3)} 
2 cos} — }} cos | — | +isin} — 
2 2 
=> 
ofS mC) (3) 
2i sin cos + isin | — 
2 2 
cat ©) 
Zy 2 
= 
Z2 i 
=> 71 = — cot [&|= k (say) = neal 
Zo 2 
Hence, Ak “3 


(ii) Now, let the angle between OB and OA be 9, then from 
Coni method, 


Z+Z,—-0_ OB 20 
Z—-Z,-0 OA 
_| 21722 | i 
21 — 2 
+ P 
> [2 ) =e” [from Eq. (i)] 
21 — 22 
aan | aa 
=> a =e” a e” [from Eq. (ii)] 
Zy —ki-1 
—-1 
z2 
B(z4 +20) 
8 
O A(Z1-Zo) 
—1+ki 
=> bagel 
1+ki 
ay (-1+ki)(1—-ki)__ 9 
(1+ ki) (1 — ki) 
ke -1 oki 
= ( - ) ee 1 - es) 
(k° +1) 1+k 
; Poi 
; Re (e”) = cos@ = ; 
...(i) k* +1 
, 2k 
and Im(e”) = sinO = ; 
k* +1 
2k 
tan 0 = 5 
-1 
Therefore, @ = tan! = 
k* -1 
Ex. 39 Ifz=x + iy isa complex number with rationals x 
andy and| Zz | =1, then show that| zo" 1 | is a rational 
number for everyneé N. 
Sol. Since, | Zz | = 1, where z is unimodular 
z=cos0 +isin@ 
As x and y are rational, cos0, sin® are rationals 
2n _ n n 1 = in n —n 
Zz = 1) = zZ-— =|z[|z"-z 
Zz” 
=1 | 2i sin nO | 
=2 | sin nO | 
Since, sin nO is rational, therefore | al | is a rational 
(ii) number. 


Ex. 40 If a is a complex number such that | a | =1, then 


find the value of a, so that equation az* + z +1=0 has one 

purely imaginary root. 

Sol. We have, az” +z+1=0 ..-(i) 
On taking conjugate both sides, we get 


az’? +z+1=0 


=> az) +Z+1=0 
> a(-z)’ +(-z)+1=0 

[since, zis purely imaginary, z = — z] 
or az’*—-z+1=0 ...(ii) 


Eliminating z from Eqs. (i) and (ii) by cross-multiplication 
rule, we get 


(a@-—a)’? +2(at+a)=0 


On dividing each by 4, we get 
(254) (4) 
+ =0 
2 2 
a2 = 
a-a at+a 
cs eek 
2i 2 


or — (Im (a))? + Re(a) =0 ... (iii) 
Given, | a | =1 
Let a=cosa +isina 


& Re (a) = cosa, Im (a) = sina 
Then, from Eq. (iii), we get 


—sin? a +cosa@ =0 or cos’a@ + cosa —1=0 


—-124.,/1+4 
cosa = 
2 
>= 1 
Only feasible value of cos & = v5 
2 
Hence, a=cosa +isina 
= > =1 
where, &=cos (* 
2 


Ex. 41 Ifne N >1, find the sum of real parts of the roots 
of the equation z" =(z +1)". 


Sol. The equation z” =(z +1)” will have exactly n - 1 roots. 


We have, 
= ei 
so =|1| 
Zz Zz 
|z+1| 
= =f 
Iz| 
> |z+1/=|z| 


> |z-(-1)|=|z-0| 
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Therefore, z lies on the right bisector of the segment 
connecting the points 0 + i-0 and —1+0-i. Thus, 

Re (z) = — 1/2. Hence, roots are collinear and will have 
their real parts equal to — 1/2. Hence, sum of the real parts 


of roots is (-3 (n - »| 


Aliter 
z” =(z+1)" 
n 
+1 +1 
> - =1 or 2 =(1)/" 
2 Zz 
=(cos0 + isin)!” 
=(cos2rm + isin2r nm)" 
1 2rT __ (| art i 
=> 1+—=cos| ~~ |+isin| 7* |=e7"™/" 
Zz n n 
1 rvi 
i oa : TT 
or -=(e7™/" _1) =e” -2isin =) 
Zz n 
1 1 -m 
or zZ=- i- <e ® 
2 . Tr 
sin | — 
n 
. cos — — i sin — 
che n n 
2 _ mr 
sin — 
n 
1 
a ae [here r #0] 
where, r = 1,2,3,...,n—-1 
1 1 1 ; 
Sum of real parts of z = ... — (n — 1) times 
2 2 2 
1 
=--(n-1). 
2 


Ex. 42 Prove that the angle between the linea z +a Z =0 
and its reflection in the real axis is 
0 =tan~" 2 Re (a) Im(a) 
{Im (a)}* — {Re (a)}? 
Sol. Let z = x + iy, then equation a z + az =0 can be written as 
(at+a)x+i(a-a)y=0 


ata a-a 
=> x+ y=0 
2 [ 2i 


> {Re (a)}x + {Im (a)} y =0 
: : {Re (a)} 
*, Slope of the given line (m) = — ———= 
pe of the g (m) (im (a)} 
{Re (a)} {Re (a)} 
Then, tan (180° = an d= 
ST Tea) tim (al 


Hence, angle between the given line and its reflection in 
real axis 
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Imaginary axis 


= 2 = tan’! {tan2}= tan! _= u | 
1-tan* o 


Re (a)} 

| {Im(a)} = tan" | 2 Re (a) Im (a) | 

[ _ {Re (a)}? {Im (a)}? — {Re(a)}? 
{Im(a)}? 


= tan 


Ex. 43 Among the complex numbers z which satisfies 
|z — 25i|<15, find the complex numbers z having 


(i) least positive argument. 

(ii) maximum positive argument. 
(iii) least modulus. 

(iv) maximum modulus. 


Sol. The complex numbers z satisfying the condition 
|z —251|<15 


A 
D | 40/ 


Tangent from 
origin 


O N 


are represented by the points inside and on the circle of 
radius 15 and centre at the point C (0, 25). 


The complex numbers having least positive argument and 
maximum positive arguments in this region are the points 


of contact of tangents drawn from origin to the circle. 
Here, 0 = Least positive argument 


and = Maximum positive argument 


“In AOCP, OP = (OC) - (CP)*= (25)? - (15) = 20 


and sin 8 = — — 


4 -1{4 
tan 8 = = 0=tan”’ 
3 3 


Thus, complex number at P has modulus 20 and argument 


0 =tan (+) 
3 


i) 


3 4 
Zp = 20(cos 8 + isin 0) -20(2 +14) 
5 5 


“. zp =12 + 16i 
Similarly, 2 =— 12 + 16i 
From the figure, E is the point with least modulus and D is 


the point with maximum modulus. 
a eos 


Hence, Zp = OE= OC -— EC = 25] — 157 = 103 
a eo) 
and Zp = OD=O0C+CD = 25i + 15i = 40i 


Ex. 44 Two different non-parallel lines meet the circle 
|z|=r in the points a, b and c, d, respectively. Prove that these 
a'+b'-c'-d"' 


-1) -1 -1 7-1 
a b -c d 


lines meet in the point z given by z = 


where a, b,c, d are complex constants. 

Sol. Let two non-parallel straight lines PQ, RS meet the circle 
|z|=r in the points a, b and c, d, then 
ja|=r,|b|=r,|c|=rand|d|=r 


2 2 2 2 2 
or la|" =[b|" =|e =|d[ =r 
=> aa=bb=cé=dd=r’ 
r? oe r? r2 i r’ 
a=—,b=—,¢ =—andd= 
a b c 


For line PQ, points a, band z are collinear, then 


Z zg 1 
aa 1\=0 
bb 1 
_ z(a@—b)-Z(a—b)+(ab — ab) =0 


rr? = ar’ br? 
> Z z(a—b)+ =0 
a b b a 


On dividing both sides by (b — a), we get 
2 2 


reztz-" (a+ b)=0 
ab 


ab 
_ fg 22 eG li) 
abr? ab 
Similarly, for line RS, we get 
cas __(ii) 


cdr cd 
On subtracting Eq. (ii) from Eq. (i), we get 


-( “| (a+b) (c+d)_) 
ab cd ab cd 
> z(a'b'-—cd")=a'+b'-c'-d" 


at+bt-c!-d! 


Therefore, z= 7 
ab ed” 


Ex. 45 Ifn is an odd integer but not a multiple of 3, then 
prove that xy (x + y)(x * +y? + xy) is a factor of 
(x+y)" =x" =y" 
Sol. We have, xy (x + y)(x? + y? + xy) = xy(x+y) 
(x — wy) (x — wy) 
and let fix y)=(xt+ yl - x" -y" (i) 
On putting x = 0 in Eq. (i), we get 
f@y)=y" -0-y" =0 
x — is a factor of Eq. (i). 
On putting y = 0 in Eq. (i), we get 
f(x,0)=x"-x" =0 
y — Ois a factor of Eq. (i). 
On putting x =— yin Eq. (i), we get 
f-yy=Cytyy -(-yl-y" 
Vala y layne 
. x + yisa factor of Eq. (i). 


y" =0 [because n is odd] 


On putting x = wy in Eq. (i), we get 
f (wy, y) =(@y + yy" —(@yy" —y" 
=y" [((w+ 1)" - a" -1] 
=y" [(- oy’ -o" -1)] 
=—y" {o" +@" +1} 


[1+ 0+ =0] 
[because n is odd] 


Since, n is odd but not a multiple of 3, then n = 3k +1 or 
n = 3k +2, where k is an integer. 


wo" +07 +1=0 


F(@y, y)=0 
x — wy is a factor of Eq. (i). 


[in both cases] ...(ii) 


On putting x = w’y in Eq. (i), we get 
f (oy. y)=(@"y + yy" (wy) -y" 
= y" (0 +1)" - oF" 4} 
=y" {(- 0) -o" - 1} 
=—y" {a +o" +1} [because, n is odd] 
=0 [from Eq. (ii)] 
*. x — Wy is a factor of Eq. (i). 
Combining all the factors, we get 
(x — 0)(y — 0)(x + y)(x — wy) (x — wy) 
Therefore, xy (x + y)(x? + xy + y”)is a factor of 
F(x, y)=(x + yy — x" y". 
Ex. 46 Interpret the following equations geometrically on 
the Argand plane. 


(i) |z-1|+|z+1;=4 (ii) arg(z+i)—arg(z-i) =" 


de ‘ 3 1 
(iii) 1<|z-2-31|<4 (iv) = <arg(z)<= 
4 3 


z—-1\|+4 
(v) 10g cos n/3 A ccnlas >1 
3|z-1|-2 
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Sol. (i) Since, |z-1|+|z+1|=4 
ie., (distance of z from the point 1 + 0-i) + (distance 
of z from the point — 1 + 0-i) = 4 (constant) 


ie., The sum of the distances of z from two fixed 
points 1+ 0-i and — 1+ 0-iis constant, which is the 
definition of an ellipse. 


Therefore, locus of z satisfying the given condition 
will be an ellipse with foci at1+0-iand—1+0-iand 
centre at origin. 


(ii) Given that, 
arg(z + i) — arg(z —i)= 


or ae(? : ; = (i) 
z-i 2 

Let the points A and B have affixes i and — i and the 

point P has affix z. Then, Eq. (i) can be written as 


ZBPA = . E ZBPA = ae(? ad i] 


z-i 
Thus, locus of P(z) is such that the angle subtended at 
P by the line joining points A and Bis > This is the 


definition of a circle with diameter AB. 


Therefore, locus of point z is a circle with diameter AB 
and centre at origin with radius 1. 

(iii) We have, 1 <|z — 2—3i| < 4 represents a circle with 
centre at (2,3) and radius r € (1, 4). 


Since, |z — 2 —3i|>1represents the region in the 
plane outside the circle. 


|z-2-3i|=1 ..-(i) 
and |z — 2 — 3i|< 4 represents the region inside circle. 
|z-2-3i|=4 (ii) 


Hence, 1 <|z — 2— 3i| < 4 represent the angular space 
between the two circles (i) and (ii). 
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(iv) We have, A < arg (z)< 7 


Let z=xt+iy => arg(z)=tan | (2) 
x 
" & 
= 
_—<—<=x 
£ —= 
—_——— 
———$—a» 
— 3 
fen \ni4 . 
O Xx 


The given inequality can be written as 


1 = T 
ries '(2}<3 


x 3 
= tan — <2 <tan” 
x 
= 1<2 <3 
x 
> x<y<v3x 


This inequality represents the region between the lines 


y=xand y= V3x 


(v) We have, log .o; 2/3 [Bowes] >1 


s\2~4 2 
1 jz—1|+4 = 
or to) ——_——_— 
81/2 3|z-1|-2 
w=d)e4 4 
=> ee eS 
Sie=il—8 2 
or 2|z-1|+8<3|z-1|-2 
> |z-1|>10 


Hence, the inequality represents exterior of a circle of 
radius 10 with centre at (1, 0). 


Ex. 47 Show that the triangles whose vertices are 
Z1,Z2,Z3 and z{, Zy’,Z3" are equilateral, if 
(Z1 —Z2) (21 — 22") =(Z2 — Z3) (22° - 23") 
=(Z3 — 21) (z3°- 2") 
Sol. From the first two relations, we have 


21 — 22 _ £2 — %3 
tA , , , 
22 — 23 21 — 2 
(Z; — Z2) + (Zz — Zs) Z1 — 23 
(22 — 23’) + (zy — 22") % — 25" 
ZZ, _ 7 23 . 
, , , , ..-(i) 
22 — £3 21 — £3 
Also, from the last two relations 
(Z2 — 23) (Z2’ — 23°) = (Z3 — 2) (23° - 21’) ..-(ii) 


On multiplying Eqs. (i) and (ii), we get 
(21 — 22) (Z2 — 23) = (a — 23)" 
or Zy + 2g +25) = 22 + Zy2q +252 


Hence, the triangle whose vertices are z,, Zz. and z; is 
equilateral. 


Similarly, it can be shown that the triangle whose vertices 
are z,’,Z,’and z;’ is also equilateral. 


Ex. 48 Show that the triangle whose vertices are 
Z1;Z2,Z3 and z,’,Z,’,z;° are directly similar, if 
Z, Zz, 1 
Z2 Za ‘ 1|=0. 
Z3 23 , 1 
Sol. Let A, B, C be the points of affix z,, z2,z3; and A’, B’,C’ be 
the points of affix z,’, z,’,z3”. 
Since, the triangles ABC and A’ B’C’ are similar, if 


— — 
BC= AB’C’ 
Le., (23 — Z2)=A(z3" — 2’) (i) 
— —> 
and CA=AC’'A’ 
Le., (z, — 23) =A(z,"- 23") ..-(ii) 
A’ (7) 
A(Z1) 
L\ te 
B(Zo) Cs) B’ (Z’) C’ (zy) 

On dividing Eq. (i) by Eq. (ii), we get 

23 — 22 _ 23° — Z" 

21 — 23 2 — 25" 
> 23 (Z' — 23°) — Zz (2" — 23") 

= 2, (23° — 22") — 25 (z3" — 22") 
= 2,(Z2' — 23/) — 22 (%" — 23") + 23 (Z1" — 22) = 0 
Zi Zr 1 
Hence, ZZ,’ 1/=0 
Zz, Z3° 1 
Aliter 
Since, AABC and AA’ B’C’ are similar. 
ae 3 and ZABC = ZA’ B’C’=a [say] 
A’B’ B’C’ 


Then, from Coni method in A ABC and AA’ B’C’, we have 
2,7 22 AB 2 


=— (i 

23 — 22 BC @) 

and dla 2 Me ee ..-(ii) 
Ze — By B’C’ 


AB _ BC 
wa BG? 


_ AB_ A’B’ 
“BC B/C’ 


| * 
21-22 _ 2 — 22, 


Since, 


From Eqs. (i) and (ii), we get 


Z3—22 23-22 
ZZ 1 
On simplifying as in Ist method, we get] z. z,’ 1/=0 


23 Z3" 1 


Ex. 49 If is the nth root of unity and z,, Z2 are any two 


complex numbers, then prove that 
n-1 


2 


k=0 


z, 40" z, ° =n{| Zy | +|Z. |"). where ne N. 


ti 


Sol. If 1,  w”, @’,..., 0"! are the n, nth roots of unity, then 


neat n-1 


Y wo =0 and Y (ws =0 ...(i) 
k=0 k=0 
meal 5 
LHS = & Jat 0 2, | 
k=0 
m=1 
= 2 (tol 2)(% +(@) 2) 
=0 


wd 


= LD fem + 222 (@)* + Zzq oF + 222, (wo) (G)*} 
k=0 
n-1 n-1 n-1 n-1 
=D [z+ 2D zz (oh + DL Zz208 + DV Jz) 
k=0 k=0 k=0 k=0 
n-1 n-1 n-1 n-1 
=|z/° Li+zz, L (of +72, L (wf +|z,? D1 
k=0 k=0 k=0 k=0 


=n|z|?+0+0+n|z | [from Eq. (i)] 


=n {\z,|° +|z2|?}= RHS 


4 4 
Ex. 50 Let & a; =0 and & a; Z; =0, then prove that 
i=1 jet 


Z1,Z2,Z3 and z, are concyclic, if 
2 2 
@,a|Z,— Z|" =a3a,|Z3—Z,4|". 


4 
Sol. -. xX a; =0 


i=1 


R(Zs) 
a, +a, +a, +a, =0 
> (4 + a3) =— (a, + a4) ...(i) 
and D2, aj;z; =0 


L=1 
AZ, + Ay Z_ + A323 + AgZs =0 
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> (a,Z, + 4323) = — (AZ + A424) (ii) 
On dividing Eq. (ii) by Eq. (i), we get 
AZ, + A323 a a2 Z2 + A424 


...(iii) 


a, + as a, + a4 
Eq. (iii) implies that point O divides PR in the ratio a; : a, 
and O divides QS in the ratio ay : a. 
Let OR = ak, OP = ajk, OQ = ayl, OS = ay! 
Now, in AOPQ, 
(PQ) = (OP) + (0Q)* = 2(OP) (OQ) cos 8 
> |z, — Z2|" = ask? + ail? — 2a,a,Ik cos 0 
Qa, |Z, — Z2 |? = qa,azk? + aa, ail’ 
—2a,a.a3a,4lk cos 8 
Similarly, aa, |z3 — z4 |’ = a3a,a7k* + a,a,a5l” 
— 2a,a, a3a,4lk cos 8 


From given condition, a,a, |z, — Z2 le = 4304 |Z3 — Z4 |? 


212 272 21.2 272 
*. Qa, a3k° + aa,aql” = azayayk* + a3ayaz1 


=> k? asa, (az a3 — aa4) = la, 4 (az a3 — a4) 
=> (ak) (a3k) = (a2 1) (a4!) 
=> OP -OR = OQ-OS 


So, P, Q, Rand S are concyclic. 


Ex. 517 Ifo and are the roots of 
2+ =2(cos0 +7 sin 6), where <6 <n andi=-1, 
show that | —i|=|B—i|. 


Sol. Since, z + De 2(cos 8 + isin®@) 


Zz 


1 F 
zt+—=2e% = 7? -2%74+1=0 
Zz 
de” biter? SA) 
=> z= 


2 


> z=e”? + s(e?®-1) => z=e!®+ Je!®-2i sind 
= z-i=e!°-j+Je!*.2i sind 
= (e!® —¢i/2) 4 ef OR/2) ong 


(ced 
a Pars - 0/2+ 1/4 
=e \* 4) .disin\? 4/ +e )..[2sin® 


: . f O --1 : 
a von asin( 2) + sind | 
2 4 


je-iie1-fasin"(2-2) +2sin0 
2 4 
= pi en(o -2))+2sin 6 


= /2-2sin0 +2sin0 = 2 


= |a—il|=|B—i|=~2 [here, o,f are two values of z— i] 


Complex Numbers Exercise 1: 
Single Option Correct Type Questions 


= This section contains 30 multiple choice questions. 8. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct 


Let aand b be two fixed non-zero complex numbers and 
zis a variable complex number. If the lines 
az+az+1=0andbz+bz-—1=0are mutually 


1. If cos (1—i)=a+ ib, where a, be Randi=./—1, then 


perpendicular, then 


1 1 1 1\, (a) ab + ab =0 (b) ab —ab =0 
(a)a=—|e-——]|cos1,b=—|e+-|sin1 = _ eS 

2 e 2 e (c) ab —ab =0 (d) ab + ab=0 

1 1 1 1 

=e = =" lien 7's 81 . (80 : 
ea 2 +4) cosi.s (« *) sins 9. 1fo.= cos (SE) + isin (SE } where i= 1, then 
11 11 

1 1 1). 

oa e+ t)cosi,b=2 (42) sini Re(at a2 +a? +04 +@°5)is 
1 1 
(a=1 -+] cost,b=4(e-1) in (a) > Oa (c) 0 (d) None of these 
e e 


. Number of roots of the equation z'° 7° —992=0, where 
real parts are negative, is 


(a) 3 (b) 4 (c) 5 


. If z and z represent adjacent vertices of a regular 
polygon of n sides with centre at origin and if 


(d) 6 


10. 


The set of points in an Argand diagram which satisfy both 


Tv. 
|z|< 4and0< arg (z)< — is 
3 


(a) a circle and a line (b) a radius of a circle 


(c) a sector of a circle (d) an infinite part line 


Im(z) 11. If f(x)= g(x*)+ xh(x*)is divisible by x? +x +1, then 
eo” V2 ~1, the value of nis equal to (a) g(x) is divisible by (x — 1) but not h(x) 
(a) 2 (b) 4 (c) 6 (d) 8 (b) h(x) is divisible by (x — 1) but not g(x) 


: 
wile” - 1, where TI denotes the continued product 
p=l 


and i = ./— 1, the most general value of 0 is 


12. 


(c) both g(x) and h (x) are divisible by (x — 1) 
(d) None of the above 
If the points represented by complex numbers 


z,=a+ib,z, =c +id and z, —z, are collinear, where 


(a) au snel (b) Gua nel i=./—1, then 
r(r—1) r(r+1) (a) ad + be =0 (b) ad — be = 0 
(c) 4nt pet (a) 4nt wet (c)ab+ cd =0 (d) ab —cd =0 
r(r—1) r(r+1) 


(where, n is an integer) 
. If(3+ i)(z+Z)—(2+ i)(z—Z)+14i=0, where i= J-1, 


then zz is equal to 
(a) 10 
(c)—-9 


(b) 8 
(d) - 10 


6. The centre of a square ABCD is at z = 0, A is z,. Then, 
the centroid of AABC is 


(a) z, (cos m +i sin 7) (b) (cos m + isin 7) 


(c) z, [cos - + isin 5) (d) aa (cos 7 + isin 4 
2 2 3 2 2 
(where, i = ,/— 1) 


13. 


14. 


15. 


Let C denotes the set of complex numbers and R is the 
set of real numbers. If the function f :C > Ris defined 
by f(z)=|z|, then 

(a) f is injective but not surjective 

(b) f is surjective but not injective 

(c) f is neither injective nor surjective 

(d) f is both injective and surjective 


Let & and B be two distinct complex numbers, such that 


|| =|B|. If real part of & is positive and imaginary part 
of B is negative, then the complex number 

(a + B)/(a—B) may be 
(a) zero (b) real and negative 


(c) real and positive (d) purely imaginary 


The complex number z, satisfies the condition 


v3 = 101 101103 
7 1 7 7 j 25 4 . . . 
. Itz a where i 1, then (i*"* + z*°")'* equals gi” | =90. Theta disemce tom teorsnet 
Zz 
to 7 | | 
Saad (b) z coordinates to the point z, is 
(c)z (d) None of these (a) 25 (b) 30 


(c) 32 (d) None of these 


16. 


17. 


18. 


19. 


20. 


yap 


22. 


The points A, Band C represent the complex numbers 


Z1,Z,,(1—i)z, + iz, respectively, on the complex plane 


(where, i=./-—1 ). The AABC, is 


(a) isosceles but not right angled 
(b) right angled but not isosceles 
(c) isosceles and right angled 

(d) None of the above 


The system of equations |z+1-—i|= /2 and |z|=3has 


(where, i= J-1) 


(a) no solution (b) one solution 


(c) two solutions (d) None of these 


Dividing f(z) by z — i, we obtain the remainder 1 — i 
and dividing it by z + i, we get the remainder 1 + i. 
Then, the remainder upon the division of f(z) by z” +1, 


is 


(aji+z (b)1+z 
(c)1—z (d) None of these 
The centre of the circle represented by |z+1|=2|z-—1| 
on the complex plane, is 
5 

0 b) = 
(a) 1S 
(c) ; (d) None of these 


Ifx=9!3 .g}/9 91/27 2m, yon’? «gat? 4 il27 _..coand 


If centre of a regular hexagon is at origin and one of the 
vertices on Argand diagram is 1+ 2i, where i= ./— 1, 


then its perimeter is 


(a) 2V5 (b) 4V5 

(c) 6V5 (d) 8v5 

Let|z, —r|Sr,V r=1,2,3,...,n,then sy z, |is less than 
r=1 

(a)n (b) 2n 

(c) n(n +1) (d) mo 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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z 
* [z||_ xz 
If arg = ; and Z,| =3, then |z,| equals to 
2 
(a) V3 (b) 22 (c) ¥10 (d) V26 


If|z-—2-i|=|z| , where i= .,/—1, then 


z TT 
sin | — — argz 
& ) 


(b) circle 


locus of z, is 
(a) a pair of straight lines 


(c) parabola (d) ellipse 
If 1, Z,,Z9,23,---Z,—, are the n, nth roots of unity, then 
n-1 1 
the value of > , iS 
r=1 (3 2, ) 
es | n-3"7! 
ge yo — 
3-1 2 S721 
n- gn -1 
(c) +1 (d) None of these 
3" -1 
Ifz=(3+7i)(A +i), whenA,uwel~ {0} andi=./-1, 
is purely imaginary then minimum value of |z|’ is 
(a) 0 (b) 58 
(c) = (d) 3364 
Given, z = f(x) + ig (x), where i = -/—1 and 


f. &:(0,1)— (0, 1) are real-valued functions, which of the 
following hold good? 


: + : ) (b) z=— +i : ) 
1l=-ix 1l+ix 1+ ix l—ix 
Gee + : ) @e- : “if : 

1+ix 1+ ix 1—ix 1-& 


Ifz* +(3+2i) z+(—1+ ia) =0, where i = ./-1, has one 
real root, the value of a lies in the interval (a€ R) 

(a) (— 2, -1) (b) (— 1, 0) 

(c) (0, 1) (d) (1, 2) 


If mand n are the smallest positive integers satisfying 


the relation (2 ciS *) 7 [4 ciS *) , where i = ./- 1, 


(m+n) equals to 


(a) 60 (b) 72 (c) 96 (d) 120 
Number of imaginary complex numbers satisfying the 
equation, z? =z-2'-I4l is 

(a) 0 (b) 1 (c) 2 (d) 3 
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= This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
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Complex Numbers Exercise 2: 
More than One Option Correct Type Questions 


which MORE THAN ONE may be correct. 


31. 


32. 


33, 


34, 


35. 


36. 


37. 


Zz 


If is a purely imaginary number (where i = ,/- 1), 


+1 
Zt+i 
then z lies ona 
(a) straight line 


(b) circle 


1 
(c) circle with radius = — 


V2 


(d) circle passing through the origin 

If z satisfies |z —1|<|z+3|, then @ =2z +3 -—i (where, 
i= J-0) satisfies 

(a) |@ -—5—-i|<|@+3+i| (b)|@—-5|<|o+3| 


(c) Im (i) > 1 (d) |arg (@ - 1)| <* 


If the complex number is (1+ ri)’ = (1+ i), when 
i=./—1, for some real 4, the value of r can be 


1 310 
a) cos — b) cosec — 
(a) z (b) 5 
T 1 
c) cot — d) tan — 
(c) a (d) 5a 


If z € C, which of the following relation(s) represents a 
circle on an Argand diagram? 
(a)|z—-1]+|z+1]=3  (b)|z-3]=2 


()|z-2+ |=. i@-343)@ 23-928 


(where, i = V-1 ) 


If 125525 Zaye Sy4 


be the n, nth roots of unity and @ 


be a non-real complex cube root of unity, then 
n-1 


II (@ — z,.) can be equal to 


re 
(a)1+@ (b) -1 
(c) 0 (d) 1 


If z is a complex number which simultaneously satisfies 
the equations 
3|z—12|=5|z—8i| and|z— 4|=|z—8|, where 
i=./—1 , then Im(z) can be 


(a) 8 (b) 17 
(c)7 (d) 15 
If P(z,), Q(z), R(z,) and S(z,) are four complex 


numbers representing the vertices of a rhombus taken in 
order on the complex plane, which one of the following 


is hold good? 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


(a) “174 ig purely real 
4963 
Zi es, ' . 

(b) is purely imaginary 
2224 


(c) |Z, — 23 | #|Z_ —Z4 | 


(d) amp (2 =| # amp (z =21) 
2 — 24 23 — 24 
If|z—3|= min {|z—1|,|z—5]}, then Re(z) is equal to 


) 
(a) 2 (b) 2.5 (c) 3.5 (d) 4 


If arg (2+ a) =" and arg (2a) = (ae R* ), then 


(a)|z|=4 (b) |z| =2a 


(o) arg (z)=* (4) arg(z) = 7 


Ifz =x + iy, where i = V—1, then the equation 
(2z—-i) 
(z +i) 


1 
(a) 2 


= mrepresents a circle, then m can be 


(b) 1 (c) 2 (d) € (3, 2V3) 


Equation of tangent drawn to circle |z| =r at the point 


(d) z Z +297 =2r° 


z, and z, are the roots of the equation z” — az + b=0, 


where |z,|=|z,|=1and a, bare non-zero complex 
numbers, then 
(a)|a|<1 

(c) arg (a) = arg(b’) 


(b) |a| <2 
(d) arg (a’) = arg(b) 


If is a complex constant, such that az * 4+7+40=O0has 


a real root, then 

(a)Q+Q=1 

(b)a + a@=0 

(c)O+4=-1 

(d) the absolute value of real root is 1 


If the equation z>+(3+i)z? —3z—(m+i)=0, where 
i=~-1 and me R, has atleast one real root, value of m is 
(a) 1 (b) 2 (c) 3 (d) 5 


. Ifz? +(3 + 2i) z+(—1+ ia) =0, where i = ./— 1, has one 


real root, the value of a lies in the interval (a€ R) 


(a)(-2,1)  (b)( 1,0) () (1) (d) (-2, 3) 
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Complex Numbers 


Complex Numbers Exercise 3 : 


Passage Based Questions 


= This section contains 4 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Q. Nos. 46 to 48) 


m, ifarg(z)<0 


arg (z)+ arg (— a-{ where 


—n, ifarg(z)>0° 
-N<arg(z)< 7X. 
46. If arg (z)> 0, then arg (— z) — arg(z) is equal to 
T 
~ byt 
(a) —% (b) : 


(c) : (d) x 


47. Let z, and z, be two non-zero complex numbers, such 


that |z,|=|z,| and arg(z, z,)=7, then z, is equal to 


(a) Zo (b) Zo 
(c) 2) (d) Zo 
48. If arg (4z,)— arg (5z.)=7, then ” Vis equal to 
Ae 
(a) 1 (b) 1.25 
(c) 1.50 (d) 2.50 
Passage II 


(Q. Nos. 49 to 51) 


Sum of four consecutive powers of i (iota) is zero. 


ie er 4 af" a=UN nel 


25 
49. 1f i”! =a+tib, where i=~-1, then a— b}, is 
n=1 


(a) prime number 

(b) even number 

(c) composite number 
(d) perfect number 


95 50 
So DL iv +L i'=a4+ ib, where i = J—1, the unit place 
r=-2 r=0 
digit of a7! 4 p79)? is 
(a) 2 (b) 3 
(c) 5 (d) 6 
100 101 


51.16 © i?! + Ti” =a+4 ib, where i= J—-1, then a+ 75b, is 
r=4 rH 1: 

(a) 11 

(c) 33 


(b) 22 
(d) 44 


Passage III 
(Q. Nos. 52 to 54) 


For any two complex numbers z, and z,, 


12, |- |Z | 
|Z; — 2, |2 
|Z, |-|2, | 


and equality holds iff origin z,; and z, are collinear 
and z,,2Z, lie on the same side of the origin. 


52. If} z— a= 2 and sum of greatest and least values of | z| 
Zz 
is X, then 27, is 
(a) 2 (b) 4 (c) 6 (d) 8 
53. If} z+ als 4 and sum of greatest and least values of |z| 
Zz 
is X, then 2”, is 
(a) 12 (b) 18 (c) 24 (d) 30 
54. If] z- a 6 and sum of greatest and least values of | z| is 
Zz 
2K, then 2”, is 
(a) 12 (b) 18 (c) 24 (d) 30 
Passage IV 


(Q. Nos. 55 to 57) 


Consider the two complex numbers z and w, such that 


w= =< = a+ ib, where a, be Rand i= = 1. 
Z + 


99. If z= C iS 8, which of the following does hold good? 


9b 
a) sin0 = 
(a) 1—-4a 
Gi coe 
1+ 4a 


(c) (1+ 5a)* + (3b)? =(1 — 4a)? 
(d) All of these 


56. Which of the following is the value of — 6 whenever it 


a 
exists? 
A) 1 8 
at = b) —t = 
(a) 3 tan (?} (b) ; an (} 
1 ) 
——cot 6 d) 3 cot — 
(c) zi co (d) 3co ; 


97. Which of the following equals to | z|? 
(a) |w| (b) (a+1)° + B° 
(c) a + (b +2)" (d) @+1)°+(b+1)° 


68 = Textbook of Algebra 


= Complex Numbers Exercise 4 : 
~ Single Integer Answer Type Questions 


= This section contains 10 questions. The answer to 
each question is a single digit integer, ranging from 0 


to 9 (both inclusive). 


58. The number of values of z (real or complex) 
simultaneously satisfying the system of equations 


l+ztz7 tz? +...42)” =0 


and 1l+z+z?4+z°4+...4z =0is 


59. Number of complex numbers z satisfying z* =Z is 


60. Let z=9 + ai, where i= ./—1 and a be non-zero real. 


If Im(z?) = Im/(z’), sum of the digits of a” is 
61. Number of complex numbers z, such that |z| = 1 


Ze . 
and| —+—|=1is 


z Zz 


62. If x =a+ ib, where a, be Randi=./—1and x” =3+ 4i, 


x* =2+11i, the value of (a+ b)is 


63. 


64. 


65. 


66. 


67. 


=| Complex Numbers Exercise 5: 


~ Matching Type Questions 


+ EE) where, 


Suppose A is a complex number and n€ N, such that 
A” =(A+1)" =1, then the least value of n is 


Let z,;r =1,2,3,...,50 be the roots of the equation 


50 50 1 
z) =olf =—5A, then A equals to 
x! X (z, - 1) . 
32 10 a P 
IfP= (3p + 2) x sin 22 — co “| , where 
p=l q=1 11 11 


i=./—1 and if(1+i) P=n(n!), ne N, then the value of n is 


The least positive integer n for which 


\n 2 
1+ 2. 4~{1+ : : 
( ; =—sin | * joer x >Oandi=-+/-1 is 


b= T 2x 


= This section contains 4 questions. Questions 68 and 69 have three statements (A, B and C) given in Column I and 
four statements (p, q, r and s) in Column II and questions 70 and 71 have four statements (A, B, C and D) given in 
Column I and five statements (p, q, r, s and t) in Column II. Any given statement in Column I can have correct 
matching with one or more statement(s) given in Column II. 


68. Column I Column II 
(A) | If | Za : = 2 and if greatest and least values of |z| are G and L respectively, then G —Z, is |(p) | natural number 
(B) | If}z+ : = 4 and if greatest and least values of |z| are G and L respectively, then G — L, is prime number 
(C) | If | Z- : | = 6and if greatest and least values of |z| are G and L respectively, then G — L, is composite number 
perfect number 


69. 


Column I Column IT 
(A) | If.{(6+ 81) + [C6 + 81) = 2, zp, 25, 24 (where i = ./— 1), then |z,? + |z)/? |+ |z3[ + Iza’ is divisible by | (p) 7 
(B) | If. - 121) + (5-128) =, zp, 25, z4 (where i = /— 1), then |z, ? + [zy + |z3[° + |z4l? is divisible by | (q) 8 
(C) | If. f(8 + 151) + J 8 - 151) = 2), zp, 25, z4(where i = ./— 1), then |z, ? + |z)/ + |z3 + |zqP is divisible by | (r) B3 
(s) 17 
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70. 71. 
Column I Calunan Column I Column II 
LL A 
i (A) it] 25 |= 5 and maximum and (@)) Ae +p =8 
(A) | If A and p are the unit’s place digits of | (p) 2 _ . 
(143)®°! and (5273)1358 respectively minimum values of |z|are A and 
; tively, th 
then A + [Lis divisible by — - 
B 7 . Na rad = 
(B) | IfA and are the unit’s place digits (q) 3 8) u zZ-— | = 6 and maximum and (@) e 
of (212)’8° and (1322)!5% as ee Raa 
respectively, then A + 1 is divisible ANSI Narita erate ands 
by respectively, then 
8 . H a = 
(C) | IfA and are the unit’s place digits of | (r) 4 (") u| | a | = 7 and maximum and ia lea 
(136)’* and (7138)!*"" respectively, ae 
then 2 + 1 is divisible b minimum values of |z|are A and 
z respectively, then 
(s) 5 (s) | AX —p* =6 
(t) 6 
(t) | AkK+p* =9 


‘= Complex Numbers Exercise 6 : 
Statement | and II Type Questions 


= Directions (Q. Nos. 72 to 78) are Assertion-Reason 75. Statement-1 Locus of z satisfying the equation 
type questions. Each of these questions contains two |z-—1|+|z—8|=5is an ellipse. 
statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these questions also has four alternative 
choices, only one of which is the correct answer. You —_76, Let z,,z, and z, be three complex numbers in AP. 
have to select the correct choice as given below. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 


Statement-2 Sum of focal distances of any point on 
ellipse is constant for an ellipse. 


Statement-1 Points representing z,,z, andz, are 


is a correct explanation for Statement-1 collinear. 
(b) Statement-1 is true, Statement-2 is true; Statement-2 Statement-2 Three numbers a, band c are in AP, if 
is not a correct explanation for Statement-1 b—a=c—b. 


(c) Statement] is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


72. Statement-1 3+7i>2+ 4i, where i=./—1. 


77. Statement-1 If the principal argument of a complex 
number z is 0, the principal argument of z? is 20. 


Statement-2 arg (z?)=2 arg (z) 
Statement-2 3>2and7> 4 

5 78. Consider the curves on the Argand plane as 
73. Statement-1 (cos 6 + isin 6)° = cos 30 + isin 30, 


Tv 
i=.f/-1 Cie REE 
2 

Tv _ 71 : 
Statement-2 | cos—+isin—]| =i C, :arg(z)= 3n 

4 4 s 4 

74, Statement-1 Let z,,z, and z, be three complex and C, : arg (z —5—5i)=7, where i= -1. 

numbers, such that |3z, + 1|=|3z, +1|=|3z, +1] and Statement-1 Area of the region bounded by the curves 
1+z,+2, +2, =0, then z,,z,,z, will represent vertices F 25 
of an equilateral triangle on the complex plane. Cee panes is 9° 
Statement-2 z,,z, andz, represent vertices of an Statement-2 The boundaries of C,,C,, and C, constitute 


equilateral triangle, if a right isosceles triangle. 
ra + ze + Ze + 2Z)Z, +2,Z, +2Z32z, =0. 
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Complex Numbers Exercise 7 : 


Textbook of Algebra 


Subjective Type Questions 


= In this section, there are 24 subjective questions. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


If z,,z, and z, are three complex numbers, then prove 
that z, Im(Z, z,)+2zZ, Im(Z, z,)+z, Im(Z, z,)=0. 
The roots z,,z. and z, of the equation 

x? +3ax? +3bx +c =0in which a, band c are complex 


numbers, correspond to the points A, B,C on the 
Gaussian plane. Find the centroid of the A ABC and 
show that it will be equilateral, if a’ =b. 


If 1,04,05,Q, and O, are the roots of x > -1=0, then 
prove that 
®-G, @-Q, 


O-Q, O-Q, 


5 ; 5 =@, where @ is 
O° -Q, @°-G, 0° -A, 0° -O, 


a non-real complex root of unity. 


If z, and z, both satisfy the relation z+ z =2 | z= | and 


arg (z, —Z,)= ., find the imaginary part of (z, + z,). 


Ifax+cy+bz=X,cx+by+az=Y,bx +ay+cz=Z, 
show that 
(i) (a® +b +c* —be —ca—ab) (x? +y 
+2" —yz—-zx—xy)=X?+Y* +Z" -YZ-—ZX — XY 

(ii) (a? +b? +07 —3abc)(x*? +y* +29 —3xyz) 

=X? +Y*°+Z* -3XYZ. 
For every real number c 2 0, find all complex numbers z 
which satisfy the equation |z FP — 2iz + 2c (1+ i) =0, 


wherei=vV-1. 


Find the equations of two lines making an angle of 45° 
with the line (2— i)z+(2+i)z+3=0, where i= V-1 
and passing through (— 1, 4). 


For n= 2, show that 


es laeal ueol 


sot 
jie) =(1+0[1- fee =I 
2 


n 


2 


Find the point of intersection of the curves 


arg (z — 3i) =3m/4 and arg (2z+ 1-2i)= , where 


i=J-1. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


Show that if and bare real, then the principal value of 
arg (a) is 0 or 7, according as a is positive or negative and 


. 1 Tv , ‘ re : 
that of b is — or — —, according as b is positive or negative. 
2 2 


Two different non-parallel lines meet the circle |z| =r. 


One of them at points a and b and the other which is 
tangent to the circle at c. Show that the point of 


-1 -1 -1 

' , : _ 2c -a —b 

intersection of two lines is : 
c °-a_ b 


A, Band C are the points representing the complex 


numbers z,,z,. and z, respectively, on the complex 
plane and the circumcentre of AABC lies at the origin. If 
the altitude of the triangle through the vertex A meets 
the circumcircle again at P, prove that P represents the 
Zaz 
complex number | — —2~* |, 
21 

If|z|<1and|o |< 1, show that 

2 2 2 
|z-@|" $(|z|—|@])" + {arg (z) — arg (@)}". 


Let z, Z, be two complex numbers. It is given that |z|=1 


and the numbers z, z,), ZZ), 1 and 0 are represented in an 
Argand diagram by the points P, Py), Q, A and the origin, 
respectively. Show that APOP) and AAOQ are 
congruent. Hence, or otherwise, prove that 

|2— 29 |=|ZZ) — 1}. 


Suppose the points Z,,Z,,...,Z, (Z; #0) all lie on one 


side of a line drawn through the origin of the complex 


planes. Prove that the same is true of the points 
1 1 


1 
,—,---, —. Moreover, show that 
Z, 22 Zn 
i 1 
Zi, +2 +...+z, #0and — +—+...4+— #0. 
Zi 2 Zz 


n 


If a, band c are complex numbers and z satisfies 


b|=,a(b)’c and 


Let z,,z, and z, be three non-zero complex numbers 


az® + bz +c =0, prove that |a| 
lJaj=|cl|z/=1 


Iz;| |[Z2| [25 
and z,#2Z,.If||z.| |z,| |z,||=0, prove that 
Iz3] [zl 122 


(i) Z1, Zg, Z3 lie on a circle with the centre at origin. 


2 
(ii) arg [2] =arg [= 2) ; 
23 42 #4 


96. Prove that, if z, and z, are two complex numbers and 


1 ; 
c>0, then|z, +z, |? <(1+c)|z, |’ +(1+2)he, ie 
c 


97. Find the circumcentre of the triangle whose vertices are 
given by the complex numbers z,,z, and z3. 


98. Find the orthocentre of the triangle whose vertices are 
given by the complex numbers z,,z, and z,. 


99. Prove that the roots of the equation 


5 15 310 570 
gx? — 4x7 —4x+1=O0are cos —, cos ~~ and cos ~—. 
oh 


Hence, obtain the equations whose roots are 
: 15 310 51 
(i) sec? —, sec? sec? 
i 7 
2 7 2 30 
, tan 
7 7 7 


(ii) tan 


ST 
+ sec 


reid Tt 
(iii) Evaluate sec — + sec 
7 


100. Solve the equation z” + 1=0and deduce that 


: T 31 51 1 
(i) cos — cos — cos — = 
7 
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aa. UW , 3U , ST 1 
(iii) sin — sin — sin — = 
14 14 8 


. Tt 1 
(iv) tan — tan 
14 14 14. 7 


Also, show that 


(ity)? +(1—y)’ =14| y? + tan? = 
y y y a 


3 R) 
o +tan? = y? + tan? an 
14 14 


and then deduce that 


tan” ald + tan? ai + tan? cal =5 
14 14 14 


101. If the complex number z is to satisfy 
|z|=3,|z—{a(1+i)—i}< 3 and|z+2a—(a+1)i|>3, where 
i= ./—1 simultaneously for atleast one z, then find all 


aceR. 


102. Write equations whose roots are equal to numbers 


(i 2 . 2 2m . 2 30 - 2 “At 

i) sin ,sin ,sin y.-, SiN . 
2n+1 2n+1 2n+1 2n+1 

a 27 3m nit 

(ii) cot? cot? cot? vo, Cot? : 
2n+1 2n+1 2n+1 2n+1 


Complex Numbers Exercise 8 : 
Questions Asked in Previous 13 Years' Exams 


= This section contains questions asked in IIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 
to year 2017. 


103. If @ is a cube root of unity but not equal to 1, then 
minimum value of |a+ bw + cy? | (where a,bandc are 


integers but not all equal), is 


(a) 0 (b) 8 (c) 1 (d) 2 


[IIT-JEE 2005, 3M] 


104. PO and PRare two infinite rays. QAR is an arc. Point 
lying in the shaded region excluding the boundary 


satisfies [IIT-JEE 2005, 3M] 


(a) |z —1|>2; arg (2 -1)| <= 
1 
(b) |z —1| >2; ae 


T 
(c)|z +1|>2; ae Ss 


(d)|z +1|>2; 


arg (z + 1)| <= 


105. If one of the vertices of the square circumscribing the 


circle |z—1|= /2 is 2+ V3i, where i = \/— 1. Find the 


other vertices of the square. [IIT-JEE 2005, 4M] 


106. If z, and z, are two non-zero complex numbers, such 


that |z, + z,|=|z,|+]|z, |, then arg (z,) — arg(z, )is 


equal to [AIEEE 2005, 3M] 
(a) -1 (b) —2/2 
(c) 1/2 (d) 0 


107. If 1,@,@? are the cube roots of unity, then the roots of 
the equation (x - 1)° +8=0Oare [AIEEE 2005, 3M] 
(b) —1,1-20,1-207 


(d) None of these 


(a) —1,1+20,1+ 20° 
(i ==1-4 


72 


108. 


109. 


110. 


111, 


112. 


113. 


114. 


Textbook of Algebra 


Ifo = 


and |@|=1, where i = ./— 1, then z lies on 
z--i 
3 [AIEEE 2005, 3M] 
(a) a straight line 


(c) an ellipse 


If@ =a + iB, where B #0, i=./—-1 and z #1, satisfies the 


(b) a parabola 
(d) a circle 


condition that [a= =) is purely real, the set of values 
—Z 

of z is [IIT-JEE 2006, 3M] 

(a) fe:|z|=1} (b) {2:2 =z} 

(c) {z:z #1} (d) {z:|z|=1z 41} 


10 
The value of = (sin = +i cos a (where i= ./—1) 
=1 


is [AIEEE 2006, 3M] 
(a)i (b) 1 
(c)-1 (d) -i 


Ifz? +z+1=0,wherezisa complex number, the value of 


( ‘) G “) G “) (" “) 
Ze | tle +e BZ Bee sk 
2 3 6 
Zz Zz Zz Zz 


is [AIEEE 2006, 6M] 
(a) 18 (b) 54 
(c) 6 (d) 12 


A man walks a distance of 3 units from the origin 
towards the North-East (N 45° E) direction. From there, 
he walks a distance of 4 units towards the North-West 
(N 45° W) direction to reach a point P. Then, the position 
of Pin the Argand plane, is [IIT-JEE 2007, 3M] 


(a)3e"/4 + 4i (b) (3 — 4i) e'™/4 

(c) (4+ 3i)e7/4 (d) (3 + 4i)e™/4 

(where i = /-1) 

If|z|=1andz+#+1, then all the values of 7 lie on 
i 4 


[lIT-JEE 2007, 3M] 
(a) a line not passing through the origin 
(b) |z | = v2 
(c) the X-axis 
(d) the Y-axis 
If|z+4|<3, the maximum value of |z+1| is 

[AIEEE 2007, 3M] 
(a) 4 
(c) 6 


(b) 10 
(d) 0 


Passage (Q. Nos. 115 to 117) 


Let A, B and C be three sets of complex numbers as defined 


below: 


A={z:Im(z)2 tt 
B={z:|z-2-i|=3} 
C = {z:Re ((1- i) z)= V2}, where i= ./-1 


[IIT-JEE 2008, 4+4+4M] 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


The number of elements in the set A M BOC, is 
(a) 0 (b) 1 

(c) 2 (d) co 

Let z be any point in AM BOC. Then, 
|z+1—i|? +|z-5—i|’ lies between 

(a) 25 and 29 
(c) 35 and 39 


(b) 30 and 34 

(d) 40 and 44 

Let z be any point in AM BMC and@ be any point 
satisfying |@ — 2—i|<3. Then,|z|—|@|+3 lies between 
(a) —6 and 3 (b) —3 and 6 

(c) —6 and 6 (d) —3 and 9 

A particle P starts from the point zy =1+ 2i,i=~+-1. It 


moves first horizontally away from origin by 5 units and 
then vertically away from origin by 3 units to reach a 
point z,. From z,, the particle moves /2 units in the 


direction of the vector i + j and then it moves through 
an angle — in anti-clockwise direction on a circle with 
2 


centre at origin, to reach a point z,, then the point z, is 


given by [IIT-JEE 2008, 3M] 
(a) 6 + Ti (b) —7 + 6i 
(c)7 + 63 (d) -—6 + 7i 
1 
If the conjugate of a complex numbers is 7 where 
= 
i=./—1. Then, the complex number is [AIEEE 2008, 3M] 
=i al 
(a) - (b) - 
b= 1 i+] 
-1 1 
d 
©) i+ 1 @) i-1 


Let z = x + iy be a complex number, where x and y are 
integers and i = ./— 1. Then, the area of the rectangle 
whose vertices are the roots of the equation 


=3 ,>,3 : 

ZZ +Zz~> =350, 1s [IIT-JEE 2009, 3M] 
(a) 48 (b) 32 

(c) 40 (d) 80 


Let z= cos 8 + isin 8, where i = ,/— 1. Then the value of 


15 
Y Im(z?"~')at 0 =2° is 


m=1 [IIT-JEE 2009, 3M] 
1 1 
(a) b 
sin 2° 3sin 2° 
i) 1 d 1 
2sin 2° 4sin 2° 
4 : : 
If | z——]=2, the maximum value of | z| is equal to 
z [AIEEE 2009, 4M] 
(a)2+ v2 (b) V3 +1 
(c) V5 +1 (d) 2 


123. 


124. 


125. 


Let z, and z, be two distinct complex numbers and 
z=(1-t)z, +iz,, for some real number t with0<t<1 
andi=./—1 .If arg (w) denotes the principal argument 


of a non-zero complex number w, then [IIT-JEE 2010, 3M] 
(a) |z 
(b) arg (z — z,) = arg (z — 2) 


eo 4 Zz 
(c) 


z,| + |z - 22] =|z) — 22 | 


1 1 


=0 


2272 27% 


(d) arg (z — z,) = arg (z2 — z) 
27 i 22 
Let @ be the complex number cos — + i sin —, where 


i=./—1, then the number of distinct complex numbers z 
z+1 oO wo° 


satisfying} @ z+’ 1 


wo? 1 


= 0, is equal to 


Z+@ 
[IIT-JEE 2010, 3M] 


(a) 0 
(c) 2 


Match the statements in Column I with those in 
Column II. 


(b) 1 
(d) 3 


[Note Here, z takes values in the complex plane and Im 
(z) and Re (z) denote respectively, the imaginary part 
and the real part of z.] [IIT- JEE 2010, 8M] 


Column I Column II 
(A) | The set of points z satisfying (p) | an ellipse with 
|z—i|z||=|z+i|z |, where eccentricity 4/5 
i =./—L, is contained in or equal to 
(B) | The set of points z satisfying (q) | the set of points z 
|z+ 4|+ |z-—4|=10is contained in satisfying 
or equal to Im (z)=0 
; 1 i 
(C) | If |w|= 2, the set of points z = w —- — © ne oy oe 
w satisfying 
is contained in or equal to [Im (z)| <1 
F 1 i 
(D) | If |w|= 1, the set of points z= w+ — (s) the set of polls 
w satisfying 
is contained in or equal to |Re(z)|<2 
(t) | the set of points z 
satisfying |z|< 3 
126. If a and B are the roots of the equation x? —-x+1=0, 
2009 2009 
ac +B" is equal to [AIEEE 2010, 4M] 
(a)-1 (b) 1 
(c) 2 (d) - 2 
127. The number of complex numbers z, such that 


|z-1|=|z+1|=|z—i|, where i= /- 1, equals to 

[AIEEE 2010, 4M] 
(a) 1 
(c) 


(b) 2 
(d) 0 


128. 


129. 


130. 


131. 


132. 


133. 


134. 


135. 
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If z is any complex number satisfying | z — 3 — 2i|< 2, 
where i = ./— 1, then the minimum value of | 2z — 6 + 5i|, 
is [IIT-JEE 2011, 4M] 


Zz : : 
:}= comple umes s|= 1 #4 is 


[IIT-JEE 2011, 2M] 
(b) (— =, 0) U (0, &) 


(c) (— 9, -— 1) U (1, ©) (d) [2, e) 

The maximum value of | arg (4) for |z|=1,z #1, is 
given by [IIT-JEE 2011, 2M] 
@= oO oF @t 


Let w=e™/?, where i=./—1anda,b,c, x,y andzbe 
non-zero complex numbers such that 
at+b+c=x 
a+bwt+ew’ =y 
at+ bw? +cw=z. 
2 2 2 
+ 4 
The value of *! yl ll is 
Ja] +] b|" +|c| 


[IIT-JEE 2011, 4M] 


Let & and f be real and z be a complex number. If 
z°* +az +f =Ohas two distinct roots on the line 
Re (z) = 1, then it is necessary that [AIEEE 2011, 4M] 
(a)B €(-1, 0) (b)|B| =1 

(c)B €(, &) (d) B € (0,1) 

If @ (# 1) is a cube root of unity and (1+ w)’ = A+ Ba, 
then (A, B) equals to [AIEEE 2011, 4M] 
(a) (1, 1) (b) (1, 0) 

(c) (-1, 1) (d) (0, 1) 

Let z be a complex number such that the imaginary part 
of z is non-zero and a= z* +z +1is real. Then, a cannot 


take the value [IIT-JEE 2012, 3M] 


1 1 3 
“4 b) — 7 d)2 
(a) (b) 3 (c) ; (d) r 
2? 
Ifz#1and is real, the point represented by the 


z-1 
complex number z lies [AIEEE 2012, 4M] 
(a) ona circle with centre at the origin 
(b) either on the real axis or on a circle not passing through 
the origin 

(c) on the imaginary axis 

(d) either on the real axis or on a circle passing through the 
origin 
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136. 


137. 


138. 


Let 


and 


139. 


140. 


141. 


Textbook of Algebra 


If z is a complex number of unit modulus and argument 


0, then arg [ = :) equals to 

1+Z [JEE Main 2013, 4M] 
(a) * -6 (b) 0 
(c)m —0 (d) -8 


Lice : 
Let complex numbers & and — lie on circles 
Qa 


(ea, +(y-yo)" =r* and 
(x-—x 9)? +(y-yo)”? =4r’, respectively. If 
Zy =X +iyo satisfies the equation 2 Els =r’ 42, 


then || equals to [JEE Advanced 2013, 2M] 


1 1 1 1 
, b) — ss d)— 
5 Nae OF a 
Let w= +t and P={w" :n=1,2,3....}. Further, 


H, {ze c:Rele)> J} and H, | c:Ree)<{(-2) 


where C is the set of all complex numbers. If 
z,€POH,,z,€ POH, and Orepresents the origin, 
then 2z,Oz, equals to 

[JEE Advanced 2013, 3M] 


T 1 
(a) PS (b) 6 

27 51 
(c) 3 (d) 6 


Passage (Q. Nos. 139 to 140) 
S=S, AS, 083, where 
S, ={zeC:|z|< 4} 


Ss -{s<cvm| 24] 


S, ={zeC:Re z> Qh. [JEE Advanced 2013, 3+3M] 


min|1—3i— z| equals to 


zes 
(a) 2 cad 2 oe 
3-3 3+ 43 
(c) 5 (d) 5 
Area of S equals to 
107 207 
a 7 
167 32 
aaa aie 


If z is a complex number such that |z|2 2, then the 


eh 0 ee 
minimum value of} z +] — |], is 
2 


[JEE Main 2014, 4M] 


(a) is strictly greater than? 
. 5 
(b) is equal to > 


3 5 
(c) is strictly greater than = but less than : 


(d) lies in the interval (1, 2) 


2k Tt _ { 2k0 
142. Let Z, = cos| —— |+ isin] —— |;k =1, 2,..., 9. Then, 
10 10 
match the column. 
Column I Column II 
(A) | For each z, there exists a z; such that (1) | True 
2,°Z; =1 
(B) | There exists ak € {1, 2,..., 9} such that (2) | False 
Z,:Z =z, has no solution z in the set of 
complex numbers 
(C) SE ale PS ett (3) }1 
10 
"(km 
(D) |1- cos( 2) equals to (4) |2 
Xu 10 ? 
[JEE Advanced 2014, 3M] 
Codes 
ABCD ABCD 
(aj 2 4.3 (b)2 1 3 4 
(c)1 2 3 4 (d)2 1 4 3 
143. A complex number z is said to be unimodular if | z | = 1. 
Suppose z, and z, are complex numbers such that 
Z,—2z 
1“? is unimodular and z, is not unimodular. Then 
2-23Z 
the point z, lies ona [JEE Main 2015, 4M] 
(a) circle of radius z 
(b) circle of radius 2 
(c) straight line parallel to X-axis 
(d) straight line parallel to Y-axis 
144, Let @ #1 be a complex cube root of unity. 
If(3—30+207)"*? +(2+30-307)*"*? 
+(-3+20+30")*"*? =0, then possible value(s) of n is 
(are) [JEE Advanced 2015, 2M] 
(a) 1 (b) 2 
(c)3 (d) 4 
. kn __( kt 
145. For any integer k, let a, = cos] +i sin( where 
7 7 


12 
:: [Oj 41 — Oy | 
i= i The value of the expression at 


9 | Ol 44-1 — 4x2 
k=l 


[JEE Advanced 2015, 4M] 


is 


146. A value of 0 for which 


2+3isin® . . ; . 
———_—— is purely imaginary, is 


[JEE Main 2016, 4M] 


1-2isin® 
(a) * (b) sin (2) 
int | x 
(c) sin (=) (d) , 


147. Leta,be Randa’ +b’ £0. 


Suppose S= |i C:2— 


at+l 


5) 


te Rt +0} her 


i= V-1.Ifz=x+iyandzeS, then (x, y) lies on 


Exercise for Session 1 


[JEE Advanced 2016 4M] 


1.(d) 2. (c) 3. (b) 4. (b) 5. (c) 
7.(d) 8. (a) 
Exercise for Session 2 
1.(b) 2. (b) 3. (b) 4. (b) 5. (b) 
7.(d) 8 (c) 9. (b) 10.(b) 11. (a) 
13.(c) 14. (a) 
Exercise for Session 3 
I.(a) 2. (b) 3. (d) 4. (a) 5. (b) 


7.(c)  8.(b) 9.(c)  10.(d) 11. (c) 


13.(b) 14. (b) 15. (a) 


Exercise for Session 4 
1. (a) 2. (d) 3. (c) 


4.(d) 5. (b) 


7.(a)  8.(d) 9.(d) 10.(b) ‘11. (b) 


13.(b) 14. (c) 


Chapter Exercises 
1.(b) = 2.(¢) 3. (d) 


4.(d) 5. (a) 


7. (b) 8. (d) 9. (b) 10. (c) 11. (c) 
13.(c) 14.(d) 15. (a) 16. (c) 17. (a) 
19.(b) 20. (b) 21. (c) 22. (c) 23. (c) 
25.(d) 26. (d) 27. (b) 28. (b) 29. (b) 


31. (b,c,d)32. (b,c,d) 33. (b,c,d) 34. (b,c,d) 35. (a,c,d) 36. (a,b) 
40. (a,b,d) 41. (a,d) 
45. (a,b,d) 


37. (a,b,c)38. (a,d) 39. (a,c) 
42. (b,d) 43.(a,c,d) 44. (a,d) 


46.(a) 47. (d) 48. (b) 49. (a) 50. (c) 
52.(d) 53. (c) 54. (a) 55. (c) 56. (d) 
58.(1) 59. (5) 60. (9) 61. (8) 62. (3) 
64.(6) 65. (5) 66. (4) 67. (4) 
68. A> (p, q); B> (p, 1); C (p, 5, s) 


69. A (q); B= (q, r); C > (q, s) 


70. A (p, q, fr, t); B— (p, s); C (p, r) 


6. (b) 


6. (b) 
12. (c) 


6. (a) 
12. (a) 


6. (b) 
12. (a) 


6. (d) 
12. (b) 
18. (c) 
24. (c) 
30. (c) 


51. (b) 
57. (b) 
63. (4) 
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1 1 
(a) the circle with radius a and centre (=. fora>0,b#0 
a ‘a 


1 1 
(b) the circle with radius — a and centre (- on 0 for 
a a 


a<0,b#0 
(c) the X-axis fora #0,b=0 
(d) the Y-axis fora =0,b #0 


148. Letwbea complex number such that 2 + 1= z, when 


1 i 1 
z= -3if}1 —@*?-1 @*|=3k,thenk is equal to 
2 7 
1 © [JEE Main 2017, 4M] 
(a) 1 (b) -z (c)z (d)-1 


Answers 


71. A (1); B= (p, s); C > (q, t) 

72.(d) 73. (d) 74. (c) 75. (d) 76.(a) 77. (d) 

78. (d) 

82.2 

84. z= ct i(-1+ J (1—-c? — 2c)) for 0< c< V2 —1and no solution for 
c> V2-1 

85. (1- 3i)z+ (1+ 3/)z- 22 = Oand (34+ i)z+ (3-1)2+14=0 


2 
97. EA (Z) — 23) 


Z1(Z) — 23) 


87. No solution 


9g, 71 G@2—23)+ Vila? (~ 25) 
Mae - 47) 
99. (i) x° — 24x° + 80x- 64 = 0 
(ii) x8 — 21x + 35x-7=0 
(iii) 4 
100. Roots of z7+1=0 are—1,0,a°, a> a, a. & , where 
T ay | 
QO = cos— + 1SiIn — 
7 7 


wt. ge (7 AT) eT eT) 


102. (i) amt ic (1—x)" _ n+ 'C,(l-x)"!x eee (-l"x" =0 
(ii) 2n+ ‘Ci? _2nt 1 Cx"! pont Cx" *=...= 0 


103.(c) 104.(c) 105. (1— V3) + i, -iV3, (V3 + 1)— i 106. (d) 


107.(b) 108.(a)  109.(d) 110.(d) 111. (d) 112. (d) 
113.(d) 114.(c) 115. (b) 116. (c)—-:117. (d)_-118. (d) 
119.(c) 120.(a) 121. (d) 122. (c)_—-:123. (a,c, d)_-124. (b) 


125. A (q, r); B> (p); C> (p, s); D> (q, 1, s, t) 126. (b) 127. (a) 


128.(5) 129.(a)  130.(c) 131. (3) 132. (c)_—- 133. (a) 
134.(d) 135.(d) 136.(b) 137. (c) 138. (c) 139. (c) 
140.(b) 141.(d)  142.(c) 143. (a) ‘144. (a, b, d) 
145.(4) 146.(c) 147. (a,c,d) 148. (b) 


a 5 pases 
=> el. 2218 318g ri8 4 
9 r(r+1) 


3 eBUt2+3t.. try => e 2 = 
1. Weh +1 +1 
sccice : . or cos als Jo + isin « Jo =1+i-0 
a+ ib=cos(1 —i)=cos1cosi+sin1 sini 2 2 
=cosilcosh 1+ sin 1 isinh 1 On comparing, we get 
[" cos i = cosh 1, sini: 1=i sinh 1] fae 4] 
-1 -1 cos meg =1 and sin nee =0 
ete e-e 2 2 
=cos1 +isin1 ar 
+1 +1 
, ‘ => wen Jo = 2mm and BD yea 
an cos1+i- + {e-2] sini aie ror 
m 
es ? = Q= and @=— 
1 1 r(r + 1) r(r + 1) 
a=— val +—]|cos1 
2 e where, m, m, € I 
4nt 
and Pas ie S sinl Hence, 0 = le nel. 
2 e r(r + 1) 
2. Given that, z!? —z° —992 =0 5. Let z = x + iy, then 
hee pee (3+ i)(z + Z) —(2+ i) (z —Z) + 14i = 0 reduces to 
F (3 + i) 2x —(2 + i) (2iy) + 141 =0 
= Peon => 6x + 2y + i(2x — 4y + 14) =0 
1+ /1+3968 1463 bi On comparing real and imaginary parts, we get 
> = 7 = 32, 
2 2 6x + 2y =0 
75 =32 => 3x+y=0 
é and 2x—4y+14=0 
ang a => x—-2y+7=0 
But the real part is negative, therefore z > = 32 does not hold. On solving Egg. (i) and (ii), we get 
*. Number of solutions is 5. x=-1 and y=3 
3. From Coni method, oo z=-1+3i 


zz =|z|°=|-1+3i|’ =(-1)? + G)? =10 


6. Since, affix of A is z,. 
C B 


D A(Z;) 


—s — — — 
*, OA =z, and OBand OC are obtained by rotating OA 


_ tT — — 
z7z ae through 3 and 7. Therefore, OB = iz, and OC = -z,. 
ai liz iq e. 
~ pe i| 2 ane ; z, + iz, + (-2) 
Fa Hence, centroid of AABC = ++ 
2 Zz 
e2tin _ 4 =— =" [cos isin) 
= | ata a =i (J2 -1) [from Eq. (i)] ‘a 3 , 
nt If A, B and C are taken in clockwise, then centroid of AABC 
=> jtan(2) 102-1 1 T Tt 
n =-% cos isin 
X Tt 3 2 2 
=> tan | — | =tan] — Zz Tt Tt 
u 8 ce Centroid of AABC = - (cos 5 + isin =) 


10. 


11. 


12. 


. Given that, z = 


. The complex slope of the line az + @z +1=0isa =— 


fat (), 2 
; i i@ 


zl =(in’)'" = jot 202 = 


Now, i) +21" =i + io =i(-0’) 


101 roy aS i 206 _ 


(P+ z o 5 


-iP? @ =i’ =z 


Since, both lines are mutually perpendicular, then 


a+pBp=0 

a b 
=> —~—-==0 

a ob 
=> ab +ab=0 


81 81 
| We have, t= cos ) + isin 
ul 11 


Now, Re (a +07 +0? +04 + @°) 


Ota +P +a t+a°+O4+07+0°+O4+G 


2 
—-14¢( tata? +o°¢at ++ 04+0'°+0°4+0°+GH° 
2 
1 #0 
= 5 {sum of 11, 11th roots of unity] 
_ ol 
2 
|z|<4 
1 
and ears 
P() 
1/3 panped 
eal axis 
O 


which implies the set of points in an argand plane, is a sector 


of a circle. 


Since, x? + x + 1=(x —@) (x —@’), where @ is the cube root 
of unity and f (x) = g(x°) + x h(x’) is divisible by x? + x +1. 


Therefore, @ and @” are the roots of f (x) =0. 


> f (®) =0and f (@’) =0 
=> g (@’) + @h(w’*) =0 
and g ((a’)*) + wh (w’)* =0 
=> g(1)+@h(1)=0 
and g(1)+ oh (1) =0 
=> g(1)=h(1)=0 


Hence, g (x) and h (x) both are divisible by (x — 1). 


Since, z,, z, and z, — z, are collinear. 


zy Zz 1 
Zo Zo 1;=0 
Z—-Z, %4-Z, 1 


13. 


15. 


16. -. 


. Let a=re® B=re® [. 


Chap 01 Complex Numbers 
Z Z a 
=> Zo Z» 1;=0 
2-2, Z-Z, 1 


zy 1 


Applying R, > R,—R,+R,,then|z, Z, 1/=0 
0 0 1 
Expand w.r.t. R,, then 
ZZ, —Z,2,=0 
= ZZ» — (2%) = 0 
> Im (z,Z,) = 0 
=> Im ((a + ib) (c + id)) =0 
=> Im ((a + ib) (c — id)) =0 
> be-—ad =0 = ad —-bc=0 
Let z=a+ib 
. f (a+ ib) =J(a’ + b?) 
= f@=f@=fl~) =f (=a +b’) 


f is not injective (i.e., it is many-one). 
but |z| >Oie. f(z)>0 => f(z) eR (Range) 
=> R'CR 
.. f is not surjective (ie., into). 


Hence, f is neither injective nor surjective. 


where, 0 € (- 7 *) and 9 €(- 7, 0) 
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o| =|B], given] 


(9+ 
| 2 2co 0 - 
; e -2 cos | —— 
a+B_ re” +re® 2 
a re® — re’® (4) 
2 ee ices 
e - 2i sin | ——— 
2 
O= 
=—i cot as = Purely imaginary 
25. 25 25 25 
We have, |z| =|z + <|z4 
a4 Zz 4 
25 
> |z| $24+ — 
Iz| 
=> |z|?-24|z|-25<0 => (\z|-25)(/z/+1) <0 
#5 |z|-25 <0 [. |z|+1>0] 
> |z| $25 or |z—0| $25 


Hence, the maximum distance from the origin of coordinates 


to the point z is 25. 


A=z;,B=z,,C S(1—i) 2+ iz, 
AB =|z, —Z,| 
BC =|z, —(1 —i) z, — iz,| =| (1 — i) (2, — %)| 
=V2|z,-z,| 
and CA =|(1 -i) z, + iz, —z,|=|-i(z, -z,)I 


=|-il]z,-2/=] 4 -2al 
It is clear that, AB = CA and(AB)’ + (CA)* =(BC)’ 
.. A ABC is isosceles and right angled. 
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17. 


1 8 


19. 


20. -. 


Textbook of Algebra 


Centre and radius of circle | z | =3 
are C, = 0, 4 =3 


and centre and radius of circle 


|z+1-il=~v2 


and C,=-1+in=/2 
| CC, |=|-1+i|=~v2 
and [:CCs| <%= 


|z+1|=v2 


O 


Hence, circle (ii) completely inside circle (i) 

-. Number of solutions = 0 

We have, f(z) = g(z) (z* +1) + A(z) 

where, degree of h (z) < degree of (z* + 1) 

> oe 
fiz)=g(z)@’ +1) +az+b;abeEC 


=> fz=gz)-iz@t+i+azt+b;abec 
Now, i 
=> aitb=1-i 


and f(-i)=1+i 

=> a(-i)+b=1+i 

On solving Eqs. (ii) and (iii) for a and b, we get 
a=-landb=1 


om) 


[from Eq. (i 


ns 


given] 


[from Eq. (i)] ... 


= 


*, Required remainder, h(z)=az+b=-z+1 


We have, |z + 1] =2|z —]| 
Put z=x+ iy, we get 
(x41)? + y? =4[(x-1)? + y7] 
=> 3x7 +3y*-10x+3=0 
=> xte yi Debio 
On comparing Eq. (i) with the standard equation 
x+y +2ex+2fyt+c=0 
10 _ 
6 


> g= > and f =0 


. Required centre of circle =(—g, — f) = (2. 0 


: 5 ae) 
Le. —+0-i=— 

3 3 
4 = 93.99 91/27 gw 


1/3 
=9'/3+ 1/9 + 1/27 + ... 0 =9!- V3 =9!/2 =3 


(i) ped grt OT eae eT 
1/3 
= 4it3 = git @ fo 
pli a 7 1 i ; 
_ andz = )° (1+ i) "= 4 54 : 
ral (l+i) (+i)? (+i) 
1 
(+i) o1_ 
_ 1 i 
(1 + i) 


Now, x + yz =3—iv2 


“. arg(x + yz) =arg@ 


21.5 A, =1+42i 


=(1+2i)e"” 
=(14 
(i) 
given] -(; 
ii) ‘4 
Gi) | A,A, | =| + 2i ( 
1 
2 
2 E 
2 
Perimeter =6| A,A, | =6V5 
22. We have, 
Ai) n _ n n 
z,|= (z,-r)+r =) (a=r)4l%) 
rai r=1 r=1 
=) lz, “r+ Ebel s Bort Bie 
r=1 
_ n(n +1) +1) ee 
2 2 
pve <n(n+1) 
r=1 
Zz 
Z,-— 
23. We have, arg LAL and |~ z,|=3 
=) |2| 
|z| 


24. 


25. 


26. 


which implies the following diagram 


Ye 


NG 
y’ 
=> = z,|=3 = |z,|=/9+1 =~10 
Zz 
Let z =x + iy =r(cos® + isin @) 


.. [z| =r, arg(z) =@ 


Given, |z —2-i|=|z| 


sin ( — arg «)} | 
sin (= — 0] | 
4 


. (cos 8 — sin 0) | 


2 


=> y(x-2) + =x y| 


=> |x+iy—-2-ij=r 


=> |(x-2)+i(y-l)l|=r 


On squaring both sides, we get 


2(x° + y? 


4x—2y+5)=x° + y? —2xy 
=> (x + y)* =2(4x + 2y —5) 
which is a parabola. 


Since, 1, Z,, Z), Z3,-.., Z, -, are the n, nth roots of unity. 


(z” -1)=(2 -N-z,)(-z,)(z 


Za) esc @—Z, 24) 
n-1 

=(z-1) II @ -z,) 
r=1 


Taking log on both sides, we get 


n-1 


log, (z” —1) = log, (z -1) + } log,(z -z,) 


r=1 
On differentiating both sides w.r.t.z, we get 
nz"! —— x 1 
@"-1) (@-1) 


r=1 (Z ~2,) 


Putting z = 3, we get 


neat 


a ieee 
3" -1) 2 


We have, 
z=(34+ 7i)(A + ip) 
=(3A —7u) + i (7A + 3K) 
Since, z is purely imaginary. 
3A — 7 =0 


Chap 01 Complex Numbers 


A,p € I — {0} 
For minimum value A =7, =3 
Z|? =|(B +71) (A + mp) |? 
=|3+7i)’|A + im]? =58(" +p”) 
=58 (77 + 3°) =(58)? = 3364 


27. We have, 
z= f(x) + ig(x) 
where, i = V—1 and Ff, & (0,1) > (0,1) are real-valued 


functions. 


1 1 
(a) z= +i 
11x TPeix 


_itix , en 


1+x  ((1+x) 
ae) 


14x27 14x? 14%? 1+ x? 
1+x 1+x 
= f(x)=——y and g(x)=— 
1+x 1x 


But for x = 0.5, f(0.5) >1and g(0.5) > 1, which is out of 


range. 


Hence, (a) is not a correct option. 


1+x° 1+ x? 
Clearly, f(x), g(x) € (0,1), if x € (0,1) 
Hence, (b) is the correct option. 

1—ix | ii—ix) (1+x) , i(1—~x) 


a age dae) Cea) 


Hence, (c) is not a correct option. 


— 1. ff 1 _1tix , il + ix) 
2+ =| ite ax 
(d—x)  i(1+ x) 
= + 
(1+ x?) (1+ x’) 


Hence, (d) is not a correct option. 


28. Let z =o be a real roots of equation. 


z +(34 2i)z + (-1+ ia) =0 
=> oa + (3+ 2i)a + (-1 + ia) = 0 
> (a> +30 —1)+ i(a +20) =0 


On comparing the real and imaginary parts, we get 
a? +34—-1=0 and a+20=0 


a 
=> Qa=-— 
2 
a> 3a 
=> -—-—-1=0 
8 2 


=> a> +12a+8=0 
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80 = Textbook of Algebra 


Let f(a) =a? + 12a +8 which is a circle and passing through the origin 
=> ~1) <Oand f(0) >0 1+il 1+i)_ 1 
ey) FO) and radius = ; = ‘| = 
. a €(-1,0) 2| 2 
T T _ 1 
29. 1S = es ae 32. Given, |z—-—1|<|z +3] 
=> z-1|?<|z+3/? 
V3+i)_1(-1+i3)_o@_ . eon eee 
i. er ee 5 o> sie => |z [> +1-2 Re(z) <|z|? +9 + 2 Re (z) 
7 — 2 Re (4z) >-8 
v1 
, (2 CiS *) = (-2i@)” = ((-2i@)*)"’> = (8i)"”? > Re (4z) >—4 
. dz + 4z 
n n => 5 = 
‘Tn = uT .. 0 _ Gi 
and(4 cis) -(4 [cos B+ isin ")) = (22 (1 + i) ie gage —9 
d =2z+3- 
=(@(1 + i)?)"” =(16i)"” an coe 
ai is 4 O+@0=2z2+3-i+27+3+i 
Thus, (8i)""" = (16i) =Az+Z)+6>-446 
which is satisfy only when m = 48 and n = 24 => O+0>2 
“ m+n=72 Option (a)|@—5-i|<|@+3+i| 
30. Wehave, 27 =7-2' 17 = |224+3-i-5-i|<|2z+3-i+3+i| 
Taking modulus on both sides, we get > |2z —2—-2i|<|2z+6| 
Iz|? =|z]-2!-!4 => |z-1-i|<|z+3| 
oy Iz] (|zI — 9) lAly = 0 wa which is false. 
F ghia Option (b)|@—5|<|@+3 
and ae) aE ee) = |22+3-i-5|<|2z+3-i+3| 
= 2 arg (z) = arg (z) = — arg (z) => |2z-2-i|<|2z+6-i| 
=> 3 arg (z) =0 i i 
=> | <|z+3 
: arg (z) =0 2 2 
Then, y=0 [.z=x+ iy] => |z-1|<|z+3| 
From Eq. (i, i=? =x=0 fey=o) which is true. 
One solution is ew Option (c) Im (i@) > 1 
Also, from Eq. (i), - io — in 
y=2 > | 
Y 2i 
im + i@ 
=> 1 
2i 
> oO+@>2 
which is true. 
1 
Option (d) | arg O=DIs5 
=> | arg (22 +3-i-1)|<= 
{ Z -i- — 
y 6 2 
_—91-|2 _ol-x 1 
|z| =2 => |x| =2 > [eee 
|x| _5-x 
> —=£? = 
2 plsay) _, { Im(2z + 2 —i) Tt 
. = tan < 
Hence, total number of solutions = 2 Re(2z + 2 —i) 2 
+1 
a - is a purely imaginary number. se Re(2z + 2—i) >0 
art (Qz+2-i+(@z+2+i) | 
z+1 z+1) Z41 z+1 3 5 7 
= = = 
zti zti z-i zti => z+Z+2>0 
=> (Z+1)(z +i) +(Z—-i)(z +1) =0 > Z+Z>-2 
= 22z+Z(1+i)+2(1-i)=0 which is true. 
1+i 1-i 33... 4+ riyp=AQti 
- z+( ‘z+ ‘)z=0 (1 + ri) ( he , 
2 2 => 14(ri) + 3(1)*ri + 3) (ri)” =A (1 + i) 


34. 


35. 


36. on 


=> 1-rit3ri-3r° =A +i 
On comparing real and imaginary parts, we get 

1-3r° =A 
and —r4+3r=Ar 
Then, —r+3r=1-3r 
=> r>—3r? —3r+1=0 
= (r? +1) —3r(r +1) =0 
> (r +1) (r? —r +1—3r) =0 
=> (r +1) (r? —4r +1) =0 

r=-12+3 
=> r = cosec , tan Lae x 
12 12 

Option (a) | z—1|+|z+1|=3 


Here, | 1—(-1)| <3 
i.e. 2 <3, which is an ellipse. 
Option (b) | z —3|=2 


It is a circle with centre 3 and radius 2. 


Option (c) z-2+i|=- 


7 
It is a circle with centre (2 — i) and radius ry 


Option (d) (z-3+i)(Z-3-i)=5 
> (z-3+i)(z-3+i)=5 
=> |z-34+i|?=5 
> |z-3+i|=v5 


It is a circle with centre at (3 — i) and radius V5. 


Since, 1, Z,, Z9, Z3,.--, Z, 1 are the n, nth roots of unity. 


Therefore, 
z" -1=(z -1)(z — 2) (z — 22)... (2 — 2,1) 
z 1 
=(z — 2) (2 — 22)... (@ — Zn -1) 
= i 
n-1 
= (z -z, 


0, ifn=3,reEeZ 


=, 1, ifn=3rel,reZ 
1+, ifn=3r+2reZ 
3|z—12|=5|z-8i| 
2 9|z—-12|? =25|z-8i|? 
=> 9(z — 12) (Z — 12) = 25(z —8i) (Z + 8i) 
=> 9(zF -1%z + Z) + 144) =25(27 + 8i(z —Z) + 64) 
=> 16zZ + 108 (z + Z) + 200(z —Z)i+ 304 =0 
=> 16(x? + y’) + 216x — 400y + 304 = 0 


38. 
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=> Ax? + y?) + 27x —50y +38 =0 
and |z—4|=|z-8| >|z-4)? =|z-8)? 
=> |z|? + 16-2 Re(4z) =|z |? + 64-2 Re(8z) 
> 8 Re (z) = 48 
Re (z) =6 
=> x=6 
From Eqs. (i) and (ii), we get 
2 (36 + y”) + 162 —50y + 38 =0 
=> y” —25y + 136 =0 
= (y —17)(y —8) =0 
> y =17,8 
‘ Im (z) = 17,8 
P(21) 
Option (a). PS||QR 
arg E _ =0 
22 — 23 
=> “1 — 74 is purely real. 
2. %3 
Option (b) *. Diagonals of rhombus are perpendicular. 
Then, arg aca Ee 
Zy—Zq 2 
Zi ay ee 
=> is purely imaginary. 
22 — 24 
Option (c) * PR#QS 
os |Z, —23|#|Z.—24 | 
Option (d) ~. ZOQSP = ZRSQ 
amp [2 — a = amp [= — 2) 
21% Z— %q 
> amp (=) amp (= a 
Zo 4 Zz 24 
> amp (2. 21) = amp (22 “) 
zy 4 Za 4 


. |z—3|=min {|z—1|,|z—5|} 
CaseI If|z-3|=|z-1| 
On squaring both sides, we get 
|z-3)? =|z-1/? 
=> |z)?+9-2Re(3z)=|z|? +1-2 Re(z) 
4 Re (z) =8 
Re (z) =2 


=> 
> 
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(i) 


...(ii) 
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40. -. 


41. ... 
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CaselIl If | z—3|=|z—-5| 
On squaring both sides, we get 
|z-3)' =|2-5)? 
=> |z|?+9-2Re(3z)=|z |? + 25-2 Re (5z) 
= 4 Re(z)=16 = Re(z)=4 


ea 2/3 
A(-a,0) @ O| 4 B(a,0) 


From figure, it is clear that z lies on the point of intersection of 


the rays from A and B. 
+: ZACB = 90° and OBC is an equilateral triangle. 


Hence, OC =a 
> |z-O|=a or |z|=a 
1 
andarg (z) = arg (z — 0) = 5 
2z — 1) | 
zt+i 
z—i/2| m 
=> = 
zt+i 2 
For circle, Zz #1 
Z 
= m#2andm>0 
A(z,) lie on|z|=r 
> lz|=r => Aw r? > ZZ r? 
A(Zo) 


Let P(z) be any point on tangent, then 
ZPAO = . 


Complex slope of AP + Complex slope of OA = 0 
Z—Zy - Zy —0_ 


> = = 0 
Z-Zy Z,—0 
> ZZ) + ZZ =2Z)Zy 
=> 2Z, + Zz =2r" 
=> ZZ = ZZ 
Zz, Zz 
Also, So 4 70" =2 
2 2 
r r 
ZZ, Zoe 
> 04 Se =2 


2% 20% 


42. -. 


43. -- 


44, 


45. 


Z, +2, =4,z,2,=b 

and given | z,| =| z,.|=1 

Let z, =e! andz, =e’? 
|a|=|z,+2,|S|z|+]2,/=1+1=2 
ja| <2 


Also, arg (a) = arg (z, + Zz.) = arg (e® + e’?) =—_ 


and arg (b) = arg (z,z,)= arg (e'°*®) =0+ 0 
2 arg (a) =arg (b) => arg (a) =arg (b) 


az? +z+a=0 
Then, Ooz?+z+a=0 
> a(z)°+z+a=0 
> Gz? +z+a=0 Pz] 


On subtracting Eq. (ii) from Eq. (i), we get 
(a —G) z?-(-G)=0 


> a -O@ =Oandz* = 
a 


Put z = + 1 in Eq. (i), we get 
a+0=+1 
and absolute value of real root = 1 
i.e, [z[=|41|=1 
Let z = & be a real root of equation 
z°>+(34 i)z?-3z-(m+ i)=0 


=> oa + (3+ i) a? 


30 —(m+ i)=0 


> (a> +30? —3a0 —m) + ia? -1)=0 


On comparing real and imaginary parts, we get 
a? + 30° -30 —m=0 


and Oo? -1=0 => a=H#1 


For & =1, we get 


1+3-3-m=0 > m=1 
For a = — 1, we get 
14+3+3-m=0 > m=5 


Let z = be a real root of equation 


z>+(34+2i)z+(-1+4 ia) =0 


> o? + (3 + 21) +(-1+4 ia) =0 


> (a> +30 —1)+ i(a + 20) =0 

On comparing real and imaginary parts, we get 
a> +3a-1=0 

and a+2a=0 
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> __4 8 50 
Q= 2 = i773 +4 i°! oe jp! qe i2! oe i> hs y i”! 
a 3a r=1 r=4 
=> -1=0 5 a? +12a+8=0 
8 2 2) a1 shi eal FB 26 «(r+ 3)! 
oo fla)=a? +120 +8 =(i°+i +0)+]}/i +i +i°t+i +yii ; 


f(-1) < 0, f(0) > 0, f(-2) < 0 


f(1) > Oand f(3) > 0 


> a €(—2,1) or a € (—1,0) or a € (—2,3) 


Sol. (Q. Nos. 46 to 48) 

46. -- arg(z)>0 
arg (zZ) + arg (-z)=-7 
arg (z) + arg (-z) =-7 
arg (-z) —arg(z)=-7@ 
47. -- arg (zz) = 


=> 
=> 


r=1 


+(i° +i°+i° +... 47 times)) 


=(-1-i)+(2i-2+ 47) 
=44+i=a+ib 

ie a=44,b=1 

Unit place digit of a7"! =(44)7°" 
= (44) ((44)7)° = (44) (1936)'°° 
= (Unit place of 44) 


[given] 


=>  arg(z,)+arg(z,)=" x (Unit place digit of (1936)'°”’) 
= arg (z,) — arg (Z,) =™ = Unit place of (4 x 6) = 4 
Given, | 241 =I 22 and unit place digit of b7°!? = (1)? =1 
(il = Lal = 2 Hence, the unit place digit of a7") +b?" =4+1=5. 
Then, Z,+2Z,=0 100 464 
=> zy = —Z5 51 ie y i” + Il iv 
= r=1 
48. arg (4z,) — arg (5z,) = _ r 
is possible only when | 4z,| =| 5z,| = ae a ee ee ee 
r=1 
=> Hi)? 3495 0, 0, 50 : 14+ 24+3+4...+101 
z,| 4 : =(i +i +i +...97 times) +i 
=97+7'=97+ 1° =97-i 
and also 4z,+5z, =0 
p 5 % a=97andb=-1 
= ea Hence, a + 75b =97 —75 = 22 
Zo 4 
Sol. (Q. Nos. 52 to 54) 
Z| 9 4 
2 ae fe If|z + —|=b, where a,b >0 
Zz 
Sol. (Q. Nos. 49 to 51 a a 
(Q ) zt—|s|z|+— 
49. -- nis divisible by 4, Vn > 4. Zz |z| 
25 22 a 
yreyr™ => aa 
n=4 n=1 2 
> |z|°-—b|z|+a20 
=i°+i°+i° +... (22 times) =22 ...(i) fae 
b—./b° — 4a 
25 25 | z | < ——-—___ 
! ! 
jn! =p! nn i?" na i?" 4 » jn 2 
n=1 n=4 b+. /b® — 4a 
ee . and | z | 2 —-__—_ .«(i) 
=i+ti° +i’ +22 [from Eq. (i)] 2 
=i-1-1422=20+i Also, 22 2]alie1—| 
a=20,b=1 . |z| 
a-—b=20-1=19 => bs) leh 
which is a prime number. |z| 
95 50 a 
> —b<|z|—-—<b 
50. ... > ep m |z | iz 


=> —b|z|<|z/P-asblz| 
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52. 


53. 


54. 
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Casel —b|z|<|z|’—-a 


=> |z|/’+bl|z|-az0 


| pean ee 
gle Nee 
2 
| Peas Laat, 
g(> 
2 


Case ll |z|?-a<b|z| 


and 


=> |z/?-blz|-a<o0 


b—ybr+4a 1) b+ yb? + 4a 
2 


p 
From Case I and Case II, we get 


—b+./b? + 4a were 
2 2 
From Eqs. (i) and (ii), we get 
—b+./b? + 4a ane? (b? + 4a) 
2 2 
b* + 4a 


. The greatest value of | z | is 


2 
—b+./b? + 4a 
—s 


and the least value of | z | is 


Here, a =1landb =2 
i. =Sum of the greatest and least values of | z | 
ai peaJaca ads 
 =8 
Here, a=2andb=4 
A =Sum of the greatest and least value of |z|. 
= Vb? + 4a = 1648 = 24 
Be V7 =24 
Here, a =3 and b =6 
A =Sum of the greatest and least value of | z | 
= /b? + 4a = ./36 + 12 = /48 = 43 
=> A=2v3 
= Sie 


Sol. (Q. Nos. 55 to 57) 


55. 


z=1 
W= =a+tib 
z+2 


z=CiS0=e° 


=atib 


eee ate 


1) =(a + ib) (cos®@ + isin® + 2) 
On comparing real and imaginary parts, we get 
cos® —1 =a cos@ + 2a — b sinO 
=> (1-—a)cos0+ bsinO =2a+1 
and sin8 =a sin® + b cosO + 2b 
(1 —a) sin — b cos8 = 2b 


= (cosO + isin® 


...(ii) 


...(ii) 


56. 


57... 


58. °. 


On squaring and adding Eqs. (i) and (ii), we get 
(1 —a)? + b? =(2a +1)? + (2b)” 


> 3a? + 3b7 +6a=0 


> a’ +b’ +2a=0 


From option (c), 
(1 + 5a)* + (3b)? =(1 — 4a)’ 


=> 9a* + 9b? + 18a =0 


a’ +b? +2a=0 


From Eq. (i), we get 
ae 
(a) 1 fan Ole “f 2 dl sical 
1+ tan“0/2 1+ tan°0/2 


+ 2b tan : 
2 


=> (l-a)-(1 aj tan?” 


+ 3a=0 


=> (24 a) tan’ © 


@ 2b + 4b’ — 12a (2 + a) 


2b tan : 
Zz 


tan 
2 2(2 + a) 
2b + ./4b" —12(-b? 
= ; ae) [. a’ + b? + 2a =0] 
—2b°/a 
(2b+ 4b)a  6ba —2ab 3a 
= = = or 
— 2b? —2b?  —2b* b 
8 b b b 
cot —= or or =3 cot —or-—cot 


2 3a a a 
a’ +b°+2a=0 > (atl) +b'?= 


Now, |z|=1=(a+1)? +0? 


lt+z4¢z74¢234...42" =0 
1-(1—z"*) | 
(i-z) 
=> 1-z'®=0,1-z #0 
zeaiz41 (i) 


and 14¢z4¢274¢2°4...¢2% = 


1-(1—z!*) 
(=z) 
> 1-z'4=0,1-z #0 
z4 =1,241 ssi) 


From Eqs. (i) and (ii), we get 


44a. > 1-24 =1 


Zz 
zi =1 

Then, z=1,-1Li,-i 

ae z#l1 
z=-1,1,-i 


Hence, only z = —1 satisfy both Eggs. (i) and (ii). 


.. Number of values of z is 1. 


59. We have, z= (i) 

3 = 
=> |z\=|z|=|2| 
= |z|(z|-1)=0 
> |z|=Oand|z|?=1 
Now,|z |’ =1 

_ == 1 
> zz=1 > z7=- 
Zz 


60. 


67. 


On putting this value in Eq. (i), we get 


1 
See 
Zz 
4 “s 
> Zz =1 ...(ii) 
Clearly, Eq. (ii) has 4 solutions. 
Therefore, the required number of solutions is 5. 
We have, z=9+ai 
=> z” =(81—a’*) + 184i 
z> =(729 — 27a’) +(243a —a’) i 
According to the question, we have 
Im (z”) = Im (z*) 
=> 18a =243a—a? => a(a” — 225) =0 
=> a=(ora’ =225 
But a#0 
a? = 225 
The sum of digits of a”=2+2+5=9 
Let z=x+iy 
|z|=1 .. (i) 
xt y? =1 
and area 
Zz & 
re 4 
= cal: ee 
x-iy xtiy 
> (x + ivy + ew) e 
xry 
2x2 —y? 
> ey). =1 [from Eq. (i)] 
202 1 is 
=> xmy a ...(ii) 
From Eqs. (i) and (ii), we get 
1, 1.3 
ax? =14-=-,= 
2 22 
3 
> s-,- > x=t ,4 v3 
2 
1 3 : 
For x =-,y =+ — [from Eq. (i)] 
2 2 
1 3 ; 
For x =— aie = i [from Eq. (i)] 


62. 


63. 


64. -. 
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Yore= = yet ; [from Eq, (i)] 
Koreas = y=t : [from Eq. ()] 
.. Solutions are 2 t iv3 1 ae iv3 v3 a2 i _ v3 ot : 


> > 


2 9 De 1 


Hence, number of solutions is 8. 


We have, x=atib 
=> x? =(a® — b”) + 2iab =3 + 4i [given] 
a’ —b* =3 and ab =2 (i) 
and x° =x-x"?=(a+ ib) [(a? — b*) + 2iab] 
= (a? — ab* — 2ab’) + i[2a*b + b(a® — b*)] 
=(a> —3ab) + i(3a*b — b°)=2 411i [given] 
a> —3ab” =2 
and 3a°b — b? = 11 ...(ii) 
From Eq. (i), we get 
a’ +b? = (a —b’)? +4a°b? =5 
Then, 2a” =8, 2b” =2 
a’ =4,b7 =1 
=> a=2,b=1 
and a=-2,b=-1 [ab =2] 
Finally, a = 2, b = 1 satisfies Eq. (ii). 
Hence, a+b=24+1=3 
(i+i)* =[a+i)’) 
=(1+ i? +21) =(1-14 2i)° 
=4i°=-4 (i) 
1-Vni Vn -i 
and } 
Vn+i 1+Vni 
_Q-vVa i)Wa -i) , Wa -i)-VZ i) 
+1 1+ 
_ vn -i-ni-Vn+V_-ni-i-Vn 
tT+1 
se ai ii) 
m+1 
Given, 2 +i)* Lovo i + vn ai 
4 Vnti 1+Vni 
. “ (—4) (-2i) = 201 [from Eqs. (i) and (ii)] 
Now, Le = ae =4 
amp (z) T/ 2 
A"=1 
=> Az=(1)" =e!" >= 0,1,2,...,n—-1 
A=l eatin ethiln eotiln . eek n—-liln 
and (A+1)"=1 > A+1=(1)!" =e?" Pin 
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; 7 T 
> AaermPiin _ 4 = Pl" 95 sin (7) 
n 
p=0,1,2...,n-1 
j . 1 j nes 20 
A=0,e"" .2i sin (=) eT" 97 sin (*}.. 
n n 
eti(n—1)in - 2i sin (= (n > ) 
n 
For n=6, 
eitiin _ ,4ni/6 _ ,2ni/3 
am 1 iN, 
= cos + isin —= + 
2 2 
j T i T 
and e™!".. di sin (=) =e™!6 93 sin ( 
n 


W394)... 2. WS 
- aor | pam i 
2 2 2 2 
Hence, the least value of n is 6. 


65. Given, z,, Z), Z3,..., Zs are the roots of the equation 
50 


y (z)’ = 0, then 


r=0 

50 50 

y (z) =(z — 2%) (2 — 22) (Z — 23)... —259)= I (z -z,) 
r=0 


Taking log on both sides on base e, we get 


50 50 
log.| ¥ @)” |= log, @ -z,) 
r=0 r=1 
On differentiating both sides w.r.t. z, we get 
50 67. 


hr 50 1 
3 Lor 4-4) 
r=0 
50 
(+2+3+...+50) y 1 
51 =, 1) 
=—(-5A) [given] 
50 
— x51 
=> =5A 
51 
> N=5 


10 
66.°. ¥ (sin pals —i cos ae 
11 11 


q=1 
2qt 2qu 
4 + isin “22 
11 


10 
=-iy [cos 
q=l 11 


=0 


10 
=~i|¥ [cos 2 
: 11 


2qu 
+ isin 22) 1 
11 


=—i{(sum of 11, 11th roots of unity) — 1} 


32 
L 
ae 
32 
=3 LY pli)? + 0 =38 (say) 
p=l1 


32: 
=3 DY p(i)? +2 ¥ (i)? 
1 p=l 


32 
where, S= ¥ p(i)? 
p= 


S=1-142-7 43-2 4+...4+31-7) + 32-1” 
iS =1-2 42-2 +...431-0 + 321% 
(Q-iS=G4?4i4...4 i) -32i% 
=(0) —32i 
32i - (1+ i) 
(=i #4) 
=-16(i —1) =16(1—i) 
P =35 = 48 (1 —i) 


Given, (1+i)P=n(n!) => (1+ i)-48(1 -i) =n(n!) 
> 96 =n(n!) => 4(4!) = n(n!) 
n=4 
1+i (1+i)? iti +2i_, 
(=i 7=HU4y 2 


2 ._,fltx? 
> i" == sin! ss 
Tt x 
1+x°\ on 
=> sin’ = = —(i)” 
2x 2 
1+ x° a 
= * sin (Ew) i) 
2x 2 
Now, AM2= GM 
aa 
xt 2 
ey x"+1 > 
2 2x 


[1 <sin 0 <1] 


n = 4, 8, 12, 16,... 


.. Least positive integer, n = 4 


68. (A) > (p,q), (B) > (p,r),(C) > (p.7,5) 


Ifjz+% 


7 = b, where a > 0 and b > 0, then 
EE Sy 
2 2 
(A) Here, a =1 and b =2 
Then, —1+ V2 <|z|<1+ 2 
G=1+42 
and L=-1+-~2 
=> G-L=2 
(B) Here, a =2 and b=4 
Then, —2+ V6 <|z|<2+ V6 
G=2+ 6 


and L=-2+6 


[natural number and prime number] 


= G-—L=4 [natural number and composite number] 


(C) Here, a =3 and b =6 
Then, —3 + 2V3 <|z| <3 + 2v3 
G=3 +23 
and Ce=3.4955 
=> G-L=6 


{natural number, composite number and perfect number] 


69. (A) > (q), B > (q, r), C > (q, s) 


We know that, 
+ Eee | | [ER 
2 2 


If Im(z) >0=+ fete® 1 jee 
+ : ; 


If Im(z) <0 

wea +( [e+ [10 — =) 
=+ (2V2 + iv2) 
=+ 2 (2+i) 


10-6 10+ 6 
and ara =, , +i 5 


=+ (/2 + i2./2)=+ /2(1 + 2i) 


z=/648i + /—6 + 8i 
=+ V2 (24+ i) + V2 (1+ 2i) 


Sat ie DA2 GH t.—342 C+ a2 ¢ 


z, =3v2 (1+ i), z, =-~V2 (1—i), 
Zz, =— 342 (1+ i) 
and Zz, = V2 (- 1+ i) 


. [z,|’ + |z,|” + |z4|” + [zal 


=36 + 4+ 36 + 4=80 which is divisible by 8. 
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(B) mi =x (2? f2=)-20 2i) 
and sam =2[ [B= JB) xe 3i) 
2 2 


= 5-121 + V-5—12i= + (3 — 2i) + (2 —3i) 
=5-5i,-1-i,-5+51,1+1 
z,=5-5i, 2) =-1-i, 
Z,=—-5+5iandz,=1+i 


lz? + |z,|" + zl’ +|z,/? =50+24+ 5042 


=104=8x13 
(Cc) ,/8 4 i= a bi prs) 
538i 1 
=+ =+ (643i 
& A ee 
and “aw =, alles: | 
2 2 


-+(5 i)=* (ag 


z= 8+ 15i + /-8 -15i 


=# 643i) +6 5i) 

enn ey ee ee 

V2 “als , 
+ 8 +21), @ +8) 


z, = V2 (4-3), z, = V2 (- 1- 4i) 
z, = 2 (-4+ i)andz, = V2 (1+ 4i) 


*. |z,|? + |zal? + |zal” + |zq|? =34 + 34 + 34+ 34 
= 136 =17X8 


70. (A) > (p.q,1,t)(B) — (p.s);(C) > (p.7) 


(A) Here, the last digit of 143 is 3. The remainder when 861 is 
divided by 4 is 1. Then, press switch number 1 and we get 
3. Hence, the digit in the units place of (143)*” is 3. 

XN =3 

Next, the last digit of 5273 is 3. The remainder when 1358 
is divided by 4 is 2. Then, press switch number 2 and we 
get 9. Hence, the digit in the units place of (5273)'*** is 9. 
& u=9 
Hence, A+ =34+9=12 
which is divisible by 2, 3, 4 and 6. 

(B) Here, the last digit of 212 is 2. The remainder when 7820 
is divided by 4 is 0. Then, press switch number 0 and we 
get 6. Hence, the digit in the unit’s place of (212)”*”° is 6. 


i =6 


Next, the last digit of 1322 is 2. The remainder when 1594 
is divided by 4 is 2. Then, press switch number 2 and we 
get 4. 
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Hence, the digit in the unit’s place of (1322)!°"4 is 4. 

“ u=4 

Hence, A + L =6 + 4=10, which is divisible by 2 and 5. 
(C) Here, the last digit of 136 is 6. Therefore, the unit’s place 

of (136)’*° is 6. 

a AX =6 

Next, the last digit of 7138 is 8. The remainder when 

13491 is divided by 4 is 3. Then, press switch number 3 

and we get 2. Hence, unit’s place of (7138)'"”' is 2. 

u=2 
Hence, A+U=64+2=8 
which is divisible by 2 and 4. 


71. (A) > (1); (B) > (ps); (C) > (qt) 


72 


73. 


74. 


a 
—— 


If = b, where a > 0 and b > 0, then 


(A) Here, a= 6andb=5 


A =6 andu =1 
_ AB =6418 =7 
and AH —u* =6-1%=5 
(B) Here, a=7andb=6 
: X=T7andu=1 
M4 =7' 417 =8 
and AH —u* =7'-17 =6 
(C) Here, a =8 and b =7 
: A =8andu=1 
=> AH +r =8'4 15 =9 
and AH —p* =8!-18 =7 


Statement-1 is false because 3 + 7i > 2+ 4i is meaningless in 


the set of complex number as set of complex number does not 
hold ordering. But Statement-2 is true. 


Statement-1 is false as 


(cos 6 + isin o)" # cos nO + i sin no 


2 
uv... sun 

Now, | cos + i sin =cos— +isin 
4 4 2 


-j [by De-Moivre’s theorem] 
.. Statement-2 is true. 
We have, 

|3z, + 1] =|3z, + 1] =|3z, + 1| 


1 
“. Z,Z, and z, are equidistant from (- re 9 and circumcentre 
: . 1 
of triangle is (- 2 0} 


Also, 1+2,+2,+2,=0 


75. 


76. 


77. 


78. 


14+2,4+2,+ 23 
=> ———— = 0 
3 
Z,+2%,4+2Z 1 
=> ee Se 
3 3 


.. Centroid of the triangle is (- > 0} 


So, the circumcentre and centroid of the triangle coincide. 
Hence, required triangle is an equilateral triangle. 


Therefore, Statement-1 is true. Also, z,, z, and z, represent 
vertices of an equilateral triangle, if 
Zp + ze t+ 22 — (2,2) + ZyZ3 + 242) = 0. 


Therefore, Statement-2 is false. 


We have, 
jz -1)+|z-8]=5 =22(i) 
Here, z, =1,z, =8 and 2a=5 
Now, = |z, —Z,| =|1 —8] =|—7| =7 
2a=5<7 


Therefore, locus of Eq. (i) does not represent an ellipse. Hence, 
Statement-1 is false. Statement-2 is true by the property of 
ellipse. 
Since, z,, Z, and z, are in AP. 
22, =2Z,+ 23 
2,425 
2 
It is clear that, z, is the mid-point of z, and z. 


> Zo 


. Z, Z, and z, are collinear. 
Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation of Statement-1. 


Principal argument of a complex number depend upon 
quadrant and principal argument lies in (— 7, 7]. 

Hence, Statement-1 is always not true and Statement-2 is 
obviously true. 


We have, C,: arg @=* 
> tan ‘(2-4 [letz =x + iy] 
x 4 
=> Xian ad 
x 4 
> y=x 
Ciy=x recti) 
C, aeGy=— 
4 
arti 310 : 
> tan * | — | =— [letz =x + iy] 
x 4 
=> Va aad 
x 
> y=-x 
Ae C,:y=-x (ii) 
and C,: arg (z —5 —5i) =" 
> ta" [2=8) [letz =x + iy] 
X93. 


y-5 
=> tant =0 >Sy=5 
x=5 
Cy: y=5 ...(iii) 


We get the following figure. 


. Area of the region bounded by C,, C, and C, 
220. 0 
=5:-0 5-0 


1 
=— =25 
2 


.. Statement-1 is false. 
OA =5/2, OB = 5/2 and AB = 10 
(OA)? + (OB)? =(AB)’ and OA = OB 


Therefore, the boundary of C,, C, and C, constitutes right 
isosceles triangle. 


Now, 


Hence, Statement-2 is true. 


Zy2Z3 —(Z2Z3) 


79. Since, Im(Z,z3) = ; 
i 


Wl os = 
= 12223 — 2,23} 
2i 
_ Tepe 2 : 
z, Im(Z2z3) = 5 W228 —2,2,Z5} (i) 


1 
Similarly, z, Im (Zz,) = 5 Ve2%s 2 — 292,23} 
i 


(ii) 


(iii) 


1 
and Z3 Im(Z,Z2) = 5 23%122— 2122) 
i 


On adding Eqs. (i), (ii) and (iii), we get 
z, Im(Z,z3)+z, Im(Z3z,)+z3 Im(Z,z,) =0 
Therefore, this is proved. 
80. Since, z,, z, and z, are the roots of 
x? + 3ax” + 3bx +c =0, 
we get Z,+2Z,+23=—3a 
2s Zt Za +Z3 
| 


and ZjZq + Z_Z4 + ZZ, =3d 
Hence, the centroid of the AABC is the point of affix (— a). 
Now, the triangle will be equilateral, if 


ze t+ ze t+ zo = 2,29 + Zy24 + 22) 
=> (z, + 2 + 25)” =3(z,Z) + ZZ3 + 242) 
=> (—3a)* =3(3b) 
Therefore, the condition is a? = b. 


81. -- x° —1=0has roots 1, O;, XH, 3, Hy. 


1) (x ~ O,) (x — Oy) (x — 3) (x — Oy) 


= * 1 = (x -a,) (x0) (x 
x-1 


3) (x —Q,4) «i{t) 
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On putting x = @ in Eq. (i), we get 


5 
O =? =(@—0,) @ —0,) (@ -0,)(@—a,) 
@-1 
2 
> a Sete) O,) (@ —O,)(@ —A,)(@ —Q,) ...(ii) 
o-1 


and putting x =” in Eq. (i), we get 


wo -1 
2 2 2 2 
5 =(0* —0,) (@* —A,) (@* —a,)(@" —Q,) 
o* —-1 
@-1 _ 2 2 2 2 ai 
> ota =(@° —,) (@* —,)(@* —A3;)(@* —O,4) _ ...iii) 
On dividing Eq. (ii) by Eq. (iii), we get 
O-G, @-G, M-a, W-a, _(’-1)’ 
0’ -a, @'-a, @ -a;, 0 -a, (@-1) 
_ 04 +1-207 @+1-20° 
o°+1-20 7° +1-20 
-0' -2@° — -30” 
= =O 
-—@0-20 —30 
Z+2 
82. Let z = x + iy, then 7 =x 
. From given relation, we get 
> x =| xt+iy-1 | 
> x=|(x—1) + iy | 
> x =(x-1)P +y? > 2ax=1t+y’ 
If z,; =x, + iy, and z, =x, + iy, 
Then, 2x, =1+ ae ...(i) 
and 2x5 =1+ ye ...(ii) 


On subtracting Eq. (ii) from Eq. (i), we get 
2 2 
2(%, — X2) = — V2 
2 (x, — X)) =(V, + V2) Vy - V2) ...(iii) 
But, given that arg (z, —z,)=7/4 


Then, tn (ave) 8 > ViT 24 


X, — Xq 4 X, — Xy 
a V1. — Vo =X — Xy ...(iv) 
From Eqs. (iii) and (iv), we get 

Vit y2=2 [- y1 — V2 ¥ 0] 


Im (z, + Z)) =2 
Hence, the imaginary part (z, + z,) is 2. 
83. (i) LHS = (a7 + b’ +c? — be — ca — ab) 


(x? + y? +2? —yz — 2x — xy) 


=(a + bm + cw’) (a + bw’ + co) 
(x + yoo + 20”) (x + yo" + z@) 
zo’ )} 
{(a + bw” + cw) (x + yo” + 20)} 
= {ax + cy + bz +@ (bx + ay + cz) 
+” (cx + by +.az)}x{ax + cy + bz + 0° 
(bx + ay + cz) + @ (cx + by +.az)} 
=(X +@Z + @’Y)(X +0°Z+@Y) 


=RHS 


= {(a + bw + cw’) (x + yo 
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(ii) LHS =(a° 


=(a 


b? + c* —3abc) (x*4 y> + z° 
b+c) (a? +b? + c* — ab — be — ca) x 
(xt yt z)(x°+ y? +2? — xy — yz — zx) 


3xyz) 


=(a+bt+c)(x+y+z) 
(a7 +b? +c? —ab—be 
xy — yz—zx) [using (i) part] 
=(ax + ay +az+ bx + by + bz +cx+cy + cz) 
(X° 4 Y* + Z°-YZ—-ZX — XY) 
= {(ax + cy + bz) + (cx + by + az) + (bx + ay + cz)} 
(X° 4 Y° + Z°-YZ—-ZX — XY) 
=(X +Y + Z)(X*?+Y? 4 Z? —YZ -— ZX — XY) 
=X°+Y?+Z? -3XYZ=RHS 


ca)X 


(xP +y? +2? 


84. Let z=x+iy 
JzPPax? ty? 
x’ + y? —2i (x + iy) + 2c(1 + i) =0 
2 


85. 


(x? + y? + 2y + 2c) + i(—2x + 2c) =0 
On comparing the real and imaginary parts, we get 
x+y? +2y 4+2¢=0 (i) 
—2x + 2c =0 ...(ii) 
From Eqs. (i) and (ii), we get 


y? +2y +c? +2¢=0 


24 4-4(c? + 2c) _ 


2 


and 


1+ .4/(1—c? —2c) 


=> 


“* x and y are real. 
1—c*—2c>0 or c? +2c+1<2 
(c+ 1)? <(V2)? => —V2-1<c<v2-1 


0<c< 2-1 [. given c = 0] 


Hence, the solution isz =x +iy=c+i(—1+4.1-—c* —2c) 
for 0<c< 2-1 
and z = x + iy =no solution for c > ¥2 -1 


Letz=x+iy 


ey oe eee __(i) 
2 

and Im(z)=y =~ = (ii) 
2i 


The equation (2 — i) z + (2+ i) Z + 3 = 0can be written as 
Az + Z)—-i(z —Z)+3=0 

or 4x + 2y+3=0 

.. Slope of the given line, m = — 2 

Let slope of the required line be m,, then 


tan 45° =|—4— =>1 ie ay ae 
1+ mm 1-—2m, 1-—2m, 
yas 43 


.. Equation of straight lines through (— 1, 4) and having slopes 
1 a 
it ae 1) 


=> x+3y-11=0 and 3x-y+7=0 


Using Eqs. (i) and (ii), then equations of lines are 


z+Z 3(z-Z) 
Se So 
2 2i 
3(z+z a 
and ee) Pe) ogg 
2 at 
ie, (1-3) z+ (1+ 3i) Z -22=0 
and (3+i)z+(-i)Z+14=0 


86. Putting oo = x in LHS, we get 


LHS =(14+ x)(14+x2)(04x?')... 0042") 


=x + at x’)dtx? ).. 0+ x") 
(1 — x) 


GQ—x)a4+x)04 x)... 042") 


(1 — x) 
a Ee ie) 
7 (1 - x) 
(ae) + 22") 1 -(?)?" 
7 (1 - x) ~ (1=x) 


Se ae i) 


54 +i) 
Z 


87. Since, arg (z —3i) =3%/4is a ray which is start from 3i and 


makes an angle 3/4 with positive real axis as shown in the 
figure. 


xty=3 


.. Equation of ray in cartesian form is 
y —3 = tan (37/4) (x — 0) 

or y-3=-x or x+y=3 

and arg (22 +1-2i)=7/4 


ss 
=> arg (2(2+3-1))=214 
are(z ‘=n 
are(z ‘Jens 


or  arg(2) 


or 0 


Dole Nl|e 
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Les os 
or arg[2-(-5+8]]=204 


which is a ray that start from point — Z + iand makes an angle 
1/4 with positive real axis as shown in the figure. 
.. Equation of ray in cartesian form is 

y -1=1[x-(-1/2)] > y=x+3/2 
From the figure, it is clear that the system of equations has no 
solution. 


Let a=rcosaand0=rsing ...(i) 
So that, a+0°=r 
i r=|a| 
Then, a=|a| cosa [from Eq. (i)] 


Fe cosa@=+1 

Then, cos & = 1 or — 1 according as a is + ve or — ve and 
sin = 0. 

Hence, & = 0 or % according as a is + ve and — ve. 


Again, let 0 =7, cosB or b =7, sinB ..-(ii) 
So that, +b =r 
” 7 =(D| 
From Eq. (ii), we get b =|b| sinB 
sinB=+1 


Then, sin B = 1 or — 1 according as b is + ve or — ve and cosB=0. 


T T . : 
Hence, 8 = — or —— according as b is +ve or —ve. 
2 


Let two non-parallel straight lines PQ, RS meet the circle 
|z | =rin the points a, b and c. 


Then, |a|=r,|b|=rand|c|=ror |a|? =| b/? =|c|? =r? 


= 3 =) 3 
aa@=bb=ccer, 


2 2 2 


then a andz =~ 
a c 
g Zz. A 
Points a, b andz are collinear, then|a a@ 1/=0 
bb 1 
z(a—b)-Z(a—b)+ab —ab=0 
ror? rea r’b 
=> Zz (a—b)+ =0 
a Db b a 
On dividing both sides by r? (b — a), we get 
Zz Zz 4 = . 
—+—=a +b «ll 
abr?’ 0) 
For RS, replace a = b = c in Eq. (i), then 
Zz Zp a a 
zat =2e ...(ii) 


Cc r 
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On subtracting Eq. (i) from Eq. (ii), we get 
z(c*-a'b')=2c' -a' - 


Hence, 


which is a required point. 
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90. «» AD 1 BC 
.. AP is also perpendicular to BC. 
A(z,) 
(22)B <> C@s) 
P@) 
ZZ T 
Then, arg | = 
Z3 Zo 2 
Re| 1—* | =0 
%3— 2 
ae eee 
Zs 2 - 
xs Rt a 
2 
~ a 
= A ee (i) 
Z,—Z. Z3—-Z2 
But O is the circumcentre of AABC, then 
OP = OA = OB =OC 
Iz|=|2,|=|221=123| 
On squaring the above relation, we get 
2 2 2 2 
lz |" =la)" =[z21° =12s | 
=> ZZ = 242, = 292 = 2323 
Z, 
From first two relations — = — (ii) 
Z & 
: : a ees sss 
From first and third relation = = — ...(iii) 
ZZ, 
and from first and fourth relation = — ...(iv) 
Z 2, 
Z, 
a4 
; Z,-z z 
From Eq. (i), we get + +  —=0 .(v) 
237-2, 23 2a 
Zz Zz 
From Eqs. (ii), (iii), (iv) and (v), we get 
Zz 
es | 
Z-2 
1 , 71 = 
Zy—Z, Fe 
3 4% 
=> 77 | 34 4+ 72%3) 9 77 40 
Z3— Zo ZZ, Zz — Zo 
Zaz 
= 1423-0 37=-2% 
ZZ Zz, 
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91. From the figure, 


a = (arg (z) — arg ()) ...(i) 
2 
and for every , sin? > < (5) (ii) 


Imaginary axis 


e) 


Real axis 


In AOAB, from cosine rule 
(AB)* =(OA)? + (OB)? — 20A- OB cos a 


= |z-o/ =|z|? +|@|? -2|z||o| cosa 
= |z-o| =(z|-|@|)’ +2|z||o|( — cos a) 
> |z-o/ =(|z =|)? + 42 ||@|sin? & 
a 2 
=> |z-o/? <(\z - jo)? + alz 101) [from Eq. (ii)] 
=> |z-o| <(z|-|@|)? +a’ [-|z|<1,Jo|<1] 
z-@|? <(\z|-|@ |)’ +(arg (z) — arg(@))* [from Eq. (i)] 


I. Aliter 
Let z =r (cos@ + i sin ®) and@ =7, (cos 0, + i sin 9,), 
then |z | =rand|o|=7, 
Also, arg(z)=® and arg () =6, 
and rSiland 7,1 [. given|z | <1,|o| <1] 
We have, z—@=(r cos® —7, cos0,) + i(r sin ® — 7, sin 8,) 
|z -|° =(r cos 0 —7, cos @,)’ + (r sin @ — 7, sin®,)” 


=> |z-@|’ =r° +17) — 297, cos (0 —-8,) 
=(r—1)? + 2rr, —2rr, cos (0 — 8,) 
=(r— 7)” + 277, (1 — cos @ —6,)) 
=(r—1n) + 4rr, sin” (A5*) 
: 8-0,)° 
<(r—7)° + 4rr, [. |sin ®| <|®| ] 
=(r—7)’ + m0 -8,)° 
<(r—n)? +(0-8,)’ [er <1] 
=> |z -@|? <(/z|-|@|)’ + (arg z — arg )* 
II. Aliter 
Let z=rcos8@ 
and @ =7, cos 0, 


r’ +47) —2rr, cos(0—-0,) <r? +77 — 277, +0 -8,)” 


ia = 2 ae Pe ee | 
=> rr sin’ (CS *) < x ) : F : 
2 2 and sin®° x <x 


92. Given, OA =1and |z|=1 


i Polo) 
P@) 
A(1) 
7) a 
Q(zZp) 
OP =|z-—0|=|z|=1 
OP =OA 
OP) =|Z9 — 9| =|Zo| 
and OQ =| 229 — 0] =|2Z9| =|2 | |Zol = 11201 =|Zol 
OP, = OQ 


Also, ZPOP = arg [ — 7 = arg (#] = arg f | 
z-0 Zz ZZ 
“aie Zz 70 
Iz | 
= 1 
=-— arg (z Z)) =arg (=) 


ZZ 
— 1-0 
: ZZ,—0 


Thus, the triangles POP, and AOQ are congruent. 
PP, = AQ 


|Z —Zo| =|z Z) - I 


) = ZAOQ 


93. Let the equation of line passing through the origin be 
az+az=0 (i) 

According to the question, z,, Z,,..., Z, all lie on one side of 
line (i) 

az, + az, > 0or < 0 for alli =1, 2,3,...,0 (ii) 

n n 
> a@Y2z,+a) 7>00r<0 (iti) 
i=1 i=1 
n n n 
> LX z,#0 If © z,;=0,then ) Zz, =0, 
i=1 i=1 i=1 


n n 
hence a Y z,+a b Z, 
i=1 i= 
From Eq. (ii), we get 
az,+ az, > Oor< 0 for alli =1,2,3,...,n 


QZ;Z, | azz; 


> + —*t>0or<0 
Zi 2; 
2|a@ a 
=> |z\°s—+—;>0or<0 
2 3 
a a : 
=> —+-—>0or<0for alli =1,2,3,...,.n 
Z; ~&; 
1.” <i 1. ; Son hes = 
=> —,—,...,— lie on one side of the line az + az = 0 


2 22 Zn 


n 1 n 1 
or ay —+aY¥—>0or<0 
i=1 Z,; i=1Z; 
nq nq a | 
Therefore, } —#04If ) —=0,then Y —=0 
i=1 Z; i=1 Z; i=1Z; 
n 1 n 1 
=> ay—+ay—=0 
i=1 Z; i=1Z; 


94. Given, |a||b| =~Vab’c ;|a| =|c|; az” + bz + c =0, then we 


have to prove that |z | =1 


On squaring, we get 

la|’ |b |? =a b*cand|a|? =|c|’ 
=> aabb=ab*e and aa=cé 
=> ab=bc and aad=cct ..-(i) 


Ifz, andz, are the roots of az’ + bz +c =0 


Then, z, and z, are the roots of a (z+ bz+t=0 (A) 
c| 
2425S >, 2/25 =— 
a . ...(ii) 
d _ bt 
an + Z,= : = 
Zy Z2 3 2422 a | 
1 1 24,42, -b/a b re 
= = ay FT 29 
Ze By By Zs c/a c a 
7 [from Eqs. (i) and (ii)] 
wa 2a ee ile 
Zo Fe t/a 
b a be b 
= = 2+ Z, 
c caa a 


[from Eqs. (i) and (ii)] 


site 1 1 
Now, it is clear that z, = — and z, = — 
zy 9 
Then, |z, |? =1and|z, |? =1 
Hence, |z|=1 
Conversely For az” + bz + c = 0, we have to prove 


|z|=1>|a||b|=.Ja bc 


and ja|=|c| 


|jzj=l > |z[P?=1 > z7Z=1>2z 


From Eq. (A), we get 
i\" = fA _ 
a+) +0(2)+e-00rest+d2+0=0 
Zz Zz 


Also, az” + bz + c = 0, on comparing 


. aa@=céanda b=bcs 
=> |a|=|c|and|a||b| =a b’c 
95. (i) Let z, =7 (cosa + isin), 
Z. =%(cosB+isinB) and z, =r, (cos y+ isin y) 
* 124.) = A122) = lz3|=% 


and arg (z,) =, arg (z,) =B, arg (z3) =¥ 
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23 
From the given condition, 


hw 


BHI 


3 3 3 a 
=> Roth +r —34hmr =0 


= 50 $1 +) Mr —4)? + 5) +5 —H)*F = 0 


Since, R+n+R#0, 


(r, ny =0 


then (7, 1%) + (f% — 1) 


It is possible only when 
R-h=h-h=h—1=0 
R=aHh=% 
and Iz, |=|22| =|23;=r [say] 


Hence, Z,, Z,Z3 lie on a circle with the centre at the origin. 


(ii) Again, in A oz,z, by Coni method 
arg | “3 — le Zz, 02, => arg | “2 | = Zz, 02, ..-(i) 
Z,—0 Zo 


2 


In A z,z,z, by Coni method 


ge 
arg | 3 


1 
= ZZ, Z, Z,=— Z2Z,0z,[property of circle] 
Z_—- 2, 2 


zy 
os (2) aoa [B=] 
ca Zz. 7% 
2 
23 23 7% 
Hence, arg | — | = arg 
zy 227% 


96. We know that, 
Re (z,Z,) $|2Z, | 
“ lz,I’ + |z,|" + 2Re (z,Z,) S|z,|’ # |z,|" + 2|z,Z,| 


= ; arg (2) [from Eq. (i)] 


2 2 2 : 
> lz, + 22° S]z, [0 + |z2 |)" +212, | 1221 ..-(i) 
Also, AM => GM 


(Ve |Z, |)” + 


2 


1 2 
= |2, } 1/2 
Rc {Yes eras rh [ee >0] 


2,1 2 
=> c|z,| ea 22|z, | |Z, | 


2 2 2 2 a, 4 2 
a Neu Deas ee Ue ee lea re ee eae 


= lal’ + |z./? + 2]z ||22| SG + ¢)|z, |? +0 +e") (lz, /7) 


...(ii) 
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From Eqs. (i) and (ii), we get 98. Let z be the complex number corresponding to the orthocentre 
J+ 2 [? SQ +e)|z 7? +0407) |zo/? Reeiiee AD OE Wear 


Aliter 
Here, (1 + c)|z, |? +(1+¢7)|z, |? —|z, +z, |? 


1 
=(1+c)z%+ (1 + *] Z_Z_ —(Z, + Z2)(% +Z,) 


1 = 
=(1+ c) z,z, + (1 + ZZq — 212, — BZ. — ZZ, — 227, 
c 


oP ok oe = = 
a ae ZZ — 292 


_1 25 4 > = = 
{c°Z,Z, + ZZ — C2 Z_— CZ, 2} 


c 
1 2 es F 
=~ {cz, (CZ — Zy) — 2, (eZ — Z,)} 1.e; 
c Zo 
1 ee 1 ae 
= = (C2, — 2g) (CH — Z)=— (CZ, — 22) (C2 — 22) 2-2 2-2. Zz, 
c c ie. Re 1 1=0 or 147 “l=9 vei) 
1 2 Z_— 23 2g — 43 2, — 23 
=—|cz,-z,|" 20asc>0 
c ae Zo ZZ, . 
1 Similarly, —— =0 [° BE LCA] ...(ii) 
(1 +c)|z,|" 4 [1+ Jeet |z, +z, |’ 20 Z3-% 2, -% 
c 
1 From Eq. (i), we get 
Henee,|z, +2, s(1+ olalt + (144) 2 le _ (gz) (Z -%) 
Z=Z,- eee (iii) 
97. If z be the complex number corresponding to the circumcentre ee 
O, then we have From Eq. (ii), we get 
OA = OB = OC = 
F =z, _& —22) (Z3—%) iv) 
A(z) (23 — 2) 


Eliminating z from Eqs. (iii) and (iv), we get 


Z-Z a APSAn 


1 2 


Gat? een 


or (z — 2) (Z, — 23) (23 — 2) — (@ — 22) @s — %) (Z2 — Zs) 
=(Z, — Z,) (Z, — Zs) (z3 —2,) 


or z {(Z2 — 23) (Z3 — 2) — (Z — 2) (22 — Z3)} 


> 
=> =(Z, — Zy) (Z, — Z3) (23 — 2) + 2 (Zs — Z3) (Z3 — 2%) 
=> — 2, (Z; — Z) (2, - 25) 


(i) => 2 Zo25 — ZZ, — 255+ Z5z, — Beat Zo2q. + ZZ — Zz] 


je = yy 5? 
From first two members of Eq. (i), we get = (Z ~ 2p) {2223 — 22% — 23 + Ze} 


Z (Z. —2,) =Z, (2 —2,) —Z, (z —Z,) (ii) + (Zy — Z3) (232, —21)+ (Zs —%) (2223 — 23) 
and from last two members of Eq. (i), we get =~ {z? (Z, —%,)+ 23 (%,-%) + 22 (G]—-%)} 

Z (23 — Zp) = Zz (2 — Z,) —Z3 @ — 23) -- (iii) + {Z,2923 — 2y2,Z, + 25242, + Zy2yZ5 
Eliminating Z from Eqs. (ii) and (iii), we get ZyZghq + Zola, — ZZ23}—-z L (zZ — 2%) 
(22 — 2) [Z_ (@ — 22) — Z3 (2 — 23) = (3 — Za) Sa) 4 (2) Ge =e) 

[% (2 — 2) -—Z (z —2)] Meat eee es lz,” (zy — 23) 
_ _ = Hence, z = 

or Z [Zy (Zy — 2) — Zs (Z, — 2) — % (Z3 — 2g) + Zp (Z3 — Z2)] Y (z,Z — 22%) 


= 222 (22 — 2) — 230s (22 — 1) 22,2; 22) + 2p Z, (23 — 22) 99. LetO = : (2n +1) 1, where n = 0, 1, 2, 3, ...,6 
7 


or z LZ, (2, -2z3)=)b 2Z,Z, (2) -—2Z3) 
ane k eee “7 =(2n+1)m or 40=(2n+1)n-30 


2 
abla (2 — Z3) or cos 40 =— cos30 


LZ @ —2s) or 2 cos’ 20 —1=~—(4cos* 0 —3 cos @) 


or 


or 2(2cos” @ —1)° —1=—( 4cos* 0 —3 cos @) 


or 8 cos’ 0 + 4 cos® 8 —8 cos” 8 —3 cos6 +1=0 
Now, if cos 8 = x, then we have 
8x4 + 4x° —8x" -3x+1=0 
or (x + 1) (8x° — 4x” — 4x +1)=0 
x+1#0 
8x° — 4x" 4x+1=0 


Hence, the roots of this equation are 


T 31 51 
cos—, cos—, cos—. 
7 7 7 


[O47] 


...(i) 


: on 51 117 
[ since cos — = cos—, cos 
7 7 7 
31 13% T 
= cos - cos = cos - and Eq. (i) is cubic] 


(i) On putting = =yorx= — in Eq. (i), then Eq. (i) becomes 
x 


Vy 


8 4 4 
= ee 


yiy y vy 


Ss) 


16 8 16 4 4 
or Lise . = 14 5 

yey y yy 
or y? —24y? + 80y —64=0 
where d sec’ 

— =sec 
- x? cos’ 

Thus, the roots of x* — 24x” + 80x —61=0 


25m 
7 
(ii) Again, putting y =1+zie.z=y-1 


oT 231 
are sec“ —, sec” —, sec 
7 7 


=sec”@ — 1 = tan*0, Eq. (ii) reduces to 


(1+ z)>-24(1+z)? +80(1+z)-64=0 


or z>—21z? + 35z-7=0 
Tt 3m 
Hence, tan? 7 tan? = , tan” 


x? — 21x" + 35x -7=0 


1 
are the roots of 


1 
(iii) Putting x = — in Eq. (i), then Eq. (i) reduces to 
u 
u> — 4u” — 4u + 8 = 0 whose roots are 
T 30 51 
sec —, sec —, sec —. 
7 7 7 


Therefore, sum of the roots is 


Tq 30 51 
sec + Sec + Sec =4 
7 
100. Let roots of z7 + 1 =0are—1,0,0°,0°,0,0°,Q°, 


1 .. 
where @ = ee +isin 7 


(27 +1) =(z +1) (z -a) (z —&@) (z -0°) 


(ii) 


(iii) 
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2 T 2 30 
=|z° +1-—2z cos z° +1 -2z cos 
7 7 


5 
(= +1-2z cos) .(A) 


Dividing by z? on both sides, we get 


[P 5) [= | ( ; 
2 | Seb | a eee [a 
3 2 
4 Zz 4 
1 T 1 30 1 51 
=|z4 2 cos z4 2 cos z4 2 cos 
4 7 ‘Z 7 Zz 7 


: 1 
On putting z + — = 2x, we get 
Zz 


3 


(8x? —6x) —(4x” —2) + 2x-1 


Tl 
or Bx ax? 4x41 =8(2— 00s] 


[x cos) [x cos] ...(i) 


So, 8x° — 4x? — 4x + 1 = Oand this equation has roots 


T 31 51 
cos—, cos—, cos — 
T 30 51 Constant term 
cos— cos te) - a 
7 7 7 Coefficient of x 
1 31 51 1 


= roved (i) part 
mu . ; [p (i) part] 
On putting x = 1 in Eq. (i), we get 


Tt 30 51 
1=8]1-—-cos 1—cos 1 — cos 
| [ 7 7 


9% . 93% . 95T 
or 1=8)]8sin sin sin 
14 14 14 
Since, sin® > 0 for 0 <@ < 1/2, we get 
Tt 3n . 5m 1 
sin— sin—sin— =— __ ...(ii) [ proved (iii) part] 
14 14 14. 8 


Again, putting x =— 1 in Eq. (i), we get 


T 30 51 
7=-8]|1+ cos 1+ cos 1+ cos 
[ “) | | 4 


a 2 1 231 291 
7 =8 | 8cos’ — cos” —cos* — 
14 14 14 


Since, cos® > 0 for 0 <@ < 1/2, we get 


Tog 3h 5n V7 


...(iii) [ proved (ii) part] 


1 
a roved (iv) part 
4°14 «214 «7 Lp () part] 
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On putting z = - . in Eq. (A), we get 
31 51 
2° cos” — cos” —— cos? — 
Q+y)'+@-y)’_ Yee aT 
2(1—y)° (1—y)® 


Using result (ii), we get 


(1+y)’+Q—-y)’ =14 Ga + tan’ = 


31 51 
2 2 2 2 

+ tan” — + tan” — 
[» =| [y =| 


Equating the coefficient of y* on both sides, we get 


15 30 51 
7C, + 7C, =14} tan? — + tan’? + tan’ 
14 14 14 
Tt 31 530 
Therefore, tan” + tan? + tan’ =5 
14 14 14 


Equation | Zz | =3 represents boundary of a circle and equation 


| z—{a(1+i)—i} | <3 represents the interior and the 
boundary of a circle and equation | z+2a-(a+1)i | >3 
represents the exterior of a circle. Then, any point which 
satisfies all the three conditions will lie on first circle, on or 
inside the second circle and outside the third circle. 


For the existence of such a point first two circles must cut or 
atleast touch each other and first and third circles must not 
intersect each other. The arcABC of first circle lying inside the 
second but outside the third circle, represents all such possible 
points. 


Let z = x + iy, then equation of circles are 
xt y? =9 zal) 
(x-a) +(y-a+1)? =9 ...(ii) 
1)? =9 ...(iii) 


and (x+2a)’>+(y-a 


Circles (i) and (ii) should cut or touch, then distance between 
their centres < sum of their radii 


> va 0)? +(a-1-0)? $3 +3 
=> a’ +(a—1)* <36 
=> 2a” —2a-35 <0 


35 1+ +71 
> e085 004 AY. 


: =o ee: tT ...(iv) 


Again, circles (i) and (iii) should not cut or touch, then distance 
between their centres > sum of their radii 


ri 2a — 0)? +(a+1—0)? >3 +43 
or 5a’ + 2at+1 >6 
> 5a” + 2a+1>36 
or 5a’ + 2a -35>0 
2 2a 
> a’+—-7>0 
5 
-1-4 11 -144 11 
or a a >0 
5 5 
—4{—44/11 =1+ 2411 
a 00, : U : , 00 ..(v) 


Hence, the common values of a satisfying Eqs. (iv) and (v) are 


ee att) ee wn) 


2° 5 5 2 


102. (i) From De-moivre’s theorem, we know that 


sin (2n + 1)a = 7"*'C, (1-sin’a)" 
sina — "*'C, (1 -sin?a)"~! sin?o 
+...+(—1)" sin?” **o 
It follows that the numbers 
tT . 2m . nt 


sin , sin pang SiN! 
2n+1 2n+1 2n+1 


are the roots of the equation. 
ant+ ‘Cd _ x?" x _2n+1 C3(1 _ a er sh oes (- 1)"x2" +1 
= 0 of the (2n + 1) th degree 


Consequently, the numbers 


a , sin? an ye, sin? a are the roots of the 
an+1 2n+1 an+1 

equation 

antic dxf tC, =x) tx. (1) x" = 0 of 

the nth degree 


(ii) From De-moivre’s theorem, we know that 


sin(2n + 1)a=""*'C,(cosa)™” sina 


— ™*1C,(cosa)”"~* sin’, +... + (-1)"sin?”* 1a 
or sin(2n+1)a@=sin"*! a 
"10. cota "#10, cot?" 20 42C, cot”"4a —...} 
T 27 31 nim 


It follows that @ = 


2n+1° 2n+1 2n+1 2n4+1 
Therefore, equality holds 
lade 6} er a= BG cot", so. sath = 0 
It follows that the numbers 
Tt 27 
cot? , cot? ——, ..., cot” are the roots of the 
2n+1 2n+1 an 1 

equation 

an+ Cat _ 2n+ 163" ae 2n+ Cx” es |) 


of the nth degree. 


103. Let y =|a + bw + c’|. For y to be minimum, y” must be 
minimum. 
y? =|a + bw + cw’ |? =(a + bw + cw) (a + bw + cH’) 
=(a + bw + cw’) (a + bO + cH") 
y? =(a + bw + cw’) (a + bw’ + cw)3 


=(a? + b? +c? — ab — be —ca) 


1 
=; [(a — b)? + (b-c)*? +(e -a)’] 
Since, a, b and c are not equal at a time, so minimum value of 
y” occurs when any two are same and third is differ by 1. 
= Minimum of y = 1 (asa, b, c are integers) 


104. Equation of ray PQ is arg (z + 1) = 7 
Equation of ray PR is arg (z + 1) =— ‘ 


Shaded region is -— 7 < arg (z + 1) <* = larg (z + 1)| <* 


|PQ| = y(v2)’ + (W2)* =2 


So, arc QAR is of a circle of radius 2 units with centre at 
P (—1, 0). All the points in the shaded region are exterior to 
this circle |z + 1] =2. 


T 
ie. |z + 1] >2 and |arg (z + 1)| ar 


-1 
105. In AAOB from Coni method, a =e@? is 


=Z, 


Zp -~1=(z,4-1)i 
zp =14+(24 V3i-1)i=14 (1 4 i) i 
=1+i-3=1-V3 +i 
Zo = 2-2, =2-(24 V3i)=— 43 i 


and Zp =2—z_ =2-(1- 43 +) =14+ V3 -i 
Hence, other vertices are (1 — V3) + i, — V3i, (1 4 v3) Li 


106. Let z, =7, (cos 8, + isin 8,) and z, =r, (cos ®, + isin 8.) 
o1z, + Z| =[(m cos ®, + cos 0)” + (7, sin, + 7, sin @,)?}” 
=|| i a Gh + 277, cos (8; — 0.) =[(, + ae 
[2 + 22] =12,| + [22] 
Therefore, cos (8, —8,) =1 
> 0, -98,=0 
=> 6, =9, 
Thus, arg (z,) - arg(z,) =0 
107.(x—1))=-8 => x-1=(-8)'% 
=> x-1=-2,-20, -— 20” 


=> x =-1,1-20, 1-207 
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Zz 


108. =1 = lal=|-3] 


z-- 
3 


Clearly, locus of z is perpendicular bisector of line joining 
points having complex number 0 + i 0 and 0+ : 


Hence, z lies on a straight line. 


109. Given, [e= = is purely real => z #1 


@-@z\_ (@-@z)_ @-wz 
IZ Iz dz, 


=> (@-@z)(1-Z)=(1-z)(@-z) 
> (zz —1)(@-@)=0 
=> (|z|? — 1) (2iB) =0 [-@=0 + i] 
|z|? -1=0 
> |z|=landz #1 [. B 40] 
Wo (2kn) kT 
110. d sin (=| + i cos (=) 


10 10 ay 
=i {oo (= isin (7) =! ys 
, 11 11 a 


k 
-2kni 
10 aq 

=i ye —1| =i(0-1) [* sumof 11, 11throots of unity= 0] 


117.5 27+z+1=0 


Z=0,0° 
1 2 
z4 @+ o+@ 1 
Zz 0) 
1 1 
> z 4 == 0" 5=0°+0= 1 
Zz 0) 
1 1 
zt 5 =0° zelt1=2 
Zz o 
1 1 1 
zi 4 = =o* + 7=O@+—=-1 
vd (0) @ 
1 1 
z>4 ==" 4 ==0’?+@=-1 
Zz @ 
1 1 
and z°+—=@°+—=2 
z 0) 


. Required sum = (—1)’+ (1)? + (2)” + (-1)? + (-1)” + (2)? =12 


112. Let OA =3, so that the complex number associated with A is 
3e""'* Iz is the complex number associated with P, then 


+ N (North) 
zZ 
4 
n/2 A 3e! n/4 
3 
W- nm rE 
O (East) 
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z-3e"* 4 ay 4 
m/4 i ~ 
0 —3e 3 3 
=> 3z —9e'™/* =12ie™!4 => z=(3 4 4i)e™4 


113. Let z=cos@+isin® 


Ze cos 8 + isin® 
1-z? 1 -—(cos 20 + isin 26) 


cos8+isin®@ 


2 sin’ @ —2isin® cos® 


cos §@ + isin®@ i 


—2isinO0(cos@+isinO) 2sin@ 
Hence, 7 5 lies on the imaginary axis i.e. x = 0 or on Y-axis. 
1-z 
Aliter 
1 1 1 
Let B=" =_*_ =_"_= = Z 
=—% ZZ —z Z-Z Z-—2Z Z-zZ : 
2i 
2i 
= which is imaginary. 
2Im|z| 
114.|z + 4| <3 


=> z lies inside or on the circle of radius 3 and centre at (— 4, 0). 


Maximum value of |z + 1] is 6. is 


vy 
115. Let A =set of points on and above the line y = 1 in the argand 
plane. 
B =set of points on the circle (x — 2) + (y - 1)? =3? 
C =Re(1—i)z=Re [(1—i)(x +iy)J=x+y 
=> xty=2 
Hence, (A BO Cy has only one point of intersection. 
116. The points (— 1+ i) and(5 + i) are the extremities of diameter 
of the given circle. 
Hence, |z + 1-i|’ +|z —5 —i|” =36 
117.°. |z —w| $||z|-|w]| 


and|z — w| = distance between z and w 


z is fixed, hence distance between z and w would be maximum 
for diametrically opposite points. 


=> |z-w|<6 => ||[z|—-|wl| <6 
=> -—6<|z|—|w| <6 => -3<|z|—-|w|+3<9 
118.°- z) =142i 
2 =64+5i 3 2z,=-64+7i 
119. Put (— i) in place of i. 
Hence, = 
i+ 1 


120.-. zz (Zz? +z”) =350 
Put z=xt+iy 
(x? + y*)-2(x* — y*) =350 
(x? + y’) (x? -y’) =175=25X7 


x? + y? =25, xy? =7 


Yududy 


x’ =16,y’ =9 
x=t4y=+3;x,yel 


Area of rectangle = 8 X 6 = 48 sq units 
15 


15 15 
121. Y Im@’""')= ) Im [e (2m— 1 8) Y" sin (2m -1)6 
m=1 m=1 


m=1 


1 2sin(2m—1)0sin0 


=D 2 sin 0 


m=1 
15 
m=1 


_ cos 0°—cos 308 _ 1—cos 60° 


cos (2m — 2) 8 — cos 2mO 
2 sin 8 


; ; (8 =2°) 
2 sin 0 2 sin 2° 
Pa 
Peis, ee 
2sin2° 4sin2° 
4 4 
122. |z >||z|-— => 22||z|-— 
|z| |z| 
4 2 
=> -28|z| | ja => -—2|z|<|z\°-4s2|z| 
Zz 
> |z|/?+2|z|-420 
and 17 —2|z|-4<0 
=> ([z| +1)? =5 and (|z|—-1)° <5 


— 5 <|z|-1< V5 and |z|+12V5 
=> V5 -1<|z|<v5 41 
123. Asz =(1-t)z, + tz, 


2 
Z4 t 1-t Zo 


= z,,z and z, are collinear. 
Thus, options (a) and (d) are correct. 


ZZ ZZ, 
Also, t= 
2g — 2 22% 
Hence, option (c) is correct. 


27 21 1 3 
124. = cos + isin —— = + i v3 
3 2 2 


@ is one of the cube root of unity. 


2 


z+1 © 0) 
® z+o0> 1 |=0 
wo” 1 z+@ 


Applying R, > R, + R, + R3, we get 
Zz Zz Zz 
© z+@ 1 |=0 


wo” 1 


[140+ =0] 


Now, applying C, > C, —C,, C, > C, — C,, we get 


Zz 0 0 
® z+0'-o 1-@ |=0 
@? l-w? z+ 0-0” 


=> 2[(z + @? —@)(z+@-’)—(1-@)(1-@”)]=0 


=> z[z* -(@’* —o)* — —@* —w + @*)] =0 
> z[z* —(@* +? -2m*) -1+ @ +@-@°]=0 
> z>=0 

z=0 


125.|z —i| z||=|z + i|zl| 
(A) Putting z = x + iy, we get ylxt ty? = 


ie. Im(z)=0 
(B) 2ae=8,2a=10 > 10e=8 Se 


(0, - 3) 
16 
tf =25(1- =9 
x? 2 
= ie a 
25 9 


(C) z =2 (cos 8 + isin 8) 
2 (cos 8 + i sin 8) 


=9 (eds 0'4 pein) 7 (e088 ae) 


3 5 
z=—cos0+—isinO 
2 2 


Let z =x + iy, then 


3 5 
x =—cos@ and y =—sin® 
2 2 


- BB) 


4x? Ay? 
aN BEG it aad 
9 25 
x? 2 
=> fc aaeee aes 
9/4 25/4 
9 25 
> ae ee 
4 4 
, 9 16 
e 1 > e 
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(D) Let w = cos @ + i sin 9, then 
1 
z=xtiy=wt+— 
w 


> x + iy =2 cos® 
: x =2 cos @ and y =0 


126. °. x?-x+1=0 
1+ fa—4)_ 1+i3 


x= 


Zz 2 
1+ iv3 $18. 
and 

2 2 


x=-0',-@ 
a=-0',B=-o 


=> 0.2009 fe pro —_ @ 8 _ 0? 


=-0-0 =-(0@+ 0’) 
=-(-1)=1 
127.\z -1)=|z +1|=|z-i| 


> jz-1 


=> (z-1)(Z-1)=(z + 1)(Z + 1)=(z-i) (F +i) 
‘ . —- 


=> £€Z7-Z7-24 


=> -z-Z=z4+7Z=i(z-Z) 
From first two relations, 
2(z+Z)=0 = Re(z)=0 (i) 
From last two relations, 
z+z=i(z-Z) = 2Re(z)=-2Im(z) 
From Eq. (i), Im(z) = 0 
: z =Re(z) + iIm(z)=0+i-0=0 


Hence, number of solutions is one. 


128. We have, |z -3-2i| <2 
> |2z -6-4i| <4 ...(i) 
Now, |2z —6 — 4i|=|(2z —6 + 5i) — 9i| 
> ||2z —6 + 5i| —9| ii) 


From Eqs. (i) and (ii), we get 
|2z -6 + 5i|-9|<4 
=> -—4<|2z-6+5i|-9<4 
> 5 <|2z -6 + 5i| <13 
Hence, the minimum value of |2z — 6 + 5i] is 5. 


129.-- |zj=1  . z=e* 


: Pn) , 

2 2 2 
Re a = Re e er = Re _* a 
1-z 1-e“ e”—e' 


sin 8 
cosec 8 <—1 => cosec02>1 
=> -—cosec0>1 => —cosecO<-1 
= —cosec 0 €(- 9, —1] 4 [1, ©) 


Re ae | €(—~, 4] A [1, ©) 


1=—2Z 


100 = Textbook of Algebra 


130.-: |z| =1. Let z =e'° 


z—-1=e" -1=e”.2j sin (0/2) 
1 1 _ ie 8? 
= _ 10/2. F 
z—-1_ 2ie”’*-sin (0/2) 2 sin (0/2) 
1 je (8? 1 (5 >) 
> Se ————_—— arg =|—-— 
1-z 2sin (0/2) 1-z 2 2 
1 T : 
> arg =|—-- 
1—z 2 €2 


.. Maximum value of ae : )-4 
1-2 2 
131.-- |x|? =xx =(a+b+c)(@+b +0) 
=(a+b+c)(@+b +2) 
=|al’+|b/? +|cl? + ab +ab + be + be+ca+éa_...i) 
ly? =yy =(a + bw + cw’) (@ + bw + Zw’) 
=(a + bw + cw”) (Z + DO + 70") 
=(a + bw + cw’) (@ + bw’ + 7) 


=|a|’ +|b/? +|cl? + ab? + abo 
+ bew’+ bow + cam"+ Faw ...(ii) 


and|z|? = zz =(a + bw’ + cw) (a + bw” + co) 
=(a + bw*+ cw) (a + DO” + CO) 136. 
=(a + bo’ + cw) (a + bw + Cw”) 
=|a|? + |b)? +|c|? + abo + abo’ 
+ btw + bem? + ca@+ tan _...(iii) 
On adding Eqs. (i), (ii) and (iii), we get 
|x|’ + |y|? + |z|? =3 (al? + |b)? + |c|”) 
+0+040404+0+0(21+0+0* =0) 
[xl +1? +122 _ 


Jal’ + |bI? + lel? 


zZ+Z 


132.:. Re(z)=1 =1 5 24+7=2 


Since, a, B € R 


“. The complex roots are conjugate to each other, if z,, z, are 
two distinct roots, then z, = Z, or Z, =2Z, 


.. Product of the roots = z,z, =B 
=> 
B =|2,|’ =[Re(z)]° + Im|z,|’ 

=1+Im|z,|?>1 


[' roots are distinct .-. Im (z,) # 0] 
B>1 or B E(1, 0%) 


( w’)’ 14 love 14 


133. (14 


Given, (1+ @)’=A+ Bo > 14+@=A+ Bo 


w)’ o o 


On comparing, we get A=1, B=1 
(A, B) =(1, 1) 


134. Given, z* +24 


137. 


3 
Hence, at— 
4 


135. Let z = x + iy, then 


z? _ (x + iy)? _ (x? ~y? + 2ix) 
z-1 (x+iy-1) (x —1+ iy) 
_ (x? ~y? + 2ixy) (x -1-iy) 


(x —1+ iy)(x-1-iy) 


[for a =3/4, z will be purely real] 


_ (x =1)(x" ~y") + 2xy? + i [2xy (x= 1) -y * -y’)] 


al ey 
Now, im( = Je 
ZT 
> axy (x -1)—y (x? -y’)=0 
> y (2x? -2x-x? +y")=0 
> y (x? + y? —2x) =0 
> y=0 or x° +y?—2x=0 


Hence, z lies on the real axis or on a circle passing through the 


origin. 
Given, |z|=1 and arg (z) =0 
> \z?=1 > zzZ=1 
= z= 
Zz 
_ 1+z 
ve (alm) 
= arg (z) =8 
Aliter I 
Given, |z| =1and arg (z) =0 
> gae"° 


LZ e! id 
arg — | =arg = | = arg (e") = 
1+Z 1l+e 


) 


Aliter II Given, |z|=1and arg (z) 
Let z = @ (cube root of unity) 


...(i) 


(ii) 
[from Eq. (ii)] 


[from Eq. (i)] 


Le 1+@ 
arg — | = arg — |= 
1+2Z 1+ 0 


(1+ 0+ 0° =0) 


arg (®) = arg (z) =98 
1 
Zy =20 —-— 
a 
2|z? =r? +2 
ii 2-2 1 1/ 
2\20 —-—| =r°+2 >2)20-—) =|a-—| +2 
a a a 
2 1 2 1 
=>7\a\" 4 7 78=0 = |a|" =1or > |a|=1 or 
|x| V7 


138. 
eibn/6 e in/6 
A 1 
ei Sa/6 e7/m/6 
1/2 1/2 
me V3 +i =e/6 p — ginnls 
2 
As z,€POH, >z,=1e"%e 7 


As z,€POH, > z,=-1, gS g PRIS 


Z2z,0z, = 27/3, where z, =e™'® z, =e?" 


Sol. (Q. Nos. 139-140) 
Letz=x+iy,S,:x°+y" <16 


Now, Im (x=1) +i(y + V3) >0 
1 — 3i 
=> S,ivBxty>0> S3:x>0 
V3x +y =0 (0, 4) 


139. min |1 —3i — z| = min|z —1 + 3i| 


= perpendicular distance of the point (1, — 3) from the straight 
V3 -3|_ 3-3 


2 2 


line V3x + y =0= 


140, area ofS =(+) mx 4?t (:) ax 4? = 
4 6 3 


141. Since, |z| > 2 is the region lying on or outside circle centered at 


(0, 0) and radius 2. Therefore, |z + (1/ 2)| is the distance of z 
from (— 1/ 2, 0), which lies inside the circle. 


Hence, minimum value of |z + (1/ 2)| 


= distance of (— 1/ 2, 0) from (— 2, 0) 


1 2 
= (-5 +2] +|0-0|? =3/2 


1 
lz|—— 
2 


Aliter 


|z + (1/2)|> > [lz] 22] 


2 -; 

2 
|z+ (1/2)| 23/2 

142. Clearly, z;° =1, V k, where z, #1 


(A) z,-z, =e C7 E+) 21, if(k + j) is multiple of 10 


ie. possible for each k. 
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(B) z,:z =z, is clearly incorrect. 


C) Expression = 
(C) Exp 7 


7 2kn 
(D) 1+ 2z,=051+ LY cos (3 =0 
k=1 10 


.. Expression = 2 


143.-: % aly 
2-225 
2 — 12 
=> | 2-22, |" =|2-2,2, | 
=> (% — 222) (& — 222) = 2 — 2,22) (2 — 2,22) 
=> (% — 222) (% — 222) = 2 — 2,22) (2 — ZZ.) 
=> 2,2, — 22,Z — 22,24 + 42.7%, = 4 — 27,2, — 22,2. + 2424222 
2, are ar 2 2 
= [al + 4) +4t] a) | z.| 
=> (14 )-4)@-|z,|’)=0 


|Z,|#1 
|z,|?=4 or |z,|=2 
=> Point z, lies on circle of radius 2. 
144. Let a =3, b = —3,c =2, then 


4n+3 4n+3 


(a+ bm + cw’)*"*? + (c+ aw + bm?)*"* 2 + (b+ cw + aw’) 
=) 
=>(at+ bo+cw’)*"*? 


4n+3 4n+3 
[erento ee (Eee) =f 


a+ bw+ cw" a+ bw + cw? 


=> (a+ bot cw’)"* 304 "3 +(2)*"*3) = 0 
= 4n+3 should be an integer other than multiple of 3. 
n=1,2,4,5 


145.°- Oo, = coo =) } sin( =) = @ mk? 


im(k+1)/7_ , imk/7 _ 4 ink 79 im /7_ 1) 


Ong, ~Ak =e 


i T 

=e MKT, GMA os inl 

14 
=> |o Q,|= 2si x 
—o,|=2sin| — 
k+1 k 14 


= 1 1 
a -—Q,|=12 x 2 sin} — | =24 sin | — 

yl k+1 xl 

vet 14 14 


and 0.4,_; —O4g_» mg MUR1)/T_ g (AR-2)/7_ 5 tm(4K-2)/7¢9  7_ 4) 


: _ . T 
= M(4k 2)/7, 9 MN4 oF in| see 
14 


=> | -a |=2sin —. 
= = 
4k-1 4k-2 


3 T Tt 
Oyp_1 —Ayp_.|/=3 X2 sin | — | =6 sin | — 
loa ~tag-al (=) -sin (= 


k=1 
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147. °. 
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12 
Yi lotee1 — Ox 
k=1 = 


Hence, 4 
3 
Yi ak—1 axa 
k=1 
Letz a2 t 2 sin 8 
1-2isin® 
z is purely imaginary 
. Z£=-Zz 
= 2+3isin@\ (2+ 3isin® 
1 —2isin® 1—-2isin® 
2 —3i sin® 2+ 3isin0 
> _ 
1+ 2isin® 1-2isin® 


=> (2 —3i sin 8) (1 —2i sin ®) + (1+ 2i sin 8) (2 + 3i sin®) =0 


1 
= 4-12sin?@=0 or sin’ 8 =~ 


arr 
= x+iy= a. 
a’ +bd*t 
a 7 a bt 
(a* + bt”) (a* + bt’) 
or e+yi=——_ =* 


x 
or x +y?-—=0 
a 


1 
.. Locus of z is a circle with centre (. 0 
a 


1 
and radius = —,a> 0. 
2a 


Also for b = 0, a # 0, we get y = 0. 


} 


locus is X-axis and for a = 0, b #0, we get x =0 


locus is Y-axis. 
1 uf 1 
148. Let A=] 1 


1 @? o’ 2 


11 1 
0-1 @/=|1 © @ 
10 © 


(214+ @ + =0and@’ =1) 
Applying C, > C, + C, + C,, then we get 


en ee | 
A=|0 o wo? 

0 Om 0) 
=3(0’ -o*) 


=3(-1-@-@) (- 

=-3(1+ 20) 

= —3z =3k (given) 
k=-z 


(. 


1+0+@’ =0) 


@°* =1and1+@+* =0) 


(1+ 2@ =z) 
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Session 1 


Polynomial in One Variable, Identity, Linear Equation, 
Quadratic Equations, Standard Quadratic Equation 


Polynomial in One Variable 


An algebraic expression containing many terms of the 
form cx", n being a non-negative integer is called a 
polynomial, 


: -1 -2 
iLe., f(x) =a): x" +a,°-x"" +a,-x" 
ies hh Apa Oo Aes 


where x is a variable, ao, a;,@2,...,@, are constants and 
ao #0. 


1. Real Polynomial 
Let do, @), @,...,@, be real numbers and x is a real variable. 


Then, 


F(xy=ag<x" +aqyex* ae 


+A,°X Tiss Fang (1 Fa, 
is called a real polynomial of real variable (x) with real 
coefficients. 


For example, 5x? —3x° +7x- 4, x? -3x + 1, etc., are real 


polynomials. 


2. Complex Polynomial 


Let dy, 41, @2,...,4, are complex numbers and x isa 
varying complex number. 


n 


Then f(x) =ao: x"+ ay: 077) +g: x" bt dy XE Gy 


is called a complex polynomial or a polynomial of complex 
variable with complex coefficients. 


For example, x* —7ix® + (3 —2i)x +13,3x? —(2 +3i)x +5i, 
etc. (where i = /—1) are complex polynomials. 


5. Rational Expression 
or Rational Function 
P(x) 


An expression of the form 
O(x 


, where P (x) and Q (x) 


are polynomials in x, is called a rational expression. As a 
P(x) 


Q(x) 


particular case when Q(x) is a non-zero constant, 


reduces to a polynomial. 


Thus, every polynomial is a rational expression but a 
rational expression may or may not be a polynomial. 
For example, 


(i) x? —7x +8 (ii) ; 
Te 
an X° 6x" +11x -6 3 x +3 
(iii) (iv) x +— or 
(x - 4) x x 


4. Degree of Polynomial 


The highest power of variable (x ) present in the 
polynomial is called the degree of the polynomial. 


For example, f(x)= a): x" +a,-x" '+a,-x"? 


+... +a,_,°x +a, is a polynomial in x of degree n. 


Remark 


A polynomial of degree one is generally called a linear 
polynomial. Polynomials of degree 2, 3, 4 and 5 are known as 
quadratic, cubic, biquadratic and pentic polynomials, 
respectively. 


5. Polynomial Equation 
If f(x) is a polynomial, real or complex, then f(x) =0 is 
called a polynomial equation. 

(i) A polynomial equation has atleast one root. 


(ii) A polynomial equation of degree n has n roots. 


Remarks 


1. A polynomial equation of degree one is called a linear 
equation i.e. ax + b= 0, wherea, b €C, set of all complex 
numbers and a #0. 


2. A polynomial equation of degree two is called a quadratic 
equation i.e., ax” + bx + c,wherea b,c €Canda#0. 


S 


e 
3. A polynomial equation of degree three is called a cubic 
equation i.c., ax° + bx° + cx + d =0, wherea, b,c, d €Cand 


a#0. 


4, A polynomial equation of degree four is called a biquadratic 
equation i.e., ax 3 4 cx? + dx + e=0, where 


ab,c,d,eeCanda#0. 

5. A polynomial equation of degree five is called a pentic 
equation i.e., ax + bx? + cx2 + dy? + ex + f =0, where 
ab,c,d,ef €Canda#0. 


6. Roots of an Equation 


The values of the variable for which an equation is 
satisfied are called the roots of the equation. 


If x =o is a root of the equation f(x) =0, then f(a) =0. 


Remark 


The real roots of an equation f(x) =0 are the values of x, where 
the curve y = f(x) crosses X-axis. 


7. Solution Set 


The set of all roots of an equation in a given domain is 
called the solution set of the equation. 

For example, The roots of the equation 

x3 -2x7 —5x +6=0are 1, —-2, 3, the solution set is 

{1, — 2, 3}. 


Remark 


Solve or solving an equation means finding its solution set or 
obtaining all its roots. 


Identity 


If two expressions are equal for all values of x, then the 
statement of equality between the two expressions is 
called an identity. 


For example,(x +1)? =x* +2x +1is an identity in x. 


or 
If f(x) =0 is satisfied by every value of x in the domain of 
f(x), then it is called an identity. 
For example, f(x) =(x +1)? —(x” +2x +1) =0is an 
identity in the domain C, as it is satisfied by every 
complex number. 

or 
If f(x) =ay-x" +a,-x" | +a,-x 
+...+4,_-,+x +a, =0 have more than n distinct roots, it 
is an identity, then 

Ay =Q, =, =...=a,_1 =a, =0 


n-2 


For example, If ax’ + bx + c =0 is satisfied by more than 


two values of x, then a =b=c =0. 
or 


In an identity in x coefficients of similar powers of x on 
the two sides are equal. 
For example, If ax* + bx* +cx’ +dx +e 


=5x*—3x*+4x? —7x —9 be an identity in x, then 
a=5,b=-3,c=4,d=-7,e=-9. 


Thus, an identity in x satisfied by all values of x, where as 


an equation in x is satisfied by some particular values of x. 
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Example 1. If equation 

(A2 — 5A +6)x2 + (A? — 3A 42)x+ (A? —4)=0 is 
satisfied by more than two values of x, find the 
parameter 2. 


Sol. If an equation of degree two is satisfied by more than two 
values of unknown, then it must be an identity. Then, we 
must have 


MV =-50A4+6=0,A7 -3A4+2=0,A°7 -4=0 
=> X=2,3 and A=2,land A=2,-2 


Common value of A which satisfies each condition is A = 2. 


Example 2. Show that 


(x+b)(xt+c) (x+c)(x+a) (x+a)(x+b) 


=| 
(b-a)(c-a) (c—b)(a-b) (a-c)(b-c) 
is an identity. 
Sol. Given relation is 
(x+b)(x+c)  (x+c)(x+a)  (x+a)(x+b) _ (i) 
(b-a)(c-a) (c-—b)(a-—b) (a-c)(b-c) 
.  (b-a)(c -a) 
When x = — a, then LHS of Eq. (i) = ~~~ = 1 
1 e@le=a) 
= RHS of Eq. (i) 
When x = — b, then LHS of Eq. (i) 
(c — b)(a-b) . 
= = 1= RHS of Eq. (i 
(c —b)(a—b) ~ 


and when x = — c, then LHS of Eq. (i) = fae) =1 
(a—c)(b-c) 
= RHS of Eq. (i). 
Thus, highest power of x occurring in relation of Eq. (i) is 2 
and this relation is satisfied by three distinct values of 
x (= —a,—b,-—c). Therefore, it cannot be an equation and 
hence it is an identity. 


Example 3. Show that x* — 3|x|+2=0 is an 
equation. 
Sol. Put x =0 in x? -3|x|+2=0 
=> 0? —3|0|+2=2#0 
Since, the relation x* — 3|x| + 2 = (is not satisfied by x = 0. 


Hence, it is an equation. 


Linear Equation 
An equation of the form 

ax +b=0 (i) 
where a,be R anda #0, is a linear equation. 


Eq. (i) has an unique root equal to — eo 
a 
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xX (3x-1 X 
Example 4. Solve the equation — + ( _ I= 
2 
Sol. We have, ne pee) poe 
2 6 2 
x x x 
or +—+—=1+ 
2 2 2 
3x 7 
or —=- 
2 6 
7 
or x= — 
9 


Example 5. Solve the equation (a — 3)x+5=a+2. 


Sol. Case I For a #3, this equation is linear, then 
(a-—3)x =(a-3) 


-3 
ee 4 
(a - 3) 
Case II For a =3, 
0-x+5=34+2 
> y= 5 


Therefore, any real number is its solution. 


Quadratic Equations 


An equation in which the highest power of the unknown 
quantity is 2, is called a quadratic equation. 


Quadratic equations are of two types : 


1. Purely Quadratic Equation 


A quadratic equation in which the term containing the 
first degree of the unknown quantity is absent, is called a 
purely quadratic equation. 

1.€., ax’ +c= 0, 


where a,c € C anda #0. 


2. Adfected Quadratic Equation 


A quadratic equation in which it contains the terms of 
first as well as second degrees of the unknown quantity, is 
called an adfected (or complete) quadratic equation. 

ie., ax” +bx +c =0, 


where a, b,c€ Cand a#0,b #0. 


Standard Quadratic Equation 


An equation of the form 

ax* +bx +c =0 (i) 
where a, b,c € Cand a #0, is called a standard quadratic 
equation. 


The numbers a, b,c are called the coefficients of this 
equation. 


A root of the quadratic Eq. (i) is a complex number ©, such 
that ax” + ba +c =0. Recall that D =b? — 4ac is the 


discriminant of the Eq. (i) and its roots are given by the 
following formula. 


—~b+JD 


, [Shridharacharya method] 
a 


Nature of Roots 
1. Ifa,b,c€ Randa #0, then 
(i) If D <0, then Eq. (i) has non-real complex roots. 
(ii) If D >0, then Eq. (i) has real and distinct roots, 


namely 
-b+J/D -b-VD 
x, = »X_ = and then 
2a 2a 
ax? + bx +c =a(x —x1)(x —X2). (ii) 


(iii) If D =0, then Eq. (i) has real and equal roots, then 
x, =X, =—— and then 
2a 
ax” +bx +c=a(x—x,)’. 
(iii) 
To represent the quadratic ax” + bx +c in form 
Eqs. (ii) or (iii), is to expand it into linear factors. 
(iv) If D =0, then Eq. (i) has real roots. 
(v) If D,; and D, be the discriminants of two 
quadratic equations, then 
(a) If D, + D, 20, then 
e atleast one of D, and D, 20. 
e if D, <0, then D, >0 and if D, >0, then 
Dz <0. 
(b) If D,; + D, <0, then 
e atleast one of D, and D, <0. 
e If D, <0, then D, >0 and if D, >0, then 
Dz <0. 

2. If a,b,c € Q and D is a perfect square of a rational 
number, the roots are rational and in case it is not a 
perfect square, the roots are irrational. 

3. Ifa,b,ce Rand p + ig is one root of Eq. (i) (q #0), 
then the other must be the conjugate (p — iq) and 
vice-versa (where, p,q € Randi=~-1). 


4. Ifa, b,ce Q and p+ ug is one root of Eq. (i), then the 
other must be the conjugate p — Jq and vice-versa 
(where, p is a rational and Jq is a surd). 


5. Ifa=1and b,ce€ I and the roots of Eq. (i) are rational 
numbers, these roots must be integers. 


6. Ifa+b+c=0 anda, b,c are rational, 1 is a root of the 
Eq. (i) and roots of the Eq. (i) are rational. 


1 
ca = 


ab — be 


1.2 th +6 
{(a—b)* +(b—c)? +(c-a)*} 
=-{(a—b)(b-c)+(b-c)(c a)(a-b)} 


Example 6. Find all values of the parameter a for 
which the quadratic equation 


a) +(c 


(a+ 1)x* +2(a+1)x+a-2=0 
(i) has two distinct roots. 


(ii) has no roots. 
(iii) has two equal roots. 
Sol. By the hypothesis, this equation is quadratic and therefore 
a #-—1and the discriminant of this equation, 
D=4(a+1) — 4(a+1)(a—2) 
=4(a+1)(a+1-—a+t2) 
=12(a +1) 
(i) For a>(-1), then D > 0, this equation has two distinct 
roots. 
(ii) For a <(-— 1), then D < 0, this equation has no roots. 


(iii) This equation cannot have two equal roots. Since, 
D =0only for a = —1and this contradicts the 
hypothesis. 


Example 7. Solve for x, 
2 2 
(5+2/6)* ~>+(5-2V6)* ~3 =10. 
Sol. -- (5 + 2v6) (5 — 2V6) =1 


_. 4 
a= (5 + 2/6) 


(5+ 2V6)* 3 +(5 —2V6)* ~3 =10 


2 


1 x =3 
=10 
a] 


2 
reduces to (5+ 2V6)* ~ > + 


a 1 
Put (5+2V6)* ~° =t,thent +—=10 
t 
=> t? -10t +1=0 
10 + ./(100 — 4 
or t= ( ) (54 2v6) 
2 
a 
=> (5+ 2V6)* ~3 =(5+2V6) =(5 + 2V6)*? 
x?-3=41 
=> x? -3=1 orx*?-3=-1 
=> x’ =4or x’ =2 
Hence, = 12, +/2 
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Example 8. Show that if p,g,rands are real numbers 
and pr =2(q+5s), then atleast one of the equations 
x? + px+q=Oand x*+1™+5 =Ohas real roots. 
Sol. Let D, and D, be the discriminants of the given equations 
x? + px +q=0 and x +rx+5=0, respectively. 
Now, D, + D, = p?-4q +r? —4s =p’ +r’ -4(q +s) 
[given, pr =2(q + s)] 
[. p and q are real] 


= p +re- 2pr 
=(p-r)’ 20 
or D,+ D, 20 
Hence, atleast one of the equations x” + px + q =0and 


x” + 1x +s =0has real roots. 
Example 9. If a, are the roots of the equation 
(x — a)(x —b)=c,c #0. Find the roots of the 
equation (x — a)(x —B)+c=0. 


Sol. Since, «, {6 are the roots of 
(x-a)(x-b)=c 


or (x —a)(x —b)-c =0, 
Then (x -—a)(x —b)-—c =(x-@)(x-f) 
> (x -a)(x —B)+c =(x -—a)(x - bd) 


Hence, roots of (x —«)(x — 8) +c =Oarea, b. 


Example 10. Find all roots of the equation 
x" +2x*—16x? —22x+7=0, if one root is 2+ J3. 


Sol. All coefficients are real, irrational roots will occur in 
conjugate pairs. 
Hence, another root is 2 — V3. 
. Product of these roots = (x — 2— V3)(x -2+ V3) 
=(x-2)? -3=x° -—4x 41 
On dividing x* + 2x° — 16x” — 22x +7 by x? — 4x +1, then 
the other quadratic factor is x” + 6x +7. 
Then, the given equation reduce in the form 
(x? — 4x +1)(x? +6x +7) =0 
x° +6x+7=0 


—6 + ,/36 — 28 
x= 5 a 34/2 


Hence, the other roots are 2 — V3, —3+ 2. 


Then, 


Relation between Roots 
and Coefficients 


1. Relation between roots and coefficients of 
quadratic equation If roots of the equation 
ax” + bx +c =0(a #0) be real and distinct anda <f, 
-b+VD 3 _-b-VD 
2a , 


2a 


then a = 
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(i) Sum of roots 


=S$=0+B= b_ Coefficient of x 


a Coefficient of x? 


(ii) Product of roots 


Cc Constant term 
a Coefficient of x 


(iii) Difference of roots 
JD _ Discriminant 


a Coefficient of x” 


=D’=a-B= 


2. Formation of an equation with given roots 
A quadratic equation whose roots are o and f, is 
given by (x —a@) (x —B) =0 or x? -(a +B)x +08 =0 
ie. x” — (Sum of roots) x + Product of roots =0 


x? —Sx +P=0. 


SN) 


. Symmetric function of roots A function of o and 
B is said to be symmetric function, if it remains 
unchanged, when m and f are interchanged. 


For example, a? +30? B+3aR" +f° is a symmetric 
function of « and B, whereas a* —B*? +5a is not a 


symmetric function of o and B. In order to find the 
value of a symmetric function in terms of « +B, a 
and & — fi and also in terms of a, b and c. 


(i) a? +B” =(0 +B)? -208 

-( "| (¢]-" — 
(ii) a? —B” =(a +B) (@ -B) 

-( ‘(7 }- b/D 
(iii) 0° +B° =(a +B)* —30B(a +B) 

-( al (=| | [P=ete) 

= 3 — 4 Is 
(iv) a° -B* =(a -B)* +308 -f) 
(2) +(2)(-2)-2e. 


a a a a 


(v) a4 +B? =(o” +B")? —~2Q7 B? 


2 
_{ b? -2ac a(¢) _ b* +27" — 4acb’ 
a’ a a‘ 


(vi) a* —B* =(a* +B") a’ —B*) 
bVD (b® —2ac) 


a 


(vii) @? +B? =(a° +B") (a* +B°) 0° B°( +B) 


[P= ad = "| 


_ —(b° —5ab*c +5a’be’) 


5 
a 


(viii) a> — B® =(a? +B) (a? -B*) +0? B(a —B) 


-( Poe) Pes) (2) (2) 
_ JD (b* —3acb” +3a’c?) 


b] 
a 


Example 11. If one root of the equation 
x* — ix —(1+i)=0, (i = V—1) is 1+ i, find the other root. 
Sol. All coefficients of the given equation are not real, then 
other root #1 —i. 
Let other root be @, then sum of roots = i 
Le. 1+ita=i => a=(-1) 
Hence, the other root is (—1). 


Example 12. If one root of the equation 
9+v5 
x* ~J/5x-19=0Ois 6 


, then find the other root. 


Sol. All coefficients of the given equation are not rational, 


9-5 
then other root # v5 . 


Let other root be &, sum of roots = V5 


945 -9 + 4/5 
2 2 


+o=45 = GS 


. ~9+N5 
Hence, other root is =9 +5 
2 


Example 13. If the difference between the 
corresponding roots of the equations x* + ax+b=0 


and x* + bx+a=0(a<b) is the same, find the value 
of a+b. 
Sol. Let o,f be the roots of x? + ax + b=0 and y, 3 be the 


roots of x” + bx + a=0, then given 


a-Bp=y-56 
2 2 _ 
- ja -4b — fb? - 4a fsa-p-22) 
1 1 l a 
=> a’ —4b=b’ - 4a 


> (a” — b?) + 4(a—b) =0 => (a-b)(a+b+4)=0 
“ a-—b#0 
a+b+4=0 or at+b=-4. 


Example 14. If a+b+c=0 and a,b,c are rational. 
Prove that the roots of the equation 
ib4+c=a)x* #(c+a—b)x+ (@4h—-—0C)=0 
are rational. 
Sol. Given equation is 
(b+c—a)x* +(c+a—b)x+(at+b-—c)=0 (i) 
w(b+c—a)+(ct+a—b)+(at+b-c)=at+b+c=0 
*, x = 1is a root of Eq. (i), let other root of Eq. (i) is a, then 


at+b-c 
Product of roots = ————— 
+c-a 
-c-c 
= 1xa= [-a+b+c=0] 
-a-a 
c . 
aoe [rational] 


a 


Hence, both roots of Eq. (i) are rational. 


Aliter 
Let b+c-a=A,ct+ta-b=B,at+b-c=C 
Then, A+B+C=0 [.a+b+c =0| ...(ii) 


Now, Eq. (i) becomes 
Ax? + Bx +C =0 ...iii) 
Discriminant of Eq. (iii), 
D = B’ -4AC 
=(-C —- A)? — 4AC 
=(C + A)? —4AC 


=(C — A)? = (2a - 2c)’ 


[-A+B+C=0] 


= 4(a—c)’ =A perfect square 


Hence, roots of Eq. (i) are rational. 


Example 15. If the roots of equation 
a(b—c)x?+b(c—a)x+c(a—b)=0 
be equal, prove that a,b,c are in HP. 


Sol. Given equation is 
a(b—c)x? + b(c —a)x +c(a—b)=0 ...(i) 
Here, coefficient of x? + coefficient of x + constant term = 0 
ie., a(b-—c)+b(c —a)+c(a—b)=0 
Then, 1 is a root of Eq. (i). 


Since, its roots are equal. 
Therefore, its other root will be also equal to 1. 


Then, product of roots =1x1= ale) 
a(b-c) 
=> ab — ac =ca-— be 
We 2ac 
a+c 


Hence, a, b and c are in HP. 
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Example 16. If « is a root of 4x? +2x-—1=0. 
Prove that 4a.° — 3a is the other root. 
Sol. Let other root is B, 


2 1 1 
= or B= (of (i) 
4 2 2 


then a +B = 


and so 4a,” + 2a —1=0, because © is a root of 
4x? +2x-1=0. 


Now, B=4a°-30 =a(4a? -3) 
=a(1-20 -3) [407 +20 -1=0] 
=-20a7-20 
=-1(40?)-20 
i 
=~ 5(1-20)—20 [402 +2a-1=0] 
1 ; 
= -_ -a=6 [from Eq. (i)] 


Hence, 4° — 3 is the other root. 


Example 17. If a, are the roots of the equation 
A(x? —x)+x+5=0. If A, and A, are two values of A 


‘ Oo A. 
for which the roots a, 6 are related by —+ B =—, find 
B a 5 
Ag. 
the value of —+ + —?. 
2 1 
Sol. The given equation can be written as 
Ax? —(A-1)x +5=0 

‘0, B are the roots of this equation. 

gget = aatap= : 

nN rN 

But, given es + p aes 

B a 5 

2 2 
= a° +6 _* 

ap 5 

(A-1)? 10 
s ae 
i (a +B) -20B _ 4 = 2 rn 4 
ap 5 5° 5 
nN 
=. 2 _— 
=> Oe WN! = Gi hesdh 
5X 5 

=>  -164+1=0 


It is a quadratic in A, let roots be A, and A,, then 
Ay +A. =16 and A,A, =1 
Ay é he _ AL +R _ (Ay +A)? — 2AA2 
Ag A, Ag Mike 


GN BOY ape 
1 
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Example 18. If o,8 are the roots of the equation =(a +B) (a —B)* {(a +B)’ — oB} 
if px + q=0, find the quadratic equation the roots = p(p* — 4q)(p* -@) 
of which are (a? — B87) (a*>—B°) and a*°B2+a7B°. and 038? +0283 = 02B2(a + B)= pq? 
Sol. Since, o,f are the roots of x? — px + q =0. S =Sum of roots = p(p’ — 4q)(p? — q) + pq’ 
a+B=p,oB=q = p(p’ —5p°q + 5q°) 
=> a - B= /(p? - 4q) P = Product of roots = p*q7(p* — 4q)(p* - q) 
Now, (a? — 8?) (a? —B°) .. Required equation is x? —Sx+P=0 


= (1 +B) (0 - B) (0: - B) (2 + a8 + B2) Lex" — p(p —5p'q+5q°)x+paq(p —4q)(p —4q)=0 


Exercise for Session 1 


1. \f(a? —1)x? + (a —1)x + a? —4a + 3 =0 be an identity inx, then the value of a is/are 
(a) -1 (b) 1 (c) 3 (d)-1, 1,3 
2. The roots of the equation x? + 23x +3 =Oare 
(a) real and unequal (b) rational and equal 
(c) irrational and equal (d) irrational and unequal 
3. Ifa,b,c € Q, then roots of the equation (b +c —2a)x? +(c+a—2b)x +(a+b —2c)=Oare 
(a) rational (b) non-real (c) irrational (d) equal 
4. \fP(x)=ax? + bx + cand Q(x) =—ax? + dx + c, where ac #0, then P(x) Q(x) =0 has atleast 
(a) four real roots (b) two real roots 


(c) four imaginary roots (d) None of these 


5. If roots of the equation (q —r)x? + (r —p)x + (p —q) =O are equal, then p,q,r are in 


(a) AP (b) GP (c) HP (d) AGP 
6. If one root of the quadratic equation ix? —2(i + 1)x +(2-/)=0,i = V-1is 2 —i, the other root is 
(a)-i (b)i (c) 2+ i (d 2-i 
7. \f the difference of the roots of x* — Ax + 8 =0 be 2, the value of Ais 
(a) + 2 (b) + 4 (c)+ 6 (d) + 8 
8. |f3p? =5p + 2.and3q2 =5q + 2 where p #q,pq is equal to 
(a) (0) -2 (3 (a) -3 
9. Ifo, 6 are the roots of the quadratic equation x? + bx —c =0, the equation whose roots areb andc, is 
(a) x? + ox -B=0 (b) x? - [(a+ B) + oB]x — oB(a+ B)=0 
(c) x? + [(a+B) + oB]x + oB(a+ B)=0 (d) x? + [(a+ B) + oB]x - oB(a+ B)=0 


10. Let p,q € {1,2, 3, 4}. The number of equations of the form px? + qx + 1=O having real roots, is 
(a) 15 (b) 9 (c) 8 (d) 7 
11. \faandf are the roots of the equation ax” + bx + c =0(a 40,a,b,c being different), then 
(1+ a+ @)(1+ 8 + B?)is equal to 
(a) zero (b) positive (c) negative (d) None of these 


Session 2 


Transformation of Quadratic Equations, Condition 


for Common Roots 


Transformation of 
Quadratic Equations 


Let &, B be the roots of the equation ax” + bx +c =0, then 
the equation 
(i) whose roots area +k,B +k, is 
a(x —k)? +b(x-k) +c=0 


(ii) whose roots are o —k,B — k, is 


[replace x by (x —k)] 


a(x +k)? +b(x+k)+c=0 [replace x by(x +k)] 


replace x (2) 


[replace x by xk] 


(iii) whose roots are ak, Bk, is 
ax” +kbx +k’c =0 


a B 


(iv) whose roots are aoe is 


ak’? x” + bkx +c=0 
(v) whose roots are —a, —f, is 


ax? — bx +c =0 [replace x by (—x)] 


replace x by (=) 
x 

a 

replace x by [- 

x a 


replace x by [*) 
x a 
(ix) whose roots are pa + q, pB + q, is 


2 
o( 24) of 24) +c=0 repacexty{ ==) 
P p P 


x) whose roots area”, 8B”, n€ N, is 
(x) es : 


: 11. 
(vi) whose roots are —, —, is 
a B 


cx? + bx +a=0 


7 1 . 
(vii) whose roots are —- —, — —, is 
106 


Dlr 


cx” — bx +a=0 


ss kk, 
(viii) whose roots are —, —, is 
a B 


cx? +kbx +k?a=0 


a(x'")? + b(x'")+e=0 [replace x by (x’/")] 
(xi) whose roots area!” ,B'", ne€ N is 
a(x")? +b(x")+c=0 [replace x by (x”)] 


Example 19. If o,f be the roots of the equation 
x? — px+q=0, then find the equation whose roots are 
ar 
p-a — p-B 
Sol. Let q =x => a=p-4 
p-o x 


q 


So, we replacing x by p — = in the given equation, we get 
x 


=> pat p + +q=0 
x 2G x 
2 
> q- P4441 =o 
x x 


or qx’ — pgx + q? =0 or x? — px +q=0 
ot , 
p-B 


is the required equation whose roots are and. 


p-a 
Example 20. If « and are the roots of 
ax? +bx +c =0, then find the roots of the equation 
ax? =bx(x=1)4 ex =1)? =O. 


Sol. «- ax’ — bx(x —1)+c(x - 1) =0 ..-(i) 


2 
=> { . | 7 Jrexo 
x-1 x-1 
2 
or | x vf 7 reno 
1 =x 1=x 


Now, a, B are the roots of ax” + bx +c =0. 


Then, o =—~— and B= = 
= 1-x 
=> x= us and x = z 
B+1 
Hence, ; are the roots of the Eq. (i). 
a+1B+1 


Example 21. If «,B be the roots of the equation 


3 3 
1-a 1- 
3x* +2x+1=0, then find value of } —— | + IB 
1+0 1+8 
Sol. ie ae a 
1+0 1+x 
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: We : : 
So, replacing x by i in the given equation, we get 
bX 
2 
l= x I= 3 2 : 
3 +2 +41=0 => x° -2x+3=0 ...(i) 
1+x 1+x 
1-a 1-68 


It is clear that 
1+aQ 


1-a@ 
be 
(==) 


and 148 are the roots of Eq. (i). 


aa ii 
(zB) 9 


and [ = GE =3 __ (iii) 
1+0 )\1+8 
(ica) (18) -(ic8 rich) ‘ 
1+a4 1+6 1+a 1+68 
[ at alt age B)-2 3-3-2=8-18=-10 
1+a)/\1+BP/lita 14+8 


Roots Under Special Cases 


Consider the quadratic equation ax” + bx +c =0 (i) 


where a, b,c € Rand a #0. Then, the following hold good : 
(i) If roots of Eq. (i) are equal in magnitude but opposite in 


sign, then sum of roots is zero as well as D >0, i.e. b =0 
and D >0. 

(ii) If roots of Eq. (i) are reciprocal to each other, then product 
of roots is 1as wellas D >0ie.,a=candD 20. 

(iii) If roots of Eq. (i) are of opposite signs, then product of 
roots <0 as well as D>0ie.,a>0,c<0and D>0or 
a<0,c>0Oand D>0. 

(iv) If both roots of Eq. (i) are positive, then sum and product of 
roots >0 as wellas D=0ie.,a>0,b<0,c>0and D=0 or 
a<0,b>0,c<0and D=0. 

(v) If both roots of Eq. (i) are negative, then sum of roots <0, 
product of roots > 0 as well as D2 0i.e.,a>0,b>0,c>0 
and D=0ora<0,b<0,c<0andD2=0. 

(vi) If atleast one root of Eq. (i) is positive, then either one root 
is positive or both roots are positive i.e., point (iii) U (iv). 

(vii) If atleast one root of Eq. (i) is negative, then either one root 
is negative or both roots are negative i.e., point (iii) U (v). 

(viii) If greater root in magnitude of Eq. (i) is positive, then 
sign of b = sign of c # sign of a. 

(ix) If greater root in magnitude of Eq. (i) is negative, then 
sign of a= sign of b #sign of c. 

(x) If both roots of Eq. (i) are zero, then b =c =0. 


(xi) If roots of Eq. (i) are 0 and - *}, then c =0. 
a 


(xii) If roots of Eq. (i) are 1 and © thenat+b+c=0. 
a 


Example 22. For what values of m, the 
equation x* + 2(m—1)x+m+5=0 has (meR) 
(i) roots are equal in magnitude but opposite in 

sign? 
) roots are reciprocals to each other? 
) roots are opposite in sign? 
v) both roots are positive? 
) both roots are negative? 
) atleast one root is positive? 
(vii) atleast one root is negative? 
Sol. Here, a=1,b=2(m—-1)andc=m+5 
D=b" — 4ac = 4(m-—1)* — 4(m +5) 
= 4(m? — 3m — 4) 
. D=4(m-—4)(m+1)andherea=1>0 
(i) b=O0and D>0 
=> 2(m—-1)=0and 4(m — 4)(m+1)>0 
=> m=tlandme(—--%,-1) U(4,¢) 
med 
(ii) a=candD=0 
=> 1=m+5and4(m-—4)(m+1)20 


=> m=-—4 andme(-»,-1]U[4, ©) 


[null set] 


m=-4 
(iii) a>0,c <0and D>0 
=> 1>0,m+5<0and 4(m— 4)(m+1)>0 
=> m<-—5andme(-, —1) U(4, &) 
m€ (—°°,—5) 
(iv) a>0,b<0,c >Oand D=0 
=> 1>0,2(m-1)<0,m+5>0 
and 4(m — 4)(m+1)20 
> m<i1,m>-—5and me (-»,—-1] U[4, ~) 
> me (-5,-1] 
(v) a>0,b>0,c >0and D=0 
=> 1>0,2(m-1)>0,m+5>0 
and 4(m—4)(m+1)20 


=> m>1,m>-—5andme (-»%, -1] U[4, ©) 


meé[4, co) 
(vi) Either one root is positive or both roots are 
positive 
Le., (c) U(d) 
=> meé(--, —5) U(-5, -1] 
(vii) Either one root is negative or both roots are 
negative 
Le., (c) U(e) 


> me (—2°, —5) U[4, ©) 


Condition for Common Roots 


1. Only One Root is Common 


Consider two quadratic equations 
ax” +bx +c=0 anda’x’ +b’x+c’=0 
[where a, a’ #0 and ab’ —a’b #0] 
Let & be a common root, then 


aa’ +ba+c=0anda’a’? +b’a +c’ =0. 


On solving these two equations by cross-multiplication, 


we have 
e . «€ 1 


be’—b’c ca’-c’a_ ab’-a'b 
From first two relations, we get 
be’ —b’c 
Q = ——_. 


— ..-(i) 
ca’—c’a 
and from last two relations, we get 
ca’—c’a . 
Q = —————_ «(1 
ab’—a’b ti) 
From Eqs. (i) and (ii), we get 
b= 6. <2 =C a 
ca’—c’a_ ab’—-a'b 
> (ab’ — a’ b)(be’ — b’c) =(ca’ —c’ a)’ 
2 
b b 
or 0 x Waal, [remember] 
a’ b’| |b’ c’| |c’ a 
This is the required condition for one root of two 
quadratic equations to be common. 
2. Both Roots are Common 
Let a, B be the common roots of the equations 
ax” +bx +c=Oanda’ x? +b’x +c’ =0, then 
a+p= b b => a = b ...(iii) 
a a’ a wy 
and ap = f= i => . - as ..-(iv) 
a a a ec 
From Eqs. (iii) and (iv), we get a 2 =£ 
a Wb ¢ 


This is the required condition for both roots of two 
quadratic equations to be identical. 


Remark 

To find the common root between the two equations, make the 
same coefficient of x? in both equations and then subtract of the 
two equations. 
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Example 23. Find the value of A, so that the 
equations x* — x -12=0 and Ax* +10x+ 3=0 may 
have one root in common. Also, find the common root. 


Sol. -. x? —x-12=0 
=> (x — 4)(x +3)=0 
x=4,-3 


If x = 4 is a common root, then 
(4) + 10(4) +3 =0 


43 
Xr — ee 
16 
and if x = —3is acommon root, then 
2(-3)? + 10(-3) +3 =0 
r=3 
43 : 
Hence, for A = — —, common root is x = 4 
16 
and for A = 3,common root is x = —3. 


Example 24. If equations ax’ + bx + c = 0, (where 
a,b,ce€R and a0) and x?+2x+3=0 have a 
common root, then show that a:b:c =1:2:3. 
Sol. Given equations are 
ax’ +bx +¢=0 ..-(i) 
(ii) 


Clearly, roots of Eq. (ii) are imaginary, since Eqs. (i) and (ii) 
have a common root. Therefore, common root must be 
imaginary and hence both roots will be common. 


and x? 42x +3=0 


Therefore, Eqs. (i) and (ii) are identical. 
e278 or a:b:c =1:2:3 
T- 2 43 
Example 25. If a,b,c are in GP, show that the 


equations ax* + 2bx + c =0 and dx’ + 2ex+ f =0 


abc ' 
have a common root, if —,—,— are in HP. 
de f 
Sol. Given equations are 
ax” +2bx +c =0 (i) 
and dx* + 2ex + f =0 ..-(ii) 
Since, a, b, c are in GP. 
b? = ac or b= Vac 
From Eq. (i), ax’ + 2Vac x +c =0 
or (Vax +-vce)* =0 or gen 
Ja 


** Given Eqs. (i) and (ii) have a common root. 


ve 


va 


Hence, x = — also satisfied Eq. (ii), then 
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d 2e 
a(£)-2%6 + f=0 or i ee 
a Ja a cb 
=> d _ oe er @ fT either 
Jac ¢ abc 
or de I 4 [b= Vac] fee ee 
a bc. aa def 


Exercise for Session 2 


1. \faand B are the roots of the equation 2x” — 3x + 4 =0, then the equation whose roots are a” and %, is 


(a) 4x2 +7x+16=0  (b)4x?+7x+6=0 (c) 4x2 + 7x + 1=0 (d) 4x? - 7x + 16=0 
2. If a, B are the roots of x? —3x + 1=0, then the equation whose roots are L =e is 
2°p-2) 
a- _ 
(a) x? + x-1=0 (b) x2 +x + 1=0 (c) x*-x-1=0 (d) None of these 


3. The equation formed by decreasing each root ofax? + bx +c =0 by 1is 2x* + 8x +2=0,then 


(aja=-b (b)b =-c (c)c=-a (d)b=a+ec 

_ x*—bx m-1 te Ae ; 
s e roots of equation — are equal but opposite in sign, then the value of m will be 
4. \fth ts of t | but t then th | f Il b 

ax-c m+1 
a-b b-a a+b bra 
a b c d 
=, Cee: Ca = 


5. Ifx? + px +q =Ois the quadratic equation whose roots area — 2 and b — 2, wherea and b are the roots of 


x? —3x + 1=0, then 


(a)p=1q=5 (b)p=1q=-5 (c)p=-1q=1 (d) None of these 
6. If both roots of the equation x? — (m —3)x +m =0(m ER)are positive, then 
(a)m € (3, =) (b)m e(-=, 1] (c)m €[9, ) (d)m (13) 
7. If the equation (1+ m)x? —2(1+ 3m)x + (1+ 8m) =0,wherem ER ~ {-4, has atleast one root is negative, then 
(a) m €(-<, - 1) (b)m {-2.] (c)m (1-3) (d)meR 
8. If both the roots of A(6x? + 3)+ rx + 2x? —1=0 and 6A(2x? + 1) + px + 4x? —2 =0 are common, then 2r — p is 
equal to 
(a) -1 (b) 0 (c) 1 (d) 2 
2 2 a ¢b* +e? 
9. \Ifax? + bx +c =Oand bx? + cx + a =O have acommon roota # 0, then ae is equal to 
abc 
(a) 1 (b) 2 (c) 3 (d) None of these 


10. \fa(p+q)* + 2bpq +c=Oanda(p+r)* + 2bpr + c =0, then qr is equal to 


Cc a a b 
(a) p* + = (b) p? + = (c) p? + = (d) p* + — 
a c b a 


Session 3 


Quadratic Expression, Wavy Curve Method, Condition 
for Resolution into Linear Factors, Location of Roots 


Quadratic Expression 


An expression of the form ax” + bx +c, where a,b,ce R 


and a #0 is called a quadratic expression in x. So, in 
general quadratic expression is represented by 


f(x) =ax?+bx +c ory =ax? +bx +¢. 


Graph of a Quadratic Expression 
We have, y =ax® +bx +c= f(x), [a #0] 


Grae 
or y+—]|=al x+— 
4a 2a 


Now, let je oY dee” 2x 


4a 2a 
Y= aX’ 
=> geet 
a 


1. The shape of the curve y = f(x) is parabolic. 


2. The axis of parabola is X =0 or x + Lae 0 
2a 


or x =— — ie. parallel to Y-axis. 
2a 


3. (i) If 2 >0=a>0, the parabola open upwards. 
a 


(ii) If . <0 =a <0, the parabola open downwards. 
a 


4. Intersection with axes 
(i) Intersection with X-axis 
For X-axis, y =0. 
-b+JD 


2a 


ax’? +bx+c=0 > x= 


For D > 0, parabola cuts X-axis in two real and 
distinct points 


a<0,D>0 
X-axis 
> 
X-axis 
a>0,D>0 


For D = 0, parabola touches X-axis in one point 


: b 
Le., x =——_. 
2a 
a<0, D=0 
> X-axis 
> X-axis ~ 
a>0, D=0 


For D <0, parabola does not cut X-axis i.e., 
imaginary values of x. 


a<0,D<0 
ro X-axis 


(ii) Intersection with Y-axis 
For Y-axis, x =0. 
y=c 
5. Greatest and least values of f{x) 


Vertex of the parabola X° = ly is 
a 


X =0,Y =0 
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=> ee Sy 0 
a 4a 
or oe y me 
2a” 4a 


Hence, vertex of y =ax* + bx +c is (-2 - >| 


=e 


2a 4a 
Vertex 


Vertex 


) 


For a> 0, f(x) has least value at x =-— —. 


This least value is given by f [- 2] =— 
a 


_ D 
or Yeast = — — 


4a 
”. Range of y=ax’ + bx +c is (-2. -| 
a 


For a <0, f(x) has greatest value at x =- —. 


This greatest value is given by f [- ? 2) Soe. 


D 2a 4a 
Or = YVgreatest = ~ Ae - 
”. Range of y = ax’ + bx +c is [- o9, — a 
a 


Sign of Quadratic Expression 
Let f(x) =ax? +bx +c ory =ax’ +bx +¢, 


where a, b,c € Rand a #0, for some values of x, f(x) may 
be positive, negative or zero. This gives the following 
cases : 


1.a>Oand D<0O. 
So, f(x) >0 for all x € R, 


ie. f(x) is positive for all real values of x. 


a>0oO 


X-axis 


2.a<Oand D<0. So, f(x) <0Oforallxe R, 


i.e. f(x) is negative for all real values of x. 


> X-axis 


3.a>Oand D=0. So, f(x) 20 for all x € R, 


i.e. f(x) is positive for all real values of x except at 
vertex, where f(x) =0. 


a>o 


> X-axis 


= 


a<0Oand D=0. So, f(x) <0 for all xe R, 


ie. f(x) is negative for all real values of x except at 
vertex, where f(x) =0. 


> X-axis 


uo 


.a>Oand D>0. 


Let f(x) =0 have two real roots o and B (a <f), then 
f(x) >0 for all x €(—99,a) U (B, c¢) and f(x) <0 for 
all x €(c, f). 


a>0oO 
X-axis 


6.a<0Oand D>0 
Let f(x) =0 have two real roots & and B (a <), 


then f(x) <0 for all x € (-~°,a) U (B, 9) 
and f(x) >0 for all x € (a, f). 


o B 


> X-axis 


Wavy Curve Method 
(Generalised Method of Intervals) 


Wave Curve Method is used for solving inequalities of the 
form 


r _ (ea) "(x - a)". a) 
i (x — b,)?!(x — by )??...(x —b,)?" 
(<0, 20 or <0), 


where, kj, ko,..., Kms P41, Pa.--» Pn are natural numbers and 
such that a; # bj, where i= 1,2,...,m and j =1,2,...,n 


>0 


We use the following methods: 
1. Solve (x — a, )*(x —a,)*? ...(x <a," =0 and 
(x — b,)P!(x — az)P? ... (x — b,)?" =0, then we get 
by 
2. Assume a, <dy <...<dm <b, <by <...<b, 


Plot them on the real line. Arrange inked (black) 
circles (@) and un-inked (white) circles (©), such 


X =, Ag, ...; Am, 0, bg, ... [critical points] 


that 

A, A, ...Am dD, by... by 
If f(zys0 090,060 60,9 
f(x)<0 00..0 00..0 
f(x)20 @@..@ 00..0 
f(x)<0 @@..@ 00..0 


3. Obviously, b,, is the greatest root. If in all brackets 
before x positive sign and expression has also 
positive sign, then wave start from right to left, 
beginning above the number line, i.e. 


Poca Ge) ae aay 


(9 = By) Ge = by). = by Po 


, then 


VY 


by 


and if in all brackets before x positive sign and 
expression has negative sign, then wave start from 
right to left, beginning below the number line, i.e. 
(2c — a)""(x — ay)*?...( — an 
(2 — By)PM(x — by )P®.. (a0 = by 
b, 


then 


4. If roots occur even times, then sign remain same 
from right to left side of the roots and if roots 
occur odd times, then sign will change from right to 
left through the roots of 

X = Gy, Ag, .25 Ary, 01, Og,..05 On. 

5. The solution of f(x) >0 or f(x) 20 is the union 
of all intervals in which we have put the plus sign 
and the solution of f(x) <0 or f(x) <0 is the 
union of all intervals in which we have put the 
minus sign. 
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Important Results 


1. 


2. 


The point where denominator is zero or function approaches 
infinity, will never be included in the answer. 


Forx? <a’ orlx|<a @ -a<x<a 
i.e. x €(-aa) 

For0 <x* <a’ or0 <|x|<a 

S -a<x<a~ {0} 

i.e, x E(-a a) ~{0} 


Forx? >a orlx|>a «> x<-aorx2a 
i.e., x €(- 2, — a] Ula ©) 
Forx® >a orlx|>a < x<-aorx>a 
i.e., xX E(- 0, — a) U(a ~) 

Fora’ <x? <b’ oras<|x|<b 

S asx<bor-bsx<-a 
ie. x €[- 6,-a] Ula 5] 

Fora’ <x° <b’ ora<|x|<b 

Se a<x<bor-bsx<-a 
ie. x €[- 6,- a) Ula bd] 


Fora? <x° <b’ oras|x|<b 


eS asx<bor-b<x<-a 
L.e., x €(- b,- a] Ula, d) 
Fora’ <x° <b’ ora<|x|<b 

eS a<x<bor-b<x<-a 
L.e., x €(- b,- a) U(a Dd) 


10. For (x — a)(x — 6b) <Oanda<b,thena<x<b 


11. 


i.e., x €(a, b) 
f(x —a) (x —b) SO anda<b, 


hen asx<b,x Ela b] 


12. If (x — a)(x — b) >O anda<b,then x <aorx>b 


i.e., xX E(-— 2, a) U(b, &) 


13. If (x — a) (x —-b) =O anda<b, 


hen X<aorx=b 


i.e, xX E(- 9, a] U[D, ©) 


Example 26. Solve the inequality 


Sol. 


(x + 3)(3x —2)°?(7 — x)°(5x +8)? 20. 
We have, 
=> 


(x +3)(3x —2)°(7 -— x)3(5x +8)? >0 
— (x +3)(3x — 2)°(x —7)°(5x +8)? =0 
(x +3) (3x — 2)? (x —7)°(5x +8) <0 


[take before x, + ve sign in all brackets] 


=> 


8 
The critical points are (— 3), [- = 


Hence, x € (— », au[e7]uf 
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Example 27. Solve the inequality 
971 
(eng nd: V(x 2 ;| (x+8)" 


20 
x 500 x _ ay cel 


971 
1 
(x — 2) (0 + [x - ;| (x +8) 
20 


Sol. We have, 
x 5x _ 3)? (x ae 2)” 


i 
The critical points are (— 8), (— 2), (— 1), 0, =, 2, 3. 
2 


[ex #-2,0,3] 


Hence xe (= %,= 8] U [58 =2)uT 10) [05] 0G) 
be re -9U[-19U(02]UG=) 


(x — 3)(x + 2)(x + 6) 

(x + 1)(x — 5) 
Find intervals, where f(x) is positive or negative. 

a (x — 3)(x + 2)(x + 6) 
F(x) (x +1)(x -5) 
The critical points are (— 6), (— 2), (— 1), 3,5 
78 Aa KA 

For f(x) >0,V x €(— 6, — 2) U(— 1,3) U(5, ») 
For f(x) <0, Vx €(— », — 6) U(—2,- 1) U(3,5) 


Example 28. Let f(x) = 


Sol. We have, 


Example 29. Find the set of all x for which 


2x % 1 
(2x7 +5x+2) (x +1) 
2 1 
Sol. We have, 5 is > 
(2x° +5x +2) (x+1) 
2x 1 
=> 


>0 
(x +2)(2x+1) (x+1) 
(2x? + 2x) —(2x” +5x +2) 


= 
(x + 2)(x + 1)(2x + 1) 
(3x + 2) 
=> 
(x + 2)(x + 1)(2x + 1) 
(3x + 2) 


or 


(x + 2)(x + 1)(2x +1) 


The critical points are (— 2), (—1), ( =| ( >} 


2 


2 1 
Hence, x €(— 2,-1)U ; , 
3 2 


Example 30. For x eR, prove that the given 


xX? +34x-71 
expression —-————— cannot lie between 5 and 9. 
x°+2xX-7 
2 —_ 
Sol, Let 2 *34#—71 | 

K+ 2K A 7 

+ te 

5 9 


=> x? (y-1)+(2y—34)x +71-7y =0 
For real values of x, discriminant > 0 
(2y — 34)? -— 4(y - 1)(71 


8y" — 112y +360 0 


Ty) 20 


y? -14y + 4520 


(y — 9)(y -—5)20 
ye(—~, 5] U[9, 9) 


Yuueay 


Hence, y can never lie between 5 and 9. 


Example 31. For what values of the parameter k in 


2 
+kx+1 | i 
Ee 3, satisfied for all real 


the inequality | — 
| xo +x+1 | 


values of x ? 
| 2° + kx +1] 
= 13 


Sol. We have, ; 
| x +x+1| 
x? tkx +1 
=> =36- — _— «3 
KO tex tall 
; i. 3 
Since, x°+x4+1=|x+-—-] +—>0 
2 4 
—3( x? +x 41) <x? +k $1 <3(x? +x 41) 
4x° +(k+3)x+4>0 ...(i) 
and 2x —(k —3)x +2>0 (ii) 
4>0Oand2>0 


The inequality (i) will be valid, if 
(k +3)? — 4-4-4 <0=> (k +3)" < 64 


or —-8<k+3<8 
or -11<k<5 ...(iii) 
and the inequality (ii) will be valid, if 
(k —3)? — 4-2-2<0 or (k —3)? <16 
or -4<k-3<4 
or -1<k<7 ...(iv) 


The conditions (iii) and (iv) will hold simultaneously, if 


-1<k<5 


Condition for Resolution 
Into Linear Factors 


The quadratic function 
f(x,y) = ax? + 2hxy + by? +2gx +2fy +e 
may be resolved into two linear factors, iff 


A=abc +2 fgh— af” — bg? —ch’ =0 
ah eg 

Le., h b fl=0 
lg f c¢ 


Example 32. Find the value of m for which the 
expression 12x* — 10xy + 2y* + 11x — 5y +m can be 
resolved into two rational linear factors. 

Sol. Comparing the given expression with 


ax” + 2hxy + by? +2gx +2fy +c, we have 


a=14h=-5b=2¢=14 f= 


The given expression will have two linear factors, if and 
only if 
abc + 2fgh —af® — bg? — ch’ =0 


5\(11 5) 
be (12x) + af aya \ 5) oa( 3) 


11)’ - 
2) (m)(— 5)" =0 


=> digs op as at or m=2 
2 2 


Example 33. If the expression 
ax? +by* + cz? + 2ayz + 2bzx + 2cxy can be resolved 


into two rational factors, prove that 
a*+b*4+c* =3abc. 
Sol. Given expression is 


ax” + by® + cz® + 2ayz + 2bzx + 2cxy ..-(i) 


-|o(2) +9f2) ve+m(2}em(2)2(2](2] 


= 2° [aX? + bY* +c + 2aY + 2bX + 2cXY] 


*=x and yuy 
Zz Zz 


where, 


Expression (i) will have two rational linear factors in x, y 
and z, if expression 


aX” + bY? + 2cXY + 2bX + 2aY +c will have two linear 


factors, if 
abe + 2abc — aa” — bb? — cc” =0 


or a+b? +c?%=3abe 
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Example 34. Find the linear factors of 
x? — 5xy +4y7+x+2y -2. 
Sol. Given expression is 
x? —5xy + 4y? +x +2y—2 ..-(i) 
Its corresponding equation is 
x? —5xy + 4y’ +x+2y-2=0 
or x? — x(5y —1)+ 4y? + 2y -2=0 
_ Gy -1) 4 yy - 1) - 4-1-(4y? + 2y -2) 
‘ 2 
_ (by -1) + ¥(9y? - 18y +9) 
2 
_ Gy-1)t yy -3) 
2 
_ Gy — 1) + (3y — 3) 
2 
.. The required linear factors are(x — 4y + 2)and(x — y — 1). 


=4y-2yt+1 


Location of Roots 
(Interval in which Roots Lie] 


Let f(x) =ax? + bx +c, a,b,c€ R,a #0 anda, be the 


roots of f(x) =0. Suppose k,k,,k, € Rand k, <k,. Then, 
the following hold good : 


1. Conditions for Number k 
(If both the roots of f(x) =0 are less than k) 


B k 
is 


> X-axis 


Fk) 


(i) D 20 (roots may be equal) 
(ii) af(k) >0 


(iii) k >- = where a <8. 
2a 


Example 35. Find the values of m, for which both 
roots of equation x” — mx + 1=0 are less than unity. 


Sol. Let f(x) = x? — mx +1, as both roots of f(x) =0 are less 


b 
than 1, we can take D = 0, af(1)>0 and — — <1. 
2a 
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(i) Consider D> 0 (— m)’ - 4-1-120 


> (m + 2)(m — 2) 20 

> m€(— %, — 2] U[2, ~) (i) 
(ii) Consider af (1) > 0 1(11-m+1)>0 

> m-2<0 >m<2 

=> m € (— ©, 2) (ii) 


(iii) Consider (- az < 7 
2a 
m 
—<1>m<2 
2 


> me (— ©, 2) 


..-(iii) 
Hence, the values of m satisfying Eqs. (i), (ii) and (iii) 
at the same time are m € (— -, — 2]. 

2. Conditions for a Number k 


If both the roots of f(x) =0 are greater than k 


(8) 


(i) D 20 (roots may be equal) 
(ii) af(k) >0 


(iii) k<- La where a <f. 
2a 


Example 36. For what values of meR, both roots of 
the equation x” — 6mx+ 9m? — 2m —2=0 exceed 3? 


Sol. Let f(x) = x? —6mx +9m? -2m+2 
As both roots of f(x) = 0 are greater than 3, we can take 
D2=0,af(3) >0and—- — >3. 
2a 


(i) Consider D = 0 
(— 6m)? — 4-1(9m” — 2m + 2)>0 > 8m-8=0 


m=1 or mé€[l1,°) ..-(i) 


(ii) Consider a f (3) 20 


1-(9 — 18m + 9m? — 2m + 2)>0 


+ + 

1 11/9 
=> 9m” —20m+11>0 
> (9m —11)(m—1)>0 


=> [m—Z)im—a)>0 
9 
= metas yu[«| ii) 
(iii) Consider (- > 3] 
6m 
— >3 
2 

> m>1 
> m€ (1, c°) ...(iii) 


Hence, the values of m satisfying Eqs. (i), (ii) and (iii) 


; 11 
at the same time are me| —, © |. 


3. Conditions for a Number k 


If k lies between the roots of f(x) =0 


a>0 H 
of \e 
X-axis X-axis 
t - 
NZ a<0 
b D 
(£-2) 
(i) D>0 (ii) af(k) <0, wherea <B 


Example 37. Find all values of p, so that 6 lies 
between roots of the equation x* + 2(p — 3)x+9=0. 


Sol. Let f(x) = x? +2(p —3)x +9, as 6 lies between the roots 
of f(x)=0, we can take D > 0 and af (6) <0 


(i) Consider D>0 


+ a 
0 6 


{2(p —3)}* —4-1-9>0 


> (p —3)? -9>0 
= p(p —6)>0 
> p €(— %,0) U(6, ~) (i) 


(ii) Consider a f(6) <0 
1:(96+ 12(p-—3) 49} <6 


3 
=> 12p+9<0 => p+-—<0 
4 


=> PS ore 
P _ 


Hence, the values of p satisfying Eqs. (i) and (ii) at the 


(ii) 


. 3 
same time are p € (- co, — — |, 


4. Conditions for Numbers k, and k, 


If exactly one root of f(x) =0 lies in the interval (k,, k,) 


(i) D >0 
(ii) f(k,) f(k,) <0, where a <f. 


Example 38. Find the values of m, for which exactly 
one root of the equation x? — 2mx + m* —1=Olies in 
the interval (— 2,4). 

Sol. Let f(x) = x” — 2mx + m* -1, as exactly one root of 
f(x) =0 lies in the interval (—2, 4), we can take D > 0 and 
f(— 2) f(4) <0. 

(i) Consider D> 0 

(—2m)’ —4-1(m’-1)>0 > 4>0 

= meR .-(i) 
(ii) Consider f (— 2) f (4) <0 

(4+ 4m +m? —1)(16-8m +m? -1)<0 


=> (mm? +4m+3)(m* —8m+15)<0 


> (m + 1)(m + 3)(m — 3)(m — 5) <0 
> (m + 3)(m + 1)(m — 3)(m — 5) <0 
> eee 2. ee a 

3\ 7/1 3X7 Js 


me€(—3,-1) U(3,5) ..-(ii) 
Hence, the values of m satisfying Eqs. (i) and (ii) at the 
same time are m€(-— 3, — 1) U(3,5). 


5. Conditions for Numbers &, and k, 


(If both roots f(x) =0 are confined between k, and k;) 


I 

I 

I 
I 
1 


Se etre 


(i) D 20 (roots may be equal) 
(ii) af (k,) >0 
(iii) af (ky) >0 
(iv) k, <-— <k,, where <Bandk, <ky. 
a 
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Example 39. Find all values of a for which the 
equation 4x* — 2x + a=0 has two roots lie in the 
interval (— 1,1). 
Sol. Let f(x) = 4x” — 2x + aas both roots of the equation, 
f(x) =0 are lie between (- 1,1), we can take D = 0, 


af(~1)>0, af(1)>Oand -1< 7 <1. 
(i) Consider D> 0 
(-2)?-4-4-a>0 5 as- ...(i) 


(ii) Consider a f(— 1) >0 
4(4+2+a)>0 


=> a>-6 => a€(-6,~) ..-(ii) 
(iii) Consider a f (1) > 0 
4(4-2+a)>0 > a>-2 
> ae (—2, 0) ..-(iii) 
Hence, the values of a satisfying Eqs. (i), (ii) and (iii) at 
the same time are ae (- 2, : t 
6. Conditions for Numbers k, and k, 
(If k, and k, lie between the roots of f(x) =0) 
> X-axis > X-axis 


(i) D>0 
(ii) af (k,) <0 
(iii) af (k,) <0, wherea <f. 
Example 40. Find the values of a for which one 
root of equation (a— 5)x* —2ax+a—4=0 is smaller 
than 1 and the other greater than 2. 


Sol. The given equation can be written as 


2 2a a-4 
x x+ =0,a#5. 
a-5 a-5 


Now, let f(x) = x? [2 + (24) 


As 1 and 2 lie between the roots of f(x) =0, we can take 
D>0,1- f(1) < Oand 1- f(2) <0. 
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(i) Consider D > 0 


>0 [a #5] 
or a>— (i) 


(ii) Consider 1- f (1) < 0 


2 2a a-4 9 a 
1 + <0> >0 or a>5...(ii) 
a-5 a-5 (a—5) 


(iii) Consider 1- f (2) < 0 


4a +(2=4}<0 
(a-5) \a-5 
(4a -20-4a+a-4) 
(a—5) (a—5) 
or 5<a<24 ...(iii) 


Hence, the values of a satisfying Eqs. (i), (ii) and (iii) at the 
same time are a € (5, 24). 


> e=2)) 24 


Example 41. Let x? —-(m-3)x+m=0(meR) bea 
quadratic equation. Find the value of m for which 
(i) both the roots are smaller than 2. 
(ii) both the roots are greater than 2. 


(iii) one root is smaller than 2 and the other root is 
greater than 2. 

(iv) exactly one root lies in the interval (1, 2). 

(v) both the roots lie in the interval (1, 2). 


(vi) one root is greater than 2 and the other root is 
smaller than 1. 


(vii) atleast one root lie in the interval (1, 2). 
(viii) atleast one root is greater than 2. 
Sol. Let f(x)=x’ —(m-3)x+m 
Here, a=1,b=-(m-3),c=m 
and D=b* — 4ac =(m-3)? —4m 
=m’ -10m+9=(m-1)(m-9) 
b_(m-3) 


a 2 
(i) Both the roots are smaller than 2 


D20 


and x-coordinate of vertex = — 


| 
! 
I 
t 


1 


a 
ue) 


NS ee 


> X-axis 


(ii) 


(iii) 


i.e.,(m—1)(m-9)2=0 


a meé(— -, 1] U[9, ) (i) 
f(2)>0 
Le. 4 -—2(m—-3)+m>0 
> m<10 
m & (— ©, 10) (ii) 
and x-coordinate of vertex < 2 
Le., 9 <2 =>m<7 
m€(— ©, 7) ...(iii) 
On combining Eqs. (i), (ii) and (iii), we get 
me (- 9, 1] 

Both the roots are greater than 2 
D20 
ie. (m—-1)(m-9)2=0 

meé(—, 1Je€ [9, ) .-(i) 
f(2)>0 
Le. 4 —2(m—3)+m>0 
> m<10 

m € (— ©, 10) ..-(ii) 
and x-coordinate of vertex > 2 
i.e., a >2 > m>7 

m € (7, ©) ..-(iii) 


On combining Eqs. (i), (ii) and (iii), we get 
me [9, 10) 


One root is smaller than 2 and the other root is 
greater than 2 
D>o0 
2 ; 
> X-axis 

(2) /8 
ie., (m-1)(m-9)>0 
: m €(— ©, 1) U(9, ©) acl) 
f (2) <0 


ie. 4-—2(m—3)+m<0 
m > 10 


iss m & (10, ce) 
On combining Eqs. (i) and (ii), we get 
m€ (10, ©). 
(iv) Exactly one root lies in the interval (1, 2) 


D>0 


> X-axis 
ie., (m—-1)(m-9)>0 
Ae m € (— 9, 1) U(9, ©) 
fMFQ)<0 

(1 —(m — 3) + m) (4 — 2(m - 3) + m) <0 
> 4(—m-+10)<0 
> m-10>0 > m>10 
m€ (10, ce) 
On combining Egg. (i) and (ii), we get 
m€ (10, ce) 


(v) Both the roots lie in the interval (1, 2) 
D=0 


1 

t 

' 

\ 
\ 
\ 


FA) 4 i fi (2) 
i Seasia 
2 
Le., (m—-1)(m-9)2=0 
* mé (— °%, 1] U[9, 2) 
f(1)>0 
ie., (1-(m-—3)+m)>0 > 4>0 
Be meR 
f (2) >0 
ie, 4-2(m-3)+m>0 > m<10 
me (— ©, 10) 


(ii) 


Ai) 


ii) 


Ai) 


(ii) 


...(iii) 


(vi) 


(vii) 


(viii) 
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1 < x-coordinate of vertex < 2 


1.€., pe og 
2 
=> 2<m-3<4 or 5<m<7 
m € (5,7) ...(iv) 
On combining Eqs. (i), (ii), (iii) and (iv), we get 
med 
One root is greater than 2 and the other root is 


smaller than 1 D> 0 


>X-axisS 


i.e.,(m—1)(m—-9)>0 
s m €(— -, 1) U(9, ©) (i) 
f(1) <0 
i.e., 4 <0, which is not possible. 
Thus, no such ‘m’ exists. 
At least one root lie in the interval (1, 2) 
Case I Exactly one root lies in (1, 2) 

m € (10, c) [from (iv) part] 
Case II Both roots lie in the interval (1, 2). 


med [from (v) part] 
Hence, at least one root lie in the interval (1, 2) 
meé(10,0) Ud or me (10, %) 
Atleast one root is greater than 2 


Case I One root is smaller than 2 and the other root 
is greater than 2. 


Then, m€ (10, ce) [from (iii) part] 


Case II Both the roots are greater than 2, then 
me [9, 10). 


Hence, atleast one root is greater than 2. 


m€ (10, c°) U[9,10) or me [9, 10) U(10, -) 
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Exercise for Session 3 


2 
1. If x is real, the maximum and minimum values of expression a will be 
xX~4+2x +3 
(a) 4,-5 (b) 5,- 4 (c)-4,5 (d)-4,-5 
2. Ifxis real, the expression i takes all values in the interval 
(2x* + 3x +6) 
1 1 1 1 1°10 
a)} —,— b)}- —, — c)| - —, — d) None of these 
Olen 4 )| 13 ;| (o( 3 a) (9) 
3. If x be real, then the minimum value of x* — 8x +17, is 
(a)-1 (b) 0 (c) 1 (d) 2 
4. \fthe expression [mx =1+ 2) is non-negative for all positive real x, the minimum value of m must be 
x 
(a)-- (b) 0 
2 
1 1 
c)— d)— 
(c) r (d) 5 
2 
5. If the inequality lS <5is satisfied for all x eR then 
xX*+2x+2 
(a) 1<m<5 (b)-1<m<5 
71 
c)1<m<6 d)m < — 
(c) (d) aa 
oe - (x7 =) 
6. The largest negative integer which satisfies >0, is 
X —2)(x —3) 
(a)- 4 (b) - 3 


(c)-2 = 

7. If the expression 2x74 mxy + 3y? —5y —2 can be resolved into two rational factors, the value of |m| is 
(a) 3 (b) 5 
(c)7 (d) 9 

8. Ife >Oand4a +c <2b, then ax? — bx +c =Ohas a root in the interval 
(a) (0, 2) (b) (2, 4) 
(c) (0, 1) (d) (- 2, 0) 

9. If the roots of the equation x? —2ax + a? +a-3=Oare less than 3 then 
(aja<2 (b)2<a<3 
(c)3<a<4 (d)a>4 

10. The set of values of a for which the inequation x” + ax + a? + 6a <Ois satisfied for all x € (1,2) lies in the 


interval 


(a) (1 2) (b) [1, 2] 
(ce) 7, 4] (d) None of these 


Session 4 


Equations of Higher Degree, Rational Algebraic 
Inequalities, Roots of Equation with the Help of Graphs, 


Equations of Higher Degree 


: -1 -2 
The equation ay x" +a, x" ~~ +a) x" 


+..44,-, x +a, =0, 
where dy, 4;,42,-..,@,—1,@, are constants but a) #0,is a 
polynomial equation of degree n. It has n and only n roots. 
Let 11,02,03,..., &,-1,0, ben roots, then 
a 
e LO, =A, +O +3 Tiss Fk Oe) a7 +n =(-1)' = 
49 
[sum of all roots] 
© Ly Ay =O, A, +O4O5 +...4+0,0, +0. 035 + 
weet Olg Op tee. Oy 1 On 
a . 
=(—1)* = [sum of products taken two at a time] 
ao 
a 
e La, a, 03 =(-1)° 4 
49 


[sum of products taken three at a time] 


a 
© O42 03...0, =(-1)" [ product of all roots] 
ao 
ap 
In general, 20, &, &3 ..., =(—1)? = 
ao 
Remark 
1. A polynomial equation of degree nhas n roots (real or 
imaginary). 


2. If all the coefficients, i.€., a, a, a, ..., a are real, then the 
imaginary roots occur in pairs, i.e. number of imaginary roots 
is always even. 

3. If the degree of a polynomial equation is odd, then atleast one 
of the roots will be real. 

4. (xX — &)(X — Op)(X — Ag)... (X — Ay) 
=x + (-1N' Day x7 + (- 1)? Day x77? 


t+... + (= 1), Oy 3 ... Op 
In Particular 


(i) For n =3, ifa,fB, y are the roots of the equation 
ax? + bx® + cx +d =0, where a, b,c, d are constants 
anda #0, then Lo =a+P+y =(-1)' va 
a a 
Lop =a6 +By + ya =(-1)? £=£ 
a 


a 


and 


or ax? + bx? +cx +d=a(x -a)(x —B)(x -¥) 
=U Boe «See 


(ii) For n = 4, if a, B, y, 6 are the roots of the equation 
ax* +bx> +cx* +dx+e =0, where a, b,c, d, e are 
constants and a #0, then 

b b 
Loa=a+B+y+5=(-1)'—=--, 
a a 


Lop =(0. + By +8) +o +6 =(-1)? <==, 
d_ 


LoPy =aB(y + 8) +y5(a +B) =(-1)* 
and aByS =(-1)' 2 =£ 


or ax*+bx* +cx? +dx +e=a(x —Q) 


(x —B)(x —y)(x - 8) 
=a(x*-La-x° + LaB- x? — DaPy- x + aPy5) 


Example 42. Find the conditions, if roots of the 
equation x * — px?+qx —r =Oare in 


(i) AP (ii) GP 
(iii) HP 
Sol. (i) Let roots of the given equation are 


A-—D, A, A +D, then 


A-D+A+A4+D=p = A=® 
Now, A is the roots of the given equation, then it must 


be satisfy 
A? - pA®+qA-r=0 


= (DAB) lB) 


> p’ —3p° + 9qp —27r =0 


or 2p? —9pq + 27r =0, 


which is the required condition. 
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A 
(ii) Let roots of the given equation are R A, AR, then 


Now, A is the roots of the given equation, then 


A> - pA* +qA-r=0 


> r- pir) (3 _ q(ry? —r=0 
2/3 


or pry? = q(ry? 
or pr ag'r 
or pr = q° 


which is the required condition. 
(iii) Given equation is 


x? — px? +qx-r=0 


On replacing x by = in Eq. (i), then 
x 


Ce cue. 


=> rx? — qx" + px -1=0 


Now, roots of Eq. (ii) are in AP. 
Let roots of Eq. (ii) are A — P, A, A + P, then 
A-P+A+A4P=4 or A=t 
r 3r 
A is a root of Eq. (ii), then 
rA? —qA* + pA-1=0 


3 2 
q q q 
=> 1 1=0 
(2) (3) (z) 


> q° —3q° + 9pgr — 277? =0 


> 2q° — 9pqr + 27r° =0, 


which is the required condition. 


Product of roots = (a — B)-a-(a +B) =6 
=> (2-f)2(2+f—)=6 = 4-8? =3 
iA B=t1 
.. Roots of Eqs. (i) are 1, 2,3 or 3, 2, 1. 


' ‘ 1 il 1A 
Hence, roots of the given equation are 1, —,— or -,—, 1. 
23 


Example 44. If «,B,y are the roots of the equation 
x* —px?+qx—r=0, find 
(i) Sa? . (ii) Sa? (iii) Sa’. 
Sol. Since, o, 6, y are the roots of xo - px? +qx-r=0. 
Ya = p,+a6 =q and ofy =r 
(i) - Ya-Ya=p-p 


= (a+B+y(a+B+y)=p° 

>07+B? +y? +2(aB + By + ya) =p? 
i or Ya? +2dof = p’ 

or Ya’ = p® -2q 


(ii) Ya-LoaB = p-q 
=> (a4+6+y)-(oB + By + yo) = pq 
=> a°B+aPy +0°7+P?a+P’y +o0By 


...(ii) +y'B+y°o = pq 
=> (a’Bt+atatBy +P y+y'a+y°B) 
+ 30By = pq 
or Ya’B + 3r = pq 
or Ya’B = pq -3r 
(iii) Dae? - Da =(p? -2q)-p [from result (i)] 


= (0° +B’ +y’)\(a+B+y)=p° —2pq 
> a t+Pt+y+(a*Bt+a°y +20 +B" 
+y"o + 7B) = p* —2pq 
= La? + Da’B = p* - 2pq 
=> Ya'+ pq —-3r=p°* —2pq [from result (ii)] 


G35 
Example 43. Solve 6 x* - 11x? + 6x —1=0, if roots of - 2G =p" Sp +3 


the equation are in HP. 


i a ‘ ' 
Sol. Put x =— in the given equation, then 


y 
y y y 
= y? -6y’ +1ly-6=0 


Now, roots of Eq. (i) are in AP. 

Let the roots be a — 8, a, a +B. 

Then, sum of roots =a -B+a+a0+8 =6 

> 3a =6 
a=2 


Example 45. If «,f,y are the roots of the cubic 
equation x°+ qx+r=0, then find the equation whose 
roots are (a —B)*,(B —y)*, (y —a)?. 
Sol. -. a, B, Y are the roots of the cubic equation 
(i) xi+qx+r=0 (i) 
Then, Ya =0, Yap =q, oPy =-r (ii) 
If y is a root of the required equation, then 
y =(a —B)* =(a +B)’ -— 408 
4aBy 


=(a+B+y-y) - 
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=(= 4) 4—- [from Eq, (ii)] or 
; ay Y If A is a root of the equation f(x) =0, then f(x) is 
> yy exactly divisible by (x — A) and conversely, if f(x) is 
Y ae : exactly divisible by (x — A), then A is a root of the 
[rep pk gy wc toate OF Ee] equation f(x) =0 and the remainder obtained is f(A). 
2 
Pe Example 47. If x’ + ax+1is a factor of 


or x? — yx +4r=0 (ii) ax>+bx-+c, find the conditions. 


The required equation is obtained by eliminating x between 


Sol. -. ax? + bx +e =(x* tax +1 
Eqs. (i) and (iii). ax” + bx +e =(x" + ax + 1)Q(x) 


Now, subtracting Eq. (iii) from Eq. (i), we get Et : On)= — 
(q+y)x—3r=0 then ax”? + bx +c =(x° +ax+1)(Ax + B) 
ae ee 3r On comparing coefficients of x*, x”, x and constant on 
qty both sides, we get 
On substituting the value of x in Eq. (i), we get a=A, ..-(i) 
( es ) ( By ) 0=B+aA, (ii) 
+q +tr=0 b=aB+ A, ...iti) 
qty qty : 
and c=B ...(iv) 
Thus, y> +6qy" + 9q°y +(4q° + 27r7) =0 From Eqs. (i) and (iv), we get 
which is the required equation. A=aand B=c 
From Eqs. (ii) and (iii), a? + c = 0 and b = ac + aare the 
Remark 


: : P , required conditions. 
Xa-B)°=-69, Ila-B)° =- (49° + 27r°) 
Example 48. A certain polynomial f(x), x eR, when 


Some Results on Roots of a ae by x eee lle ee Se ie 
. . and c, respectively. Then, find the remainder when f(x 
Polynomial Equation is divided by (x — a)(x —b)(x —c), where a,b,c are 
1. Remainder Theorem Ifa polynomial f(x) is distinct. 


divided by a linear function x — A, then the remainder Sol. By Remainder theorem f(a) =a, f(b) =b and f(c)=c 


is f(A), 


Let the quotient be Q(x) and remainder is R(x). 


i.e. Dividend = Divisor x Quotient + Remainder - f(x) =(x — a)(x — b)(x — c)O(x) + R(x) 
Let Q (x) be the quotient and R be the remainder, thus a f(a) =0+ R(a) = R(a)=a 
f(x) =(x -A) Q(x) +R f(b) =0 + R(b) => R(b) = band f(c)=0+ Rc) 
=> f(A) =(A-A)Q(A) + R=0+R=R ee 
So, the equation R(x) — x =0has three roots a, b andc. But 
Example 46. If the expression 2x a4 3px 2_nye p its degree is atmost two. So, R(x) — x must be zero 
2 a ; polynomial (or identity). 
has a remainder of 5 when divided by x +2, find the - ihe 
value of p. eae ae 
Sol. Let fi =22 dane de ap 3. Every equation of an odd degree has atleast one real 
root, whose sign is opposite to that of its last term, 
F(x) = (x + 2)Q(x) +5 provided that the coefficient of the first term is 
= f(-a=s positive. 
3 2 = = 
=e a) Oey ae) ae eS 4. Every equation of an even degree has atleast two real 
: p=l roots, one positive and one negative, whose last term 
2. Factor Theorem Factor theorem is a special case of is negative, provided that the coefficient of the first 
Remainder theorem. term is positive. 
Let f(x) =(x —A) Q(x) + R=(x — A) O(x) + f(A) 5. If an equation has no odd powers of x, then all roots 


If f(A) =0, f(x) =(x —A) Q(x), therefore f(x) is of the equation are complex provided all the 
exactly divisible by x — A. coefficients of the equation have positive sign. 
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6. If x =Q is root repeated m times in f(x) =0 
(f(x) =0 is an nth degree equation in x), then 
f(x) =(x -0)”™ g(x) 
where, g(x )isapolynomial ofdegree(n —m) andthe root 
x =Qlisrepeated(m — 1)timein f’ (x) =0,(m — 2) times 
in f(x) =0....,(m —(m —1))timesin f”~'(x) =0. 


NX 


. Let f(x) =0 be a polynomial equation and A, Lt are 
two real numbers. 


Then, f(x ) =0 will have atleast one real root or an 
odd number of roots between A and y, if f(A) and 


f(u) are of opposite signs. 1) f(y) 

But if f(A) and f(u) are of same signs, then either A (i, F(A) B (u, f(w) 

f(x) =0 has no real roots or an even number of roots ) 

between A and u. (a) In figure (i), (ii) and (iii), f(A) and f() have 


opposite signs and equation f(x) =0, has one, 
three, five roots between A and i, respectively. 


(b) In figure (iv), (v) and (vi), f(A) and f(u) have 


Illustration by Graphs 


Since, f(x) be a polynomial i x, then graph of y = f(x) same signs and equation f(x) =0, has no, four 
will be continuous in every interval. and four roots between A and 1, respectively. 
A(A F(A) 


Example 49. If a,b,c are real numbers, a#0. If & is 
root of a*x?+bx+c=0,f is a root of 
a’x* —bx -c =O and 0<a <B, show that the 
equation a?x? + 2bx + 2c =O has a root y that always 
satisfies a <y <f. 

Sol. Since, & is a root of a’x” + bx +c =0. 


Then, ao? +bat+c=0 ..-(i) 
and f is a root of a’x” — bx —c =0, 

then a’ B* — bB —c =0 ...(ii) 
Let f(x) = a?x* + 2bx + 2c 


f(a)= a? a? + 2b + 2c =a" a? — 24°? 
[from Eq, (i)] 
=~ QQ? 
= f(@)<0 and f(B)=a’B? + 20B + 2c 
=a’B’+2a°B’ —_ [from Eq. (ii)] 
= 3a’ p? 
= f(B)>0 


Since, f(a) and f(B) are of opposite signs, then it is clear 
that a root y of the equation f(x) =0 lies between o and B. 
Hence, a<y<fB [a <] 


Example 50. If a<b<c <d, then show that 
(x — a)(x —c)+ 3(x —b)(x — d)=0 has real and distinct 
roots. 

Sol. Let f(x) =(x —a)(x —c)+3(x — b)(x - d) 


Then, f(a)=0+3(a-—b)(a-—d)>0 [va-b<0,a-d<0] 

and f(b)=(b-a)(b—c)+0<0 [b-a>0,b-c <0] 

Thus, one root will lie between a and b. 

and = f(c)=0+3(c — b)(c —d)<0 [vc-—b>0,.c-—d<0] 

and f(d)=(d-—a)(d-—c)+0>0 [..d —a>0,d-—c>0] 

Thus, one root will lie between c and d. Hence, roots of 

equation are real and distinct. 

8. Let f(x) =0 be a polynomial equation then 
(a) the number of positive roots of a polynomial 

equation f(x) =0 (arranged in decreasing order 
of the degree) cannot exceed the number of 
changes of signs in f(x) =0 as we move from left 
to right. 
For example, Consider the equation 


2x? —x*? —x4+1=0. 


The number of changes of signs from left to right 
is 2 (+ to -, then — to +). Then, number of positive 
roots cannot exceed 2. 

(b) The number of negative roots of a polynomial 
equation f(x) =0 cannot exceed the number of 
changes of signs in f(—x). 

For example, Consider the equation 

5x4 +3x° -2x" +5x-8=0 
Let f(x)=4x4+3x° -2x7 +5x-8 
w f(—x)=5x* -3x9 -2x? -5x-8 
The number of changes of signs from left to right 
is (+ to —). Then number of negative roots cannot 
exceed 1. 


(c) If equation f(x) =0 have atmost r positive roots 
and atmost t negative roots, then equation 
f(x) =0 will have atmost (r + t) real roots, i.e. it 
will have atleast n —(r + t) imaginary roots, 
where n is the degree of polynomial. 
For example, Consider the equation 
5x° —8x° +3x° +5x7 +8=0 
The given equation can be written as 
5x° +3x° —8x° +5x7 +8=0 
Let f(x)=5x° +3x° -8x° +5x? +8 
Here, f(x) has two changes in signs. 
So, f(x) has atmost two positive real roots 
and f(-—x)=5x° -3x° +8x° +5x? +8 
Here, f(— x) has two changes in signs. 
So, f(x) has atmost two negative real roots. 
and x =0 cannot be root of f(x) =0. 


Hence, f(x) =0 has atmost four real roots, 
therefore atleast two imaginary roots. 
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9. Rolle’s Theorem If f(x) is continuous function in 
the interval [a, b] and differentiable in interval (a, b) 
and f(a) = f(b), then equation f’(x) =0 will have 
atleast one root between a and b. Since, every 
polynomial f(x) is always continuous and 
differentiable in every interval. Therefore, Rolle’s 
theorem is always applicable to polynomial function 
in every interval [a, b]if f(a) = f(b). 


Example 51. If 2a+ 3b+6c =0;a4,b,ceR, then show 


that the equation ax* + bx +c =0 has atleast one root 


between 0 and 1. 
Sol. Given, 2a + 3b + 6c =0 


a b : 
> —+—+c=0 ..-(i) 
Be | <2 
Let f(x) = ax? + bx +c, 
3 2 
Then, flx)=“ 4 ort 


Now, f(0)=d and f)=£42 404d 


=O0+d [from Eq. (i)] 
Since, f(x) is a polynomial of three degree, then f(x) is 
continuous and differentiable everywhere and f(0) = f(1), 
then by Rolle’s theorem f’(x) = Oi.e., ax” + bx +c =Ohas 


atleast one real root between 0 and 1. 


Reciprocal Equation of the Standard 
Form can be Reduced to an Equation 
of Half Its Dimensions 


Let the equation be 


ax2™ + bx? 1 4 ey? 2 4 tke ™ 4. 4007+ bx +a=0 


On dividing by x”, then 


2 _ c 
ax™ +bx™ teem 4 tk tt 
<= 
b a 
+ +—=0 
xm x™ 


On rearranging the terms, we have 


il 2 1 
ax" + J +0 x" are 
x™ xm 
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ae 1 : ; 
Hence, writing z for x + — and given to p succession the 
x 


values 1, 2,3,... we obtain 
1 2 


x? +—=2" -2 
x 
1 
x + = =2(z" 2)-z=z°> -3z 
x 
1 
x* + 5 = a(z" 3z) —(z? —2)=z* —4z7 +2 
x 


1, : : ‘ 
and so on and generally x” + —— is of mdimensions in 
m 
x 


zand therefore the equation in z is of m dimensions. 


Example 52. Solve the equation 
2x" +x? -11x?+x+2=0. 
Sol. Since, x =0 is not a solution of the given equation. 


On dividing by x’ in both sides of the given equation, we 


et 
1 1 
o[xt+)+(x+2)-n=0 ...i) 
2 
x x 


1 
Put x +— = yin Eq. (i), then Eq. (i) reduce in the form 
< 
Ay? -2)+y-11=0 
> 2y’ +y-15=0 
5 
yy = —3and y» og 


Consequently, the original equation is equivalent to the 
collection of equations 


Xb— = 3 
x 
; ; 

x+—2=2 
x 

: -3-~5 -—34+5 1 
we find that, x, = v5 X= v5 x3 Ky = 2 
2 2 2 


Equations which can be Reduced 
to Linear, Quadratic and Biquadratic 
Equations 
TypeI An equation of the form 
(x-—a)(x-—b)(x-c)(x-d)=A 
where, a<b<c<d,b—a=d-—c,can be solved by a 
change of variable. 
(x —a) +(x —b)+(x-c)+(x-d) 

a 4 

~~ _(atbtetd) 

4 


1.e. 


Example 53. Solve the equation 
(12x — 1)(6x — 1)(4x — 1)(3x — 1) = 5. 


Sol. The given equation can be written as 


(aes 


1 1 1 1 1 1 1 
<-—and = 
4 3 6 12 3 4 


We can introduced a new variable, 
alle-aa)* (=~) *(#-a}+(-3) 
y= x +] x +] x +/x 
a| 12 6 4 3) | 


=x — — 
. 24 


; 1 
Since, < 
12 


On substituting x = y + a in Eq. (i), we get 


Cor Ciesla Cae rrr 
4 24 if 24 e 24 - 24 12:6°4:°3 
2 2 
=> 2 (2) ][>° (2) - : 
[ 24 IL 24 | 12:6:4°3 
Hence, we find that 
> 49 
| mare 
24 


and y, =— = 


Hence, the corresponding roots of the original equation are 
1 1 

——and-. 
12 2 


ie is 
= 24 


Type II An equation of the form 
(x —a)(x — b)(x —c)(x —d) = Ax? 


where, ab = cd can be reduced to a collection of two 


quadratic equations by a change of variable y = x + a 
x 


Example 54. Solve the equation 
(x + 2)(x + 3)(x + 8)(x +12) =4x?. 


Sol. Since, (— 2)( 
tion as 


12) = (— 3)(— 8), so we can write given equa- 


(x + 2)(x + 12)(x +3)(x +8) = 4x? 
=> (x? + 14x +24)(x? + 11x +24) = 4x? ...(i) 
Now, x = 0is not a root of given equation. 


On dividing by x’ in both sides of Eq. (i), we get 


24 24 
x+—+14 x+teuja4 
x x 


24 
Put x + — =y, then Eq. (ii) can be reduced in the form 
x 


ii) 


(y+14)(y+11)=4 or y? +25y + 150=0 
y,; =-15 and y, =-10 


Thus, the original equation is equivalent to the collection of 


equations 
24 
KS 15, 
x 
24 
ls +“ =-10, 
x 
lx? 4.15% +24 =0 
ie. 


x? +10x +24 =0 


On solving these collection, we get 
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x {x 
‘ 2 : 2 


Type Ill Anequation ofthe form(x —a)* +(x—b)*=A 


3=-6x,=-4 


can also be solved by a change of variable, i.e. making a 
(x —a) +(x —)) 


substitution y = 
2 


Example 55. Solve the equation 
(6— x)' +(8—x)* =16. 
Sol. After a change of variable, 
_ (6— x)+(8— x) 
7 2 
y=7-x or x=7-y 
Now, put x =7 — y in given equation, we get 


(y -—1)' +(y +1)* = 16 


=> y* +6y? -7=0 
= (y? +7)(y? -1)=0 
y? +7 #0 


[y gives imaginary values] 
y’-1=0 
Then, 


Thus, x; = 8 and x, =6 are the roots of the given equation. 


y,; =—landy, =1 


Rational Algebraic Inequalities 


Consider the following types of rational algebraic 
inequalities 


P(x) P(x) 
Q(x)” Q(x) 
PX) 59 PO) 2g 
Q(x) Q(x) 


If P(x) and Q(x) can be resolved in linear factors, then use 
Wavy curve method, otherwise we use the following 
statements for solving inequalities of this kind. 


Chap 02 Theory of Equations 131 


P(x) >0, Q(x) >0 
(1) PO) 9 { P(x) A(x) >05 or 
Ox) P(x) <0, Q(x) <0 
P(x) >0, Q(x) <0 
(2) POD) 9 = P(x) Ax) <0 or 
Ox) P(x) <0, Q(x) >0 
x)2 x 
Ax) a) 0 P(x) <0, O(x) <0 
x)2 x 
Ax) a) e0 P(x) <0, Q(x) >0 


Example 56. Find all values of a for which the set 
of all solutions of the system 
x? +ax-2 
—= 2 
xX" -X+1 
| x? +ax-2 _ 
l x? =x+1 
is the entire number line. 
Sol. The system is equivalent to 
x* —(a+2)x+4 2 


0 
x7-x4+1 
4x* +(a—-3)x +1 
x (a )x 56 
Me se 


2 
. 1 3 : ; 
Since, x? -x4t1= E = | +—> 0, this system is 
2 4 


2 
equivalent to 7 ‘ il a 
4x° +(a-—3)x+1>0 


Hence, the discriminants of the both equations of this 
system are negative. 


aoe = (a+6(a—2)<0 


Le., 4 
(o=37 =16-<0 
+ + 
-6 7 2 
Le., x €(-6, 2) ..-(i) 
(a+1)(a-—7)<0 
+ + 
—1 ~ 7 
Le. x €(-1,7) (ii) 


Hence, from Egg. (i) and (ii), we get 
x € (-1, 2) 
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Equations Containing 
Absolute Values 


By definition, |x|= x, ifx 20|x|=— x, ifx <0 


Example 57. Solve the equation x* — 5|x|+ 6=0. 


Sol. The given equation is equivalent to the collection of 
systems 
x* —5x +6=0, if x20 (x — 2)(x —3)=0, if x20 
x? +5x+6=0, if x<0 (x + 2)(x +3) =0, if x <0 


Hence, the solutions of the given equation are 


X,=2,X,=3,x%3;=-2,x4=-3 


Example 58. Solve the equation 


| x? -8x+12| x? -8x+12 
|x? =10x421] x? -10x+21 
Sol. This equation has the form | f(x)| = — f(x) 
when, foc Ee 
x" —10x +21 


such an equation is equivalent to the collection of systems 
_ 
F(x) = f(x), if f(x) <0 
The first system is equivalent to f(x) =0 and the second 


system is equivalent to f(x) <0 the combining both 
systems, we get 


f(x) <0 
2 
x 8x +12 <0 
x? -10x +21 
—2)(x -6 
ay (x = 2)(x — 6) <9 
(x -—3)(x -7) 
+ + 
2 3 6 7 


Hence, by Wavy curve method, 
x € [2,3) U[6,7) 


Example 59. Solve the equation 
|x —|4—x||-2x =4. 
Sol. This equation is equivalent to the collection of systems 
|x -(4-x)|-2x=4, if 4-x20 
el ee iy if4-—x<0 
ifx<4 


|2x — 4|-2x =4, (i) 
ell 
ifx>4 


4 —-2x = 4, 
The second system of this collection 
gives x=0 
but x>4 


Hence, second system has no solution. 


The first system of collection Eq. (i) is equivalent to the 
system of collection 
2x -4-2x=4,if 2x >4 
—2x+4-2x=4,if 2x<4 
-4=4,ifx>2 
=> 
—4x=0,if x <2 
The first system is failed and second system gives x = 0. 


Hence, x = 0 is unique solution of the given equation. 


Important Forms Containing 
Absolute Values 


Form 1 The equation of the form 


F(x) + 8 (x)=IF +18 (x) 


is equivalent of the system 
F(x) g(x) 20. 


Example 60. Solve the equation 
a 
x x 


Sol. Let f(x) = x ; and p(x)=x, 
= 


Then, f(x)+g(x)= * 4+x=—~ 
x x1 


.. The given equation can be reduced in the form 


LF(x)| + a(x) =| FC) + gC) 


Hence, f(x): g(x) 20 
2 
=> x 20 
x= 1 
+ 
= nN - J 


From Wavy curve method, x € (1, 2°) U {0}. 


Form 2 The equation of the form 


Ifa +1 Fo (M+... +1 Fn (x)= 8 (%) (i) 
where, f(x), fo(x),..., f(x), g(x) are functions of x and 
g(x) may be constant. 


Equations of this form solved by the method of 
intervals. We first find all critical points of 

fi (x), fo(x),.... fn (x), if coefficient of x is positive, then 
graph start with positive sign (+) and if coefficient of x is 
negative, then graph start with negative sign (—). Then, 
using the definition of the absolute value, we pass from 
Eq. (i) to a collection of systems which do not contain the 
absolute value symbols. 


Example 61. Solve the equation 
|x —1]+|7-—x|+2|x—2|=4. 
Sol. Here, critical points are 1, 2, 7 using the method of inter- 


vals, we find intervals when the expressions x — 1,7 — x 
and x — 2 are of constant signs. 


i.e. x<1L1<x<2,2<x* <7,x%>7 


ea) fe + 4 + 
a 7 = 
a 


Thus, the given equation is equivalent to the collection of 
four systems, 


(7-x) + + 


x <1 x<il 
| (x -1)+(7-x)-&x-2)=4 a 
1sx<2 1sx<2 
(x-1)+(7-x)-&x-2)=4 x=3 


=> 


22x<7 22x<7 
(x -)+(7-—x)+2%x-2=4 | 

x27 

(x -1)-(7-—x)+2%x-2)=4 | 


From the collection of four systems, the given equation has 
no solution. 


Inequations Containing 
Absolute Values 
|x|<a>-a<x<a(a>0) 
|x|Sa=>-aSx<a 
|x|>a=>x<-aandx>a 


By definition, 


and |x|2a=>>x <-aandx 2a. 
| xt | 1 
Example 62. Solve the inequation | 1- >=, 
| Dex] 2 
Sol. The given inequation is equivalent to the collection of 
systems 
ies * ea E25 ipeed 
|- deel 2 jl+x| 2 
= 1 1 
Fe eae. >-,if x <0 
| 1-x| Jl—x| 2 
1 1 1- 
>=, if x20 ~>0, if x20 
1+x 2 1+x 
= 1 1 a Tix 
>-—,if x <0 >0,if x <0 
1. = 9% T= (% 
~~~ <0, if x >0 
x+1 
© +1 
x 
<0,if x <0 
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For a <0, ifx 20 
x1 
+ + 
-1 1 
0<x<l ...(i) 
+1 
For 2 <0, ifx <0 
eS 
+ + 
i 4 
-1sx<0 ..-(ii) 


Hence, from Egg. (i) and (ii), the solution of the given 
equation is x € [- 1, 1]. 
Aliter 


pe NIR 
ae 
+ 
aad 


1 
>- = 14+ |x|<2 or |x|<1 
1+|x| 2 


-1<x<1 or x>[-1,1] 


Equations Involving Greatest Integer, 
Least Integer and Fractional Part 


1. Greatest Integer 


[x] denotes the greatest integer less than or equal to x i.e., 
[x]< x. It is also known as floor of x. 


Thus, [3.5779] = 3,[0.89] = 0,[3]=3 
[- 8.7285] =— 9 
[-0.6]=-1 
[713-7 


In general, if nis an integer and x is any real number 
between nandn+1. 


Le. n<xx<n+t1,then[x]=n 


Properties of Greatest Integer 

(i) [x tn]=[x]tnnel 

(ii) [-—x]=-[x],xeI 

(iii) [- x] =-1-[x],x€I 

(iv) [x]-[- x]=2n, ifx=nnel 

(v) [x]-[-x]=2n+1ifx =n+{x}neland0<{x}<1 
(vi) [x]2=n>5x2nnel 
(vii) [x] >n>x2>n+1neEl 
(viii)[x]S<n>x<n+1nel 

(ix) [x]<n>x<nnel 

(x) n, S<[x]Sn, Sn, Sx <n, +1,n,,n,€1 
(xi) [x +y]2[x]+[y] 
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wa) 2+1 n+2 n+4 n+8 
(xiii) + + + +..=nneN 
2 4 8 16 


neN 
Graph of y = [x] 


> X 


tbe eee + 


Remark 
Domain and Range of [x] are R and /, respectively. 


Example 63. If [x] denotes the integral part of x for 
er 5 nen find the value 14 


UB re 
Ae [i+ 200|"|4~ ual" i+ aa | 
alt 2997 
Tl aT 500 


Sol. The given expression can be written as 


a] 5a] 5] 


aR eee 


1 199 | 
—+— 
4 200 | 
=| 200 Ab [50] = 50 [from property (xiv)] 
Example 64. Let [a] denotes the larger integer not 
exceeding the real number a. If x and y satisfy the 
equations y = 2[x]+ 3 and y =3[x —2] 
simulaneously, determine [x + y]. 


Sol. We have, y =2[x]+3=3[x -2] (i) 
> 2[x]+3 =3([x]-2) [from property (i)] 
> 2[x]+3=3[x]-6 
> [x]=9 
From Eq. (i), y=2x9+3=21 

[x + y]=[x +21] =[x]+21=9+21=30 


Hence, the value of [x + y] is 30. 


2. Least Integer 


(x) or [ x | denotes the least integer greater than or equal 

to x ie.,(x) 2x or Ea > x. It is also known as ceilling 

of x. 

Thus, (3.578) = 4, (087) =1, 
(4) =4 

| - 8.239 ]=- 8,[-0.7]=0 


In general, if nis an integer and x is any real number 
between nandn+1 


ie., n<x<n+t+l1,then(x)=n+1 


x=[>x] =n+1 


n+1 


7> 
Y 


Relation between Greatest Integer and Least Integer 
xel 


_|[x], 
«=f xel 


ie. If x € I, then x =[x]=(x). [remember] 
Remark 
lf(x) =n, then(n-1)<x <n 
Graph of y = (x) = [ x | 
Ya 
sin (-1) 
gp tet an ges 
top 
it 
2a 
* i 0 1 2 38 = 
yy’ 
Remark 


Domain and Range of (x) are R and [x] + 1, respectively. 


Example 65. If [x] and (x) are the integral part of 
x and nearest integer to x, then solve (x)[x]=1. 
Sol. Case I If x € I, then x = [x] =(x) 
.. Given equation convert in x? = 1. 
= (+1) 
Case II If x ¢ I, then (x) = a +1 


..Given equation convert in 
({x]+1)[x]=1 > [x}? +[x]-1=0 
-1445 
or [x]= 5 


Then, final answer is x = +1. 


[impossible] 


Example 66. Find the solution set of 
(x)? +(x +1)? = 25, where (x) is the least integer 
greater than or equal to x. 
Sol. Case I If x € I, then x =(x)=[x] 
Then, (x)* +(x +1)? = 25 reduces to 
x? 4x41 =25 => 2x2 42x -24=0 
=> x°t+x-12=0 > (x+4)(x—-3)=0 
ee x=-4,3 ...(i) 
Case Il If x ¢ I, then(x)=[x]+1 
Then, (x)? +(x +1)’ =25 reduces to 
{[x] +1}? + {[x +1] + 1P =25 
{Lx ] +1} + {[x] + 2}" = 25 
Ax] + 6[x]-20=0 
[x]? +3[x]-10=0 
{[x] + 5H[x] - 2} =0 
[x]=—-5and [x]=2 
xe[-5,- 4) U[2, 3) 
x€éI, 
o x€(—5,—- 4) U(2,3) ...(ii) 
On combining Egg. (i) and (ii), we get 
xe(-5,- 4] U(2,3] 


3. Fractional Part 
{x} denotes the fractional part of x, i.e.0<{x}<1 
Thus, {2- 7} = 0.7 {5} =0, {— 3.72}= 0.28 


If x isa real number, then x =[x]+ {x} 


Yudvey 


ri I - 


ie., x =n+ f,wherene Iand0<f <1 


Properties of Fractional Part of x 
(ii) If0 < x <1, then {x}=x 


(i) {x tn}={x}nel 
Graph of y= {x} 


Remark 
1. For proper fractionO < {x } <1. 
2. Domain and range of {x } are Rand (0, 1), respectively. 
3. {-5.238} = {-5-0.238} = {-5-14+ 1-0.238} 
= {-6+ 0.762} = {6.762} = 0.762 
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Example 67. If {x} and [x] represent fractional and 
integral part of x respectively, find the value of 


2000 
XE 
Ix]+ ¥ Laat) 
pay, 2000 
2000 2000 
{x +r} {x} : 
Sol. [x]+ ——— =[x]+ —— [from property (i)] 
x 2000 x 2000 


_ {x} 2000 _ {x} 7 _ 
[x]+ arr ps [x]+ nie 2000 =[x]+ {x}=x 
Example 68. If {x} and [x] represent fractional 
and integral part of x respectively, then solve the 
equation xX —1=(x —Lx])(x — {x}). 
Sol. -. x=[x]+{x}0<{x}<1 


Thus, given equation reduces to 


[x] + {x}-1= {x}[x] 


= {x}[x] — [x] - {x}+1=0 
= ([x] — 1)¢x}- 1) =0 
Now. {x}-1#0 [O0< {x}<1] 
[x]-1=0 
> [x]=1 
x € [1,2) 


Problem Solving Cycle 
If a problem has x,| x |,[x],(x), {x}, then first solve | x |, 
then problem convert in x,[x], (x), {x}. 


x, |x |, Xx], &), a 


x = [x] + {x} x, [x], ), {x} 
Ix], {x} 
ee xX, [x], {x} 
I 
Secondly, solve (x) = Ix} xe 
[x]+1,x€I 


Then, problem convert in x,[ x], {x}. 
Now, put x =[x]+{x} 

Then, problem convert in[x] and {x}. (i) 
Since, 0 < {x} <1, then we get [x] 

From Eq. (i), we get {x} 


Hence, final solution is x =[x]+ {x}. 
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Example 69. Let {x} and [x] denotes the fractional 


and integral parts of a real number x, respectively. 
Solve 4{x}=x+ [x]. 


Sol. sx =[x]+ {x} (i) 
Then, given equation reduces to 
4{x}=[x] + {x} + [x] 
= {x} = 214] i) 


2 3 
0<{x}<1>50<-[x]<1 or 0<[x]<=- 
3 2 


[x]=0,1 
From Eq. (ii), {x}=0, ; 
: 2. 

From Eq. (i), x =0,1+ F ie., x =0, 


Example 70. Let {x} and [x] denotes the fractional 


and integral part of a real number (x), respectively. 
Solve |2x —1| = 3[x] + 2{x}. 


1 
Sol. CaseI 2x -120 or x2- 
2 


Then, given equation convert to 
2x —1=3[x] + 2{x} (i) 
x = [x] + {x} ...(ii) 
From Eqs. (i) and (ii), we get 
2([x] + {x}) — 1 =3[x] + 2{x} 
[x]=-1 
as -1sx<0 
No solution 


Case II ee ee eee 
ya 


Then, given equation reduces to 
1-—2x =3[x]+2{x} ... (iii) 
x =[x]+ {x} ...(iv) 
From Eqs. (iii) and (iv), we get 
1 — 2([x] + {x}) = 3[x] + 2{x} 
> 1-5[x]= 4{x} 


(ee eee 
O<{x}<1 
o< tall 
4 
0<1-5[x]<4 
0>-1+5[x]>-4 


<1 


Yuu J 


1>5[x]>-3 or =<[x]$- 
[x]=0 
From Eq. (v), x}= 2 


1 
x=0+-=— 
4 4 


Example 71. Solve the equation 
(x)? =Lx]? + 2x 
where, [x] and (x) are integers just less than or equal 
to x and just greater than or equal to x, respectively. 
Sol. CaseI If x € I then 
x =[x]=(x) 
The given equation reduces to 
x? =x? 42x 

> 2x =0 or x=0 ..-(i) 

Case II If x ¢ I, then(x) =[x]+1 

The given equation reduces to 


({x] + 1)’ = [x]? + 2x 


1 
=> 1=2(x -[x]) or a= 
1 1 
x=[x]+-=n+-,nel ..-(ii) 
2 2 1 
Hence, the solution of the original equation is x =0,n + -, 
nel. 2 


Example 72. Solve the system of equations in x, y 
and z satisfying the following equations: 
X+[y]+{z}=3-1 
{x}+ y+ [z]=4-3 
[x]+{y}+z=5-4 
where, [-] and {-} denotes the greatest integer and frac- 
tional parts, respectively. 
Sol. -. [x]+{x}=x, [vy] + fy}=y and [z]+ {z}=z, 
On adding all the three equations, we get 
2(xt+y+z)=128 
=> x+y+z=64 ..-(i) 
Now, adding first two equations, we get 
xty+z+[y]+ {x}=7.4 


= 6.4 + [y]+ {x}=7.4 [from Eq. (i)] 
= Ly] + {x}=1 
[y]=1and {x}=0 ...(ii) 


On adding last two equations, we get 
xty+zt{y}+[z]=9.7 
{y} + [z] =3.3 [from Eq. (ii)] 
[z] =3and {y} =0.3 ... (iii) 
On adding first and last equations, we get 
xty+z+([x]+ {z}=85 
> [x] + {z}=2.1 [from Eq. (i)] 
[x] =2, {z}=0.1 ...(iv) 
Fn Eqs. (i), (ii) and (iii), we get 
x=[x]+{x}=2+0=2 
=[y]+ {y}=1+0.3= 1.3 
and z=[z]+ {z}=34+01=3.1 
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1<x<2 


Roots of Equation with ee en nee 
the Help of Graphs aaa 2 ies ey 


Here, we will discuss some examples to find the roots of - x =(4)3 


equations with the help of graphs. 1/3 


Hence, x = 4'/ ® is the solution of the equation x *—[x]=3. 


Important Graphs Aliter 
- x=[x]+f,0sf <1, 


1. y=ax> +bx? +ex4+d ; ; 
Then, given equation reduces to 


x?-(x-f)=3 = x?-x=3-f 
Hence, it follows that 
2<x?-x<3 
-~1)< 
Pe Por, > 2< x(x +1)(x-1) <3 


Further for x = 2, we have x(x + 1)(x -1)26>3 
2. x=ay>+by*+cyt+d For x < — 1, we have x(x + 1)(x -1)<0<2 


For x = —1, we have x(x +1)(x -1)=0<2 
For -1< x <0, we have x(x + 1)(x -1)<-x<1 
and for 0 < x <1, we have x(x +1)(x-1)<x<x°<1 
Therefore, x must be 1 < x <2 
a>0O a<0 ee lea 


Now, the original equation can be written as 


3. y=ax*+bx?t+ex’+dxt+e x*-1=3 => x°=4 


Hence, x = 4'/ 3 is the solution of the given equation. 
Example 74. Solve the equation x *- 3x — a=0 for 
different values of a. 
Sol. We have, x°?>-3x -a=0 => x°-3x=a 
a>0oO a<0 


Let f(x) = x?-3x and g(x)=a 


Example 73. Solve the equation x 3_ [x] = 3, where = f’(x) =0 
[x] denotes the greatest integer less than or equal to x. aa 3x” -3=0 
Sol. We have, x* —[x]=3 => . x=-11 
> x? -3=[x] f(x) = 6x 

AY 
Let f(x) = x*—3and g(x) = [x] 


It is clear from the graphs, the point of intersection of 
two curves y = f(x) and y= g(x) lies between (1,0) and 
(2,0). 


f’'(-)=-6<0 and f’’(1)=6>0 
.. f(x) local maximum at x = (—1) and local minimum at 
x =1and f(-1) =2and f(1)=—2andy = g(x)=aisa 
straight line parallel to X-axis. 
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Following cases arise 


Case I When a> 2, 


In this case y = f(x) and y = g(x) intersects at only one 


Example 76. Find all values of the parameter k for 
which all the roots of the equation 
x" 44x? —8x?+k=Oare real. 


point, so x °— 3x — a=Ohas only one real root. Sol we have. x * a = he 


Case II When a= 2, 


In this case y = f(x) and y = g(x) intersects at two points, 
so x >—3x — a=0Ohas three real roots, two are equal and 
one different. 


Case III When -2 <a <2, 


In this case y = f(x) and y = g(x) intersects at three points, 


so x >—3x —a=Ohas three distinct real roots. 


Case IV When a=~—2, 
In this case y = f(x) and y = g(x) touch at one point and 
intersect at other point, so x °~ 3x — a= Ohas three real 
roots, two are equal and one different. 

Case V Whena<—2, 
In this case y = f(x) and y = g(x) intersects at only one 
point, so x ?— 3x — a=0has only one real root. 


Example 75. Show that the equation 
x°+2x?+x+5=0has only one real root, such that 


[a] = — 3, where [x] denotes the integral point of x . 
Sol. We have, x? +2x?+x+5=0 


=> xi+2x7 +x =-5 

Let f(x)=x724+2x?4+x and g(x)=-5 
f(x) =0 = 3x*+4x4+1=0 

> <==" and f’"(x)=6x+4 


f’(-1)=-2<0 and f’(-t]=-244=250 


.. f(x) local maximum at x = —1 and local minimum at 
1 
x=-— 
3 
1 4 
and (-1) =0, f] --}=-— 
aa eae 
AY 
at y = f(x) =x? + 2x* + x 
-1 3 
xX 
0 
y =g(x) =—5 
vy 


and = f(-2)=-—2 and f(-3)=-12 
Therefore, x must lie between (—3) and (—2). 
ie. 3<a<-2 => [a]=-3 


AY 
X's >X 
~< > 
y= 9) 
yy’ 
= x*+4x3-8x?=-k 
Let f(x)=x*4+4x3-8x? and g(x)=—-k 
f(x) =0 
=> 4x°+12x?-16x=0 > x=-4,01 
and f’'(x) = 12x? + 24x — 16 
 f’'(-4) =80, f’’(0) =-16, f’’(1) = 20 
.. f(x) has local minimum at x = — 4 and x = 1 and local 


maximum at x = 0 

and =f (—4) = —128, f(0)=0, f(1) = -3. 

Following cases arise 

CaseI When -k > 0ie.,k <0 

In this case y = x *+ 4x °—8x *and y =(-k) intersect at 
two points, so x + 4x °—8x°*+k =Ohas two real roots. 
Case II When —k = 0 and —k = —3, i.e. k = 0,3 

In this case y = x 4+ 4x 7—8x 7 and y = —k intersect at four 
points, so x 4+ 4x?-—8x?+k =Ohas two distinct real roots 
and two equal roots. 

Case III When -3<-k <Qie. 0<k <3 

In this case y = x4 + 4x°—8x and y = —k intersect at four 
distinct points, so x * + 4x *—8x°+k =0has four distinct 
real roots. 

Case IV When —-128 < —k <—3, ie. 3<k <128 

In this case y = x ++ 4x °- 8x *and y =—k intersect at two 
distinct points, so x *+ 4x ?— 8x +k =0has two distinct 
real roots. 

Case V When -k = —128i.e., k = 128 


In this case y = x 4+ 4x °— 8x ’andy = —ktouchat one 
point, so x* + 4x*— 8x? + k =Ohastwo real and equal roots. 
Case VI When —-k < —128, ie. k > 128 

In this case y = x 4+ 4x °- 8x” and y =—k do not 


intersect, so there is no real root. 


Example 77. Let -1< p <1, show that the equation 


. . ; ] 
4x* —3x—p=Ohas a unique root in the interval Fa 
and identify it. 

Sol. We have, 4x* — 3x — p =0 
> 4x >—3x =p 
Let f(x) =4x?-3x and g(x)=p 
f(x) =0 
=> 12x° -3=0 
> ees Se aad f(x) = 24x 
2 2 


5-4) 2 -12<0and (2) =1250 


.. f(x) has local maximum at (« =—- ;| and local minimum 


( ) 
at| x =—}. 
2 
1 4 3 1 3 
Also, —--|=-—+-=1 d —|=—--=-1 
. f( | 8 2 i (3) 2 


ay 


1 


v, 
Y 
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We observe that, the line y = g(x) = p, where-1< p <1 


j 


1 
intersect the curve y = f(x) exactly at point o 5 i 


Hence, 4x *- 3x — p =0has exactly one root in the interval 


ih 


Now, we have to find the value of root a. 
Let & = cos®, then 4cos*@ —3cos@ — p =0 
=> cos30 = p= 30=cos (p) or 0= “cos-"(p) 


a = cos = cos| 5 0s“(p)} 


Aliter 
Let (x) =4x°-3x-p 
1 1 
‘(x)= 12x°-3=12) x+ 
0’ (x) x [« AG >| 
+ + 
= 5 
2 2 


Clearly, 0’(x) > 0 for x € E i} 
Hence, (x) can have atmost one root in E 1). 
Also, o(;] =-1-pand(1)=1-p 


1 
. of Jou =-(1-p*)=(p?-1)s0 [v-15p <1] 
Since, (x) being a polynomial, continuous on E | and 
of 5 Jou < 0. Therefore, by intermediate value theorem 


(x) has atleast one root in E i} 
2 


1 
Hence, (x) has exactly one root in E i} 
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Exercise for Session 4 


1. \fa,B,y are the roots of x °- x 7~1=0, the value of S( 2). is equal to 
-o 
(a) -7 (b) -6 
(c)-5 (d) -4 


2. If r,s,t are the roots of the equation 8x 34 1001x + 2008 =0. The value of 
(r4s)?4(64t)*4 (+r) 


(a) 751 (b) 752 
(c) 753 (d) 754 
3. Ifa,B, y, Sare the roots of equation x* + 4x 7-6x 7+ 7x —9 =0, the value of I1(1+ a) is 
(a) 9 (b) 11 
(c) 13 (d) 15 


4. Ifa,b,c,d are four consecutive terms of an increasing AP, the roots of the equation 
(x -—a)(x -—c)+2(x —b)(x -d)=0O0are 
(a) non-real complex (b) real and equal 
(c) integers (d) real and distinct 
5. tix *+ px + 1is a factor of the expression ax 34 bx +¢ then 
(a) a? —c? =ab (b)a* + c? =-ab 
(c)a* —c? =-ab (d) None of these 
6. The number of real roots of the equation xe = 3|x|+2=0is 


(a) 1 (b) 2 
(c) 3 (d) 4 


7. Leta #0 and p(x) be a polynomial of degree greater than 2, if p (x) leaves remainder a and (-a) when divided 
respectively by x + a and x —a, the remainder when p (x) is divided by x? — a”, is 


(a) 2x (b) -2x 
(c) x (d) -x 
8. The product of all the solutions of the equation (x — 2) —3|x -2|+2=O0is 
(a) 2 (b) -4 
(c) 0 (d) None of these 
9. \f0<x <1000 and | + H + BH = xX, where [x]is the greatest integer less than or equal to x, the 
number of possible values of x is 
(a) 32 (b) 33 
(c) 34 (d) None of these 


10. If [x]is the greatest integer less than or equal to x and (x) be the least integer greater than or equal to x and 
[x + (x)* > 25 then x belongs to 
(a) [3, 4] (b) (-29, — 4] 
(c) [4 ) (d) (-2, - 4] U [4, ) 


Session 5 


Irrational Equations, Irrational Inequations, Exponential 
Equations, Exponential Inequations, Logarithmic Equations, 
Logarithmic Inequations 


Irrational Equations 


Here, we consider equations of the type which contain the 
unknown under the radical sign and the value under the 
radical sign is known as radicand. 


If roots are all even (i.e. Vx, 4/x, $/x,... 


are arithmetic. In other words, if the radicand is negative 
(i.e.x <0), then the root is imaginary, if the radicand is 
zero, then the root is also zero and if the radicand is 
positive, then the value of the root is also positive. 


If roots are all odd (i.e. Vx, Vx, Vx... 


then it is defined for all real values of the radicand. If the 
radicand is negative, then the root is negative, if the 
radicand is zero, then the root is zero and if the radicand 
is positive, then the root is positive. 


, etc) of an equation 


. etc) of an equation, 


Some Standard Formulae to 
Solve Irrational Equations 
If f and g be functions of x,k € N. Then, 


i. fe =" ef S020 
2. A/F (Mg ="\(flg), f 20, g>0 


3. [fle =" 2), £20 
4. **{(flg) ="4\f | / 
5. Veal fle. fe 20 


Example 78. Prove that the following equations has 
no solutions. 


(i) [2x +7) 7 (ii) /x—4 =- 

(iii) ./(6 — x) =2 (iv) -2-x =3{k-7) 

(v) Vx +(x +16) = (vi) 7X +8J=x +2 =98 
x 


(vil) f(x —3) — {x +9 =,J(x -1) 


Sol. (i) We have, (2x +7) + al +4)= 


(ii) 


(iii) 


(iv) 


(v) 


(vi) 


This equation is defined for 2x +7 20 


and x+420 5 _ 
4 


For x = -*, the left hand side of the original equation 


is positive, but right hand side is zero. Therefore, the 
equation has no roots. 


We have, ,/(x — 4) =-5 
The equation is defined for x — 420 
x24 


For x = 4, the left hand side of the original equation is 
positive, but right hand side is negative. 


Therefore, the equation has no roots. 
We have, ,/(6- x) - -—8=2 
The equation is defined for 
6—x20 and x—-820 
x <6 
x28 
Consequently, there is no x for which both expressions 
would have sense. Therefore, the equation has no roots. 
We have, (-2 -—x)= a(x —7) 
This equation is defined for 
-2-x20 


For x < —2 the left hand side is positive, but right 
hand side is negative. 


=> x<-2 


Therefore, the equation has no roots. 


We have, Vx +./(x + 16) =3 


The equation is defined for 
x20 


x20 and x+162>0 > 
x 2-16 


Hence, x20 
For x = 0 the left hand side = 4, but right hand side is 
3. Therefore, the equation has no roots. 


15 
We have, 7Vx + 8V-x + — = 38 
x 
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For x <0, the expression 7x is meaningless, 


For x > 0, the expression 8V—x is meaningless 


. 15, . 
and for x = 0, the expression —, is meaningless. 
x 


Consequently, the left hand side of the original 
equation is meaningless for any x € R. Therefore, the 
equation has no roots. 


(vii) We have, (x —3)- ae +9)= af x -1 


This equation is defined for 


x-320 23 

x+920 > 4x2-9 

x-120 p aaa 
Hence, x23 


For x >3,./x —3 <./x +9 ie. s(x —3) — (x +9) <0 


Hence, for x > 3, the left hand side of the original 
equation is negative and right hand side is positive. 
Therefore, the equation has no roots. 


Some Standard Forms to 
Solve Irrational Equations 


Form 1 An equation of the form 
f°" (x) =g7" (x), n€ N is equivalent to f(x) = g(x). 


Then, find the roots of this equation. If root of this 
equation satisfies the original equation, then its root of the 
original equation, otherwise, we say that this root is its 
extraneous root. 


Remark 
Squaring an Equation May Give Extraneous Roots 


Squaring should be avoided as for as possible. If squaring is 
necessary, then the roots found after squaring must be checked 
whether they satisfy the original equation or not. If some values 
of x which do not satisfy the original equation. These values of x 
are called extraneous roots and are rejected. 


Example 79. Solve the equation /x =x -2. 
Sol. We have, Vx = x —2 
On squaring both sides, we obtain 
x =(x —2)* 
=> x? —5x+4=0 => (x-1)(x—-—4)=0 
x,=landx,=4 


Hence, x, = 4 satisfies the original equation, but x, = 1 does 
not satisfy the original equation. 


xX», =1is the extraneous root. 


Example 80. Solve the equation 
3,/(x + 3) — f(x - 2) =7. 


Sol. We have, 3,[(x +3) —.x-2=7 
=> 34 {(x +3) =7 + V(x -2) 
On squaring both sides of the equation, we obtain 
9x+27=49+x-24+14x-2 


=> 8x — 20 = 14,/(x — 2) 


(4x -10)=7,/x —2 


Again, squaring both sides, we obtain 
16x” + 100 — 80x = 49x — 98 
= 16x? —129x +198 =0 


> (x — 6) [« x0 
33 


x, =6 and ar 


F ae ‘ 33 
Hence, x, = 6 satisfies the original equation, but x, = — 


does not satisfy the original equation. 


33. 
Xg= re is the extraneous root. 


Form 2 An equation in the form 


2") F(x) = g(x),ne N 


20 
is equivalent to the system | g(x) 


f(x) = 9°" (x) 
Example 81. Solve the equation 


(6-4x—x?)=x+4. 


Sol. We have, (6-4x-—x*)=x+4 
This equation is equivalent to the system 
x+420 
6-4x—x? =(x+4) 
x2-4 
= 2 
x" +6x+5=0 


On solving the equation x? +6x+5=0 


We find that, x, = (—1) and x, =(-—5) only x, = (—1) satisfies 
the condition x = — 4. 


Consequently, the number —1 is the only solution of the 
given equation. 


Form 3 An equation in the form 
V(x) + a(x) = h(x) (i) 


where f(x), g(x) are the functions of x, but h(x) isa 
function of x or constant, can be solved as follows cubing 
both sides of the equation, we obtain 


f(x) + g(x) +3 V F(x) g(x) F(x) + Yg(x)) = h?(x) 
= f(x) + g(x) +3 YF (x) g(x) (A(x) = P(x) 
[from Eq. (i)] 


We find its roots and then substituting, then into the 
original equation, we choose those which are the roots of 
the original equation. 


Example 82. Solve the equation 


Sol. 


3[(2x — 1) + 3/(x -1) =1. 
We have, — 3/(2x — 1) + 3(x -1) =1 ...(i) 
Cubing both sides of Eq. (i), we obtain 


2x -1+x-—14+3-3/(2x -1)(x-1) 
(3/(2x — 1) + 3(x -1))=1 
=> 3x-24+3-3{(ax? 3x41) (1)=1 
=> 3-3(2x? — 3x +1) =3-3x 
= ax? —3x +1) =(1- x) 


Again cubing both sides, we obtain 


ax” —3x +1=(1- x)? 


[from Eq. (i)] 


=> (2x —1)(x -1)=(1- x)? 
=> (2x —1)(x -1)=-(x -1) 
=> (x—-1) {2x -14+(x-1)*}=0 

= 


(x —1)(x?)=0 

x,;=0 andx, =1 
‘x, =O is not satisfies the Eq. (i), then x, = 0is an 
extraneous root of the Eq. (i), thus x, = 1is the only root of 
the original equation. 


Form 4 An equation of the form 


Let 


nla — f(x) +%/b + f (x) = g(x). 
u=¥a- fiw), v=4fb+ fx) 


Then, the given equation reduces to the solution of the 
system of algebraic equations. 


u"t+v’=atb 


| ut v= g(x) 


Example 83. Solve the equation 


(2x? + 5x — 2) — /2x? + 5x-9 =1. 


Sol. Let u = (2x +5x — 2) 
and v =4|(2x? +5x —9) 

u? =2x? +5x -2 

and vy? =2x? +5x —9 


Then, the given equation reduces to the solution of the 
system of algebraic equations. 


u-v=1 

w—v=7 

> (u+v)(u-v)=7 
=> utv=7 [eu-—v=1] 
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We get, u=4,v=3 


2x? +5x-2=4 

2x” +5x —18=0 
a x,;=2 and x,=-9/2 
Both roots satisfies the original equation. 


Hence, x, = 2and x, = —9 / 2are the roots of the original 
equation. 


Irrational Inequations 


We consider, here inequations which contain the 
unknown under the radical sign. 


Some Standard Forms 
to Solve Irrational Inequations 
Form 1 An inequation of the form 
nl F(x) < 2x! ¢(x), ne N 
f(x) 20 
g(x) > f(x) 
and inequation of the form" *\/ f(x) <*"*Vge(x),neN 


is equivalent to the system | 


is equivalent to the inequation f(x) < g(x). 


Example 84. Solve the inequation 


X+1 x+2 


Sol. The given inequation is equivalent to 
3 7 6 
f < 
x+1 


Fee = 1 
4x? —15x — 25 

(x +1)(x + 2)(x -1) 
(x +5/4)(x —-5) 

(x +1) (x +2)(x -1) 


From Wavy Curve Method : 


xe Co-au[-2, 1G. 5) 


Form 2 An inequation of the form 
2nl F(x) < g(x),n€ N. 
f(x) 20 
g(x) >0 
f(x) <g"(x), 


is equivalent to the system 
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and inequation of the form ?"*)/ f(x) < g(x),ne€ N 


is equivalent to the inequation f(x) < g°"*!(x). 


Example 85. Solve the inequation ,/(x +14) < (x +2). 
Sol. We have, ,/(x + 14) <(x +2) 
This inequation is equivalent to the system 


x+1420 
x+2>0 => 
x+14<(x +2)? 


x2-14 
x>-2 
x’ +3x -10>0 


x2-14 
=> x>-2 => 
(x +5)(x —2)>0 


x2-14 


x>-2 


x<-5 andx>2 


On combining all three inequation of the system, we get 
x>2, ie. x €(2, 0) 
Form 3 An inequation of the form 
2rl F(x) > g(x) nEeN 

is equivalent to the collection of two systems of 
inequations 
Le | as and ae 

f(x) > g°"(x) f(x) 20 
and inequation of the form 2” NEGO) > g(x), neN 


is equivalent to the inequation f(x) > g?"*1(x). 


Example 86. Solve the inequation 


(—x* #4 3)S 62x, 


Sol. We have, ./(—x? + 4x — 3) >6—2x 


This inequation is equivalent to the collection of two 
systems, of inequations 


6—2x >0 | 


6-—2x <0 
ie. 5 » and 
—x° +4x -3>(6-2x) 


-x° +4x-320 
x<3 d x>3 
an 

(x — 3) (5x - 13) <0 (x -1)(x -—3)<0 


xs 3 
=> 13 and | 
—<x<3 

5 


x>3 
1<x<3 


The second system has no solution and the first system has 


, : ; 13 
solution in the interval] — < x <3}. 


13 58 
Hence, x (2. s is the set of solution of the original 
5 


inequation. 


Exponential Equations 


If we have an equation of the form a* = b(a>0), then 
(i) xe 0, ifb <0 
(ii) x =log, b,ifb>0,a41 

(iii) x€ @ ifa=1,b#41 


(iv) x € R, ifa =1,b =1 (since, 1* =151=1,x€ R) 


Example 87. Solve the equation 
(6-x) (3% 772 $3.9 _ 9/3) =0. 
Sol. We have, 
e= x) (gt ~ 72 +3.9 _ 94/3) -0 


This equation is defined for 
6-—x20ie, x <6 (i) 


This equation is equivalent to the collection of equations 


2 
6—x=0 and 3% ~72*+3.9 _9/3 =0 


2 
=7.2x43.9 _ 92.5 
x,=6 and 3” = =3 


then x? -7.2x 43.9 =25 
x7-7.2x+14=0 
1 
We find that, X,=—- and x3 =7 
5 


Hence, solution of the original equation are 
[which satisfies Eq. (i)] 


1 
xX, = 6, X2 a, 


Some Standard Forms to 
Solve Exponential Equations 
Form 1 An equation in the form af (*) = 1,a>0,a#l1 


is equivalent to the equation f(x) =0 


Example 88. Solve the equation 5% ****? =1, 


Sol. This equation is equivalent to 
x°+3x+2=0 


> (x +1)(x +2)=0 
“xX, =—1, x) = —2 consequently, this equation has two 
roots x; =—land x, =—2. 


Form 2 An equation in the form 
fla") =0 
is equivalent to the equation f(t) =0, where t =a”. 


If t,,t,,t3,...,t, are the roots of f(t) =0, then 


a S00 Sta" Stas a Sty 


Example 89. Solve the equation 5**— 24-5* —25=0. 


Sol. Let 5* = t, then the given equation can reduce in the form 


t? —24t -25=0 


=> (t-25)(t+1)=0 => t¥-1, 
& t= 25, 
then 5° =25=5", then x =2 


Hence, x, = 2 is only one root of the original equation. 


Form 3 An equation of the form 
cal 4ppf 4 ycf <0, 


where o, B, y € Rand o,f, y #0 and the bases satisfy the 
condition b? = ac is equivalent to the equation 


at? +Bt+y=0, where t =(a/b)f 
If roots of this equation are t, andt,, then 
(a/b)! =¢, and (a/b)! =t, 
Example 90. Solve the equation 
64-9* — 84-12% +27-16* =0. 
Sol. Here, 9 x 16 = (12)’. 
Then, we divide its both sides by 12* and obtain 


3)" 4) 
64-|~] —84+27-|—]| =0 
4 3 


Let (=) = t, then Eq. (i) reduce in the form 


=> 


64t” — 84t +27 =0 


3 9 
t,=— and t, =— 
4 


ten, (2) =(2) ana(2) =(2) 


x, =1land x, =2 


Hence, roots of the original equation are x, = 1and x, =2. 


Form 4 An equation in the form 
a af *) +B. bf *) +c=0, 
where o, B,c€ Randa, f,c #0 and ab =1(a and bare 
inverse positive numbers) is equivalent to the equation 
ot? +ct +8 =0, where t=al™), 


If roots of this equation are t, and t», then af) =t, and 


Example 91. Solve the equation 
15-2" 415-27" * = 135. 
Sol. This equation rewrite in the form 


60 
30.2% + = 135 
2 
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Let p=2". 
Then, 30t7 — 135t + 60 =0 
=> 6t” — 27 +12=0 
=> 6t” —24t —3¢ +12 =0 
=> (t — 4) (6t —3)=0 
1 
Then, t,=4 and t, =- 
2 


Thus, given equation is equivalent to 


1 
2° =4 and 2% =— 
2 


Then, x,=2 and x,=- 
Hence, roots of the original equation are x, =2 and 
X,=-1. 


Form 5 An equation of the form af) + bf) =c, 


where a, b,c € Rand a, b,c satisfies the condition 
a’ +b’ =c, then solution of this equation is f(x) =2 and 


no other solution of this equation. 


Example 92. Solve the equation 3%" + 5*~" = 34. 


Sol. Here, 3° + 5” = 34, then given equation has a solution 
x-4=2., 
*. x; = 6is a root of the original equation. 
Form 6 An equation of the form {f (xp is 
equivalent to the equation 
{f (x) = 108 (*) loaf (x) 
where f(x) >0. 


Example 93. Solve the equation 5* */8*~' = 500. 


Sol. We have, 5* Vax 1 = 53.2? 
Ce 
=> 5X .gs * 7 = 53.9? 
3x-3 
=> 5.2 x =59.9? 
oo 
= 5x3. X 7 a] 
= Ce camer 


is equivalent to the equation 
10(* ~ 3)log (5-2/*) _ 


=> (x — 3) log (5-2") =0 


Thus, original equation is equivalent to the collection of 
equations 
x —3=0, log (5-2"") =0 
1 
x, =3,5-2/* =1 => 2Y* -(] 


5 
x2=- log; 2 


Hence, roots of the original equation are x, = 3 and 
xX, =— log;2. 
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Exponential Inequations 


When we solve exponential inequation 
al) >b(a>0), we have 
(i) x Dy, if b<0 
(ii) If b > 0, then we have f(x)>log, b,ifa>1 
and f(x) <log, b, if0<a<1fora=1, then b <1. 


Remark 
The inequation a”? < bhas no solution for b <0,a>0,a#1. 


1/x 

; , 1 
Example 94. Solve the inequation 3*** > G ; 
Sol. We have, 3**?>(37)/* = 3**?537!/* 


+ 


Here, base 3 > 1 


2 x? 42x +2 
=> x+2> > >0 


x x 


(x +1)? +1 
>0 = £20 


x 
x € (0, cc) 


Some Standard Forms to Solve 
Exponential Inequations 
Form 1 An inequation of the form 

f(a*)=0 or f(a*) <0 
is equivalent to the system of collection 

t>0, where t =a~ 

20 or f(t) <0 
Example 95. Solve the inequation 
4X*! _16* <2log, 8 


Sol. Let 4* =f, then given inequation reduce in the form 


2 3 
4t—t? >2-= 
2 
t?—4t+3<0 => (t-1)(t-3)<0 
1<t<3 [> 0] 
1<4* <3 


0<x <log,3 
x € (0, log, 3) 


TU udd 


Form 2 An inequation of the form 
cal +B Ef 4ycf >9 


or oat) +Bbf™ + yc F) <0 


where o, 8, y € Randa, f, y 0 and the bases satisfy the 
condition b* = ac is equivalent to the inequation 
at? +Bt+y=0 or at? +Pt+y<o, 

where t=(a/b)/™). 
Form 3 An inequation of the form 

aah) +B +y>0 
or aa) +Bb +y<0 
where a, 8, ye Rand o,f, y #0 and ab = 1(a and b are 


inverse (+ve) numbers) is equivalent to the inequation 
at? +Bt+y>0 or at? +Pt+y <0 


where t = al (*) 


Form 4 If an inequation of the exponential form reduces 
to the solution of homogeneous algebraic inequation, i.e. 


ay f(x) ta, f(x) g(x) +a, f"?(x)g*(x) +... 
+ dni f(x) g" (x) + an B"(x) 20, 
where do, 41,4, ,...,@, are constants (ay #0) and f(x) 


and g(x) are functions of x . 


Example 96. Solve the inequation 
92x? NOX43 4 GX? = SKE 22x? 10x43 
Sol. The given inequation is equivalent to 
g.92(" 5x) 4 6.9%) 5% gx" -5x _ 9732 (x"-5x) og 
Let ge ~ 3% f(x) and qt > 5% = g(x), 
then 8-f?(x)+6f(x)-g(x)—27g°(x) 20 


On dividing in each by g?(x) [" g(x) > 0] 
2 
Then, of 2) + f H2) ~27 20 
g(x) g(x) 
and let Itz) =t [. t > 0] 
g(x) 
then 8t” + 6t — 27 >0 
> [r-3)ir49/4) 20 
> t23/2andt<-9/4 
The second inequation has no root. [. t > 0] 
From the first inequation, t > 3 / 2 
x°-5x -1 
() (3 ES 
3 3 Ls | 
= x? —5xS-1 = x? -5x4+1<0 
5-21 ee. V21 
2 2 
: - 21 5+ 2 
Hence, x € 3 : ; ‘ 


Logarithmic Equations 


If we have an equation of the form 
log, f(x)=b,(a>0),a#1 


is equivalent to the equation 
f(x)=a" (f(x) >0). 


Example 97. Solve the equation 
log 3(5+ 4log;(x —1))=2. 
Sol. We have, log3(5 + 4log3(x —1))=2 
is equivalent to the equation (here, base ¥ 1, > 0). 
5 + 4log,(x — 1) =37 
=> log,(x -1)=1 > x-1=3' 
x=4 


Hence, x, = 4 is the solution of the original equation. 


Some Standard Formulae to Solve 
Logarithmic Equations 


f and g are some functions and a >0, a #1, then, if 
f >0, g>0, we have 


(i) log. (fg) =log, f +loga g 
(ii) log, (f/g) = log, r= log, &§ 


(iii) log, f°* =20log, | f| (iv) log» f" =F bog. fi 


(v) f eas = gl8af (vi) q Sef =f 


Example 98. >] the equation 
2 xl084 4 31084 xX _ 


Sol. The domain of the admissible values of the equation is 
x >0. The given equation is equivalent to 
2.31084 * 4 3l64 * — 27 
age =97 
gloss x @_9g 


[from above result (v)] 


glogs x 32 


logy x =2 


Yuu 


x, = 4° = 16is its only root. 
Some Standard Forms to 
Solve Logarithmic Equations 


Form 1 An equation of the form log , a =b,a>0 has 
(i) Only root x =a!” ifa#1and b=0. 


(ii) Any positive root different from unity, ifa = 1andb =0. 


(iii) No roots, if a =1, b #0. 
(iv) No roots, ifa #1,b=0. 


Chap 02 Theory of Equations 147 


Example 99. Solve the equation log, (logs x) 2 = 2. 
Sol. We have, log og, x)5 = 2 
Base of logarithm > 0 and #1. 
log; x >Oand log; x #1 


= x>landx #5 


.. The original equation is equivalent to 
logs x =5'/? = 5 
= 55 


Hence, 5.5 is the only root of the original equation. 
Form 2 Equations of the form 
(i) flog, x) =0,a>0,a#1and 
(ii) g(log, A) =0, A>0 
Then, Eq. (i) is equivalent to 
f(t) =0, where t = log, x 
If t;,t,,t3,...,t, are the roots of f(t) =0, then 
log, 
and Eq. (ii) is equivalent to f(y) 
If yi, V2.3 
log, A=y,, log, A=yy,..., 


x=t,, log, x =ty,...,log, x =t, 


=0, where y = log, A 


, Vx are the roots of f(y) =0, then 
log x A= Vk 
Example 100. Solve the equation 

—2 (log x”)? 
log x — 2 (log x)? 


Sol. The given equation can rewrite in the form 
1—2(2log x)’ 
log x — 2 (log x)* 


1-8(1 ‘ 
= (log x) 
log x — 2 (log x) 
Let logx =t, 

1-8" 1-8? —t +2? 
then 771=0=> 3 =0 
t= 2t t — 2t 
1-—t-—6t 1+ 2t) (1 —3t 

=x 4 )( = 
(t — 2t") t(1— 2t) 
t : l : 
=-- ogx =-—— — 4-1/2 
=n 2 a 8 2 25 a 


ieee x2, =10'!° 
3 


and x2 = ¥10 are the roots of the original 


1 
Hence, x; = —= 
10 


equation. 


148 = Textbook of Algebra 


Example 101. Solve the equation 
log? 10 - Glog; 10+ 11log, 10-6 = 0. 


Sol. Put log,.10 =¢ in the given equation, we get 


t —6t? +11t -6=0 = (t -1)(t —2)(t —3) =0, 
f=1 
then t=2 
$23 
It follows that 
log, 10=1 x =10 x =10 
log, 10=2 = 4x?=10 > {x=V10 [x >0and 1] 
log,.10 =3 x?=10 x = 4/10 


[x >Oand #1] 
X= 10, x» = V10 and x, = 9/10 are the roots of the 
original equation. 


Form 3 Equations of the form 


(i) log, f(x) =log, g (x),a>0,a#1is equivalent to 


two ways. 
Method Sie 
f(x) = g(x) 
Method n| fn) 20 
F(x) = g(x) 
(ii) log r(x) A = log .(,) A, A > 0 is equivalent to two 
ways. 
g(x) >0 
MethodI ; g(x)#1 
f(x) = g(x) 
f(x) >0 
Method II ; f(x) #1 
f(x) = g(x) 


Example 102. Solve the oe 


e6y|2(3) -|-|(2) -4} 


Sol. The given equation is equivalent to 


x<l1 

[ x [ x 
~ [aie oe 

2 2 

x<l1 

x ¥ x<1 
= 1G) aft) stew leans 

_ = 2,| = x =(- 

2 , 82 
Hence, x, = — log,3 is the root of the original equation. 


Example 103. Solve the equation 7 = 7 4 - 


10 


xt+1 


Sol. The given equation is equivalent to 


2 
>0 
xt] x+1>0 
2 
F#l > x Fl 
x+1 er 
2+x 2 2 oe 
10 x+1 


.. X, = 3 is root of the original equation. 
Form 4 Equations of the form 


(i) log r(x) (x) = log ¢(,) h(x) is equivalent to two 
ways. 


h(x) >0 
f(x) >0 
f(x) #1 f(x) #1 
g(x) = h(x) g(x) = h(x) 


(ii) log ¢ (x) f(x) = logn(x) f(x) is equivalent to two 
ways. 


a(x) >0 


f(x) >0 


Method I Method II 


f(x) >0 
g(x) >0 
a(x) #1 
a(x) = A(x) 
f(x) >0 
h(x) >0 
h(x) #1 
g(x) = A(x) 


Example 104. Solve the equation 
log .,2 ee +6)= log (2 (2x? + 5x). 


Method I 


Method II 


-1) 


Sol. This equation is equivalent to the system 


2x7 +5x >0 eee wade SD 
2 
2 
x" -1>0 — Jx<-landx>1 
2 
x? -1#1 pela 
3 aes 
x” +6=2x" +5x x=-2,1,3 


Hence, x, = 3 is only root of the original equation. 


Example 105. Solve the equation 
log 3 2a -l)= log (34245) (%" —1). 
Sol. This equation is equivalent to 
x*-1>0 
2x" +5x >0 
2x7 +5x #1 
x3 4+6=2x" +5x 
x<-landx>1 


5 
x<--—and x>0 
2 
=> 
—5 + 733 
x4 


x=-2,1,3 


Hence, x, = 3 is only root of the original equation. 
Form 5 An equation of the form 
log nx) (og ¢ (x) f(x)) = 0 is equivalent to the system 
h(x) >0 
h(x) #1 
a(x) >0 
g(x) #1 
f(x) = g(x) 


Example 106. Solve the equation 
log 2 6x48 (08 5,2 a .49 (x? + 5x)]=0. 


Sol. This equation is equivalent to the system 


x* -6x+8>0 

x? -6x+8#1 

ax* -2x-8>0 

ax* —2x-8#1 
x? +5x =2x* —2x-8 
Solve the equations of this system 


x<2andx>4 


x#3+2 
1/17 14+ 17 
=> x <————-and x > 
2 2 
1+ 19 
x - —_ 
2 
x=-1,8 


x = —1, does not satisfy the third relation of this system. 


Hence, x, = 8 is only root of the original equation. 
Form 6 An equation of the form 
2mlog, f(x) =log, g(x),a>0,a#41,meN is 
equivalent to the system 
| f(x) >0 
f°" (x) = g(x) 
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Example 107. Solve the equation 


2log 2x = log (7x - 2 - 2x’). 


Sol. This equation is equivalent to the system 


2x >0 
(2x)? =7x —2-2x? 


x>0 
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= 2 
6x" —-7x +2=0 
x>0 
=> 
(x —1/2)(x -2/3)=0 
x=1/2 
=> 
x=2/3 
Hence, x, =1/2and x, =2/3are the roots of the original 
equation. 
Form 7 An equation of the form 


(2m+1)log, f(x) =log, g(x),a>0,a41,meN 


is equivalent to the system | 


Example 
log (3x* + 


g(x) >0 . 
f 7" (x) = g(x) 


108. Solve the equation 
x —2) = 3log (3x — 2). 


Sol. This equation is equivalent to the system 


| 
| 


3x? +x-2>0 
3x? +x -2=(3x -2)° 


(x —2/3)(x-2)>0 
(x —2/3)(9x? —13x +3)=0 


x<2/3and x>2 


=> 2 13 + V61 
= =a x os 
3 18 
13 — V61 
Original equation has the only root x; = —————- 
18 


Form 8 An 


equation of the form 


log, f(x)+log, g(x)=log, m(x),a>0,a#1 


is equivalen 


Example 
2log; x+l 


t to the system 
f(x)>0 
g(x) >0 

F(x) g(x) =m(x) 


109. Solve the equation 
og 3(x? — 3) =log; 0.5+ 585('085 8) 


Sol. This equation can be written as 


log; x” + log3(x* —3) = log; 0.5 + log38 


log, xe + log;(x? — 3) = log3(4) 
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This is equivalent to the system 
x’ >0 x <Oandx >0 
2 
x =—3>0 => 1x <-~3 and x > v3 
x*(x* —3)=4 (x? — 4)(x? +1) =0 


=> x7 -4=0 « x=+2,butx>0 


Consequently, x, = 2 is only root of the original equation. 

Form 9 An equation of the form 
log ,f (x) -log, g(x) = log, h(x) — log,t(x),a>0,a#41 
is equivalent to the equation 
loga f(x) + loga t(x) = loga g(x) + log, h(x), 
which is equivalent to the system 

f(x) >0 

t(x) >0 

g(x) >0 

h(x) >0 

F(x) > t(x) = g(x) - h(x) 


Example 110. Solve the equation 
.. ST 
sin — 


log,(3— x) —| a oes) 7); 
0g 2(3- x) —log| ——*-|=5 + loga(x+7) 


Sol. This equation is equivalent to 


. 30 
sin | 
meee 4 J pesetiseees 
—x 


=> log,(3 — x) = log, sess] + log, V2 + log,(x +7) 


which is equivalent to the system 


3-x>0 
1 


Va6-x)- 
See 
BEX) > GiGax) 
x <3 
x<5 
x> 7 
(x -—1)(x -8)=0 


Hence, x, = 1is only root of the original equation. 


Logarithmic Inequations 


When we solve logarithmic inequations 


(i) | 


(ii) | 


=> 


log, f(x) > log, g(x) 


g(x) >0 


a>1l 


f(x) > g(x) 


log, f(x) > log, g(x) 
0<a<il 


f(x) >0 


0<a<l 


f(x) < g(x) 


Example 111. Solve the inequation 


lO 2x43 x? < log x43 (2x + 3). 


Sol. This inequation is equivalent to the collection of the 


systems 
2x+3>1 | i 
x2 <2x 43 (x —3)(x +1) <0 
3 
0<2x+3<1 = et 
2 
x" > 2x +3 jee 
x>=1 
=>-1<x<3 
=—1<*<3 
3 
= >< x<—1 3 
2 =>-i<x<-l 
x<-land x>3 2 


Hence, the solution of the original inequation is 


xe (-2. -1) U (1, 3). 


Canonical Logarithmic Inequalities 


1. 


0<a<l 


log, x >0 = x>1 


a>1 a>1 
log, x >0 0<x<1 
0<a<l1 0<a<l 
log, x <0 = 0<x<1 

a>1 a>1 


log, x <0 = x>1 


0<a<l 


Some Standard Forms to Solve 
Logarithmic Inequations 
Form 1 Inequations of the form 


Forms Collection of systems 


(a) logecy f(x) >0 25 Fx) >LlO< f(x)<1 
g(x) >1,|0<g(x)<1 


(b) logeay f(x) 2 0 = F@X)ZLIO< f(x) <1 
g(x) >1,|0<g)<l 


(c) log (x) f(x)<0 © f(x)>1 |O<f(x)<1 
O0<g(x)<1| g(x)>1 
Lo fxyet nes 


O0<g(x)<1| g(x)>1 


(d) log (x) f(x) <0 bad 


Example 112. Solve the euanien 


“a m(" 82 >| > 0. 


10 


Sol. This inequation is equivalent to the collection of two 
systems 


x” —12x +30 
ee SS, 
10 


2x 
lo =, 
&( *) 


x” —12x +30 
a 
10 


0< le, = | <1 


On solving the first system, we have 


0< 


x? -12x +20>0 


=> 2x 
—>2 
5 
x -—10)(x -—2)>0 
3 (x10) (x2) 
x>5 
x<2and x>10 
SS 


x>5 


Therefore, the system has solution x > 10. 


On solving the second system, we have 


2x 


0< x"? —12x +30<10 
=> 
1<“ <2 
5 


a x” —12x +30>0and x” —12x +20<0 
5/2<x<5 
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ee 


Therefore, the system has solution 2 < x <6 —- V6 


V6 and x >6+ V6 and2<x<10 
0<x<5 


combining both systems, then solution of the original 
inequations is 


x € (2,6 — V6) U(10, ©). 


Form 2 Inequations of the form 


(a) 


(b) 


(c) 


(d) 


Forms Collection of systems 


log g(x) f(x) > log gx) B(x) <= | f(x) > g(x), 
g(x) >0, 
Wx) >1, 

f(x) < g(x) 
f(x) >0 

0< W(x) <1 


f(x) 2 a(x), 
g(x) >0, 
Wx) >1, 

F(x) S$ g(x) 
f(x) >0 

0<W(x)<1 


f(x) < g(x), 
f(x) >0, 
Ox) >1, 

f(x) > g(x) 
g(x) >0 

0<(x)<1 


F(x) $ g(x), 
f(x) >0, 
(x) >1, 

F(x) 2 a(x) 
a(x) >0 

0<(x)<1 


log (x) f(x)2 log (x) g(x) & 


log (x) f(x)< log (x) g(x) & 


log ox) f(x) S log ox) B(x) © 


Example 13. Solve the inequation 


log x—3) (2(x? 


— 10x + 24)) 2 logy ,—3)(x* — 9). 


Sol. This inequation is equivalent to the collection of systems 


(x? — 10x +24) > x7 -9, 
x? -9>0, 
x-3>1, 
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2(x* — 10x +24) < x” -9 On solving the second system, we have 
2(x* — 10x + 24) >0 ——__ 
0<x-3<1 ° 
° ° 
On solving the first system, we have 
x* — 20x +57 20, 3 10-/48 4 6 10+ /43 
(x +3)(x -3)>0, x* — 20x +57 <0, 
x > 4, (x —6)(x — 4) >0, 
x € (—00, 10 — 43] U [10 + V/43, ) ee 
= x € (—e, —3) U(3, ©) x € [10 — 43, 10 + 43] 
x € (4, ©) eS x € (—, 4) U(6, -) 
Therefore, the system has solution x € (3, 4) 


Therefore, the system has solution 


: : 10-V43 <x <4, 
3 3. 10-/43 4 10+ 43 Le., x € [10 — ¥43, 4) 
e404 On combining the both systems, the solution of the original 
inequation is 
ie. x € [10 + 43, ©) x € [10 — V43, 4) U [10 + V43, ©), 


Exercise for Session 5 


1. The equation (x + 1) - J(x - 1) = (4x -1) has 


(a) no solution (b) one solution (c) two solutions (d) more than two solutions 


2. The number of real solutions of .|(x? — 4x +3) + (x? -9) = (4x? - 14x +6) is 


(a) one (b) two (c) three (d) None of these 


3. The number of real solutions of (3x? — 7x — 30) - (2x? —7x —5) =x -5is 


(a) one (b) two (c) three (d) None of these 
4. The number of integral values of x satisfying le? + 10x —-16) <x -2is 
(a) 0 (b) 1 (c) 2 (d) 3 


x 

5. The number of real solutions of the equation (=) =-3+x-x?is 

(a) 2 (b) 1 (c) 0 (d) None of these 
6. The set of all x satisfying 32% — 3% — 6 >Ois given by 

(a)O<x<1 (b)x >1 (c)x > 37 (d) None of these 
7. The number of real solutions of the equation 2* / ? + (V2 + 1)* =(3 + 2/2)! 7 is 

(a) one (b) two (c) four (d) infinite 
8. The sum of the values of x satisfying the equation (31+ 8/15)" ~3 + 1=(32 + 8V15)" ~ is 

(a) 3 (b) 0 (c) 2 (d) None of these 
9. The number of real solutions of the equation logo; x =|x |is 

(a) 0 (b) 1 (c) 2 (d) None of these 


10. The inequality (x —1)In(2 — x) <0 holds, if x satisfies 
(a)1<x<2 (b) x >0 (c)O<x<1 (d) None of these 


10 


11 


12 


Shortcuts and Important Results to Remember 


‘0’ is neither positive nor negative even integer, ‘2’ is the 

only even prime number and all other prime numbers are 

odd, ‘1’ (i.e. unity) is neither a composite nor a prime 

number and 1, —1are two units in the set of integers. 

(i) Ifa>0,b>Oanda<b > a <b* 

(ii) Ifa<0,b<Oanda<b > a’ >b°* 

(ili) If a, a, a3,..., a, ER 
and a +abt+ait+..+a2= 


=> & = =a=...=a, = 


(i) Max (a, 6) = x(la+b|+|a- b|) 


(ii) Min (a, 6) = > (la+b|-la- b]) 


If the equation f(x) = 0 has two real roots « and, then 
f’(x) = 0 will have a real root lying between o and f. 


If two quadratic equations P(x) = 0 and Q (x) = 0 have an 
irrational common root, both roots will be common. 
In the equation ax> + bx +c =0 [a,b,c ER], if 


a+b+c=0,the roots are 1,2 and ifa-b+c =0,the 
a 
c 
roots are —1and —. 
a 


The condition that the roots of ax? + bx +c = 0 may be in 
the ratio p:q, is 
pq b* =ac (p +q)° (here, a:B = p:q) 


" es f-.fE 


(i) If one root of ax* + bx +c =Oisn times that of the 
other, then nb* =ac (n+ 1)°, herea:B=n:1 


ii) If one root of ax® + bx +c =Ois double of the other 
here n =2, then 2b? = Qac. 


If one root of ax* + bx +c =Oisnth power of the other, 
1 1 


yet 


then (a"c (ac"y"*! =-b. 


If one root of ax* + bx +c =Ois square of the other, then 
a’c + ac* + b® = Babe. 


If the ratio of the roots of the equation ax* + bx +c =Ois 
equal to the ratio of the roots of Ax? + Bx + C =Oand 


2 2 
a#0,A¢0, then 2-= Z 
ac 


AC 
If sum of the roots is equal to sum of their squares then 
2ac = ab + b*. 


If sum of roots of ax* + bx +c = is equal to the sum of 
their reciprocals, then 


13 


14 


15 


16 


17 


18 


19 


2a°c =ab* + bc®, i.e. ab*, bc?, ca? are in AP 
2a bc, cab 

or =—4 i.€.—,-, 
Db Ca abc 


are in AP. 


Given, y = ax? + bx +c 


4ac — b* 
(i) Ifa >0O, Vin = oo 
4ac — b* 
(ii) If@<0, Vmax = ie 


If «, B are the roots of ax* + bx +c =OandS, =a" +", 
then aS,.;+ 0S, +cCS,_;=0. 


If D; and Dz are discriminants of two quadratics P(x) = 0 


and Q(x) = 0, then 
(i) If D\D2 < 0, then the equation P(x)-Q(x) = 0 will have 
two real roots. 
(ii) If D,\D2 > 0, then the equation P(x)-Q(x) = 0 has either 
four real roots or no real root. 
(iii) If D,\D2 = 0, then the equation P(x)-Q(x) = 0 will have 
(a) two equal roots and two distinct roots such __ that 
D, >O and Dz = 0 or D; =O and Dz > 0. 
(6) only one real solution such that 
D,; <Oand D, =OorD, =O and D, <0. 
lfa>Oand x=fat Ja+.jat...te, then xe) 


If A, Qo, 2g,..., a, are positive real numbers, then least 


1 1 1 1 
value of (@ + a + a3 +... + a) +—+—+...4+ 

7) ap a3 an 
is n?. 


(i) Least value ofarbro)(t+t+i)-¥ =9 


a boc 
(ii) Least value of 
atb+c+d)(t+ 


eur 1) =4=16 
boc od 
Law of Proportions If ; = 7 = ; =..., then each of 
these ratios is also equal to 
, a+C+e@+... 
(i) 


b+d+ft+... 


(i pa”’+qe"+re"+.. 
pb" + 2 +f" + 
) vac Jac _ S/(ace . 
vbd ~ ai(baf ...) bdf .. 
Lagrange’s Mean Value Theorem Let f(x) be a function 
defined on [a, 6] such that 


1/n 
- (where, p,q,1,...,9 €R) 


(ii 


contd... 


(i) f(x) iS Continuous on [a, b]and Let g(x) =(x — a) be a linear monic polynomial a € R. 


(ii) f(x) is derivable on (a, b), thenc € (a, 6) such that When g(x) | f(x); we can find quotient and remainder as 
: f(b) = f(a) follows : 
f’c¢)=——_— 
b-a 
a ao ay ao tee an 

Lagrange’s Identity If a, a5, a3, D,, bs, b3 € R, then 0 OLA bio oDn_4 
(ap + a5 + a8) (bP + b> + b3) — (@iby + ap by + agbg)” a ap Ay + Obp4 = 0 
= (@jbp — ap bi)’ + (ap Dy — agbz)° + (@gb, - abs)? ao + Hao + bya 
or (a? + a3 + af) (b? + bs + b3)— (aid, + a> Do + a3b3)* = Bo = by = be 

2 2 2 

ess . i‘ . AS ; F(x) = (x — 0) (bg XP + By x2 + by x3 + + By) 
by 
: 7? ‘ e.g. Find all roots of x?- 6x? + 11x —-6=0. 

Remark ; 3 2 
If (a 4: a i a) (b? ms b3 x b2)< (ab, + aobs + asbs)° "(x — 1)is a factor of x° -6x*+ 11x — 6, then 
then BH _ a2 _ a3 xo" 1 -6 11 —-6 

Pp Ra 0 1 5 6 
Horner’s Method of Synthetic, Division When, we F = 6 0 
divide a polynomial of degree = 1 by a linear monic ~ 


polynomial, the quotient and remainder can be found by 
this method. Consider x3 — 6x? + 11x — 6 =(x - 1) (x* — 5x + 6) 
2 


f(X)=a xX” +ax 14 ax 724 +4, = (x —1) (x —2)(x —3) 


where a #0 and a, a, a,...,@, ER. Hence, roots of x? — 6x? + 11x -6=Oare1, 2 and3. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


» Ex. 1 Ifa andB(a <8), are the roots of the equation 
x? + bx +c =0, wherec <0 <b, then 

(a)0<a <B(b)a <0<B <a} 

(c)a <B <0(d)a <0<|a|<f 


Sol. (b) *. a+B=-b, aB=c ..-(i) 
a c<0 => ab <0 
Let a <0,6 >0 
: jaj=-a anda <0<6 [. a <8) ...(ii) 
From Eq. (i), we get —|a | +B <0 
=> B < lo ..-(iii) 


From Eqs. (ii) and (iii), we get 
a<0<f6 <|q| 


Ex. 2 Leta, be the roots of the equation x” — x + p=0 

andy, 5 be the roots of the equation x* — 4x + q=0. If 
o, B, y and 8 are in GP, the integral values of p and q respec- 
tively, are 

(a) -2,-32 (b)-2,3 

(c) -6,3 (d) -6, -32 
Sol. (a) Let r be the common ratio of the GP, then 

B =ar,y =ar? and § =ar* 


a+B=1>a+0r=1 


or a(1+r)=1 (i) 
and op =p > a(ar)=p 

or or =p (ii) 
and y+5=4 > or’ +ar’? =4 

or ar(1tr)=4 ..-(iii) 
and yo =q 

> (ar’)(ar*) =q 

or ar =q (iv) 


On dividing Eq. (iii) by Eq. (i), we get 
Pot = re—22 


If we take r = 2, then & is not integer, so we take r = — 2. 
On substituting r = — 2 in Eq. (i), we get = —1 


Now, from Eqs. (ii) and (iv), we get 
p=a'r=(-1)'(-2)=-2 
q =r? =(-1)(-2) = -32 
(p,q) = (-2, — 32) 


and 


Hence, 


® Ex. 3 Let f(x)= [ve —t?) dt, the real roots of the 


equation x” — f’(x) =0 are 


(a) +1 (b) +L 
2 
(c) t (d) 0 and 1 
= fio 7 
Sol. (a) We have, f(x) = ) V(2— t?)dt 
= f(x) = y(2- x’) 
aA x? — f'(x)=0 
=> x’?-(2-x’)=0 = x*+x?-2=0 
= x? =1,-2 
> eS [only for real value of x ] 


© Ex. 4 If x? +3x+5=0 andax? + bx +c =0 have a 
common root anda, b,c € N, the minimum value ofa+b+c 
is 
(a) 3 (b) 9 
(c) 6 (d) 12 
Sol. (b) -: Roots of the equation x* +3x +5 =0 are non-real. 
Thus, given equations will have two common roots. 


a be 

=> —~=—=-=,j, sa 
[= [say] 
a+b+c=9A 

Thus, minimum value of a+ b+c=9 [-ab,cEe N] 


» Ex. 5 If x1, xX, X3,...,X, are the roots of the equation 
x" +ax +b=0, the value of 


(x4 = X2 0% = X3 OX = X4) OG 
(a) nx, +b 


(b) n(x1)" > 
(()n(xJ" "+4 


(d) n(x,)"~' +6 


—x,) is 


Sol. (c) x” +axt+b=(x — x,)(x — x2)(x — X3)...(x — x,) 


x" +ax+b 
Xn) = 


=> (x — x,)(x — x3)...(x ee 


On taking lim both sides, we get 
XxX, 


~ x" +ax+b/0 
X,— X»)(x, — X3)...(x, — x,) = lim | ° room | 
1 2% 3 1 n 
xx X-X, 0 | 
— nx" '+a ea 
= lim =n(x,)" +a 
xx 
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Ex. 6 If, are the roots of the equation ax” + bx +c =0 
and A, =a" +B", thenaA, .. +bA,+4,+¢cA, is equal to 


(a) 0 (b) 1 


Sol. (a). & piace and op =~ 
a a 


(c)a+b+c (d) abc 


Ane =a"? 4B" t? 


=(a +B)(a" *1+B"*')-—aB"*'-Ba"*! 


= (a +B)(a" *" + B"*") — aB(a” +B") 


b 
= ——Anss oe 
a a 


=> aAnyg+t+bAny1,+cA, =0 


Ex. 7 If x andy are positive integers such that 


xy +x +y=71 x’y +xy* =880, then x? +y” is equal to 


(a) 125 (b) 137 (c) 146 (d) 152 
Sol. (cs xytxt+y=71 => xyt+(xt+y)=71 
and x’y + xy? =880 > = xy(x + y) = 880 


=> xy and(x + y)are the roots of the quadratic equation. 


t? —71t + 880=0 
(t — 55)(t — 16) =0 
t = 55,16 
ae x+y=16and xy =55 
So, x*+y* =(x+y)? —2xy =(16)* —110 = 146 


=> 
=> 


Ex. 8 Ifo.,B are the roots of the equation x” —3x +5 =0 
andy, 8 are the roots of the equation x? +5x —3=0, then 
the equation whose roots area y +85 and od + By, is 


(a)x* —15x —158=0  (b) x? + 15x — 158 =0 
(c)x* —15x +158 =0 3 (d) x? + 15x + 158 =0 
Sol. (J. a+B =3, 08 =5, y +5 =(—5), yd =(-3) 
Sum of roots = (ary + 65) + (0 + By) 
=(a +B)( +6) =3 x(-5) =(-15) 
Product of roots =(ay + BS) (ad + By) 
=a’y5 + aBy? + Bad? + B7y5 
= y5(a* + B*) + oB(y? + 8°) 
=-3(a" + B*) + 5(y? + 8’) 
= —3[(a +B)’ — 208] + 5[(y + 8)’ — 2y8] 
= —3[9 — 10] + 5[25 + 6] =158 
*. Required equation is x? + 15x + 158 =0. 


Ex. 9 The number of roots of the equation 


| 1 35 
+ = Is 
x (- x’) 12 
(a) 0 (b) 1 
(c) 2 (d) 3 


1 1 
Sol. (d) Let —=u and = v, then 
(1- x’) 
u+v=— and uw +v? =u’v? 
2 
» (35 
=> ut+v) =|— 
( ) (= 
5) 
=> u? +? + 2uv =| 
12 
35)" 
> viv? sau =[*) [eu tv? =u'v?] 
1 
— 35)" 
> uvv> +2uv —| —] =0 
1 
49 25 
=> uv + — || wv - — ]=0 
12 12 
49 25 
=> =-—,uv=— 
12 12 
Case I If uv = — —, then 
1 1 49 
= [here x < 0] 
x (1 — x?) 12 
12)? 
_ yt agty OOF 
(49) 
(5 +73) 
=> we= 
25 - 
Case II If uv = — , then 
12 
1 1 25 
== [here x > 0] 
x J(1—x7) 12 
12) 
> tage! y =0 
(25) 
9 16 3 4 
=> a ie =0 > x=-, 
25 25 5.5 
On combining both cases, 
__ (5++73) 3 4 
14°55 


Hence, number of roots = 3 


Ex. 10 The sum of the roots of the equation 
g38x =2 oh g lle +2 = 22k +4 +1is 
1 2 3 4 
a) — b) — c)— d) — 
Soler OF OF oer 
Sol. (b) Let 2'* = t, given equation reduces to 
3 


t 
+ 4t=2t7 +1 
4 


=> f-8t?+16t-4=0 = t,-t)-tz=4 


gil .pilxa .gilxs =4 pile +x2+ x3) _ 22 


l 


l 


11(x, + x2 + x3) =2 


2 
as cis tarry 
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More than One Correct Option Type Questions 


This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
more than one may be correct. 


Ex. 11 For the equation 2x” —6V/2x —1=0 
(a) roots are rational 


(b) roots are irrational 


(c) if one root is (p + aay the other is (—p + Vq) 
(d) if one root is (p + Vq), the other is (p — Jq) 


Sol. (b,c) As the coefficients are not rational, irrational roots 
need not appear in conjugate pair. 


1 
Here, +B = 3v2 and oB =~ > 


Leta =pt+ ad then prove that other root B = — p + alts 


Ex. 12 Given thata,y are roots of the equation 
Ax? — 4x +1=0andB,8& the roots of the equation 
Bx? —6x +1=0, such that, B, y and 6 are in HP then 
(a)A=3 (b)A=4 ()B=2 (d)B=8 
1 uk 


Sol. (a,d) Since, , 6, y and 6 are in HP, hence = a — and — 
a py 5 


are in AP and they may be taken as a —3d,a-—d,a+d 
and a + 3d. Replacing x by = we get the equation whose 
x 


roots are a — 3d,a+d is x*—4x + A=0 and equation 

whose roots are a — d, a+ 3d is x* —6x + B=0, then 
(a—3d)+(a+d)=4 = Aa-d)=4 

and (a—d)+(a+3d)=6 => Aa+d)=6 

1 


Ge" and d=-— 
2 2 


5 3)\( 5. 1 
Now, A =(a-—3d d)= =3 
ow. (a \(a+d) (3 23 +3) 
e+e }=8 
2/\2 2 
Ex. 13 If|ax? + bx +c|<1 for all x in [0, 1], then 


(a)|a|<8 (b) |b | >8 
()|c| <1 (d)|a|+|b|+|c|<17 


and B=(e-d)(a+34)= ( 


1 
Sol. (a,c,d) On putting x = 0,1 and . we get 


Ex. 14 Ifcos*® +p, sin’ 0+ pare the roots of the equa- 
tion x? +a(2x +1) =0 andcos” 0 +q,sin* 0 +q are the 


roots of the equation x* + 4x +2 =0 thena is equal to 


(a) -2 (b) -1 (c) 1 (d) 2 
Sol. (b,d) 

cos*@ —sin*@ = cos20 

=> cos‘@ —sin’@ = cos’ —sin*@ 


= (cos*@ + p)—(sin*6 + p) = (cos’0 +q)—(sin?® +q) 


V4a’-4a 16-8 JD 
=> = a —B = — 
1 1 a 
=> 4a” —4a=8 or a’ -a-2=0 
or (a—2)(a+1)=0 or a=2,-1 


Ex. 15 Ifa,B,y are the roots of x° — x? +ax+b=0 and 
6, y, 5 are the roots of x° —4x* +mx+n=0. Ifo,B,y and 5 


are in AP with common difference d then 


(aja=m (b)a=m-5 
(c)n=b-a-2 (d)b=m+n-3 
Sol. (b,c,d) 


‘: a,B,y,5 are in AP with common difference d, then 


|c|<1 

latbt+c|<1 

and la+2b+4c|<4 
From Eqs. (i), (ii) and (iii), we get 
|b| <8 and |a|<8 


> ja|+|b|+|c|<17 


...(i) 
...(ii) 
...(iii) 


B=a+d,y=a+2d and d=a 43d 


Given, a,B,y are the roots of x3 — x? +ax +b =0,then 


(i) 


..(ii) 
(iii) 
...(iv) 


...(vi) 


...(vii) 


(viii) 


at+pB+y =1 
op +By + yo =a 
apy =—b 
Also, B,y,5 are the roots of x? —4x? +mx+n=0,then 
B+y+d=4 
By +y6+ 58 =m 
Byd = —n 
From Eqs. (i) and (ii), we get 
3a4+3d=1 
and from Egg. (i) and (v), we get 
30 +6d =4 


From Eqs. (viii) and (ix), we get 
d=1,4= ae 
3 
Now, from Eq. (i), we get 
1 4 7 
=-~,y=—and6= 
p 3 u 3 3 


From Eqs. (iii), (iv), (vi) and (vii), we get 
2 8 13 28 
a= -——,b=— nm =— n= 
27 3 27 


a=m-—5,n=b-—a-2andb=m+n-3 


...(ix) 
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JEE Type Solved Examples : 
Passage Based Questions 


= This section contains 2 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 16 to 18) 
IfGand Lare the greatest and least values of the expression 


2 
x°-xt+1 
>= KE R respectively, then 
Pome ue do 


16. The least value of G° +L? is 


(a) 0 (b) 2 (c) 16 (d) 32 
2 
Sol. (b) Let = 
x Roe 
=> x*ytxyty=x?—-x+1 
> (y —1)x? +(y +1)x+y-1=0 [x ER] 
(y+1)°-4-(y-1)(y-1)20 ~— [b? — 4ac = 0] 
> (y +1)? —(2y - 2)? 20 
=> (3y — 1)(y — 3) $0 
773 > G=andL=— © GL=4 
5 5 
GtP sy = (8 =1 
2 os 
= o> 2101 GF +122 


-. Minimum value of G° + L’ is 2. 


17. Gand L are the roots of the equation 
(a)3x?-10x+3=0 (b)4x*-17x+4=0 
(c)x? -7x+10=0 (d)x*-5x+6=0 

Sol. 


= 


(a) Equation whose roots are G and L, is 
x? —(G+L)x+GL=0 


» 10 


=> x? ——-x +1=0 or 3x7 -10x +3=0 
3 


18. If L<A<GandAE N,the sum of all values of Ais 
(a) 2 (b) 3 (c) 4 (d)5 


Sol. (b)-° L<X’<G > ee * A= 1,2 


= 


Sum of values of A=1+2=3 


Passage II 
(Ex. Nos. 19 to 21) 
Let a,b, cand d are real numbers in GP. Suppose u, v,w satisfy 


the system of equations u + 2v + 3w = 6,4u + 5v+ 6w=12 and 

6u + 9v = 4. Further, consider the expressions 

foy-(242+2)x° +[(b-c) +(c-a)' +(d-5)'] 
uov ow 


xXtutv+ w= and g(x) = 20x? +10(a—d)y’x-9=0 


19. (b—c)* +(c—a)’ +(d—b)’ is equal to 
(a)a-—d (b)(a-d) (c)a’-d* (d)(a+dy 
Sol. (b) Let b =ar,c =ar* andd=ar° 
Now, (b — c)* +(c — a)? +(d — by’ 
= (ar —ar’)* +(ar? — a)’ + (ar? — ar) 
=a@r*(1—r) +a°(r? —1)? +. a°r*(r? -1)° 
=a (1—r) fr? +(r +1) +7r°(r +1)*} 
=a°(1—r)*(r* +2r° +3r? +.2r +1) 
=@(1-ryQ4trtryea(i—-r?y 
=(a-ar*) =(a-d) 


20. (u+v +w) is equal to 


1 1 
2 b) — 20 d) — 
(a) ( i (c) ( Me 
Sol. (a) Now, ut+2v+3w =6 ...(i) 
4u+5v + 6w =12 ..-(ii) 
and 6u+9v=4 ...(iii) 
From Eqs. (i) and (ii), we get 
2u+v=0 ...(iv) 
Solving Eqs. (iii) and (iv), we get 
1 2 
Uu a= =. Vv =— 
3 3 
Now, from Eq. (i), we get w = : 
2 5 
vtut+w=--+-+-=2 
3. 3 3 
21. If roots of f(x) =0 be a, B, the roots of g(x) =0 will be 
11 1 1 
(a)a,B (b) -a,-B (c) rs (d)-—-— 
a Bp a ff 


Sol. (c) Now, f(x)= (2 + Z + =)! + (e077 


+(c—a)’ +(d—b)*]x+utv+w=0 
= f(x)=-=x* +(a-d)'x42=0 


> f(x) =-9x? + 10(a—-d)’x +20=0 ...(v) 
Given, roots of f(x) =0 are m and B. 


1 
Now, replace x by — in Eq. (v), then 
x 


-9 10(a—d)’ 
+ +20=0 
x x 
=> 20x”? +10(a—d)*x -9 =0 
g(x) =0 


11 
Roots of g(x) = 0 are —, —. 
a B 


Chap 02 Theory of Equations 159 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each © Ex. 23 If a root of the equation 
example is a single digit integer ranging from 0 to 9 n’ sin* x —2sinx — (2n +1) =0 lies in[0, 1 / 2], the 
(both inclusive). minimum positive integer value of n is 


Sol. (3). n® sin’ x — 2sinx — (2n +1) =0 


2+./4 +4 4n7(2n +1) 


© Ex. 22 If the roots of the equation 10x * — cx” 


—54x — 27 =0 are in harmonic progression, the value of c is > sin x = 5 
5 ; 2n 
Sol. (9) saan of a sare _ — . [by Shiridharacharya method] 
bah + 4 : x — 27 =0 are in HP. (i) ae: (on? +n? +1) 
Now, replacing x by - in Eq. (i), we get ne 
oe < + < oe 
27x° +54x" + cx —-10=0 (ii) . ee ; Lee eal 
Hence, the roots of Eq. (ii) are in AP. => o< 1+ y(2n * n+) <1 
Let a—d,aand a+d are the roots of Eq. (ii). ds 
54 => 0<14+,(2n? +n? +1) <n’ 
Then, a-dtatatd=-— 
27 => (2n? +n? +1) <(n? -1) [n> 1] 
2 sis 
=> a= “3 ..-(iii) On squaring both sides, we get 


3 2 4 2 
Since, ais a root of Eq. (ii), then ano +n’ +1Sn —2n* +1 


27a° + 54a° + ca-10=0 => n* —2n* —3n? >0 
8 4 2 . = *-%n-320 > 3)(n +1) 20 
> 27 +54 +e 10=0 [from Eq. (iii)] . . =e) 
27 9 3 > n23 
as n = 3, 4,5,... 
> 6- = =0 or c=9 et gio) us ‘ 
3 Hence, the minimum positive integer value of n is 3. 


JEE Type Solved Examples : 
Matching Type Questions 


= This section contains 2 examples. Examples 24 and 25 Sol. (A) > (p); (B) > (p, q, 5, s); (C) > (p, q, 8) 
have three statements (A, Band C) given in Column I and 2 8x +9 : ; 
four statements (p, gq, r ands) in Column II. Any given (A) =a => xyt2axyt+9y=x"-2x +9 
: ; . x" +2x+9 
statement in Column I can have correct matching with : 
one or more statement(s) given in Column II. => (y-1)x" + 2x(y+1)+9(y-1)=0 
xeER 
® Ex. 24 Column | contains rational algebraic expressions a(y +1)? — 4-9-(y 1)? 20 
and Column II contains possible integers which lie in their - : - as 
range. Match the entries of Column | with one or more = (y +1) —Gy —3)" 20 
entries of the elements of Column II. = (4y — 2)(-2y + 4) 20 
> (2y -1)(y —2) <0 
Column | Column II 1 
=x +9 (p) | poe? Ee eee) 
(A) P=ao 3 a 
x” + 2x+9 x? -3x-2 2 
5 (B) y = ———_ > 2xy-3y =x" -3x-2 
x” —3x-2 (q) 3 2x -3 
(B) | y=————_,, x ER 
2e=3 > x’? —x(3+2y)+3y-2=0 «« xeER 
— 4 “ Pid ely By 
(c) je axt4 eR (r) (3 + 2y)” — 4-1-(3y — 2) 20 
x — 4x43 => 4y’ +1720 
(s) =o = ye R(p, qr, s) 
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2x*—-2x +4 
(C) ae ares 
x 49 3 
=> x°y — 4xy + 3y =2x2-2x +4 


x?(y — 2) + 2x(1-2y)+3y-—4=0 
xER 

4(1—2y)’ - 4(y — 2) (3y — 4) 20 

=> (4y* -4y+1)-(Gy* -10y +8)>0 

y’ +6y-720 

(y+7)(y-1)20 

y <-7ory2=1(p,q,s) 


Y 


nln 


© Ex. 25 Entries of Column | are to be matched with one 
or more entries of Column II. 


Column | Column II 
(A) | Ifa+ b+ 2c=O0but c# 0, then atleast one root in 
ax? + bx + c= Ohas (p) | (-2, 0) 
(B) | Ifa, b,c R such that atleast one root in 
2a —3b+ 6c=0, then equation has | (q) | (1, 0) 
(C) | Let a, b, c be non-zero real numbers atleast one root in 
such that (r) (-1L,0D 
I : 
J (1+ cos® x) (ax” + bx + c)dx (s) atleast one root in 
Pa 4 cos? x) (ax? (0, 1) 
= Ja + cos’ x) (ax” + bx + c)dx, 
the equation ax? + bx + c= Ohas 
(t) atleast one root in 
(0, 2) 


JEE Type Solved Examples : 
Statement | and II Type Questions 


= Directions Example numbers 26 and 27 are 

Assertion-Reason type examples. Each of these examples 

contains two statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 

Each of these examples also has four alternative choices, 

only one of which is the correct answer. You have to select 

the correct choice as given below. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


© Ex. 26 Statement 1 Roots of x? — 23x — 46 =0 are 
rational. 

Statement 2 Discriminant of x* — 2V3x — 46 =0 isa 
perfect square. 

Sol. (d) In ax? + bx +c =0,a,b,c EQ 


[here Q is the set of rational number] 


Sol. (A) > (r1,s,t); (B) >(p,q,r); (CO > (1,5, t) 
(A) Let f(x)=ax? + bx +e 


Then, f@=atbt+e=-c [a+b+2c =0] 
and f(O)=c 
f(0) f(l)=-c? <0 [-c #0] 


.. Equation f(x) =0 has a root in (0, 1). 
“. f(x) has a root in (0, 2) as well as in (—1, 1) (r) 
(B)Let f(x)=ax’?+bx +c 


3 2 
ax bx 


=—+—+ex+d 
Sg 


fO)=d 
and = f(-1)= al 4etd=-{ 


2a — 3b + 6c aed 
6 
=0+d=d ['.. 2a—3b+6c = 0] 
Hence, f(0)= f(-1) 
Hence, f’(x)=0has atleast one root in (—1,0) (q) 
f(x) =0has a root in (—2,0) (p) as well as (—1,1) (r) 


(C) Let f(x)= fa +cos® x)(ax* + bx +c)dx 


Given, f(1)— f(0) = f(2)— f(0) 

= FQ) = f(2) 

> f’(x) = 0has atleast one root in (0,1). 

= (1+cos* x)(ax* + bx +c) =Ohas atleast one root in (0,1). 


=> ax’ +bx+c =Ohas atleast one root in (0, 1) (s) 


‘. ax* +bx +c =0 has a root in (0, 2) (t) as well as in 


(1, 1)() 


If D >0 and is a perfect square, then roots are real, distinct 
and rational. 


But, here 2/3 €Q 


*. Roots are not rational. 


23 + /(12 + 184) 


a 
ie. V3 +7. [irrational] 
But D=12+184 =196 =(14)° 


Here, roots are 


*, Statement-1 is false and Statement-2 is true. 


© Ex. 27 Statement 1 The equationa*+ b*+c*—d*=0 
has only one real root, ifa>b>c>d. 


Statement 2 /[f f(x) is either strictly increasing or decreas- 
ing function, then f(x) =0 has only one real root. 


Sol. (c) «5 aX +b* +c* —d* =0 


=> a t+b* +c* =d* 


ret per=(4) +() + 
red (§) m(3)+(3) #3) *(5) (> 


and f(0)=2 


Subjective Type Examples 


= In this section, there are 24 subjective solved examples. 


Ex. 28 Ifo, B are roots of the equation 
x? — p(x +1) —c =0, show that (a +1) (8 +1) =1—c. Hence, 
a? +2041 , B7+2B+1_ 
B2+2B+c_ 


i 


prove that 5 
a> +2a+¢ 


Sol. Since, wand B are the roots of the equation, 
x? — px-p-c=0 
a+B=p 
and op =-p-c 
Now, (a +1)(B+1)=oB+a+B +1 
=-p-ct+pt+l1=1-c 
Hence, 


a’ +20 +1, B+2B +1 


Second Part LHS = 


ao? +2a+ce B* +2B+c 
(a +1)° (B +1) 
(a+1)?-(1-c) (BP +1)? -(1-c) 
= (a +1)” 
(a +1)? —(a +1)(B +1) 
+ (bed [from Eq. (i)] 


(B +1)’ — (a +1)(B +1) 

_a@+1, B+1_a—B 

a-B B-a a-f 
Hence, RHS = LHS 


=1=RHS 


Ex. 29 Solve the equation x * + px + 45 =0. It is given 
that the squared difference of its roots is equal to 144. 


Sol. Let o,f be the roots of the equation x” + px + 45=0 and 


given that 
(a —B)* = 144 
> p’ —4-1-45= 144 a—p="?] 
a 
> p’ =324 
p =(+ 18) 


(a +1)(B+1)=1-c (i) 
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“. f(x) is increasing function and 
x 


lim f(x)=-1 
= f(x)has only one real root. — 

But Statement-2 is false. 

For example, f(x) = e~ is increasing but f(x) =0 has no 


solution. 


On substituting p = 18 in the given equation, we obtain 


x? +18x + 45=0 


=> (x +3)(x +15) =0 
> x=-3,5 
and substituting p = — 18 in the given equation, we obtain 


x* —18x + 45=0 
(x — 3)(x —15)=0 


> x =3,15 
Hence, the roots of the given equation are (—3), (—15), 3 
and 15. 


Ex. 30 If the roots of the equation ax *+ bx +c =0(a #0) 
bea and and those of the equation Ax * + Bx +C =0 
(A #0) bea +k andB+k. Prove that 


b* —4ac _(a . 
marae 
Sol. --a -B=(a+k)-(B+k) 
Jb? -4ac _ (B? - 4AC) E —s 2) 


a A 
b* — 4ac a 
=> ————— | =] — 
B’ —4AC A 
On squaring both sides, then we get 
b° — 4ac - (<] 
B’-4AC \A 
Ex. 31 Leta, b andc be real numbers such that 
a+2b+c=4. Find the maximum value of (ab + bc + ca). 


=> 
a 


Sol. Given, a+2b+c=4 
=> a=4-2b-c 
Let y=ab+be+ca=a(b+c)+be 


=(4-2b-c)(b+c)+be 
=-2b* + 4b-2be + 4c -—c? 
=> 2b'4+2(c-2)b—4c+c? +y=0 
Since, b € R, so 
4(c — 2)? —-4x2x(-4e +c? + y)20 
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=> (c — 2)? + 8c — 2c” —2y 20 
=> c? —4c +2y-4<0 
16- 4(2y-4)>0=>y<4 
Hence, maximum value of ab + be + cais 4. 


Since, c € R, so 


Aliter 

ot AM 2GM 

= CREO Fs ar lb +e) 

> 2> (ab + be + ca +b’) [a+2b+c=4] 
=> abt+be+cas4-b° 


«. Maximum value of (ab + be +a) is 4. 


Ex. 32 Find a quadratic equation whose roots x , and x 5 


satisfy the condition 
2 2 5 5 3 3 
xX, +x) =5,3(x> +x.) =11(x; +x, ) (assume that x,, x, 


are real). 
Sol. We have, 3(x, + x;)=11(x, +x) 
= fd + xe _il 
er + x 3 
2 2743 3 9 
24, (xf + xy )(xf +x7)—xfxe(x, +x.) 11 
(x + x3) 3 
2.2 
= Gra XX (xX, + X2) _ il 
1 2 
X1 + X_) (x7? + x3 — xx 3 
1+ X2)(x] 2 1X2 
[i xy 4x5" =5] 
2.2 
> eee se 
D> XixX> 3 
_ Bi 
3. 5- XX 
=> 3x7xe + 4x,x. —20=0 


=> 3x7x3 + 10x,x» — 6x,xX, —20=0 


> (x1X2 — 2) (3x1x2 +10) =0 
10 
X4X_ = 2,;) — — 
3 
Wehave, (x; + x2)? =x? +x} + 2xyxq =5 + 24x, 
(x, + x.) =5+4=9 [if xyx2 = 2] 
xX, + x, =143 
10 5 10 
and (x, + x2)? =5+2 = if x,x. =- | 
3 3 3 | 


which is not possible, since x, x, are real. 


Thus, required quadratic equations are x? +3x+2=0. 


Ex. 33 If each pair of the three equations 
x? +ax+b=0,x? +cx+d=0and x’ +ex + f =0 has 
exactly one root in common, then show that 
(a+c+e)? =4(act+cet+ea—b—d- f). 


Sol. Given equations are 


x* +ax+b=0 ..-(i) 

x t+extd=0 ..-(ii) 

x? +ex+f=0 ...(iii) 
Let a, 6 be the roots of Eq. (i), 8, y be the roots of Eq. (ii) 
and y, 5 be the roots of Eq. (iii), then 

a+B=-aop=b ...(iv) 


B+y=-c,py=d ...(v) 
yta=-eya=f ...(vi) 
“ LHS=(at+e+e)=(-a -B-B-y-y-a)’ 
[from Eqs. (iv), (v) and (vi)] 
=4(a +B +)’ 
RHS = 4(ac + ce +ea—b-—d-—f) 
= 4{(a +B)(B+y)+(B+y)(y +a)+(y +a) 
(a + B) — oB — By — yo.)} 
[from Eqs. (iv), (v) and (vi)] 
= 4(0° +B? +" + 208 + 2By + 2ya) 


...(vii) 


=4(a+B+y) ...(viii) 
From Eqs. (vii) and (viii), then we get 
(a+c+e)? =4(ac +ce+ea—b-—d-f) 


Ex. 34 Ifo, B are the roots of the equation 
x* + px +q=0 andy, & are the roots of the equation 
x? +x +5 =0, evaluate (a —'y) (a — 8) (B—y)(B —5) in 


terms of p,q,r and s . Deduce the condition that the equa- 
tions have a common root. 


Sol. a, 6 are the roots of the equation 
x? + px+q=0 
: a+Pp=-p,op =q (i) 
and y, 5 are the roots of the equation x” + rx +s =0 
Ae y+d=-r,yo=s 
Now, (& — y)(a — 8)(B—y)(B — 8) 
= [a? -a(y + 8) + ySI[B* — Bly + 8) +73] 
=(o0? +roa +s)(B? +rB +s) [from Eq. (ii)] 
=a°B* +raB(a +B) +r°aB + s(a? +B’) 
+sr(a+B)+s" 
=a°B? + roB(a +B) +r? af + s[(a +B) - 208] 


+sr(a+B)+3? 


ii) 


= q’ — pgqr + rq +s(p° —2q)+ sr (-—p) +s? 
=(q —s) — rpq +r°q + sp* — prs 
=(q-s)’ —1rq(p —r) + sp(p -r) 


=(q-—s)’ +(p-r)(sp — rq) ..-(iii) 
For a common root (let « = y or B = 8), 
then (% —y)(a — 6)(B-—)(B—- 5) =0 ...(iv) 


From Eqs. (iii) and (iv), we get 

(q-s)’ +(p—r) (sp —1q) =0 
= (q-s)’ =(p—r)(rq — sp), which is the required 
condition . 


Ex. 35 Find all integral values of a for which the 
quadratic Expresion (x — a) (x —10) +1 can be factored as a 


product (x + &) (x +B) of two factors anda, I. 
Sol. We have, (x — a)(x -10)+1=(x+a)(x +) 
On putting x = — a in both sides, we get 
(-—a — a)(-—a —10)+1=0 
os (a +a)(a+10)=-1 
a +aandq + 10 are integers. 
a@+a=—-land a+10=1 
or a+a=1anda+10=-1 
(i) Ifa +10=1 
a =-9, thena=8 


[aae Tl] 


Similarly, 8 =-9 

Here, (x —8)(x—10)+1=(x-9)° 
(ii) Ifa +10=-1 
BE a =-11, then a= 12 
Similarly, B = 12 
Here, (x —12)(x —10)+1=(x —11)* 


Hence, a=8,12 


Ex. 36 Solve the equation 


x t3—4y(x—1) +x +8-6y(x -1) =1. 
Sol. Let (x -1) =t 


We have, 


The given equation reduce in the form 


x=t? +1120 


V(t? +4 -4t) + (0? +9 -6F) =1 


=> |i -—2|+|£-3|=1 


2<t< 
=> 4<t?<9 
=> 4<x-1<9 
=> 5<x<10 


Solution of the original equation is x € [5,10]. 
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Ex. 37 Solve for ‘x’ 
W4+2!43!4...4(«-1)!4x!=k? and kel. 
Sol. For x < 4, the given equation has the only solutions 


x=1,k =+1and x =3,k = +3. Now, let us prove that 
there are no solutions for x = 4. The expressions 


1!+2!+3!4+ 4! = 33 
1!4+2!+3!+4!+5! = 153 
ends with the digit 
1!4+2!+3!4+4!4+5!+6! = 873 
1+ 214314 4!45!4+6147! =5913 


3. 


Now, for x 2 4 the last digit of the sum 1! + 2!+...+ x! is 
equal to 3 and therefore, this sum cannot be equal to a 
square of a whole number k (because a square of a whole 
number cannot end with 3). 


Ex. 38 Find the real roots of the equation 


fxr qtr ett 2 yx? Vax =x 


n radical signs 


Sol. Rewrite the given equation 


fetaetalet tax ta je rax =x (i) 


On replacing the last letter x on the LHS of Eq. (i) by the 
value of x expressed by Eq. (i), we get 


xox tax tact. + Jara 


2n radical signs 


Further, let us replace the last letter x by the same 
expression again and again yields. 


xx t2xtayxt... +2 Je +2 


3n radical signs 


= fx tax tases... +2 fxr 2x =... 


4n radical signs 


We can write, 


xayxt2Jx+2det... 


= lim xt+2qxt2ix+.. +2 yx tax 
No 
N radical signs 
If follows that 


xayxt2dxtayxt... ALE as 
= [x t2Qfxtayx +...) = Je +2x) 


x2 =x+2x 


Hence, 
=> x’ -3x =0 
x =0,3 
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Ex. 39 Solve the inequation, (x * +x +1)* <1. 
Sol. Taking logarithm both sides on base 10, 
then x log (x? +x+1)<0 
which is equivalent to the collection of systems 
x >0, x >0, 
log (x*+ x +1)<0, ae 
x <0, {? <0, 


log (x°+ x +1)>0, x? 4+x41>1, 


x <0, nS 


x(x+1)>0 x >QOand x <(-1) 


| x >0, x>0, 
x(x +1)<0, as 
=> | => 
| 
xed, 
: <(-1) 
Consequently, the interval x € (— °, — 1) is the set of all 


solutions of the original inequation. 


Remark 
When the inequation is in power, then it is better to take log. 
Ex. 40 Solve the equation 
1 
1+ a =x 
1+ 


When in expression on left hand side the sign of a fraction is 
repeated n times. 


So/. Given equation is 
1 


1+————. =x 

1 
1+ : 
1+ — 

1+. 

1 

1+— 

x 


Let us replace x on the LHS of the given equation by the 
expression of x. This result in an equation of the same 
form, which however involves 2n fraction lines. Continuing 
this process on the basis of this transformation, we can 
write 


x=1+ lim1+ 
n—eoo 


[n fractions] 


x — 
2 
1+ 5 1-5 
xy = X= 
2 2 
satisfy the given equation and this equation has no other 


roots. 


Ex. 41 Solve the system of equations 
|x-1]+|y—2|=1 
| y=2-|x-1 — 
Sol. On substituting | x — 1|=2-—- y from second equation in 
first equation of this system, we get 
2-yt|y—2|=1 
Now, consider the following cases 
If y22, 
then 2-y+y-2=1 > 0=1 
No value of y for y = 2. 


If y <2, 
then 2-yt2-y=1 06 y = 5) which is true, 


From the second equation of this system, 


3 
-=2-|x-]1| 
2 
1 1 
> jx-1J=->x-1=+ 
2 2 
13 
=> x=1t->5x=-,- 
2 22 


Consequently, the set of all solutions of the original system 


13 
is the set of pairs (x, y), where x =—,— andy =-. 
22 2 


Ex. 42 Leta, b,c be real and ax” + bx +c =0 has two real 


roots o and, where a <—1andB >1, then show that 
b 


a 


(42 4| 120, 


a 


Sol. Since, a <-—1andB>1 


a+A=-landB=1+yu [A, pW > 0] 


Cc 
1+—+ 
a 
=1+(-1-A)(+p)+|-1-At+1i+p| 
1-1-p-A-Apt+|p-A| 
u-A-Awt+y-A 
u-A-Au+A-wU 
b 


a 


Now, =1+o0B+|a+B| 


a 


[ifu >A] 
[ifA >] 


and 


=-2r 


c 
1+—+ 
a 


Au or — 2u— A 


b 


a 


c 
1+—+ 
a 


On both cases, <0 [. A, > 0] 


Aliter 
ax’ +bx +c =0,a#0 
2 b (G 
x" +—x+—=0 
a a 
2 b (3 
Let f(x)=x°+—x4+- = ee 
a a aS Ws 


f(-1)<0Oand f(1)<0 


bic bic 
=> 1-—+-<0 and 1+—+-<0 


a a a a 
Then, 1+ 2 aS 2G 
a a 
; 3-x 3-x 
Ex. 43 Solve the equation x x+ =2 
Xt+1 xt+1 
Sol. Hence, x +140 
and let (2 j« anid x42 4 
x+1 x+1 
uv =2 ...(i) 


3- 
=(x +1) PO 4x =3-x 4x53 
x 1 


ut+v=3 and uv=2 


Then, 
Given equation is equivalent to the collection 


u=2,v=1 oru=1v=2 


(x —1)’ =0 


=> x =1isa unique solution of the original equation. 


Ex. 44 Show that for any real numbers a3,4,45,-..,5; 
the roots of the equation 
Ags a + Agy4 xe et a3x° +3x? +2x +1=0 are not real. 


Sol. Let P(x) = dgs x? + dey x 


+... 43x? +3x°+2x +1=0 ..(i) 
Since, P(0) = 1, then 0 is not a root of Eq. (i). 
Let 01, 2, 3,...,g5 be the complex roots of Eq. (i). 
1 
Then, the B;| let +) the complex roots of the polynomial 
a A 


Ll 


O(y) = y® + ay* + 3y%8 + a,y™ +... + Ags 
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It follows that 


YB; =-2and by > BiB; =3 


i=l 1si<j<s5 
85 85 - 
Then, Ser -( $e 2 > oa BiB; 
i=l i=l 1Si<j<85 
=4-6=-2<0 


Thus, the B;’s is not all real and then o,’s are not all real. 


Ex. 45 Solve the equation 


oA 2" |" [ed 
Sol. Find the critical points : 
—$$—- 
SSF 
—— 
4 


x+1=0,2* -1=0 
x=-1,x=0 
Now, consider the following cases : 


x<-1 
g FF) oF (2 =4) 44 
> eS? 
—(x+1)=1 
He x=-2 (i) 
-1<x<0 
2th g* S5(2* =1) 44 
=> grtlug 
x+1=1 
x =0 
x #0 [-1< x <0] 
x20 
a**}-2* =2*-141 
= g*tli9.9* 
=> gxtl gett 
which is true for x20. ..-(ii) 


Now, combining all cases, we have the final solution as 
x € [0, 0) U {-2} 


Ex. 46 Solve the inequation 
—ly|tx— V(x? ty? -1) 21 
Sol. We have, —|y|+ x —4/(x? + y*-1)21 
> x —|y|>14+.(x? +y? -1) 


if x =ly\, 
then squaring both sides, 


x? + y? —2x|y| 21+ x7 + y? —14+2,(x? + y? -1) 
> —x|y| > f(x? + y? -1) ..-(i) 


Since, x2l|y|20 (ii) 
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Then, LHS of Eq. (i) is non-positive and RHS of Eq. (ii) is 
non-negative. Therefore, the system is satisfied only, when 
both sides are zero. 

“. The inequality Eq. (i) is equivalent to the system. 


x|y|=0 
x? +y’-1=0 
The Eq.(i) gives x = 0or y = 0.If x = 0, then we find y= +1 


from Eq. (ii) but x = |y| which is impossible. 
If y =0, then from Eq. (ii), we find 


est 
x=1,-1 
Taking x= 1 [. x =ly|] 


.. The pair (1, 0) satisfies the given inequation. Hence, (1, 0) 
is the solution of the original inequation. 
EX. 47 If.a,,a7,43,...,a,(n = 2) are real and 
(n—1)a? —2na, <0, prove that atleast two roots of the 
equationx" +a,x" '+a,x"* +...+a, =0 are 
imaginary. 
Sol. Let 01,2, 03,...,0, are the roots of the given equation. 
Then, Yo, =0,+0,+03+...4+0, =-@ 
and 0,0, =0,0,+0,03,+...+0,-10, = a 
Now, (n—1)a? — 2na, =(n—1)(Da,)? —2nDa,a, 
= n{( Lan)’ - 220102} - (Lou) 
=n Daj - (Da) 


= Y Ya; -a,) 


1si<jsn 
But given that (n — 1)a; — 2na, <0 


=> ye ZT (aj; —a,)? <0 


1<i<j<n 


which is true only, when atleast two roots are imaginary. 


Ex. 48 Solve the inequation|a’* + a**? —1|>1 for all 
values of a(a >0,a #1). 
Sol. Using a* =t, 
the given inequation can be written in the form 
|e? +a°t-1)21 ..(i) 
a>0Oanda #1, thena* >0 
t>0 ...(ii) 
Inequation (i) write in the forms, 
t? +a°t-1>1andt? +a°t-1<-1 


2 4 2 4 
(28 a ae a’ + (a +8) 


2 2 


and -a’ <t<0 
But t>0 [from Eq. (ii)] 
: —a’ +./(a* +8) 
2 
~. 7a? +f(a* +8) 
a> 
2 
For 0<a<il, 


_ 2, fra 
and fora>1,x= we NE *9 
[= +(a* + a 
i , 


x €| log, 


Ex. 49 Solve the inequation 
logy.) (y(9 - x?) —x-1) 21. 


Sol. We rewrite the given inequation in the form, 


log) (4) (9 - x*)-x-1)2 log) .\(1x|) 
This inequation is equivalent to the collection of systems. 
(9 — x?) —x-12 |x|, if |x|>1 
(9 — x?) —x-1<|xif O0<|x|<1 


For x >1 For x >1 
V(9-—x*)-x-12>x \(9— x") 22x41 
For x <—-1 For x <-1 
sea (9-x*)-x-12-x V(9—x?)21 
For0<x<1 For0<x<1 
(9-x*)-x-1<x (9 — x?) S2x 41 
For -1<x <0 For -1<x <0 
4(9-—x*)-x-1<-x V(9— x?) <1 
[ For x >1 
211 +1) <x < 2(/11 -1) 
° peel 
a -22 <x <2v2 
For0<x<1 


2 2 
x < ~~ (V11 +1) and x2 “(V1 ~ 1) 
For -1< x <0 
x <—2V2 and x > 2/2 


[ xed 

| =o)8 2 ee 1 
| vit -1)<x<1 
| xed 


Hence, the original inequation consists of the intervals 


2 
-2/2 <x <-1 and “(J11-1)<x<1. 
5 


Hence, x € [-2V2, yu] FT 0,1) 


Ex. 50 Find all values of ‘a’ for which the equation 
4* — a2* —a+3=0 has atleast one solution. 


Sol. Putting 2“ = t > 0, then the original equation reduced in 


the form 
t? —at -a+3=0 


that the quadratic Eq. (i) should have atleast one positive 


root (t > 0), then 

Discriminant, D =(-a)’ — 4-1-(-a+3)20 
= a’ + 4a-12>0 
=> (a+6)(a—2)20 


Sr a€ (—09, —6] U [2, 2) 
If roots of Eq. (i) are t,and tz , then 


t,+t,=a 
tit, =3-a 


For ae (--, — 6] 


ty +t. <Oand t,t, > 0. Therefore, both roots are negative 
and consequently, the original equation has no solutions. 


For a€[2, o) 
t, +t, >Oand tt, 2 0, consequently, atleast one of the 
roots t, or fy, is greater than zero. 


Thus, for a € [2, c¢), the given equation has atleast one 
solution. 


Ex. 51 Find all the values of the parameter a for which 


the inequality a9* + 4(a—1)3* +a>1, is satisfied for all 


real values of x . 


Sol. Putting t =3 
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~ in the original equation, then we obtain 


7 Faxis —_— rr Faxis 
(i) (i) 
>» Taxis 0 > Taxis 
0 
(iii) (iv) 


at’ + 4(a-1)t+a>1 
=> at? +4(a-—1)t+(a-1)>0 [t>0,-"3* >0] 
This is possible in two cases. First the parabola 
f(t) = at? + 4(a — 1)t +(a—1) opens upwards, with its 


vertex (turning point) lying in the non-positive part of the 
T-axis, as shown in the following four figures. 


a>0Oand sum of roots < 0 


4(a-1 
=> =e) 2oand Haye 
2a 
a>0,a-12>0anda-120 
Hence, a1 


Taxis 


Second the parabola f(t) opens upward, with its vertex 
lying in positive direction of t, then 


4(a-1 
a>0,- (a ) acnd p26 
2a 
> a>0,(a—1)<0 
and 16(a—1)° —4(a—1)a <0 
=> a>0,a<1 
and 4(a—1)(3a— 4) <0 
4 
> a>0,a<landi<a<— 
3 


These inequalities cannot have simultaneously. 
Hence, a = 1 from Eq. (i). 


= This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 


Single Option Correct Type Questions 


which ONLY ONE is correct 


1 


If a, b,c are real and a # b, the roots of the equation 
2(a—b)x? —11(a+ b+c)x—3(a—b)=Oare 


(a) real and equal (b) real and unequal 


(c) purely imaginary (d) None of these 


. The graph of a quadratic polynomial y = ax? 
+ bx + c;a,b,c € Ris as shown. 
Ya 
0 . 


Which one of the following is not correct? 
(a) b? — 4ac <0 (b) = <0 
a 

(c) c is negative 


(d) Abscissa corresponding to the vertex is (-£] 
a 


. There is only one real value of ‘a’ for which the 


quadratic equation ax* + (a+3)x + a—3=0has two 


positive integral solutions. The product of these two 
solutions is 


(a) 9 (b) 8 (c) 6 (d) 12 


. If for all real values of a one root of the equation 


x? —3ax + f(a) =0is double of the other, f(x) is equal to 
(a) 2x (b) x” (c) 2x” (d) 2Vx 


. A quadratic equation the product of whose roots x; and 


xX» is equal to 4 and satisfying the relation 
xy X» : 
+ —+— =2, is 
x27 ul 


x,-1 
(a) x7 -2x+4=0 
(c) x°+2x+4=0 


(b) x° —4x+4=0 
(d) x° + 4x+4=0 


. If both roots of the quadratic equation 


x? —2ax +a? —1=Olie in (— 2,2), which one of the 

following can be [a] ? (where [-] denotes the greatest 
integer function) 
(a) -1 (b) 1 


(c) 2 (d) 3 


. If(—2,7) is the highest point on the graph of 


y=—2x* — 4ax + A, then A equals 


(a) 31 (b) 11 (c) -1 (d) —— 


3 


8. 


Theory of Equations Exercise 1: 


If the roots of the quadratic equation 
(4p — p® —5)x* —(2p —-1)x +3p =Olie on either side of 


unity, the number of integral values of p is 


(a) 1 (b) 2 (c)3 (d) 4 
9. Solution set of the equation 
32x" 93x tx46 4 32 (x46) _ Gig 
(a) {3,2} (BD) 1-1} ©) 23} = A {L -6} 
10. Consider two quadratic expressions f(x)= ax" + bx +¢ 


11. 


12. 


13. 


14. 


15. 


16. 


and g(x)=ax’ + pxt+q(ab,c, p,q€ R,b# p) such that 
their discriminants are equal. If f(x) = g(x) has a root 

x =, then 

(a) & will be AM of the roots of f(x) = 0 and g(x) =0 

(b) o& will be AM of the roots of f(x) = 0 

(c) & will be AM of the roots of f(x) = 0 or g(x) =0 

(d) & will be AM of the roots of g(x) = 0 

If x; and x, are the arithmetic and harmonic means of 
the roots of the equation ax * + bx + c =0, the quadratic 
equation whose roots are x, and xy, is 

(a) abx® + (b® + ac)x + be =0 

(b) 2abx? + (b® + 4ac)x + 2be = 0 

(c) 2abx* + (b? + ac)x + be = 0 

(d) None of the above 

f(x) is a cubic polynomial x* + ax” + bx + ¢ such that 
f(x) =0has three distinct integral roots and f(g(x))=0 
does not have real roots, where g(x) = x? +2x —5,the 
minimum value of a+ b+c is 
(a) 504 (b) 532 (c) 719 (d) 764 
The value of the positive integer n for which the 


quadratic equation Sx +k-1)(x+k)=10n has 


k=1 
solutions & anda + 1 for some q, is 
(a) 7 (b) 11 (c) 17 (d) 25 
If one root of the equation x” — Ax + 12=0is even 
prime, while x? tAxt l= 0 has equal roots, then p is 
(a) 8 (b) 16 (c) 24 (d) 32 
Number of real roots of the equation 
vx +.{x—./(1—x) =1is 
(a) 0 (b) 1 (c) 2 (d) 3 
The value of 7 +4/7—4/7+./7 —... upto is 
(a) 5 (b) 4 
(c) 3 (d) 2 
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17. For any real x, the expression 2(k — x)[x+./x? +k? ] 24. The roots of the equation 
cannot exceed (a+ Vb)" -8 +(a—b)* ~® ae 
(a) k* (b) 2k? ; 
(c) 3k? (d) None of these where a” — b= 1,are 
Pe ee OT (a) +2, + v3 (b) + 4,+ V14 
18. Given that, for all x € R, the expression eee lies (c) 3,4 V5 (d) + 6, + V20 
1 ; 25. The number of pairs (x, y) which will satisfy the 
between — and 3, the values between which the : 
3 equation 
9.37% + 6.3% +4 2 2 aH 
expression aaa lies, are xo xyty" =4(xt+y—4) is 
9-3°* — 63% +4 (a) 1 (b) 2 
(a) -3 and 1 (b) 3 sag (c) 4 (d) None of these 
(tend (a) ‘ a5 26. The number of positive integral solutions of 
c) -—1i ani an 


x* —y* =3789108 is 
19. Let a, B, y be the roots of the equation (a) 0 (b) 1 (c) 2 (d) 4 


oa Oe) =a Ge Ubendot Ob tn equatien 27. The value of ‘a’ for which the equation x * + ax +1=0 
(x -a)(x-B)(x-y)+d=0are 


(a) a, bd (b) b, c,d and x? + ax e +1=0, have a common root, is 
(c) a, b, c (d)at+d,b+d,ct+d (a)a=2 (b)a=-2 
20. If one root of the equation ix? —2(1+ i)x+2-i=0is ann fe Nene oh tiese 
(3-i), where i = J—1, the other root is 28. The necessary and sufficient condition for the equation 
(a)3 +i (b)3 + \=1 (1—a°)x* +2ax —1=0to have roots lying in the 
(c)-1+i (d)-1-i interval (0, 1), is 
(a)a>0 (b)a<0 
21. The number of solutions of |[x] — 2x| = 4, where [x] (c)a>2 (d) None of these 
denotes the greatest integer < x is 29. Soluti pahxe=ii=l41 04 
Ghintnite “G2 ()3 (d) 2 a i yh Ia| SOs 
-14+ 5 m 
22. Ifx * +x +1isa factor of ax ? + bx * + cx +d, the real (a) at) (b) [-1, 1] 
root of ax > +bx * +cx +d=0is 
d d 2 (| -ztbss a)(—1,c +35 
(a) -— (b) — (c) — (d) None of these 2 2 
a a d 
23. The value of x which satisfy the equation 30. If the quadratic equations ax * + 2cx + b=0and 
(6x? ea (6x? 2g eds ax? — 2x) ax *+2bx+c= 0(b#c) have a common root, a+ 4b+4c, 
is equal to 
_ af Qe" -3x+ 1), is (a) - (b) -1 
(a) 3 (b) 2 (c) 0 (d)1 
(c) 1 (d) 0 


Theory of Equations Exercise 2: 
More than One Correct Option Type Questions 


= This section contains 15 multiple choice questions. 32. If A, Gand H are the arithmetic mean, geometric mean 
Each question has four choices (a), (b), (c) and (d) out of 


which MORE THAN ONE may be correct and harmonic mean between unequal positive integers. 


Then, the equation Ax * —|G|x — H =0has 


a (a) both roots are fractions 
ax” + bx +c =Oare non-real complex numbers, then (b) atleast one root which is negative fraction 


31. If0<a<b<cand the roots a, f of the equation 


(a) || =| B| (b) |] >1 (c) exactly one positive root 
(c)|B| <1 (d) None of these (d) atleast one root which is an integer 
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33. The adjoining graph of y = ax? + bx + c shows that 


Y 


(aja <0 

(b) b? < 4ac 

(c)c >0 

(d) a and b are of opposite signs 

34, If the equation ax” + bx + c =0(a>0) has two roots & 
and such that a < —2andB >2, then 
(a) b? — 4ac > 0 (b)c <0 
(c)at|bl+c<0 (d) 4a + 2|b| +c <0 


35. If b? > 4ac for the equation ax’ + bx? +c =0,then all 
the roots of the equation will be real, if 
(a)b>0,a<0,c>0 (b)b<0,a>0,c>0 
(c)b>0,a>0,c>0 (d)b>0,a<0,c<0 

36. If roots of the equation x * + bx * + cx —1=0from an 
increasing GP, then 
(a)b+c=0 
(b) b € (-c0, -3) 

(c) one of the roots is 1 
(d) one root is smaller than one and one root is more than one 

37. Let f(x)=ax 2 + bx +c, where a,b,ce RaxX0. Suppose 
| f(x)|<1V x €[0, 1], then 
(a)|a| <8 (b)|b| <8 
(c)|c| <1 (d) ja] + |b] + Je] $17 

38. cosa is a root of the equation 25x" +5x -12=0, 
-1<x <0, the value of sin2 is 


24 12 

(a) ae (b) cae 
24 20 
(c) 35 (d) 25 


39. If a,b,c € R(a#0) and a+ 2b + 4c =0, then equation 
ax * +bx +c=Ohas 
(a) atleast one positive root 
(b) atleast one non-integral root 
(c) both integral roots 
(d) no irrational root 


40. For which of the following graphs of the quadratic 
expression f(x) = ax? + bx + c, the product ofabe is 


negative r $ 
(a) (b) 
5 X 5 X 
Y 4Y 
io 
(©) (d) a lias 
a) Xx 


41. Ifa,be Rand ax” + bx +6=0,a¥0 does not have two 


distinct real roots, the 

(a) minimum possible value of 3a + b is —2 
(b) minimum possible value of 3a + bis 2 
(c) minimum possible value of 6a + b is —1 
(d) minimum possible value of 6a + bis 1 


42. If x > +3x? —9x + Ais of the form (x —a)?(x —B), then 


X is equal to 
(a) 27 b 
(c) 5 (d) -5 

43. Ifax * +(b-—c)x+a—b-c =Ohas unequal real roots 


for allc € R, then 
(a)b<0<a 
(c)b<a<0 


(b)a<0<b 
(d)b>a>0 


44. If the equation whose roots are the squares of the roots 
of the cubic x? — ax? + bx — 1=0is identical with the 


given cubic equation, then 


(a)a=b=0 
(b)a =0,b =3 
(c)a=b=3 


(d) a, bare roots of x°+ x +2=0 


45. If the equation ax * + bx +c =0(a>0)has two real roots 


a and such that « < —2 and > 2, which of the 
following statements is/are true? 


(a) 4a —2|b| +c <0 
(b) 9a —3|b) +c <0 
(c)a—-|bl +c<0 

(d) c <0, b? — 4ac > 0 
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Theory of Equations Exercise 3 : 


Passage Based Questions 


= This section contains 6 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 


(b), (c) and (d) out of which ONLY ONE is correct. 
Passage I 
(Q. Nos. 46 to 48) 


IfG and Lare the greatest and least values of the 
2x? —3x +2 


expression ; 
2x° +3x+2 


,x€ R respectively. 


46. The least value of G1 + 1) is 
(a) 900 (b) 3100 (c) qin 


47. Gand L are the roots of the equation 
(a) 5x”? —26x+5=0 (b) 7x* —50x+7=0 
(c) 9x”? —82x+9=0 (d) 11x? —122x +11 =0 
48. If L? <2’ <G’, XEN, the sum of all values of A is 
(a) 1035 (b) 1081 (c) 1225 (d) 1176 


Passage II 
(Q. Nos. 49 to 51) 


If roots of the equation x4 —12x3 + cx” +dx +81=0are 


positive. 
49. The value of c is 
(a) -27 (b) 27 (c) 54 (d) 54 
50. The value of d is 
(a) -27 (b) -54 (c) -81 (d) -108 
51. Root of the equation 2cx + d =0, is 
1 1 
-1 b) -- 1 d)- 
(a) (b) 5 (c) (d) 5 


Passage II 
(Q. Nos. 52 to 54) 


In the given figure vertices of AABC lie on 


y= f(x) =ax? + bx +c. The ABC is right angled isosceles 


triangle whose hypotenuse AC = 42 units. 


(d) None of these 


52. y = f(x)is given by 


2 


(a) y=x?-8 Wy =e v2 

()y=x?-4 @y=* 2 
53. Minimum value of y = f(x) is 

(a) 4/2 (b) -2/2 

(c) 0 (d) 2V2 
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54. Number of integral value of for which ‘ lies between 


the roots of f(x) =0, is 
(a) 9 (b) 10 (c) 11 (d) 12 


Passage III 
(Q. Nos. 55 to 57) 


Let f (x) =x? + bx + cand g(x) =x? +hx+c. 


Let the real roots of f (x) =0 be a, B and real roots of 


g(x) =0bea +k, +k for same constant k. The least value 


of f (x) is -2 and least value of g(x) occurs at x = * 
55. The value of b, is 
(a) -8 (b) -7 (c) -6 (d) 5 
56. The least value of g(x) is 


uf 1 
(a) -1 (b) sa (c) = (d) -— 


57. The roots of f(x) =Oare 


(a) 3, 4 (b) -3, 4 
(c) -3,-4 (d) 3, —4 
Passage IV 


(Q. Nos. 58 to 60) 


If ax? — bx +c=Ohave two distinct roots lying in the 
interval (0,1); a, b, ce N. 


58. The least value of a is 


(a) 3 (b) 4 

(c) 5 (d) 6 
59. The least value of D is 

(a) 5 (b) 6 

()7 (d) 8 


60. The least value of log; abc is 


(a) 1 (b) 2 
(c) 3 (d) 4 
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Passage V 
(Q. Nos. 61 to 63) 


If 2x 3 4ax* +bxt+4=0 (a and bare positive real 
numbers) has three real roots. 
61. The minimum value of a’ is 
(a) 108 (b) 216 
(c) 432 (d) 864 
62. The minimum value of b° is 
(a) 432 (b) 864 
(c) 1728 (d) None of these 
63. The minimum value of (a+ b)* is 
(a) 1728 (b) 3456 
(c) 6912 (d) 864 


Passage VI 
(Q. Nos. 64 to 66) 


Ifa, B, y, 6 are the roots of the equation 
x4 + Ax? +Bx? +Cx+D=0such that of = 5 =k and 


A, B,C, Dare the roots of x4 ~2x3+4x7 +6x-21=0 
such that A+ B =0. 


64. The value of . is 
A 
k k 
(a) 5 (b) -k (c) Fi (d) k 


65. The value of (a + B)(y + 5) in terms of Band k is 
(a)B-2k (b)B-k (c)B+k  (d)B+2k 


66. The correct statement is 
(a)C?=AD (b)C* = A?D (c) C? = AD® (d) C? =(AD)? 


Theory of Equations Exercise 4 : 


Single Integer Answer Type Questions 


= This section contains 10 questions. The answer to 
each question is a single digit integer, ranging from 0 


to 9 (both inclusive). 


67. The sum of all the real roots of the equation 
|x -2|? +|x-2|-2=0is 


68. The harmonic mean of the roots of the equation 
(5+/2)x? -(44+V5)x+8+2V5 =0is 


69. If product of the real roots of the equation, 


x? —ax +30 =2(x? —ax + 45),a>0, 


is A and minimum value of sum of roots of the equation 


is U. The value of (tt) (where (-) denotes the least integer 


function) is 6 
1 | 
xp | = xe a pe 
py & x Z 
is 


70. The minimum value of 


i; . 2.4 
eb || a 
(for x >0) x x 


71. Let a, b,c, d are distinct real numbers and ag, b are the 


roots of the quadratic equation x? — 2cx — 5d =0. If c and 


d are the roots of the quadratic equation 
x? —2ax — 5b =0, the sum of the digits of numerical 
values ofa+b+c+dis 


x*-3x4+c 


x7 43x4+e 


72. If the maximum and minimum values of y = 


1 
are 7 and — respectively, the value of c is 
ii 


73. Number of solutions of the equation 


vx? aaa) + (x — 2)? = /5 is 


74, Ifo and B are the complex roots of the equation 
(1+i)x ? +(1-i)x —2i =0, where i = J-1, the value of 
|a —B|? is 


75. Ifa, B be the roots of the equation 
4x °-16x +c =0,c € Rsuch that1<o@ <2and2<B <3, 


then the number of integral values of c, are 


76. Let r,s and t be the roots of the equation 
8x° + 1001x +2008 = 0and if 
99 =(r +s)? +(s+t)? +(t +r)’, the value of [A]is 


(where [- ] denotes the greatest integer function) 
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a) Theory of Equations Exercise 5 : 
™ Matching Type Questions 


= This section contains 4 questions. Questions 78 and 80 have three statements (A, B and C) given in Column I and 
four statements (p, q, r and s) in Column II and questions 77 and 79 have three statements (A, B and C) given in 
Column I and five statements (p, q, r, s and t) in Column II. Any given statement in Column I can have correct 
matching with one or more statement(s) given in Column II. 


77. Column I contains rational algebraic expressions and 79. Column I contains rational algebraic expressions and 
Column II contains possible integers which lie in their Column II contains possible integers of a. 
range. Match the entries of Column I with one or more 
entries of the elements of Column II. Column I Column II 
A 7 
Column I Column II (A) | ax’ + = 4 PenmaweR (p) 0 
2 3x -4x° +a 
OQ: yo ** cer ©) 2 
x +2x+4 P 2 _ 
(B) ax" +x-2 1 
y=———, xe RandyeR (q) 
. 2 t+4xtl on ‘ at+x—2x 
©) x + 4x42’ (@ 2 
PV gee TOE Cepea oer 
x? -3x4+4 - 44x 43a - ©) 
(Cc) | y=————.,xER (rt) 2 
x3 
(s) 5 
(s) 3 
(t) 7 
(t) 8 
80. 
78. 
Column I Column II 
Column I Column II 
. 3 2 - 
(Aj Feb dl mreteurtenverorell ‘|\Gllaebe est (A) | The equation x° — 6x* + 9x + X=Ohave | (Pp) 0 
numbers such that exactly one root is (1, 3), then |[A + 1]is 
(d+ a—b) + (d+ b-c) =0and (where [- ]denotes the greatest integer 
the roots of the equation eon) 
a(b-c)x? + b(c—a)x + c(a—b)=0 (B) goa oe RIE? v5 so (q) 1 
are real and equal, then ~eoeq , 
(B) | If the equation ax’ + bx + c=0 (q)| a, 6, care in AP |[A ]lis (where [- ]denotes the greatest 
and x? — 3x? + 3x —1=Ohavea integer function) 
1 root, th 
common real root, then () bie? 49e41=0ana ) F 
(C) | Let a, b, cbe positive real numbers | (r)| a, 5, care in GP (b- c)x* + (c- a)x + (a— b) = Ohave 
such that the expression both the roots common, then |[A — 1]|, 
bx? + (/(a + 0 + 4b7)x + (at 0) (where [- ]denotes the greatest integer 
is non-negative, Vx € R, then function) 
(s)| a, b, c are in HP (s) 3 
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Theory of Equations Exercise 6 : 
Statement | and II Type Questions 


= Directions (Q. Nos. 81 to 87) are Assertion-Reason 83. Statement-1 In the equation ax’? +3x+5=0,if one 
type questions. Each of these questions contains two 
statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these questions also has four alternative 84 
choices, only one of which is the correct answer. You 
have to select the correct choice as given below. 
(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 
(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


root is reciprocal of the other, then ais equal to 5. 
Statement-2 Product of the roots is 1. 


. Statement-1 If one root of Ax > + Bx * +Cx+D=0, 
A #0, is the arithmetic mean of the other two roots, then 
the relation 2B* + k, ABC +k,A*D =Oholds good and 
then (k, —k,)is a perfect square. 


Statement-2 Ifa, b,c are in AP, then b is the arithmetic 


i ; mean of aandc. 
(c) Statementl is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 
81. Statement-1 If the equation (4p — 3) x ” 
+ (4q —3)x +r =Ois satisfied by x =a,x =bandx=c 


85. Statement-1 If x, y, z be real variables satisfying 


x+y+z=6and xy + yz + zx =8, the range of variables 
x, y and z are identical. 


Statement-2 x+y+z=6and xy+ yz+zx =8 remains 


St 3 
(wheted.#/¢ ate disuse!) then p=q= ry ee same, if x, y, z interchange their positions. 


Statement-2 Ifthe quadratic equation 86. Statement-1 ax * + bx +c =0, where a, b,c € Rcannot 
ax? + bx +c =Ohas three distinct roots, then a, b and c 


have 3 non-negative real roots. 
are must be zero. 


Statement-2 Sum of roots is equal to zero. 
82. Statement-1 The equation 


x? + (2m +1)x + (2n +1) =0, where m, ne L cannot have 87. Statement-1 The quadratic polynomial 


y= ax? +bx +c (a#0and a, b,c € R) is symmetric about 


any rational roots. ; 
the line 2ax + b=0. 


Statement-2 The quantity (2m +1)” — 4(2n +1), where 
q y( ) ( ) Statement-2 Parabola is symmetric about its axis of 


m,n € I, can never be perfect square. symmetry. 


Theory of Equations Exercise 7 : 
Subjective Type Questions 


= In this section, there are 24 subjective questions. 89. For what values of m, then equation 


88. For what values of m, the equation 

(1+ m)x* —2(1+3m) x +(1+ 8m) =Ohas(me R) 

(i) both roots are imaginary? 

(ii) both roots are equal? 

(iii) both roots are real and distinct? 

(iv) both roots are positive? 

(v) both roots are negative? 

(vi) roots are opposite in sign? 
) 
) 
) 
) 


vii) roots are equal in magnitude but opposite in sign? 
q & PP & 
(viii) atleast one root is positive? 
(ix) atleast one root is negative? 


(x) roots are in the ratio 2:3? 


2x —2(2m+1)x +m(m+ 1)=Ohas(me R) 
(i) both roots are smaller tha 2? 

(ii) both roots are greater than 2? 

(iii) both roots lie in the interval (2, 3)? 

(iv) exactly one root lie in the interval (2, 3)? 


(v) one root is smaller than 1 and the other root is 
greater than 1? 


(vi) one root is greater than 3 and the other root is 
smaller than 2? 


(vii) atleast one root lies in the interval (2, 3)? 
(viii) atleast one root is greater than 2? 
(ix) atleast one root is smaller than 2? 


(x) roots a and B, such that both 2 and 3 lie between 
and [? 


90. 


91. 


92. 


93, 


94. 


95. 


96. 


97. 
98. 


99. 
100. 


If r is the ratio of the roots of the equation 
(r+1)° _ Bb? 
r ac 


1 1 

4 be 
xt+p x+q r 
in magnitude but opposite in sign, show that p + q = 2r 


p t+q’ 
2 


ax” + bx +c =0, show that 


If the roots of the equation are equal 


and that the product of the roots is equal to | — 


If one root of the quadratic equation ax” + bx + c = 0is 


equal ip the nth power of the other, then show that 


an +(a" c)tt + b=0. 
Ifa, B are the roots of the equation ax * + bx +c =Oand 
y, 5 those of equation Ix? + mx +n=0, then find the 
equation whose roots are cy + Bd and ad + By. 
Show that the roots of the equation 

(a? — bc) x”? +2(b” —ac)x +c? —ab=0 
are equal, if either b=0ora’*® + b° +c* —3abe =0. 


If the equation x” — px + q =0and x” — ax + b=Ohave 
a common root and the other root of the second 
equation is the reciprocal of the other root of the first, 
then prove that (q — b)? = bq(p — a)’. 

If the equation x” — 2px + q = 0has two equal roots, 
then the equation (1+ y)x* —2(pt+y)x+(q+y)= 
will have its roots real and distinct only, when y is 
negative and p is not unity. 


logy (x +3)" 


Solve the equation x = 16. 


Solve the equation 
x? 2x41 x? -2x-1 101 
(2+ V3) +(2- 43) — 
: 10(2— 73) 
Solve the equation x? +| = =8 
x=) 
Solve the equation 
a(x +8) + 2J(e +7) + f(x +1) - le +7) = 


101. 


102. 


103. 
104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 
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Find all values of a for which the inequation 


2 
+2(2a+1)2* + 4a” —3>0is satisfied for any x. 


eral 
———— |>0 


4° 


Solve the inequation log 2 ‘yous aaa 
Solve the system | x” —2x|+y= 1x? + ly|=1 


If a, B, y are the roots of the cubic x3- px ae qx —r=0. 


Find the — whose roots are 


1 
,aB + 


i) By +2 iets 


(ii) (B+ y —a),(y +a -B), (a +B-Y) 
Also, find the value of (8 + y -a)(y +a -8)(a +6 -7Y). 
If Ay, A>, A3,-05 
that the roots of the equation 

2 2 2 
Oe Ne Pg, 
X-@, X-@, X-a, 


An, 44; G2, 43,.--,4,,4 b,c € R, show 


Ai 


X= a; 


2 2 
=ab° +c°x +ac are real. 


For what values of the parameter a the equation 

x* +2ax* +x” +2ax +1=0has atleast two distinct 
negative roots? 

If [x]is the integral part of a real number x. Then solve 
[2x] - [x +1] = 2x. 

Prove that for any value of a, the inequation (a? +3) 


x? +(a+2)x —6<0is true for atleast one negative x. 


How many real solutions of the equation 

6x” —77[x]+147 =0, where [x]is the integral part of x ? 
Ifa, B are the roots of the equation x? -2x-a* +1=0 
and y, 6 are the roots of the equation 

x? —2(a+1)x +.a(a—1)=0, such that o,f € (y, 8), find 
the value of ‘a’. 

If the equation x* + px * + qx? +rx +5=0Ohas four 


positive real roots, find the minimum value of pr. 


Theory of Equations Exercise 8 : 
Questions Asked in Previous 13 Years’ Exam 


= This section contains questions asked in IIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 
to year 2017. 


112. 


Ifa, B are the roots of ax? + bx +c =O0anda +B, 


a* +B?,a° +B? are in GP, where A = b? — 4ac, then 
[IIT-JEE 2005, 3M] 


(a)A#0  (b)bBA=0 (c)ch#0 ~~ (d)cA=0 


113. 


If Sis a set of P(x) is polynomial of degree < 2 such that 
PO)= =0, a) =1, P'(x)>0,Vx€(0,1), then [IIT-JEE 2005, 3M] 


(a) S 
eae Va e€(0, c) 
( 
( 


c)S =ax+(1-a)x’,VaeER 
d) S =ax+(1—a) x’, Va €(0,2) 
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If the roots of x” — bx + c = Oare two consecutive 
integers, then b? —4cis 


(a) 1 
(c) 3 


[AIEEE 2005, 3M] 
(b) 2 
(d) 4 


1 


If the equation a, x" +a,_, x" ° +... +a, x =0,a, #0, 


n= 2, has a positive root x = a, then the equation 
~? +... +a, =0has a positive 


[AIEEE 2005, 3M] 


na, x"~'+(n—1)a,_1x" 

root, which is 

(a) greater than or equal to « 

(b) equal to a 

(c) greater than a 

(d) smaller than a 

If both the roots of the quadratic equation 
x” —2kx +k? +k-5=0 

are less than 5, k lies in the interval 

(a) (— %, 4) (b) [4,5] 

(c) 6, 6) (d) ©, ©) 

Let aand b be the roots of equation x” — 10cx — 11d =0 

and those of x” — 10ax —11b =O are c and d, the value of 


a+b+c+d,whena#+b4c#d,is lIT-JEE 2006, 6M] 


[AIEEE 2005, 3M] 


Let a, b, c be the sides of a triangle. No two of them are 

equal and A € R. If the roots of the equation 

x? +2(at+b+c)x+3A(ab+be+ca) =Oare real, then 
[IIT-JEE 2006, 3M] 


4 
ae 


15 
(c)AE (2 *) 
All the values of m for which both roots of the equation 
x ° —2mx + m® —1=Oare greater than — 2 but less than 
4, lie in the interval [AIEEE 2006, 3M] 
(a)-2<m<0 
(c)-1<m<3 


(b) m>3 
(d)l1<m<4 
If the roots of the quadratic equation x” + px + q =Oare 


tan 30° and tan 15°, respectively, the value of 2+ q — pis 
(a) 2 (b) 3 [AIEEE 2006, 3M] 
(c) 0 (d) 1 


Let &, B be the roots of the equation x* — px + r =O and 


= 2B be the roots of the equation x” — qx +r =0. The 
2 


value of r is [IIT-JEE 2007, 3M] 


(a) s(P ~ 9) (2q-p) (b) - (q-p)@p-9) 


(c) ; (q-2p)@q-p) A) “(ep q) 2q-p) 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


If the difference between the roots of the equation 
x” + ax +1=0is less than V5, the set of possible values 


of a, is [AIEEE 2007, 3M] 
(a) (—3, 3) (b) (—3, &) 
(c) GB, ~) (d) (2, — 3) 


Let a, b,c, p,q be real numbers. Suppose ©, B are roots of 


. 1 
the equation x” + 2px +q =Oanda, 8 are the roots of 


the equation ax 2 4 2bx +c = 0, where B? ¢ {-1, 0, 1}. 
Statement-1 (p* — q)(b? — ac) >0and 


Statement-2 b# paorc # qa [IIT-JEE 2008, 3M] 


(a) Statement-1 is true, Statement-2, is true; Statement-2 is a 
correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 

The quadratic equation x” — 6x + a=Oand 

x” —cx + 6=0have one root in common. The other 

roots of the first and second equations are integers in 

the ratio 4 : 3. The common root is [AIEEE 2008, 3M] 

(a) 4 (b) 3 (c) 2 (d) 1 

How many real solutions does the equation 

x’ +14x° + 16x? + 30x — 560 =0 have? [AIEEE 2008, 3M] 

(a) 1 (b) 3 (c) 5 (d)7 

Suppose the cubic x* — px + q =Ohas three distinct real 


roots, where p > 0 and q <0. Which one of the following 
holds? [AIEEE 2008, 3M] 


(a) The cubic has minima at - fe and maxima at fe 
(b) The cubic has minima at both e and [- fe) 
(c) The cubic has maxima at both fe and [- fe 


(d) The cubic has minima at Je and maxima at - e) 
The smallest value of k , for which both roots of the 
equation x? —8kx + 16(k* —k +1)=Oare real, distinct 


[IIT-JEE 2009, 4M] 
(d) 0 


and have value at least 4 , is 
(a) 6 (b) 4 (c) 2 
If the roots of the equation bx” + cx +a=0be 
imaginary, then for all real values of x, the expression 
3b’ x* + 6bex + 2c’, is [AIEEE 2009, 4M] 


(a) less than (— 4ab) (b) greater than 4ab 
(c) less than 4ab (d) greater than (— 4ab) 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


Let p and q be real numbers such that p #0, p> #-q. If 
o and B are non-zero complex numbers satisfying 
a+P=- panda’ +B* =q,a quadratic equation 


: a : : 
having B and B as its roots, is [IIT-JEE 2010, 3M] 
a 


(a) (p> + q) x° —(p? + 2q) x + (p> +.q) =0 
(b) (p? + q) x° —(p* —2q) x + (p> + q) =0 
(c) (p? —q) x* — Gp — 2q) x + (p? —q) =0 
(d) (p° — q) x* —(6p* + 2q) x + (p> —q) =0 


Consider the polynomial f(x) =1+2x +3x* + 4x *. Let 


s be the sum of all distinct real roots of f(x) and let 
t =|s|, real number s lies in the interval [IIT-JEE 2010, 3M] 


c(-4.0) [ U1, ,) co -, =| (a(o | 


Let & and be the roots of x” — 6x —2=0, witha >. If 
32 
a, =a" —B” for n = 1, the value of 210 8 ig 
29 
[IIT-JEE 2011, 3 and JEE Main 2015,4M] 
(a) 1 (b) 2 (c) 3 (d) 4 


A value of b for which the equations 
x? +bx-1=0 x? +x+b=0 

have one root in common, is 

(a) — v2 

(c) iV5,i =V/-1 


[IIT-JEE 2011, 3M] 
(b) — iv3,i = J-1 
(d) V2 


The number of distinct real roots of 
4 3 2 : 
x” —4x~ +12x° +x-1=0i1s [IIT-JEE 2014, 4M] 


Let for a# a, #0, f(x) = ax? + bx +c, 


&(x) = a,x *+bix +c, and p(x) = f(x) — g(x). If p(x) =0 
only for x =(—1)and p(-— 2) =2, the value of p(2) is 
[AIEEE 2011, 4M] 
(c) 9 


(a) 18 (d) 6 
Sachin and Rahul attempted to solve a quadratic 


(b) 3 


equation. Sachin made a mistake in writing down the 
constant term and ended up in roots (4, 3). Rahul made a 
mistake in writing down coefficient of x to get roots 
[AIEEE 2011, 4M] 
(d)-6,-1 


(3, 2). The correct roots of equation are 
(a)-4,-3  (b)6,1 (c) 4,3 


Let (a) and B(a) be the roots of the equation 


(31+ a) -1)x? +(./@ +a) -1)x +(S(1 +a) -1)=0, 


where a>-—1, then lim o(a) and lim [(a), are 
a>0* a70* 
5 
-= di 
(a) [ ;) an 


7 
(c) (-2) and 2 


[IIT-JEE 2012, 3M] 
(b) (-2) and (=a) 


(d) [ -?) and 3 
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The equation e *“"* — e~*"* — 4=Ohas [AIEEE 2012, 4M] 


(a) exactly one real root 

(b) exactly four real roots 

(c) infinite number of real roots 
(d) no real roots 


If the equations x? +2x+3=Oand ax’ +bx+c=0, 
a, b,c € Rhave a common root, then a: b:c is 


[JEE Main 2013, 4M] 


(a)3:2:1 (b)1:3:2 (c)3:1:2 (d)1:2:3 


If ae Rand the equation 
~3(x —[x])* +2(x—[x]) +a? =0(where [-] denotes 
the greatest integer function) has no integral solution, 


then all possible values of a lie in the interval 
[JEE Main 2014, 4M] 


(a) (-2, -1) 

(b) (2, — 2) UQ, e) 
(c) (+1, 0) U(O, 1) 
(d) (1,2) 


Let «, 8 be the roots of the equation px” + qx +r =0, 


p #0. If pq.rare in AP and °-+2.=4, the value of 
a 


|a —B|, is [JEE Main 2014, 4M] 


Let ae Rand let f : R- Rbe given by 
f(x= x° —5x +a Then, 


(a) f(x) has three real roots, if a > 4 

(b) f(x) has only one real root, ifa > 4 
(c) f(x) has three real roots, ifa <—4 

(d) f(x) has three real roots, if-4<a<4 


[JEE Advanced 2014, 3M] 


The quadratic equation p(x) = 0 with real coefficients 
has purely imaginary roots. Then, p (p(x)) =0 has 

[JEE Advanced 2014, 3M] 
(a) only purely imaginary roots 
(b) all real roots 
(c) two real and two purely imaginary roots 
(d) neither real nor purely imaginary roots 


Let S be the set of all non-zero real numbers © such that 

the quadratic equation ax” — x +0 = 0 has two distinct 

real roots x, and x, satisfying the inequality 

|x,—-X2|<1 

Which of the following intervals is (are) a subset(s) of S? 
[JEE Advanced 2015, 4M] 
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144. The sum of all real values of x satisfying the equation 
AP EAR Od de 


(c) 3 
Tl Tl 

145. Let- — <0 <— —.Supposea, and, are the roots of 
6 12 


(x? —5x +5) 
(a) 6 (b) 5 


[JEE Main 2016, 4M] 
(d) -4 


equation x’ —2xsecO +1=Oanda, andf, are the roots 
of the equation x’ +2x tan@ -1=0.Ifa, >f, and 
O, >B,,thena, +f, equals [JEE Advanced 2016, 3M] 


(a) 2 (sec 6 — tan 0) 
(c) —2 tan 0 


(b) 2 sec 0 

(d) 0 

146. If for a positive integer n, the quadratic equation 
x(x +1)+(x +1)(x4+2)...+(x+n-1)(x +n)=10n has 
two consecutive integral solutions, then n is equal to 


[JEE Main 2017, 4M] 
(a) 11 
(c) 9 


(b) 12 
(d) 10 
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olutions 


1. We have, 


2(a—b) x*-11(a+b+c)x-3(a—b)=0 
D={-11(a+b+c)} — 4-2(a—b)-(-3) (a—b) 
=121(a+b+c)*+24(a—b)’ >0 


Therefore, the roots are real and unequal. 


. Here, a<0 
Cut-off Y-axis, x =0 
> y=c<0 [from graph] 
c<0 
x -coordinate of vertex > 0 
b 
> -—>0 
2a 
b 
=> — <0) 
a 
But a<0 
b>0 
and y-coordinate of vertex < 0 
D D 
=> -—<0> —>0 
4a 4a 
D<0 [-a<0] 
ie. b? — 4ac <0 
a [c<0,a<0] 
a 
a3 
. Sum of the roots = — ae) =[* [let] 
a 
3 
a=|-— (i) 
I” +1 
a-3 + 4 
Product of the roots = a8 = —— = 1* +2 ...(ii) 
a 
and D=(a+3) — 4a (a +3) 
9 2 Fi 
= {(I* —2)° -12} [from Eq. (i)] 
(I* +1) 
D must be perfect square, then I* =6 
From Eq. (ii), 
Product of the roots =I * +2=6+2=8 
. Let a be one root of 
x? —3ax + f(a) =0 
=> Qa+2a=3a > 30 =3a 
=> Q=a vol) 
and a-20 = f(a) 
=> f(a) =207= 2a° [using Eq. (i)] 


=> f(x) = 2x’? 


XX, =4 (i) 


and “1 2 m2 
X,-1  xX,-1 
> 2XjXq — Xy — Ny =2(xX_ — x, — X, +1) 
> 8-— x, -— xX, =2(4-x -—x, +1) [from Eq. (i)] 
or x, + X, =2 ...(ii) 


From Eqs. (i) and (ii), required equation is 
x? —(x, + x) x + x,x, =0 


or x? -2x+4=0 


» Let f(x) =x? —2ax +a" -1 


Now, four cases arise: 


CaseID20 
1 

= a >X 
=> (— 2a)? — 4-1(a® -1) 20 
=> 420 
5% aeR 
Case II f(— 2) > 0 
> 4+ 4a+a*-1>0 
=> a’+4a+3>0 
= (a+1)(a+3)>0 


ES a €(— ©, —3) U(-1, ~) 
Case III f(2) > 0 


> 4-4a+a°-1>0 
> a’ —4a+3>0 
> (a —1)(a-—3)>0 


” a €(—~, 1) U3, ») 
Case IV — 2 < x-coordinate of vertex < 2 


=> —2<2a<2 

. a €(-1,1) 

Combining all cases, we get a €(—1, 1) 
Hence, {a]=-1,0 

. We have, — a =-2 
2(-2) 
> a=2 
y=-2x°-8x +A (i) 


Since, Eq. (i) passes through points (— 2, 7) 
’ 7 =-2(-2)?-8(-2) +A 
> 7=-8+16+A 

N=-1 


. Since, the coefficient of n? =(4p — p® —5) <0 


Therefore, the graph is open downward. 


According to the question, 1 must lie between the roots. 
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Hence, f(1)>0 
=> 4p —p’-5-2p+1+3p>0 
=> —p’+5p-4>0 
=> p —5p+4<0 
= (p-4)(p—1) <0 
=> 1<p<4 
p=2,3 


Hence, number of integral values of p is 2. 


2 2 
. We have, 37% —2-3% +**%4 3249 29 


3" —3xt oN =0 


=> 
=> 3x° = 39*+6 = 4 
> 3 a3tt® => ax 46 
=> x? -x-6=0 
> (x —3)(x +2)=0 
és x={-2, 3} 
Given, b” — 4ac = p’ — 4aq (i) 
and Flex) = glx) 
> ax’ + bx+c=ax’ + pxt+q 
> (b-—p)x=q-c 
ge OE aay [given] ...(ii) 
b-p 


From Eq. (i), we get 
(b+ p)(b— p) + 4a (q 


c)=0 


> (b+ p)(b- p)+4aa(b-p)=0 — [from Eq. (ii)] 
or gD) [ob # pl 
4a 

aie 
a a 
4 
[Sum of the roots of (f(x) =0) | 
7 [+ Sum of the roots of (g(x) = 0)| 
7 4 
= AM of the roots of f(x) = 0 
and g(x) =0 
Let & and be the roots of ax” + bx +c =0. 
be a+B mes 
2 2a 
9.£ 
and X_ = i, eo 
at+p _0 b 
a 


.. The required equation is 


Nee 


2abx? + (b” + 4ac) x + 2be =0 


ie. 

Let &,, @, and 0, be the roots of f(x) = 0, such that 
O, <a, <Q, 

and g(x) can take all values from [— 6, ©). 


13. 


14. 


g(x) =(x +1)? -6 2-6 
O, $-7,0, $-8,a, <-9 
a+b+c2719 
.. Minimum value of a + b + c is 719. 
Q,+0,+0,=-a 
-—as-—24 
a224 
A,X, +AH,4,+0,0, =b 
b2191 
A,4,%,=—cC 
—c<-—504 
c 2504 
a+b+c2719 


Hence, minimum value of a + b + cis 719. 


Vet k-(xt k) =10n 
k=1 


=> 
=> 


=> 
and 
=> 
=> 


=> Yi x? + x(2k 1) + (Kk -1)k =10n 
k=1 


1)) 


=> nx’ 4 xo + 2n — 1) 
+1)(2n+1 +1 
cs )(an+ 1) _ n(n )) =10 
6 2 
2 
= 
=> aeagps =" a i638 
2 
=—31 so 
> Cree cg [dividing by n] 
D 
@+n-a=? 
1=/D 
=> D=1 
2 
—31 
= p=. 
=> 3n’ — 4n? + 124 =3 
=> n’ =121 
n=11 
Since, 2 is only even prime. 
Therefore, we have 
27 +2-24+12=0 
> X=8 
x +Ax+p=0 
—! x7 4+8x+"U=0 ...(i) 


But Eq. (i) has equal roots. 


D=0 
=> 87 —4-1-" =0 
=> Lu =16 


15. We have, 


=> 


Vx +.{x—./(1—x) =1 
yx—jl—x =1-vx 


On squaring both sides, we get 


=> 


x— f/1—x =14+ x-2Vx 
~f1—x =1-2Vx 


Again, squaring on both sides, we get 


=> 


1—-x=14+ 4x—-4Vx 


4x =5x 
Vx = “ {on squaring both sides] 

16 

x= 

25 


Hence, the number of real solutions is 1. 


16. 


x -7= 


(x? -7"% =7-x 


Letx= 747-74 f7— = 


x= 7+.,/7-x [on squaring both sides] 
Ya, 3 


[again, squaring on both sides] 


xt -14x7+ x+ 42=0 


' u’b UYU UU |v 


17. 


=> y-2(k 


(x —3) (x3 + 3x? 
(x —3) (x + 2) (x* + x-7)=0 


5x -14) =0 


20. 


-1+./29 
2 


x=3,-2, 


[ex > V7] 


x=3 


Let y =2(k — x) (x + (x? + k’) 


— x)x =2(k — x) 4|(x? + k?) 


On squaring both sides, we get 


=> y +4(k 


=> 


4xy (k — x)= 4(k — x)? (x? + k’) 
y? — 4xy (k— x) =4(k — x)? 


x)?x? 


=> 4(k? 


y) x” — 4(2k° 


ky) x—y? + 4k* =0 


Since, x is real. 


=> 16 (2k? 


D20 


ky)’ —4-4(k’ —y) (4k* —y’) 20 


[using, b* —4ac = 0] 


=> 4k° + k’y 


=> 


=> 


18. We have, 


2 _ Akt y —(— ky? + 4k° + y? — 4yk*) = 0 
ak’y? —y?>0 
y* (y — 2k’) $0 

y <2k? 


19. 


21. 


22. 
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9-3°%4+6-3% +4 B**')? 42.3% 44 


Let y= 

9-3°* 6.3% 44 (3%*1)? -2.3%*1 44 

2 

t+ 2t+ 4 

= ———— where t =3**? 

t-—2t+ 4 
=> (y-1)t?-2(y +1) t+ 4(y -1)=0 
By the given condition, for every t € R, 

: <y <3 
3 y 
But t=3**!>0 
We have, product of the roots = 4 > 0, which is true. 
2(yt+1 
And sum of the roots = ey) >0 
(vy -1) 
+1 
> a 0 
yt 

“ y €(— 2%, -1) U(1, ~) 
From Eqs. (i) and (ii), we get 


1<y <3 
Since a, B andy are the roots of 
(x —a)(x —b)(x-c)=d 

(x — a) (x —b)(x—c) —d=(x-a) (x —B)(x-Y) 
(x — 01) (x —B) (x —¥) + d =(x—a) (x —b)(x-0) 
= a,b and care the roots of 

(x a) (x-B)(x-y) +d =0 
Since, all the coefficients of given equation are not real. 
Therefore, other root #3 + i. 
Let other root be a. 


> 
=> 


Then, sum of the roots = eM 2) = i) 
i 

=> ree ee ee 
i 

=> QO+3-i=2-2i 

an a=-1-i 

We have, |[x] -2x|=4 

=> |[x]-2([x] + {xp)=4 

=> \[x] + 2{x}| =4 

which is possible only when 

2{x}=0,1 


If {x} = 0, then [x] =+ 4 and then x =— 4, 4 and if {x} = : 


then 
[x]+1=44 
= [x] =3,-5 
1 1 
x=3+-and-—5+- 
2 2 
7 9 97 
=> x=-, > x 4, 5,74 
2 2 22 


> 
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...i) 


We know that, x? + x + lisa factor of ax® + bx* + cx +d. 


Hence, roots of x” + x + 1 = Oare also roots of 


ax? + bx* + cx + d =0. Since, @ and? 
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[wher @=- ; + *) are two complex roots of x’+ x + 1=0. 26. 
Therefore, @ and @’ are two complex roots of 
ax? + bx* +ex+d=0. 
We know that, a cubic equation has atleast one real root. Let 
real root be a. Then, 
2 d d 
Q-0-@° =-— S>a=-— 
a a 
We have, 6x? 8x + 3) 6x? 9x + 4) 
= (2x? - 2x) — ex? -3x +1) ae 
=> [5x —3)(x-1) - (6x -4)(x-1) 
= 2x (x —1) — (2x -1) (x -1) 
=> Jx-1(/5x-3 — 5x -4)=./x-1 (2x — 2x -1) 
> x-1=0 
> 1 
We have, (a+ Vb) (a—vVb) =a° —b=1 [given] 
(a+ Vb)" ~ 4 (@—Vb)* ~ =24 28. 
=> (a+ Vb)" 54 —_+ __ = 
(a+ vb)" -15 
Let y=(a+ Vb) -8 
=> je = 9? gay +1=0 
y 
2a + 4a" —4 
. jE oy 
o y=atvb =(a+Vb)*! fea? -b=1] 
= (a+b) -5=(+ Vb)! 
x°-15=41 
> x S150 = x" = 16,14 
=> x=t4+J14 


We have, x -xyty?=4(x+y-4) 


=> x’ —x(y+4)+y?—-4y+16=0 


xeER 
(-(y + 4))? —4-1-(y? — 4y + 16) > 0 
[using, b* -4ac >0] 
=> y? + 8y + 16 —4y" + l6y —6420 
=> 3y* —24y + 48 <0 


=> y'-8y+16<0 => (y-4)’<0 


(y - 4)’ =0 
Be y=4 
Then, x? —4x+16 = 4(x+ 4-4) 
x? -8x+16=0 
(x—4)? =0 
x=4 


Number of pairs is 1 ie., (4, 4). 


Since, 3789108 is an even integer. Therefore, x* — y* is also an 


even integer. So, either both x and y are even integers or both 
of them are odd integers. 


Now, x! y* =(x—y)(x4 y) (x? t y’) 


=> x-y,x+y, x’ + y’ must be even integers. 


Therefore, (x — y)(x + y) (x? + y’) must be divisible by 8. But 


3789108 is not divisible by 8. Hence, the given equation has no 
solution. 


.. Number of solutions = 0 


We have, x? +ax+1=0 
or xi +ax°+x=0 (i) 
and x! tax’? +1=0 ...(ii) 
From Eqs. (i) and (ii), we get 

x-1=0 
=> x=1 


which is a common root. 

1+a+1=0 
=> a=-2 
""(1—a’) x? + 2ax -1=0 


Let 


The following cases arise: 


CaseI D=0 
2 : 1 
oo} -44- = |20 
1=—a 1l=a 
4a’ 4 
= — +2 
(l-—a‘)" (1-a’‘) 
4a” + 4— 4a? 
=r ome 
(1 -a*) 
4 
> ——ay 20 [always true] 
(1-a") 
Case II f(0) > 0 
=] 1 
> —; 20 = 5 <0 
(1 -a’*) 1l-a 
> 1-a’ <0 


“ a €(—-, -1) U(1, %) 
Case III f(1) > 0 
2a 1 


Ga) Gna) 


=> 1+ 


1—-a*+2a-1 a’ —2a 
—___—— > 0 =~ <0 

(1 -a’*) 1l-a 

nN + lt 
-1 = /0 Mh a572 
-2 
Se 3g 
(a+ 1)(a—-1) 


a €(—-%, -1) U(0, 1) U(2, °°) 


Case IV 0 < x-coordinate of vertex <1 


> 0<- ia <1 >0< <1 
2(1—a’) a’-1 
a a 
> 0< and1 >0 
(a+1)(a—-1) a’-1 
a 
=> 
(a + 1) (a —-1) 
+ ft 
af OW = 1 
> a €(—1, 0) U(1, ©) 
+) 4) 
a a 
2 2 
and >0 
(a + 1)(a—-1) 
“EN + + 
=i - firs 1 - 1+V5 


Combining all cases, we get 


29. We have, 


=> 


a>2 
x—/1—|x| <0 
which is defined only when 
1—|x'|.2:0 
|x| <1 
x e[-1,1] 


=> 


Now, from Eq. (i), we get 
er 
CasellIfx>0,ie,0<x<1 
Pe per er 
eee 


On squaring both sides, we get 


=> 


But 


x°+x-1<0 
-1- 5 -14+V5 
<x< 
2 2 
x20 
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raja tess) 


2 
Case I If x < 0,i.e.,-1< x <0 


(1+ x) <0 


x 
=> x<Vl+x [always true] 
x €[-1, 0) 
Combining both cases, we get 
xe - 1, a8) 
30. We have, (a-2b — 2c-a) (2c-c — b-2b) = (ba — ca)’ 
=> 2a (b —c)-2(c? —b*) =a%(b -c)’ 
> 4a (c — b) (c +b) =a*(b —c) [.b #c] 
> 4a(c+b)=-a 


=> a+ 4b+ 4c=0 
c 


31. 0<acb<oa+p=(-7}andap == 
a a 


For non-real complex roots, 


b* — 4ac <0 
b? 4c 
> =-— <0 
a a 
=> (a +B)? — 408 <0 
=> (a -B)? <0 
0<a<b<c 


. Roots are conjugate, then || =|B| 


But ap = = 
a 
|orB| = |<] >1 
a 
= \o| |B| > 1 
=> jal? >1 or Ja} >1 
32. Given equation is 
...(i) Ax’ —|G| x -H=0 
Discriminant =(—|G|)? — 4A (- H) 
=G? + 4AH 
=G’ + 4G’ 
=5G" >0 
.. Roots of Eq. (i) are real and distinct. 
+b 2ab 
-az=" >0,G= ab >0,H=—~" 
a+b 


...(i) 


>0 


[a and b are two unequal positive integers] 


Let wand B be the roots of Eq. (i). Then, 


|G| 
a+B=—>0 
B A 
and aes 20 
A 
snd pet? OG 
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|G| + GV5 
QO =——_ > 


0 
2A 

a g -1G1= V5 - 
2A 


Exactly one positive root and atleast one root which is 
negative fraction. 
It is clear from graph that the equation y = ax’ + bx + c=0 
has two real and distinct roots. Therefore, 
b* — 4ac>0 ...(i) 
*: Parabola open downwards. 
a<0 

andy = ax’ + bx + c cuts-off Y-axis at, x = 0. 

y=c<0 
=> c<0 


and x-coordinate of vertex > 0 


b b 
=> -—>0 5 -<0 

2a a 
=> b>0 


It is clear that a and b are of opposite signs. 


[a <0] 


Let y =ax’ + bx +c 


Consider the following cases: 
CaseID>0 
> b? — 4ac > 0 
Case II af(— 2) < 0 
=> a (4a -2b+c)<0 
> 4a —-2b+c¢<0 
Case Ill af (2) > 0 
=> a(4a+2b+c)>0 
> 4at+2b+c>0 
Combining Case II and Case III, we get 

4a + 2|b| +c <0 
Also, at x = 0, y<0 >c<0 
Also, since for — 2 < x <2, 

y<0 


> ax’ + bx +c <0 


For x = 1, a+b+c<0 


...(i) 
...(ii) 


and for x =—1, a-—b+c<0 
Combining Eqs. (i) and (ii), we get 
at+ |bl+c<0 
Put x? = y. 
Then, the given equation can be written as 


fly) =ay? + by+c=0 ...(i) 


36. 


37. 


The given equation will have four real roots, i.e. Eq. (i) has two 
non-negative roots. 


Then, a7 39 

a 

af (0) 20 

and b* —4ac >0 [given] 
=> Bey 

a 

ac20 
> a>0,b<0,c>0 
or a<0,b>0,c <0 


a 
Let the roots be —, a andar, wherea>0,r>1 
r 


.. Product of the roots = 1 


a 
=> —-a-ar=1 
r 
=> a= 
@=1 [one root is 1] 


1 
Now, roots are —, 1 andr. Then, 
r 


1 
—-+1+r=—-b 


Y vu 
| 
> 
| 

SF eR 

A V 

1} S 

w 


[from Eq. (i)] 


or b E(-— ~, —3) 
1 1 
Also, —-1l+1-:r+r--=c 
r r 
i ‘ 
> —-+r+1=c=-) [from Eq. (i)] 
r 
b+c=0 


1 
Now, first root =— <1 
r 


['. one root is smaller than one] 


Second root = 1 
Third root =r>1 
We have, 


[. one root is greater than one] 

f(x) =ax’ + bx +¢ 

a,b,cER [. a#0] 
: 1 

On putting x = 0, 1, we get 


|jc| <1 
jatb+c|<1 


<1 
2 


> -1<c<l, 

-1lsat+b+c<1 
-4<a+2b+4c<4 
=> -4<4a+ 4b+4c<4 
—4<-a-2b-4c<4 


1 1 
and iat ibe 
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On adding, we get Option (d) a < 0,c <0,- -. <0 


—8<3a+2b<8 ‘a 
Also, —-8<at+2b<8 or a<0,c<0,b <0 
= —16 <2a <16 3 abc <0 
> ja| <8 41. Here, D<0 
i 1<-c<1,-8<-a<8 and f(x)20,VxeER 
We get, —16 <2b <16 ” f) 20 
=> |b| <8 > 9a+3b+620 

or 3a+b>-2 


ja| + |b] +|c| <17 
=> Minimum value of 3a + b is — 2. 


+ ; + - 
98.00 oN + 1200 _-5 +35 _ 30 - 40 ae f6)>0 
a a => 36a + 6b +6>0 
or ls > 6at+b>-1 
5 = Minimum value of 6a + b is —1. 
But ~1<x<0 42. Since, f(x) =x? +3x° —9x +A =(x-a)*(x —B) 
4 F 
cos & =—— [lies in II and III quadrants] . @ is a double root. 
5 .. f(x) = 0 has also one root a. 
3 : 2 _ 
ane : [lies in II quadrant] Le. 3x° + 6x —9 =0 has one root a. 
: x°+2x-3=0 or (x+3)(x—-1)=0 
sin @ =— z [lies in II quadrant] has the root & which can either —3 or 1. 
ei Ifo =1, then f(1) = 0 givesA-—5 =0>5A =5. 
sin 20, = 2-sinQ@- cos & = — is Ifa =—3, then f(—3) = 0 gives 
—274+27+274+A=0 
[lies in II quadrant] > .=-27 
24 
sin 20 =2-sinQ@- cosa = a [lies in III quadrant] 43. Wehave, D=(b-c)*—4a(a—b-c)>0 


> b? +c” —2be — 4a” + 4ab + 4ac >0 


39. -sa+2b+ 4c=0 


5 => c?+(4a—2b)c—4a° + 4ab+b’>0,VceER 
a (:) + (2) +c=0 Since, c € R, so we have 


f z (4a —2b)? — 4(— 4a? + 4ab + b2) <0 
1 
It is clear that one root is s > 4a” — 4ab + b® + 4a” — 4ab — b? <0 
1 b = a(a—b)<0 
Let other root be a. Then, @ + 5 = - Ifa > 0, thena—b <0 
1b ie. 0<a<b 
=> Q=- 2 = F or b >a>0 
which depends upon a and b. Hes Mahe abet 
i.e. 0 b 
40. - Cut-off Y-axis, put x = 0, ie. f(0) =c a a“ 
or b<a<0 
b : 
Option (a) a <0,¢<0,—=— <0 44. We have, x? —ax’ + bx-1=0 (i) 
a 
2 pie neanes Then, 0° +8? +y’?=(0+B+ y)’-2(aP + By + ya) 
abe <0 =a’ —2b 
Open). w<hest=2 56 ep Se On irae 
2a —20By(a +B + y)=b’ -2a 
or a<0,c>0,b>0 and 2B y? =1 
be <0 
; ee Therefore, the equation whose roots are a”, B” and ’, is 
Option ee tet" x > —(a? —2b) x? + (b® —2a) x -1=0 ...(ii) 
ot a>0,c>0,b<0 Since, Eqs. (i) and (ii) are indentical, therefore 


abe <0 a’ —2b=a and b*-2a=b 
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Eliminating b, we have 


(a* — a)’ oa = 2 2 
4 2 

=> a {a(a—1)° -8—2(a-1)}=0 
=> a(a*° —2a” —a-6)=0 
=> a(a—3)(a°>+a+2)=0 
> a=0ora=3o0r a’ +a+2=0 
> b=0or b=3 
or b?+b+2=0 

a=b=0 
or a=b=3 


or aand bare roots of x7 + x+2=0. 


45. Here, D>0 


>X 


or 
and 
=> 
> a+b+c<0 
f-1)<0 
> a-b+c<0 
f(2) <0 
= 4a+2b+c<0 
f(-2) <0 
> 4a-—2b+c<0 


From Eqs. (i) and (ii), we get 
c <0, b’ — 4ac > 0 
From Eqs. (iii) and (iv), we get 
a—|b|+c<0 
and from Eqs. (v) and (vi), we get 
4a —2|b|+c¢<0 
Solutions (Q. Nos. 46 to 48) 
2x? —3x +2 
Let y= paleo 
2x°+3x+2 
=> ax’y + 3xy + 2y =2x* -3x 42 


=> 2(y -1) x7 +3(y+1)x+2(y-1)=0 


AsxéER 

D=0 
=> 9(y +1)? — 4:2 (y -1)-2(y -1) 20 
=> 9(y +1)? -16(y -1)° 20 
=> Gy + 3)? —(4y — 4)? 20 
> (7y -1) 7-y)20 


> (7y —1)(y -—7) <0 
1 
-—<ys<7 
7 y 
1 
G=7and L=— 
7 
GL=1 
100 , 7100 100 , 7100 
Now, o =" (G1) s Cet 


> Gout So 
46. Least value of G'” + 1’ is 2. 


47. The quadratic equation having roots G and L, is 
x? —(G+ L)x+ GL=0 


_ 48 x 49 


> 50 
=> x“ -—x+1=0 
7 
=> 7x? —50x+7=0 
48. We have, Per~a<G 
1 2 
=> (=) 2<7 
ve 
1 
=> —<A<49 
49 
(i) => X =1, 2,3,...,48asA EN 
.. Sum of all values of A =1+24+3+4...+ 48 
...(ii) 
Solutions (Q. Nos. 49 to 51) 
...(iii) Let roots be o, B, y, 5 > 0. 
e a+B+7+5=12 
..-(iv) ( +B) (y+ 5)+aB + y=c 
ab (y+ 5) + yo (a+B)=-d 
.(v) apyd =81 
amMaOtBty+6 _, 
..-(vi) 4 
and GM =(af y8)'* =(81)'4 =3 
oe AM =GM 


49. c=(a + 8) (y+ 5) + 08 + yo 
=(3 +3) (3+ 3)+3-3+3:3=36 + 18 =54 
50. «a8 (y+ 8) + y5 (a + B)=-d 


d =— {3-3-3 + 3) +3-3-(3 +. 3)}=— 108 


51. Required root = — Ba 1 
2c 2x54 


Solutions (Q. Nos. 52 to 54) 
Given that, AC = 4,/2 units 


AB =BC= = 4 units 


ae 

2 

and OB = 4|(BC)? —(OC)’ 
= (4)" - eva) 


= 22 units 


=1176 


52. 


53. 


54. 


-. Vertices are A =(— 2/2, 0), 

B =(0, 2/2) 

C =(2y2, 0) 

Since, y = f(x) = ax” +bx + c passes through A, B and C, then 
0 =8a —2/2b + c — 22 = 


and 


and 0=8at+2V2b+c 
1 
We get, b=0,a= andc =—2V2 
2/2 
x? 2 
(x) =—= -2v2 
y=f oe 
2 
x 
Minimum value of y = —= — 22 is at x = 0. 
ye 
. (min =~ 2V2 
f (x) =0 
2 
= *_-2/2=0 = x=+2V2 
2V2 
; nr 
Given, - 22 < 7 < 2/2 
or — 4/2 <r’ < 42 
. Initial values of A are 
—5, —4, —3, —2, —1, 0,1, 2, 3, 4.5. 


..Number of integral values is 11. 


Solutions. (Q. Nos. 55 to 57) 


55. 


56. 


57. 


We have, (a —B) =(a+k)-(B +k) 
b?-4 —_ 
= af e bi 4c, 
1 1 
=> b® — 4c = b? — 4c, i) 
2 Saws. 
Given, least value of f(x) = eee (es ee 
4 4x1 4 


=> b? — 4c =1 


b? — 4c =1=b/ — 4c, [from Eq. (i)] ...(ii) 


7 
Also, given least value of g(x) occurs at x = > 


b _7 
2X1 2 
RA bh =-7 
b,=-7 
bp -4 1 
Least value of g(x) =— + is a [from Eq. (ii)] 
4x1 4 
S g(x) =0 
x’ +bx+c,=0 
m ee ot vb = 46 
2 
+1 
oi ''254 
2 


. Roots of g(x) = 0 are 3, 4. 
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Solutions (Q. Nos. 58 to 60) 


Let f(x) = ax? — bx + c has two distinct roots @ and B. Then, 
f(x) =a(x —a) (x —B). Since, f(0) and f(1) are of same sign. 
Therefore, c(a-—b+c)>0 

= c(a—b+c)21 


a’ ap (1 —a)(1-B) 21 


2 
But a (1 a) =— t a_| ee 
4 2 4 
2 a” 
a’ ap (1 —a) (1 —B) < — 
B( )Q—-B) ie 
a 
=> —>1 > a>4 [a #8] 
16 
=> a=5asael 
Also, b? — 4ac >0 
=> b® > 4ac > 20 
=> b>=5 
Next, a25,b 25, we getc 21 
abe = 25 
is log, abc = log,25 =2 
58. Least value of a is 5. 
59. Least value of b is 5. 
60. Least value of log, abc is 2. 
Solutions. (Q. Nos. 61 to 63) 
Let a, Bandy be the roots of 2x* + ax’ + bx + 4=0. 
a 
a+B+y=-— 
Bt+y F 
b 
prs and ofy=-2 
61. -- AM>GM 
-a)+(-B)+(- 
CO+CBACD Kaye p ep 
& 
2 sys 
r (2) 
a >6(2)'3 ...(i) 
or a’ > 432 
Hence, minimum value of a? is 432. 
62. «.» AM>GM 
(-a)(-B) +C-B)(-Y+eNCe) 
a 
> {(- a) (-B) -B)\-yeynCay”? 
=> ele >(4)/3 
3 
=> b>6(4)"3 ...(ii) 
or b? >864 


63. 


Hence, minimum value of b? is 864. 
From Eqs. (i) and (ii), we get 
ab > 6 (2)'/3.6(4)!/3 
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> ab =>36X2 


at+b + b 


<2 vab >6y2 = 4 


a+b2>12V2 
or (a + b)? > 34562 
Hence, minimum value of (a + b)? is 3456/2. 


Solutions (Q. Nos. 64 to 66) 


64. -. 


65. 


66. 


67. 


a+B+y+d=-A 
(4 + B)(y+ 5) +08 + y=B 
ab (y+ 5) + yo (a +B)=-C 


and apys = D 
C _aB(y+5)+ yo +B) 
A a+B+y+6 


_k(y+8)+k@+B) 
—  atpey+d 
=k 
From Eq. (ii), we get 
(a + B) (y+ 5) = B-(oB + ¥5) = B - 2k 
From Eq. (iv), we get 


apys =D 
=> k-k=D 
2 
=> (<} =) 
A 
C?=A"D 


The given equation is |x — 2|? + |x —2|-2=0. 


There are two cases: 
Case I If x >2, then(x —2)? + x-2-2=0 


> x? -3x=0 
> x(x-3)=0 
=> x=03 


Here, 0 is not possible. 


Case II If x < 2, then 

(x -2)? -x+2-2=0 
=> x? -5x+4=0 
> (x —1)(x- 4) =0 
=> x=1,4 
Here, 4 is not possible. 
# x=1 
-. The sum of roots =1+3=4 


>6V2 


[- OB = ¥5 =k] 


[- oP = ¥5 =k] 


[from Eq. (v)] 


Aliter 

Let |x —2| =y. 

Then, we get y +y-2=0 

> (y-1)(y+2)=0 => y=1,-2 


But — 2 is not possible. 
Hence, |x-2)=1 > x=1,3 
“. Sum of the roots =1+3=4 


68. 


69. 


70. 


71. 


We have, 
(5 + V2) x? (445) «+8425 =0 


4+5 
..Sum of the roots = v5 


5+ V2 


8 +2V5 
54a 


..The harmonic mean of the roots 


and product of the roots = 


_ 2xProduct of the roots 2 x(8+ 215) a 


Sum of the roots (4+ V5) 
Let x”? —ax+30=y 
y=2fy +15 
=> y’ —4y -60=0 
> (y — 10) (vy + 6) =0 
y =10,-6 
—s y=10,y #-6 
Now, x? —ax +30 =10 
=> x? —ax + 20=0 
Given, ap =A =20 
SHES Jap = v0 
> a+B>2V/20 
or uw =4/5 
.. Minimum value of L is 45. 
ie., w= 45 =89 >(u) =9 


6 
1 1 
wuta(x4 (x! : | 2 
x x 


...(i) 


[. y > 0] 


N’ 1 
M=3(x++}26 
D x 


Hence, minimum value of — is 6. 
D 


a+b=2c 
ab =—5d 
c+d=2a 
cd = —5b...(iv) 
From Eqs. (i) and (iii), we get 
a+b+c+d=2(a+c) 
at+c=b+d 


(i) 
...(ii) 
...(iii) 


72. 4 


73. 


From Eqs. (i) and (iii), we get 
b-—d=3(c-a) 
Also,aisarootof x? —2cx—5d =0 
a’ —2ac—5d =0 
And c is a root of 
c” —2ac —5b =0 
From Eqs. (vii) and (viii), we get 
a’ —c’ -5(d —b) =0 
(a+c)(a—c)+5(b-—d)=0 
(a+c)(a—c)+15(c—a)=0 
(a —c)(a+ec—15)=0 
a+c=15,a-—c#0 


Yu 


From Eq. (v), we get b+d =15 
at+b+c+d=at+ct+b+d=15+15=30 
= Sum of digits of a+ b+c+d=3+0=3 


x? -—3x4c¢ 


gt Aas cig 
> x'(y -1) + 3x(y+1)+e(y-1)=0 
xeER 
9(y +1)’ — 4e(y -1)° 20 
(2Vey —2Vc)? -By +3)? <0 
=> {(2Vce +3) y —(2ve —3)} {ave -3)y —(2ve + 3)} $0 
” ae-3 <) <2ve +3 
ale +3 ale —3 
But given, et =7 
=> ale +3 =14Vc —21 
or 12V¥e =24 or Ve =2 
ee c=4 
We have, Vx? x 1) f Vx 2) =V5 


=> |x|—|x-1)+|x-2)=V5 
Case I If x < 0, then 
~x+(x—1)-(x -2)=5 


Case IL If 0 < x <1, then 
x +(x —1)-(x-2)=5 

> x = 5 -1, which is not possible. 
Case III If 1 < x <2, then 

x—(x-1)-(x-2)=5 
> x =3 — V5, which is not possible. 
Case IV If x > 2, then 

x—(x—1)+(x-2)=¥5 
=> x=14+~5 


Hence, number of solutions is 2. 


...(vii) 


...(viii) 


[from Eq. (vi)] 
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74, (1+ i) x°+(1-i) x-2i=0 
=> gale). a =0 
(i+i) (+i) 
=> x? —ix-(1+i)=0 
oa +B =i, andaB =—-(1 + i) 
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a —B = (a +8)? — 408 = Ji? + 40 +1) = (3 + 4i) 


la —B| = /./9 +16 = V5 


|a —B)* =5 


75. 4x? —16x+c=0 


2 c 
=> x" —-4x+—-—=0 
4 
2 c 
Let f(x)=x nar 


Then, the following cases arises: 


CaseI D>0 
=> 16-c>0 
os c<16 
Case II fi) >0 
= i=d¢ 20 
4 
c 
> —>3 
4 
3 c>12 
Case Ill f(2) <0 
=> 4-8+ <0 
4 
c 
> —<4 
4 
sy c<16 
Case IV f8)>0 
= 9-12+£>0 
4 
c 
> —>3 
4 
> c>12 


Combining all cases, we get 
12<c<16 
Thus, integral values of c are 13, 14 and15. 


Hence, number of integral values of c is 3. 


76. We have, r+st+t=0 
1001 
rs + st + tr = —— 
2008 
and aa eee 


...(i) 
...(ii) 


...(iii) 
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Now, (rts) +(s+t)+(t+r)=(-t)? +(-r)? +(-s) 


[er+s+t=0] 


=-(P+r4s3)=-3 rst [erts+t=0] 
= -—3(-251)=753 
Now, 999A =(rt+s)?+(st+t) +(t+r) =753 
yar ang 
99 
[A] =7 
A- (1,8); B > (p,q,1,5, t); C > (p,q, t) 
2 
—2x+4 
(A) We have, y == 
x +2x+4 


=> x (y-1)4+2(y4+1)x+4(y—-1)=0 
Asx € R, we get 


=> 4(y +1)? -16(y —-1)’ 20 
=> 3y’ -10y +3 <0 
> (y —3) Gy -1) <0 
1 
=> -<ys3 
3 y 
(B) We have, y =X am A 
x" +4x+2 
=> xy 2)+ Ay -1)x+2y-1=0 
Asx € R, we get 
D20 
=> 16(y —1)’ — 4(y —2) 2y -1) 20 
= 4(y —1)’ -(y —2) @y -1) 20 
=> ay? —3y +220 
3 
=> y?-~y+120 
2 
2 
3 7 
=> —-—| +—20 
[y >| 16 
yeR 
2 
(C) We have, ge 
x—-3 
> x°-3+y)x+3y+4=0 
Asx € R, we get 
D>0>6+y)-4G6y+4)20 


2 


=> y -6y-720 > (y+ 1)(y-7) 20 
=> y €(-~, -1] U[7, 2%) 
A (q,1,8); B— (p); C > (q) 

(A) «(d+ a—b)’ +(d+b-c)? =0 


which is possible only when 
d+a-—b=0,d+b-c=0 
b-a=c-b 
2b=at+c 
-. a,b andc are in AP. 


=> 
=> 


a(b—c) + b(c-—a)+c(a—b)=0 


+, x =1isa root of 


a(b—c)x° + b(c—a)x+c(a—b)=0 ...(ii) 

Given, roots [Eq. (ii)] are equal. 

c(a—b) 

<= 

a(b-c) 
=> a(b—c)=c(a—b) 
~ = 2ac 

at+c 


...(iii) 


.. a, band care in HP. 
From Eqs. (i) and (ii), we get 


a=b=c 
.. a,bandc are in AP, GP and HP. 
(B)*- x3? —3x?+3x-1=0 
> (x -1)? =0 


x=1,1,1 
= Common root, x = 1 
a(1)?>+ b(1)+c=0 


> a+b+c=0 
(C) Given, bx* + (,/(a +c)’ + 4b”) x +(at+c)=0 
D<0 
> (a+c)’ + 4b’ —4b(a+c)<0 
> (a+c—2b)’ <0 
or (a+c—2b)* =0 
a+c=2b 


Hence a, band c are in AP. 


79. A > (q,r,s,t); B (q,r); C > (p,q) 


2 

+3x—-4 
(A) We have, yoo 
3x-—4x" +a 


=> x(a+4y)+3(1 


y)x —(ay + 4)=0 
As x ER, we get 

D=0 

=> 9(1—y)? + 4(a+ 4y) (ay + 4) 20 
=> (9+16a) y? + (4a” + 46)y +(9+16a)>0,VyeER 
=> If9+16a>0,thenD<0 
Now, DsS0 
(4a? + 46)? — 4(9 + 16a)" <0 
4 [(2a? + 23)” —(9 + 16a)"] < 0 
[(2a” + 23) + (9 + 16a)] [(2a® + 23) —(9 + 16a)] <0 
(2a” + 16a + 32) (2a? — 16a + 14) <0 
4(a + 4) (a®-8a +7) <0 
a’ —8a+7<0 
(a-1)(a—7) <0 
1<a<7 
9+16a>Oand1<a<7 
1<a<7 


VUUU UU SY 


Y 


2 
+x-2 

(B) We have, y= 

at+x—2x 

= x’ (a+ 2y)+x(l—y)-(2+ ay) =0 


As x ER, we get 


D=0 
— (1-y)? + 4(2+ay)(a+2y)=0 
=> (1+ 8a) y? + (4a7 +14) y +(1 + 8a) 20 
=> If1+8a>0,thenD<0 
=> (4a? + 14)* — 4(1 + 8a)’ <0 
> 4 [(2a” +7)? —(1 + 8a)"] <0 
=> [(2a” +7) +(1 + 8a)][(2a” +7) -—(1 + 8a)] <0 
=> (2a* + 8a + 8) (2a"—8a + 6) <0 
=> 4(a + 2)" (a’— 4a +3) <0 
> a” —4a+3<0 
> (a—1)(a-3)<0 
=> 1<as<3 
Thus, 1+8a >0Oand1<a<3 
=> 1<as3 
x? +2x+a 
(C) We have, y=> 
x" + 4x + 3a 
=> x*(y —1) +2(2y —1)x + ay —1) =0 
As x €R, we get 
D=0 
=> 4(2y -1)?-4(y -1)a@By-1)20 
=> (4-3a)y? —(4—4a)y +(1—a) 20 
=> If4-3a>0,thenD<0 
=> (4— 4a)? —4(4-3a)(1—a) <0 
=> 4(2—2a)’ — 4(4-3a)(1 —a) <0 
> 4+ 4a” —8a —(4—7a + 3a’) <0 
=> a’ —a<0 
> a(a—-1)<0 
> O0<a<i1 


80. A > (p,q,r,s);B— (p,q); C > (s) 
(A) Let y= f(x)=x?-6x7+9x4+A 
f (x) =3x" -12x+9=0 
x= 1.3 
f(x) =6x —12 
fl) <0 and f%(3)>0 


Also, f(0)<0 > A<0 


87. 
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fQ)>0 
> 1-6+9+A>0 
= A>-4 
and f£6B)<0 
> 27-544+27+2<0 
> <0 
From Egg. (i), (ii) and (iii), we get 
-4<i<0 
> —-3<A4+1<1 


[A +1] =-3,-2,-1,0 
|[A + 1]| =3,2, 1,0 


(B)*- x txt1>0VxeER 
Given, je os 
x" +x4+1 

= 3x? -3x-3< x7 -Ax-2<2x7+2x42 
=> 4x” —(1 —3) x +1>0 
and x? +(A+2)x+4>0 

(A —3)? —4:4-1<0 
and (A +2)? -4-1-4<0 
=> (A -3)° - 47 <0 
and (A +2)?-4% <0 
=> -4<i-3<4 
and -4<h+2<4 
or —-1<A <7 
and -6<i <2 
We get, -1<A <2 
o [A]=—1,0,1 
> |[A]] = 0,1 
(C) (b-—c)+(c—a)+(a-—b)=0 


“. X =1isa root of 
(b—c)x’ +(c—a)x+(a—b)=0 
Also, x =1 satisfies 
x°+Ax4+1=0 


> 1+A4A+1=0 
ES N=-2 
Now, A-1=-3 
[A -1]=-3 
> |[A -1]| =3 


...(ii) 


...(iii) 


If quadratic equation ax” + bx + c = 0is satisfied by more than 


two values of x, then it must be an identity. 
Therefore, 


.. Statement-2 is true. 


a=b=c=0 


But in Statement-1, 
4p -3 =4q-3=r=0 


Then, 


which is false. 


Since, at one value of p or q or r, all coefficients at a time # 0. 


.. Statement-1 is false. 
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Wehave, x°+(2m+1)x+(2n+1)=0 ...(i) 
mnel 
D=b? — 4ac 


=(2m+ 1)? — 4(2n+ 1) 
is never be a perfect square. 


Therefore, the roots of Eq. (i) can never be integers. Hence, the 
roots of Eq. (i) cannot have any rational root as a = 1, b,c € I. 


Hence, both statements are true and Statements —2 is a correct 
explanation of Statement-1. 


Let & be one root of equation ax” + 3x + 5 = 0. Therefore, 


1 5 

Q:-—=— 

Qa a 

5 

=> 1=—- 
a 

=> a=5 


Hence, both the statements are true and Statement-2 is the 
correct explanation of Statement-1. 


Let roots of Ax? + Bx? +Cx+ D=0 ..-(i) 
are o —B, 0, & + B (in AP). 

Then, (a —B)+a+(a+B)= . 

> a=- - , which is a root of Eq. (i). 


Then, Ao?>+ Ba? +Ca+D=0 


3 2 
= a[ =) -a( 7 zal >.) D=0 
3A 3A 3A 
B? B? BC 
> a 5 D=0 
27A° 9A” 3A 
=> 2B* —9ABC + 27A°D =0 


Now, comparing with 2B* + k,ABC + k, A°D = 0, we get 
k, =—9, k, =27 
ky —k, =27 -(—9) =36 =6" 
Hence, both statements are true and Statement-2 is a correct 
explanation of Statement-1. 


“xy,zeER 
x+yt+z=6 ...(i) 
and xy+ yz + zx =8 (ii) 
> xy t+(x+y) {6-(x+ y)} =8 [from Eq. (i)] 
=> xy t+6xt+ by —(x? + 2xy t+ y’)=8 
or y? +(x-6) y+ x° -6x+8=0 
(x —6)° —4-1-(x* -6x+8)20,VyeER 
> —3x°+12x+420 or 3x°-12x-4<0 
or gee eat 
V3 3 
or pee ee el 
PB | 
[, 4 4 | 
Similarly, €);2-—~,2+ — 
y y [ P 3 | 
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Ee , ss 2+ zs | 

Zz -—, — 

L ae 

Since, Eqs. (i) and (ii) remains same, if x, y, z interchange their 
positions. 


and 


Hence, both statements are true and Statement-2 is a correct 
explanation of Statement-1. 


Let y =ax?+bx +c 
d 
&Y — 394? 4b 
dx 


: si d 
For maximum or minimum = = 0, we get 
Ix 


x=t,/- La 
3a 
dy 
Case Ifa > 0, b > 0, then — > 0 
dx 
In this case, function is increasing, so it has exactly one root 
d 
Case I Ifa < 0,b < 0, then <0 
x 


In this case, function is decreasing, so it has exactly one root. 
Case Wa >0,b <0ora<0,b>0, then y =ax?+ bx + cis 
maximum at one point and minimum at other point. 

Hence, all roots can never be non-negative. 

..Statement-1 is false. But 


Coefficient of x” _ 


Sum of roots = 5 
Coefficient of x 


i.e., Statement-2 is true. 
Statement-2 is obviously true. 


But y =ax’+bxt+e 


yra(x+ xe ‘) 
a a 


a» a 2 


[ 2a 


= (eff o(+2) 
" 2a ar 
b 


[where, D = b? — 4ac] 


D 
Let x+—=X andy+—=Y. 
2a 4a 
1 
X*=-yY 
a 


b 
Equation of axis, X = Oie. x + 5 =0 
a 


or 2ax+b=0 
Hence, y = ax” + bx + cis symmetric about the line 
2ax + b=0. 


.. Both statements are true and Statement-2 is a correct 
explanation of Statement-1. 


“(1+ m) x? -2(14 
- D=4(1+3m)* 


3m)x + (1+ 8m) =0 


4(1 + m) (1 + 8m) = 4m(m — 3) 
(i) Both roots are imaginary. 
D<0 
— 4m(m-—3)<0 
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> 0<m<3 Combining all cases, we get 
1 
a z ne me(-1-3) 
(ii) Both roots are equal. 8 
D=0 (vii) Roots are equal in magnitude but opposite in sign, then 
> 4m(m—3) =0 Consider the following cases: 
=> m= 0,3 Case I Sum of the roots = 0 
(iii) Both roots are real and distinct. 4 2(1+ 3m) _ 0 
D>0 (1 + m) 
> 4m(m—3)>0 1 
=> m=—-—-,mFl 
=> m<0Oorm>3 3 
m €(—-, 0) UG, ~) CaseII D>0 => 4m(m—3)>0 
(iv) Both roots are positive. => m €(— », 0) U (3, 2%) 
Case I Sum of the roots > 0 Combining all cases, we get 
2(1 +3m) 1 
> ——— >0 m=-- 
(1 + m) 3 
1 (viii) Atleast one root is positive, then either one root is positive 
> me(—o,—1)U/— ae or both roots are positive. 
ie. d)u 
Case II Product of the roots > 0 eT) i 
1+8 
- (+ 8m) 4 or m € (— %, nul 1, | UB) 
(1 + m) 
1 (ix) Atleast one root is negative, then either one root is 
meé(—%,-1)U (- mt ~| negative or both roots are negative. 
8 
F 1 
Case Ill D>0 ie. (e) U(f) or me(-1,-2) 
= 4m(m —3)=0 


(x) Let roots are 20 are 3a. Then, 
MEK“ UE) Consider the following cases: 
Combining all Cases, we get 2(1 + 3m) 


m €(—~, —1) U[3, ~) Case I Sum of the roots = 20 + 30 = 


. (1 + m) 
(v) Both roots are negative. 2(1 + 3m) 
Consider the following cases: = ST an aN. 
2(1 + 3m) 5(1 + m) 
m 
Case) Sonn or penalss == “(1+ m)~ Case II Product of the roots = 20-30 = a) 
(1 + m) 
1 
=f-5 14+8 
> me( 1, -| am 6a? = + 8m) 
(1 +m) 
(1 + 8m) a 
Case II Product of the roots>0 => ( From Eqs. (i) and (ii), we get 
+m 
2 
: 1 é 2(1+3m)| _ (1+8m) 
=> me(—,1)U =o 5 (1+ m) (1 + m) 
Case III D> 0 => 24 (1 + 3m)? = 25 (1 +8m) (1 +m) 
4m(m—3)20 = me(—-, 0] U [3, ~) => 24(9m? + 6m + 1) =25 (8m? + 9m + 1) 
Combining all cases, we get sea See 
med 
| 2 
(vi) Roots are opposite in sign, then ag ‘ies 81+ y(-81)" + 64 
Case I Consider the following cases: 32 
Product of the roots < 0 - ae 81 + 6625 
1+8 
=> (1+ 8m) — 4 32 
(1 + m) 89. «2x? —2(2m+ 1) x+m(m+1)=0 [me R] 
me(-1-1) o D=[-2(2m + 1)]? —8m(m +1) [D =b* —4ac] 
8 


=4{(2m+ 1)? -2 +1 
CaseIl D>0 > 4m(m—3)>0 eet saan 1) 


> m €(—~, 0) U (3, 7) = 4 (2m + 2m +1) 
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1 f 1 11 Combining all cases, we get 
2 
-3{m +m+2)=84{m+ =] +—->0 es 
a) ea) 4) nit — -| 
or D>0,%meR all) 
b  2(2m+1) 1 - (iii) Both roots lie in the interval (2, 3). 
x -coordinate of vertex = ys = é =|m+ ..-(ii) Consider the following cases: 
and let 
1 
f(x) = x? —(m4 1)x + >m(m + 1) ...(iii) 
(i) Both roots are smaller than 2. 
CaseI D= 0 
# meéeR [from Eq. (i)] 
\ . xX Case II f(2) >0 
7 — V33 7+ 33 
00, U ,co| [from part (a)] 
Consider the following cases: 2 2 
CaseI D0 Case Il f(3) > 0 
: meR [from Eq. (i)] 1 
Case II x -coordinate of vertex < 2. = 9-3 (2m + 1) + Pa a 
_ wt ; <2 [from Eq. (ii)] or m® —11m+12>0 
‘ 11-73) (11+-73 
or m<-— ie m 9; 2 U , a) 
2 
Case III f(2) > 0 Case IV 2 < x -coordinate of vertex <3 
1 1 
— 4 Bia tee reed > Wed Se 
> m> —7m+ 4>0 a en eee (; >| 
P2988 |< | 458 is e pe 
mE} —%, 3 U = ba Combining all cases, we get 
28 med 
Combining all cases, we get (iv) Exactly one root lie in the interval (2,3) . 
eNits36 7 — V33 Consider the following cases: 
2 CaseI D>0 
(ii) Both roots are greater than 2. “4 moe [from Eq, ()] 
Consider the following cases: 
a 3 
1): — x 
a >X 
2 oO 
Case Il f(2) f@) <0 
CaseI D2 0 1 
4—2(2m + 1)+—m(m+1) 
4 meR [from Eq. (i)] 2 
Case II x -coordinate of vertex > 2 1 
1 9 -—3(2m+ 1) m(m+1)}|<0 
> mt+—>2 [from Eq. (ii)] 2 
a => (m? —7m + 4)(m? —11m + 12) <0 
es 7 ¥33 7+ 33 ) 
> m m 
Case Ill f(2) > 0 2 2 


ahr, | [from part (a)] [n naw) [m n+) <9 
2 


2 
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7 +1133 11-73 11+ V73 
a ne 
i = S i = - "7s Combining all cases, we get 
7-33 7+ ¥33 
ee no) (48 nee me 2 a ) 

2° 2 2 2 (vii) Atleast one root lies in the interval (2, 3). 

Combining all cases, we get ie. (d) U(c) 
me BB) [ES wee) (7-# nf) (1 a) 
2 2 2 2 2° 3 2 * 2 


One root is smaller than 1 and the other root is greater 
than 1. 


Consider the following cases: 


(viii) Atleast one root is greater than 2. 


i.e. (Exactly one root is greater than 2) U (Both roots are 
greater than 2) 


>X >X 
CaseI D>0 
on meR [from Eq. (i)] or(Exactly one root is greater than 2) U(b) .(D) 
Case Il f(1) <0 Consider the following cases: 
1 
=> 1-(2m+1)+—m(m+1)<0 [from Eq. (iii)] CaseI D> 0 
2 i meéeR [from Eq. (i)] 
2 
= m'—3m<0 Case Il f(2) <0 
= m(m—3)<0 = m? —7m+4<0 
m € (0,3) 
Combining both cases, we get 2 - v3. is e 
m € (0,3) 2 2 
One root is greater than 3 and the other root is smaller Combining both cases, we get 
than 2. T= 133. 7+ 33 
Consider the following cases: m 2° 2 --{l) 
Finally from Eqs. (I) and (II), we get 
7-33 7+ V¥33) (7+ 33 
= ; U ae 
2 2 2 
(ix) Atleast one root is smaller than 2. 
i.e. (Exactly one root is smaller than 2) U(Both roots are 
Ces smaller a 2) 
a meR [from Eq. (i)] = ty a) as daa ig 
ass — 33 7+ 33 
Case II f(2) <0 We get, me ae ul? : ) 
=> m? —7m+4<0 : a 2 
7 — J33 7+ 33 (x) Both 2 and 3 lie between o and B. 
9 is ; Consider the following cases: 
7-33 74+ 33 CaseI D>0 
3 as meR [from Eq. (i)] 
2 2 
Case III f(3) < 0 
=> m? —11m+12<0 
11-73 11+ V73 . 
<m< - 


2 2 
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Case ll f(2) <0 


> m—7m+4<0 
7-33 7+ 33 
aa 
Case Ill f(3) <0 
=> m —11m+12<0 
oe ed 
2 2 


Combining all cases, we get 


(2 aaa aed 


2 2 
Qa 
—=r 
B 
ah a+ ter 
a-Bp r-1 
[using componendo and dividendo method] 
—bla_r+1 
> = b(i-r)=(+r VD 
Te tay 2 bd) =0+r) 
a 
On squaring both sides, we get 
> ba —r)? =(1 +r)? (b? — 4ac) 
2 p2 
or (1+ r)*-4ac =b"(4r) or ee — a 
r ac 
We have, : + : = 3 
x+p xt+q r 
_ (xtg)t(xtp) _1 


x’ +(pt+q)x+pq r 
> x +(pt+q 2r)x + pq—-(pt+q)r=0 


Now, since the roots are equal in magnitudes, but opposite in 
sign. Therefore, 


Sum of the roots = 0 


=> pt+q-2r=0 
=> ptqz=ar (i) 
and product of the roots = pq —(p+q)r 
a y 
= pq—(p + 4) (2=4) [from Eq. (i)] 
_2pq- pF -2pq 
2 
at ta 


2 


Let o be one root of the equation ax* + bx +c =0. 


Then, other root be a”. 


b : 
ata" =-— (i) 
a 
c 
and ao" =— 
a 
=> gttia£ 
a 


93. 


94. 


95. 


c\n+1 
a 


.. From Eq. (i), we get 


(<\ (<\" b 
= SE eae 
a a a 
1 1 1 n 
= + - +1 
=> (c)"**-a n+1 +(c")"*1.@ nl +b=0 
1 n 1 1 
= cht! mets ( tt iam lib =0 
1 1 
=> (a"c)"*! +(c"a)"*1+b=0 
b 
We have, a+BPp=-— 


a 


op =" >yto= 


™ and 7 =" 
a l 


Now, sum of the roots 
=(ay + BS) + (aS + By)=(@ +B) ¥+ @ + B)S 
=(a + B) (y+) 
b m mb 
~ (- *) ( l ~ al 
and product of the roots 
= (ay + BS) (6 + By) 
=(a° + B*) 75 + a8 (y’ + 8”) 
= {(a + B)’ —208} y5 + a8 {(y + 8)? — 276} 
on| 


+2{(-2)-4| 


2c] n 
a}l 


2 


-|Peel a 


a loa i al’ 


. Required equation is 
- (=) (b? —2ac) In + (m? — 2nl) ac 
x ; x4 = 
a 


272 
a‘l 


= a’l’x? — mbalx + (b® —2ac) In+ (m? —2nl) ac =0 
Since, the roots are equal. 
D=0 
4(b? — ac)’ — 4 (a? — be) (c? — ab) = 0 
(b? — ac) — (a? — be) (c” — ab) = 0 


b(a° +b? +c*—3abc) =0 


b=0or a? +b? +> —3abe =0 


Yu uy 


Let & and B be the roots of x” — px + q = 0. Then, 
a+B=p 
oP =q 
And a and be the roots of x” — ax + b = 0. Then, 


(i) 
...(ii) 


...(iii) 


. (iv) 


96. 


97. 


98. 


Now, 


[from Eqs. (ii) and (iv)] 


(ot) -efeo- Co] 
=0.2(p — a)? [from Eqs. (i) and (iii)] 


=a (p-a) 


= bq (p-a)" 
=RHS 
Since, roots of x” — 2px +q = 0 are equal. 
D=0 
(-2p)’ —4q = 0 or p* =q i) 
Now, (1+ y) x’ -2(pt+y)x+(q+y)=0 
4(1 


[from Eqs. (ii) and (iv)] 


ie., 


«. Discriminant = 4(p + y)? y)q+y) 
=4(p’ + 2py + y’-q-y-aqy-y’) 
=4[2p-q-l)y+p°-q] 
=4[2p-p’-1)y +0] 


[from Eq. (i)] 


>0 [. y <Oand p #1] 
Hence, roots of (1 + y) x? -2(pt+y) x+(q+ y) =Oare real 
and distinct. 
xlex(e+ 3)" 46 (i) 
Equation is defined, when 

x>0,x #1,x #-3, 


Then, (x + 3)? =4? [by property] 
> x+3=14 
#3 x=landx=-7 
But x#1,x#—-7 
i.e. no solution. 
# xed 

2 a 101 
“(2 + v3)* Pe" 4 (4/3) * 2x 1_ 

10 (2 — ¥3) 


= (2 + V3)* ~2*.(2 + /3) (2 — v3) 


+A" @— 8) = 


= (24 V3)" ~2* +@—45)" = 
et (2 + V3)" -2* a ee a 
(2 + 3)" —2x 10 
[ 1 | 
2/3 = 
| 243 | 
2 
Let (2 + ¥3)* ~?* — 4, then Eq. (i) reduces to 
1 _101 
X10 
> 10A? — 101A + 10 =0 


or (A —10)(10A —1) =0 


99. 
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1 


AX = 10, — 
10 
2 
> (2 + ¥3)* ~2* =10,107! 
2 — 
> x" —2x=log,, 310, —log,, 310 
=> (x-1)’ =1+ log,, 510,1-log,, 510 


(x—1)’ =1+ log, , 510 
[- (x- 1)’ #1— log, , 510] 
> eS it (1+ log, , 510) 


> x, =1+4+ (1+ log, , 510) 


2 
We have, x4 * =8 
x1 
2 
x x 
> Pa 
[ a (x -1) 
x? i x? 
> 2 8 =0 (i) 
x= x-1 
x2 
Let y = . Then, Eq. (i) reduces to 
Lh 
y* —2y -8 =0 
= (y—4)(y + 2)=0 
y=4,-2 
x2 
If y = 4, then 4= 
ek 
or x? —4x+4=0 
or (x —2)’ =0 
or x=2 
x, =2 
2 
and if y = — 2, then -2= 
> Saal | 
or x? +2x-2=0 
—2+./(4 +8) 
x= 
2 
=> x=-1+ 3 


X,=—-1+ 3,x,=-1-V3 


100. We have, |x+8+2(x+7) + (xt 1)—V@t7 =4 «0 


\(r+7) =A 
or x= -7 
Then, Eq. (i) reduces to 

qoe THELIAL 7+1-A) =4 
> (A +1)+ (2-2-6) =4 
ot (2-2-6) =3-2 


Let 
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On squaring both sides, we get 


W=-2A-6=9+27 —60 


= 5A =15 
X=3 
— (x +7) =3 
or x+7=9 
x=2 


and x = 2 satisfies Eq. (i). 


Hence, x, =2 


2 2 
101.Wehave, 4° +2(2a+1)2* +4a°-3>0 


Putting ¢ = 2*" in the Eq. (i), we get 


t?+2(2a+1)t+ 4a®-3>0 


Let f(t)=t?+2(2a+1)t+ 4a’ -3 
f(t)>0 


Consider the following cases: 

Case I Sum of the roots > 0 

(2a + 1) 2 
1 


Ger 
ae}|—o«,—= 
2 


Case II Product of the roots > 0 


—2 


4a’ —3 
=> >0 
1 
3 
or a> 
4 
V3 V3 
or a oo, U 50 
2 2 
Case III D<0 
=> 4 (2a + 1)° —4-1-(4a? -3) <0 
=> 4a+4<0 
a=<—1 
or a €(—%, —1) 


Combining all cases, we get 


seca-nu[ So) 
2 
+4|- 
102. We have, log , (eta) >0 
EAS B x-1 
The given inequation is valid for 


|x + 4| —|x| 
———— >0 
(x — 1) 


and x? +2x-3>0,#1 


Now, consider the following cases: 


> T-axis 


[from Eq. (ii)] 


...(i) 


2 
[et > 0,22" > 0] 


...(i) 


CasellIf0 <x? +2x-3<1 


=> 4<x°+2x41<5 
=> 4<(x+1)? <5 
=> —V5 <(x+1)<-2 or 2<x41<V5 
=> a 5 -1<x<-30rl<x< 5-1 
yeC<5 —1,-3) UG 5. =1) ...(ii) 
x+ 4|—|x 
Then, ai eal ey 
(x — 1) 
—(x+4)+ 
Now, x < — 4, then Es ) are 
(x — 1) 
=> 1+ >0 
x1 
+3 
> mm 
(x — 1) 
x €(— 0%, —3) U(L, ») 
> x €(— 0%, — 4) [x <— 4]...(iii) 
+44 
~4<x<0,then=—— -1 <0 
(x 1) 
+5 
> (e9) 24 
(x —1) 
ie x €(-5,1) 
=> x €[-4, 0) [.-4< x <0] ...(iv) 
+ a= 
and x20, Frei aii: Sct <1 
(x —1) 
=> 1- >0 
x-1 
—5 
=> 229) 59 
(x — 1) 
oo x €(— ~, 1) U(5, 29) 
> x €[0,1) U(5, ©) [x = 0]...(v) 
From Eqs. (iii), (iv) and (v), we get 
x €(— 0, 1) U(5, 9) ...(vi) 
Now, common values in Eggs. (ii) and (iv) is 
x e(- 5 -1,-3) .. (vii) 
Case II If x? 4+2x-3>1 
=> x? +2x+1>5 = (x41)? >5 
=> xt1<—V5 
or xt1>5 
x €(— 00, -1—- V5) U (V5 —1, ©) ...(viii) 
+4|- 
Then, a lee 
(x —1) 
Now, x <— 4, then 31 
x1 
=> 1+ <0 
x1 
b Seige) 
=> <0 
= 1 


x €(-3,1) 
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which is false. [x <— 4] 
2x+4 
—4<x<0,then a -1>0 
x-1) 
+5 
=> MF?) 9 
(x 1) 
. x €(— 0%, —5) U (I, %) 
which is false. [ew-4<x<0] 
and x > 0, then >1 
xa 
4 
=> 1= <0 
x= 1 
x—5 
=> <0 
xX=1 
is x €(1,5) ...(ix) 
which is false. [x = 0] 


Now, common values in Eq. (viii) and (ix) is 
x €(v5 -1,5) AX) 

Combining Eqs. (viii) and (x), we get 

x €(—5 —1, -3) U(W5 —1,5) 
Let y 2 0, then|y| =y 
and then given system reduces to 

|x? —2x|+y=1 (i) 
..-(ii) 


and x+y=l 
From Eqs. (i) and (ii), we get 


x’ =|x" —2x| 


=> x? =|x||x—2| 
Now, x<0) Of 4 <2, x22 
x? =x(x—-2), x7 =—x(x-2) 
x? = x(x —2) 
x=0 
> x(x+x-2)=0 
x=0 


fail .. x =0,1 fail 

> x = 0, 1, then y =1, 0 

.. Solutions are (0, 1) and (1, 0). 

If y < 0 then|y| =— y and then given system reduces to 
|x? —2x|+y=1 ..{iii) 


and x? - y=l1 ...(iv) 
From Eqs. (iii) and (iv), we get 


|x? —2x| + x? =2 


=> |x||x-2|+ x°= 

Now, x= 0) 05 x<2, x22 
x(x—2)+ x? =2 
—x(x—2)+ x? =2 
x(x —-2)+ x? =2 

> 2x°-2x-2=0 = 2x=2 

=> x?—x-1=0 
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=> x“-x-1=0 
x=1 
145 
x= 
2 
125 
x= v5 fail 
2 
1-5 
> x= ~ [vx <0] 
1-5 1-~75 
> oa Os gee V5 
2 2 
l=-w5 1-75 
.. Solutions are v5 v5 and (1, 0). 
2 2 
l—-w5 1-45 
Hence, all pairs (0, 1), (1, 0) ana = 8) are solutions 


of the original system of equations. 
104. Given, o, B and y are the roots of the cubic equation 


x? — px? + qx—-r=0 (i) 
a+B+y=p, oB+By+ yo=q, oBy=r 
(i) Let y =By+— 
o 
ex _opy+1_or+i 
o oO 
_rtil 
y 


From Eq. (i), we get 
a? — pa? + qa —-r=0 
3 2 
_ (+P prey aren, _, 


y y y 
or ry? —q(r+1)y? + p(r+1)*y -(r +1)° =0 


(ii) Letty =B + y-O =(0+B+ Y)-20 =p-20 
gee 2 
2 


From Eq. (i), we get 
a? — pa*+qa—r=0 
(p-y)* _pip-y)’ , a(p-y) 
8 4 2 
or y>—py’+(4q—p’)y + (8r —4pq+ p*) =0 
Also product of roots = — (8r — 4pq + Pp’) 


> r=0 


105. Assume + iB is a complex root of the given equation, then 
conjugate of this root, ie. a — iB is also root of this equation. 
On putting x =a + iB and x =a — if in the given equation, we 


get 
Ay + A; BP nang An 
at+iB-a a+®-a, a+P®-a, ati-a, 
=ab* + c°(a + iB) + ac ...(i) 
AZ AZ AZ 2 
and : 2 + 3 +..+ An 
a-iB-a a-iiB-a, a-ip-a, a —ip-a, 


=ab* + c°(a — iB) + ac ...(ii) 
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On subtracting Eq. (i) from Eq. (ii), we get 


Ay A; As 
2ip —? 2—; + 
(a-a)"+B° (a-a,)°+B 0 — a3)” + B° 
1 : 1 2l_g 
fea os soap te l= 
(@ —a,)" +B | 
The expression in bracket # 0 
Re 2i8 =0 => B=0 
Hence, all roots of the given equation are real. 
Given equation is 
x! + 2ax?+ x? +2ax+1=0 ...(i) 
On dividing by x’, we get 
2 2a 1 
+ 2ax + 14 P= 0 
x x 
5 oll 1 
=> x + + 2a| x +1=0 
2 
x x 
i 1 
> x+—]| -2+2a|x+—]|]+1=0 
x x 
iy 1 
or x4 + 2a | x 1=0 
x x 
2 1 
or y° +2ay —1=0, where y = x + — 
x 
—2a+|(4a? + 4) @a1) 
= = a 
2 
Taking ‘+’ sign, we get 
y=-a (a* +1) 
1 2 
> x+—=-a (a“ +1) 
x 
or x’ +(a—(a? + 1))x+1=0 ...(ii) 


Taking ‘~ sign, we get y=-—a-— ,(a° +1) 


1 

=> x+—=-a- (a* +1) 
x 

or x°+(a+ (a? +1))x+1=0 


Let &, B be the roots of Eq. (ii) and y, 5 be the roots of Eq. (iii). 


Then, a+B= (a? +1) -a 
and ap=1 
and y+5=-(a? +1) - 
and yd =1 


Clearly, a + B > 0 andoB > 0 
..Either ©, B will be imaginary or both real and positive 


...(iii) 


according to the Eq. (i) has atleast two distinct negative roots. 


Therefore, both y and6 must be negative. Therefore, 
(i) YS > 0, which is true as yd =1. 


(ii) y+5<0 

=> —(a+ (a? +1)) <0 

= a+ f(a” +1) > 0, which is true for all a. 
aéeR 


(iii) D>0 


=> (a+ (a? +1) +2)(a+ (a? +1) -2)>0 
at (a? +1)+2>0 
at (a? +1)-2>0 
=> (a? +1) >2-a 
a22 
ora’? +1>(2-a)’, if a<2 
=> 3 
eee 
4 
a22 
=> 3 
or —<a<2 
4 
3 3 
Hence, —<a<oor ae(2.~| 
+ + 
107. We have, [2x] -[x+1]=2x 
Since, LHS = Integer 
RHS = 2x = Integer 
> [2x] =2x 
Now, —[x+1]= 
> [x+1]=0 
or O0<x+1<1 
or -1<x<0 
or -2<2x<0 
2x=-2,-1 
1 
or x=-1,-- 
2 
1 
or oS ie a ig 
108.Wehave, (a? +3)x?+(a+2)x-6<0 
>X 
Let f(x) =(a* +3) x* +(a + 2) x-6 
(a? + 3) > Oand f(x) <0 
D>0 


=> (a+ 2)? + 24(a? + 3) > Ois true for alla ER. 


109. We have, 6x” —77[x] + 147 =0 
6x" + 147 

= 25 = [x] 
77 

=> (0.078) x* = [x] -1.9 

(0.078)x°>0 => x*>0 

{[x]-19 >0 

or [x] > 19 
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“ [x] =2,3, 4,5... 
If [x]=2, ie.2<5x<3 
Then, x? = pada 1.28 
0.078 x 
Re x= 113 [fail] 
” [*] a. =a Let f(x) = x? — 2a +1) x + a(@—1), thus the following 
Then, = - re = 14.1 conditions hold good: 
: Consider the following cases: 
ts x =3.75 [true] Caieet eG 
If [x]=4,ie.4S5x<5 3 
4-19 => 4(a+1)°-4a(a-1)>0 
7 E 
Then, x° =—— = 269 
0.078 => 3a+1>0 
é x= 5.18 [fail] - piece 
If [x] =5,ie.5<x<6 3 
~ Case II a) <0 
Then, x? ee 39.7 Fe) 
0.078 = f(l+a) <0 
x= 63 [fail] => (1+a)’-2(1+a)(1+a)+a(a-1)<0 
If [x] =6,ie.6<5x<7 > —(1+a)’?+a(a-1)<0 
Then, gos ee ae abe => =s0=120 
0.078 0.078 1 
x =7.25 [fail] = oo 
If [x]=7,ie7<5x<8 Case Ill f(s) =0 
Then, gh a Ot gh 95 => f(l-a)<0 
OS OTS => ({— a)? -2(@ 41) —a) 4 a(a—1) <0 
ce x =8.08 {fail ] 
If [x]=8ie8<x<9 a ae 
Then, gh a Ee Ope “ oo 
0.078 0.078 
Combining all cases we get 
a x =8.8 [true] ae (- = : 
If [x]=9,ie.9<x<10 ? 
2 111. pr=(—p)(-r 
Then, pa TM, fee pr=(-p)Cr) 
0.078 0.078 =(a0+B6+ 7+5)(aBy + afd + you + 6B) 
” x= 9.5 [true] =0?By + a? BS + a? 5 + aByS + B’ you 
If =10,i.e.10< 11 
Es sate a + B’ad + oByd + BS + y’aB + aPyd 
Then, x? = “~=—— = 103.8 
0.078 0.078 + Pda. + Y°SB + OByS +85" + youd? + yB3° 
Be x =10.2 [true] = AM = GM 
If {x]=11, ie. 11 <x<12 = PPS (6B y'55!%)!6 — BS =5 
2 11-19 16 
Then, x= 
0.078 = Ps. 
oot 2469 16 
0.078 or pr 280 
Ee x =10.8 (fail] .. Minimum value of pr is 80. 
Other values are fail. 112.(° + 8’)? =(@ + B) (a? + B*) 
Hence, number of solutions is four. = {a +B)’ — 208}? =(a +B) {a +B)? —308 (@ +B)} 


110. Since, the given equation is 


2 2 3 
a re om b* 2 -( *) —b , 3be 
a a a)\ a a’ 


> (x —1)? =a’ 


2 
= x-1#a or x=1l+ta = [P=] -(2)(-) 
=> a =1+aandB=1-a a’ a a 
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> 4a°c? = ach? Combining all cases, we get 
> ac (b* — 4ac) = 0 k € (-00,4) 
117. We have, a+b=10c,ab=-11d 
As a#0 
= cA=0 and c+d=10a,cd =—11b 
113. Let P(x) = bx? + ax +e # a+b+c+d=10(a+c) 
and abcd = 121 bd 
As P(0)=0 
> b+d=9(a+c) 
= = d =121 
As P(1)=1 - ' led 
Next, a” —10ac —11d =0 
=> a+b=1 
P(x)=ax+(1—a) x° and c* —10ac —11b =0 
Now, P’(x)=at+2(1-a)x => a’t+c? —20ac—11(b+d)=0 
As P’ (x) > 0 for x €(0, 1) => (a+c)* —22x121-99(a+c)=0 
Only option (d) satisfies above condition. = atcx=12lor—22 
114, Let the roots are & anda + 1, where a € I. Ifa+c=-—22 => a =c, rejecting these values, we have 
Then, sum of the roots = 2@ + 1=b a+c=121 
Product of the roots =a(a + 1) =c a+b+c+d=10(a+c)=1210 
118. D2=0 
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Now,  b? — 4c =(20 + 1)? — 4a(a + 1) 


=407 +14 4a —407 —40 =1 


4(a+ b+c)* —12A (ab + be + ca) = 0 
(a’ + b? +c?) —(A —2) (ab + be + ca) >0 


fs b? —4c=1 a 2 tbe +e") 
115.Let f(x)=a,x" +a,_,x" '+...4.4,%, ~ (ab + be + ca) 
f(0) = 0;f(a) = 0 Since, ja—bl<c 
= f(x) =0has atleast one root between (0, a). => a’ +b? —2ab <c? 
i.e. Equation |b-—cl<a 
na, x" +(n—-l)a,_,x"-* +...4.a,=0 => b? +c? —2be <a’® 
has a positive root smaller than a. |c-—a|<b 
116. Let f(x) =x? —2kx +k? +k-5 > ce’ +a’ —2ca < b? 


Consider the following cases: 


From Eqs. (i), (ii) and (iii), we get 
a+b +e? 


ab +be+ca 


<2 


From Eqs. (i) and (iv), we get 


4 
3X-2<2 > ar 


119.-- x? —2mx + m?-1=0 


CaseI D2=0 ss (x—m)? =1 
= 4k’ — 4.1(k° + k—5) 2 0 ae x-m=11 or x=m-1,m+1 
> —4k—5) 20 According to the question, 
=> k-5 <0 m-1>-2,m+1>-2 
> k<5 or k €(-~,5] > m>-1,m>-3 
Case II x-Coordinate of vertex x <5 Then, m>-1 

2k and m-1<4m+1<4 
= Pia => m<5,m<3andm <3 
=> k <5ork €(-0,5) From Eqs. (i) and (ii), we get —1<m<3 
Case Il f(5) >0 120. x’ + px+q=0 
= 25-10k +k? +k—-5>0 Sum of the roots = tan30° + tan 15° =— p 
me k2 9k +20 > 0 Product of the roots = tan 30°-tan 15° =q 

3 o . 7e0, _ tan30° + tan 15° 

= (k —4)(k—5) > 0 or k € (—,4) U(5,) NaS US aes 


> 1=_? => —-p=1-q 
1-q 
> q-p=l 
2+q-p=3 


121. The equation x” — px + r = 0 has roots (@, 8) and the equation 


122. 


123. 


124. 


o 
x? — qx + rhas roots (¢. 28 


> r=oB and a +B=pand +28 =q 
a a ae OE ee ea 
3 3 
2 
> ape eu p) (2p — q) 
a+B=-a 
ja—B|<v5 = (a—-B)’ <5 
=> a’—-4<5 => aé(-3,3) 


Suppose roots are imaginary, then B = @ 


1 _ 
and 


1 
1 
Pong 


= Roots are real =(p" —q) (b* —ac)>0 


> [not possible] 


= Statement —1 is true. 


2b 1 
—-—=aQ+— 
a B 
and oe = +B =-27, 08 =q 
B oa 
If B =1, thena =q 
> c=qa [not possible] 
Also, a+1= at 
a 
—2b 
=> — 2p =— 
a 
> b=ap [not possible] 


=> Statement —2 is true but it is not the correct explanation of 
Statement-1. 


Let 0,48 be roots of x” —6x + a = 0 anda, 3B be the roots of 
x —cx+6=0. 


Then, a + 48 =6and 408 =a (i) 
a + 3B =cand30B =6 ..(ii) 
From Eqs. (i) and (ii), we get 
a=8, a8 =2 


Now, first equation becomes 


x? -6x+8=0 


=> x=2,4 
If a =2, 4B = 4, then 3B =3 
3 
If a = 4, 48 =2, then 3B = . [non-integer] 


..Common root is x = 2. 
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125. Let f(x) =x’ + 14x° + 16x* + 30x — 560 
of (x) =7x° + 70x' + 48x? +30>0,VxER 


=> f(x) is an increasing function, for all x € R 


Hence, number of real solutions is 1. 
126. Let f(x)=x° — px+q 
f (x) =3x" —p 
=> f(x) =6x 


and r{-2]=-6/2 <0 


3 
127. Let f(x) = x* —8kx + 16 (k? —k +1) 


a >X 
D>0 
=> 64k? — 4-16 (k°-k +1) >0 
— k>1 
=> ae ee —>4 
2a 
=> k>1 
and f(4) 20 
> 16 —32k + 16 (k? —-k +1) 20 
=> k? —-3k +220 
= (k —1)(k -2) 20 
> k<1lork>2 
From Egg. (i), (ii) and (iii), we get 
k>2 
Kmin = 2 


128. Since, roots of bx” + cx + a = Oare imaginary. 
c*— 4ab <0 


> —c?>-4ab 
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...(i) 


...(ii) 


...(iii) 


...(i) 
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Let f(x) =3b?x? + 6bex + 2c” 


Since, 3b° >0 


and D =(6bc)* — 4 (3b?) (2c?) = 12b7c? 


D_ 12b7c? 


.. Minimum value of x)= = = 
Fe) 4a 4(3b”) 


129,%,8 _a' +B" _(a@ +B)’ -208 
B a af a 
a +B =ga+B=-p 
= (a +B)’ -30B(+B)=q 
=> — p+ 3poB =q 
543 
ap= 128 


and given, 


or 
.. From Eq. (i), we get 
2 2(q+ P) 
a, BL 3p 
Bo a +p’) 
3p 
BL 
100 


_ p —2q 
(q+ p’) 


and product of the roots = d, 


ue 
B 
52 
.. Required equation is x” [2 i) x+1=0 
q+ Pp 
or (q+ p’)x’—(p’ —2q) x + (q+ p’) =0 
130. Since, f’ (x) =12x? + 6x +2 
Here, D=6" — 4-12-2=36 —96=—60 <0 
ee f(x)>0VxeER 
= Only one real root for f(x) =0 
Also, f(0) =1, f(-1)=-2 
= Root must lie in (— 1, 0). 


Taking average of 0 and(— 1), f (- -| as 
ae 1 
=> Root must lie in (- 1,- +) 


Sinhilarly, s(- *)=-2 
4 
=> Root must lie in (- = -3) 
4 2 
2=0>0" -2=60 
68 -2=0 = B*-2=68 
_ (a _ B'°) -2 (a® = B*) 
2d 2(a” -B’) 
_ a*(o,? —2) — B® (B’—2) 
2 (a —B”) 
_ a*-60 —B*-6B 


131.0? —60 
and? 


Ayy — 2a 


c? > —4ab 


...(i) 


...(i) 


...(ii) 


ogee a [from Eqs. (i) and (ii)] 


2(a° —B?) 
_ 6(a" -B") _, 
~ -2(0°—B°) | 


132. 


133. 


134. 


135. 


Let a be the common root. 
Then, a? + bo —1=0anda*+a+b=0 
2 


1 bl) |b -1] |-1 1 
~ 1a ia i- b 1 
> (1 —b)(b° +1) =(-1-b)’ 
> b? +3b=0 
b = 0,iV3, —iv3, where i =./-1. 
Let f(x) = x* 4x3 4+12x7+x-1 
f (x) = 4x9 —12x? + 24x41 
> f(x) =12x? — 24x + 24 


= 12 (x? —2x + 2) 


=12[(x-1)°+1]>0 
ie. f’(x) has no real roots. 
Hence, f(x) has maximum two distinct real roots, where 
f(0) =~1. 
Given, p(x) = f(x) — g(x) 
= — p(x)=(a-a) x* + (b-b,)x + (c-«) 
It is clear that p(x) = 0 has both equal roots — 1, then 


...(ii) 


...(iii) 


1-1-8) 
(a — a) 
and Se es 
a-a, 
> b—b, =2(a-a,)andc —c, =(a—a,) 
Also given, p(—2) =2 
=> 4(a—-a,)—-2(b-b,)+(c-c,) =2 
From Eqs. (i) and (ii), we get 
4(a—a,) —4(a—a,) + (a—a,) =2 
(a—a,)=2 
— b—b, =4andc—c, =2 [from Eq. (i)] ...(iv) 
Now, p(2) = 4(a—a,)+2(b—b,)+(c—«c) 
=8+8+2=18 


Let the quadratic equation be 
ax’ + bx +c=0 
Sachin made a mistake in writing down constant term. 
Sum of the roots is correct. 
Le. a+B=7 
Rahul made a mistake in writing down coefficient of x . 
Product of the roots is correct. 
ie. ap =6 
= Correct quadratic equation is 
x? -(a +B) x+ oB =0 


> x? -7x+6=0 


=> (x-6)(x-1)=0>5x=6]1 


Hence, correct roots are 1 and 6. 


136. Leta+1=h° 


(h? -1) x° + (A -1) x+(h—-1)=0 


[from Eqs. (iii) and (iv)] 


h?-1)\, (he-1 
=> x 4 x+1=0 
h-1 h-1 


Asa— 0,thenh—> 1 


im( B=) 3 + m( =) 5 1=0 
hoil h-1 hol h-1 

> ax? +3x+1=0 
=> 2x? +2x+x+1=0 
=> (2x+1)(x+1)=0 


1 
x=-landx=-— 
2 


137. Lete"* =t ...(i) 

Then, the given equation can be written as 

t 4=0 => ft? -4t-1=0 
at: (16 + 4) 
2 

> e™* = (2 + 4/5) [.e* > 0, taking + ve sign] 
=> sin x = log,(2 + V5) ii) 
(2+ 5)>e [ e =2.71828...] 
> log,(2+ V5) >1 ...(iii) 


From Eqs. (ii) and (iii), we get 
sin x >1 [which is impossible] 
Hence, no real root exists. 
138. Given equations are 


ax’ + bx +c=0 ..-(i) 
(ii) 
Clearly, roots of Eq. (ii) are imaginary, since Eqs. (i) and (ii) 
have a common root, therefore common root must be 


imaginary and hence both roots will be common. Therefore, 
Eqs. (i) and (ii) are identical. 


and x? +2x+3=0 


a bc 

—=—=- or a:b:c=1:2:3 

1 2 3 
139. - x —[x] = {x} 


[fractional part of x] 


For no integral solution, {x} # 0 
a#0 =i) 


The given equation can be written as 


3 {x}? —2{x}-a? =0 


2 2 
= {x22 =NG* 12a") 1+ ve 3a“) eocnpen 
oc Lt vil + 32°) 


3 
=> a’ <1 => -1<a<1 


=> <1>,(1+ 3a’) <2 


..(ii) 
From Eqs. (i) and (ii), we get 
a €(—1, 0) U(0, 1) 
a: es, 


0 24 tage 2B 


4 
a 8B oB 
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4 
= Pug 
u 
P 
> q=-4r .» (i) 
Also, given p, q, r are in AP. 
: 2q=ptr 
> p=-9r [from Eq. (i)] ...(ii) 
| 
Now, io —p) = 2 tira be nesoe p=? 
ial a 
_ vq" = 4pr) 
|p| 
(16r? + 36r? 
= V(ler" + 36r" _ N52 N71 pom Eqs, (i) and @)] 
9|r| 9|r| 
_ 2v13 
9 
141. f(x) =x° —5x and g(x) =—a 
. f (x) =5x* -5 


=5 (x? +1)(x-1)(x +1) 


Clearly, f(x) = g(x) has one real root, if a > 4 and three real 
roots, if|a| < 4. 


142. Since, b = 0 for p(x) = ax” + bx + ¢, as roots are pure 
imaginary. 


Saeed 
=>x=t cee ive) which are clearly neither pure real nor 
a 


pure imaginary, as c # 0. 


143. +: ax? —x+a = 0 has distinct real roots. 


D>0 
2 11 ’ 
> 1-40°>0 > Qe] -—-,— ...(i) 
22 
Also, |x, -—x,|<1 > |x,—x,|’<1 
D 1-40" ae 
> s<1s 5 <1 Sar >— 
a a 5 
—00,— —— —,°0 (Ah 
V5) \v5 


From Eqs. (i) and (ii), we get 


nb 
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2 
(x? —5x +5) + 4x-60 =4 
Case I 
x° —5x+5=1 and x’ + 4x —60can be any real number 


=> x=1,4 

Case II 

x? —5x+5=—1 and x* + 4x —60has to be an even number 
= K=2,3 


For x =3, x’ + 4x —60is odd, «. x #3 

Hence, x =2 

Case III x? —5x +5 can be any real number and 
x +4x-60 =0 

> x=— 10,6 

=> Sum of all values of x =1+ 4+2-104+6=3 


x? -2xsecOat1=0 = x=secO+ tand 
TU 1 
and -—<0<-— 
6 12 
1 1. 
> sec (- 2) >sec 8 >sec (- x) 
6 12 
TT 1 
or sec (=) >sec 8 > sec (=) 
6 12 
T T 
and tan (- 2) < tan @ < tan (- x) 
6 12 
T 1 
> — tan (=) < tan @ <— tan (=) 


6 

T Tt 
or tan (=) >-—tan@> tan (=) 

6 12 


146. -. 


"* 04, B, are roots of x” —2x sec 8 +1=Oanda, >B, 


. &,; =sec 8 —tan®@ and B, =sec 6+ tan@ 
= Q,,B, are roots of x + 2x tan@—1=0 


and a, >B, 

a, =— tan ® + sec 8 
and B, =— tan 0 —sec 0 
Hence, a, +B, =—2 tan® 


x(x+1)+(x4+1)(x+2)+..4+(x4+n 


) 
=> nx? +x(1+345 


.+(2n-1))+(1.24 


n) =10n 


+..4(n—-1).n)=10n 


or nx taix+ = (n 1)n(n+1)=10n 
or 3x" + 3nx + (n? — 1) =30 
or 3x" + 3nx + (n? —31) =0 
|o—-B|=1 
or (a —B)’ =1 
or oe 
a 
or D=a@’ 
or 9n? —12.(n® —31) =9 
or n’ =121 
n=11 


(. n #0) 
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The word “Sequence” in Mathematics has same meaning as in ordinary English. A collection of objects listed in a 
sequence means it has identified first member, second member, third member and so on. The most common examples 
are depreciate values of certain commodity like car, machinery and amount deposits in the bank for a number of years. 


Session 1 


Sequence, Series, Progression 


Sequence 


A succession of numbers arranged in a definite order or 
arrangement according to some well-defined law is called 
a sequence. 

Or 


A sequence is a function of natural numbers (N) with 
codomain is the set of real numbers (R) [complex numbers 
(C)] If range is subset of real numbers (complex numbers), 
it is called a real sequence (complex sequence). 

Or 


A mapping f: NC, then f(n) =t,,n€ N is calleda 
sequence to be denoted it by 
{f£(), F(2), FB). J = {ty tarts, } = ttn}. 


The nth term of a sequence is denoted by 
Ts tns Qn, a(n), Up, etc. 


Remark 
The sequence a, a», a3, ... is generally written as {a,}. 


For example , 


(i) 1, 3, 5, 7, ... is a sequence, because each term (except 
first) is obtained by adding 2 to the previous term and 
T, =2n-1neEN. 

Or 

IfT, = Ty41 =Tay2,n21 

(ii) 1, 2, 3, 5, 8, 13, ... is a sequence, because each term 
(except first two) is obtained by taking the sum of 
preceding two terms. 


Or 
IfT, =1,T, =2,Ty42 =Ty + Tyo 1,n21 
(iii) 2, 3, 5, 7, 11, 13, 17, 19, ... is a sequence. 


Here, we cannot express T,,,n € N by an algebraic 
formula. 


Recursive Formula 


A formula to determine the other terms of the sequence in 
terms of its preceding terms is known as recursive 
formula. 

For example, 


If T, =1 and T,,, =6T,,neEN. 
Then, T,=6T7, =6-1=6 

T3 = 6 Ty =6-6 =36 

T, = 673 =6-36=216... 
Then, sequence is 1, 6, 36, 216... 


Types of Sequences 


There are two types of sequences 


1. Finite Sequence 


A sequence is said to be finite sequence, if it has finite 
number of terms. A finite sequence is described by 
G1,42,43,...,@, OY T,,T,,T3,...,T,, where ne N. 


For example 
(i) 3,5, 7, 9, ..5 37 
(ii) 2, 6, 18, 54, ..., 4374 


2. Infinite Sequence 


A sequence is said to be an infinite sequence, if it has 
infinite number of terms. An infinite sequence is described 
by Q,,Q42,43,...Or i ee oe eee 


For example, 


, 111 
(i) 1,-,-,—, 
3.9 27 
i 1111 
(ii) 1 -,—,-,—.,.. 
2 4 8 16 


Series 


In a sequence, the sum of the directed terms is called a 
series. 


For example, If 1, 4, 7, 10, 13, 16,... is a sequence, then its 
sumie., 1+4+7+10+13+16+...is a series. 


In general, if T,,T,,T3,...,T,,,-.. denote a sequence, then the 
symbolic expression T, +T, +73 +...+T,, +...is called a 
series associated with the given sequence. 


Each member of the series is called its term. 


Ina series T, +T, +T; +...+T, +..., the sum of first n terms 
is denoted by S,,. Thus, 


S, =T, +Ty +T; +... +Th uy T.= > Th 
r=1 


If S,, denotes the sum of n terms of a sequence. 
Then, Sn —Sn-1 =(T, + Th +T3 +...+T,) 

-(T, +7, +...+T,_,)=T, 
Thus, T, =Sy —Spa4 


Types of Series 


There are two types of series 


|. Finite Series 


A series having finite number of terms is called a finite 
series. 
For example, 

(i) 34+54+74+9+4...4+21 

(ii) 2+6+18+54+...+ 4374 


2. Infinite Series 
A series having an infinite number of terms is called an 
infinite series. 
For example, 
(i) (sca se . 
3 9 27 


es 1 11 
(ii) 1+—+—+—+... 
2 4 8 


Progression 


If the terms of a sequence can be described by an explicit 
formula, then the sequence is called a progression. 
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Or 


A sequence is said to be progression, if its terms increases 
(respectively decreases) numerically. 


For example, The following sequences are progression : 


. wt SE al od. AL 
(i) 1,3,5,7,... Gi) 34, 
2 6 18 54 
(iii) ge (iv) 1,8,27,256,... 
Met, 
2 


The sequences (iii) and (v) are progressions, because 


1 I 1 
|1|> >/=|> os 

9 27 

, 1. 3 1 
1.e. 1S] 323s] Sa 

3 9 27 

1 

and |8|>|-4|>|2|>|]-1]>]- 

; 1 
1:€. 8>4>2>1>-—>... 

2 

Remark 


All the definitions and formulae are valid for complex numbers 
in the theory of progressions but it should be assumed (if not 
otherwise stated) that the terms of the progressions are real 
numbers. 


n 
Example 1. If f :N —R, where f(n)=a, =———, 
(2n+ 1) 
write the sequence in ordered pair form. 
Sol. Here, a, = Ts 
(2n +1)° 
On putting n = 1, 2,3, 4, ... successively, we get 
Creea eee Geena See 
‘(141% 9 7 (2-241)? 25 
3 3 4 4 


a3 = > 
(2-341)? 49 


a4, = 
(2:-4+1) 81 


12 3 4 
Hence, we obtain the sequence —, —, —, —,... 
9 25 49 81 


Now, the sequence in ordered pair form is 


eee 
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Example 2. The Fibonacci sequence is defined by 


z Gn+1 
GQ) =1=4), Gy, =Qn_-1 + On_2,N>2. Find for 
ap 
n=1,2,3,4,5. 
Sol. -- a,=1=a, 
a, =a, +a,=14+1=2, 
a4 =a; +a, =2+1=3 
a5 =a,+a,=3+2=5 
and a,=a,+a,=5+3=8 
Mt 4 Mg and ag _ 
a a, 1 a, 2a, 3 as 


Example 3. If the sum of n 


terms of a series is 


2n* + 5n for all values of n, find its 7th term. 


Sol. Given, 5S, =2n? +5n 


=> $,-,=2(n-1)*? +5(n—-1)=2n* +n-3 


Ty = Sn — Sp —1= (2n® + 5n)—(2n? +n-3)=4n+3 


Hence, T, =4X7+3=31 


Example 4. 
n 
(i) Write yr? +2) in expanded form. 


r=1 


(ii) Write the series : 


in sigma 


2 3 4 
tot t+—Htit 
4 5 6 
form. 
Sol. (i) On putting r = 1, 2,3, 4,...,n in (r? + 2), 
we get 3, 6, 11, 18, ...,(n” +2) 


n 
Hence, )\(r? +2)=3+6+11+18+.. 


r=1 


(ii) The rth term of series = : 
r+2 


n+2 


_+(n® +2) 


Hence, the given series can be written as 


Exercise for Session 1 


1 First term of a sequence is 1 and the (n +1) th term is obtained by adding (n + 1) to the nth term for all natural 


numbers n, the 6th term of the sequence is 


(a) 7 
(c) 21 


(b) 13 
(d) 27 


2. The first three terms of a sequence are 3, 3, 6 and each term after the second is the sum of two terms 


preceding it, the 8th term of the sequence is 


(a) 15 (b) 24 
(c) 39 (d) 63 
. ({ NT : 26 
3. if an = sin( =) the value of Yan is 
n=1 
(a) 2 (b) 3 
(c) 4 (d) 7 
4. \f for a sequence {a,}, S, =2n? + 9n, where S,, is the sum of n terms, the value of ap is 
(a) 65 (b) 75 
(c) 87 (d) 97 
5 
5. Ifa, =2,a. =3+a,anda, =2a,_,+5forn >1, the value of > a, is 
r=2 
(a) 130 (b) 160 
(c) 190 (d) 220 


Session 2 


Arithmetic Progression (AP) 


Types of Progression 


Progressions are various types but in this chapter we will 
studying only three special types of progressions which 
are following : 


1. Arithmetic Progression (AP) 
2. Geometric Progression (GP) 


3. Harmonic Progression (HP) 


Arithmetic Progression (AP) 


An arithmetic progression is a sequence in which the 
difference between any term and its just preceding term 
(i.e., term before it) is constant throughout. This constant 
is called the common difference (abbreviated as CD) and is 
generally denoted by ‘d’. 

Or 
An arithmetic progression is a sequence whose terms 
increase or decrease by a fixed number. This fixed number 
is called the common difference of the AP. 


A finite or infinite sequence {t,,t,,t3,...,t,} 


or {t,,t),t ,...} is said to be an arithmetic progression 
(AP), if t; —t,_, =d, a constant independent of k, for 
k =2,3,4,...,n or k =2,3, 4,...as the case may be: 
The constant d is called the common difference of the AP. 
Le. d=t, -t, =f, —to =...=t, —ty-1 
Remarks 

1. If abe the first term and d be the common difference, then 
AP can be written as 
aat dat 2d,...,a+ (n-1)d,..,VNEN. 
2. If we add the common difference to any term of AP, we get 
he next following term and if we subtract it from any term, 
we get the preceding term. 


3. The common difference of an AP may be positive, zero, 
negative or imaginary. 
4. Constant AP common difference of an AP is equal to zero. 


5. Increasing AP common difference of an AP is greater than 
zero. 


6. Decreasing AP common difference of an AP is less than 
zero. 


7. Imaginary AP common difference of an AP is imaginary. 


Algorithm to determine whether a sequence is 
an AP or not 


Step I Obtain t,, (the nth term of the sequence). 
Step II Replace nby n-1int, to gett, _,. 
Step III Calculate t, —t,_1. 


If t, —t,—, is independent of n, the given sequence is an 
AP otherwise it is not an AP. 


Example 5. 
(i) 1,3, 5,7, ... (ii) m,m +e" ,m+2e”,... 
(iii) d,a-—b,a—2b,a—3b,... 
Sol. (i) Here, 2nd term - 1st term = 3rd term - 2nd term =... 
=> 3-1=5-32=...=2, which is a common 
difference. 


(ii) Here, 2nd term - 1st term = 3rd term — 2nd term =... 
=> (n+e")—-n=(n+2e")-(n +e") =... 
= e™, which is a common difference. 


(iii) Here, 2nd term - 1st term = 3rd term - 2nd term =... 
=> (a-b) 2b) -(a—b)=... 


= — b, which is a common difference. 


a=(a 


Example 6. Show that the sequence <t, > defined by 
t, =5n+4 is an AP, also find its common difference. 
Sol. We have, t, =5n+4 
On replacing n by (n — 1), we get 
ty, =5(n-1)+4 
=> t,-1=5n-1 
t, —ty-1,=(5n + 4)-—(5n -1)=5 
Clearly, t,, — t, —, is independent of n and is equal to 5. So, 
the given sequence is an AP with common difference 5. 


Example 7. Show that the sequence <t, > defined 
by t, = 3n* +2 is not an AP. 
Sol. We have, t, =3n" +2 


On replacing n by (n — 1), we get 
tp-1 =3(n—-1)° +2 


= ty, =3n? —6n +5 
ty —ty 1 =(3n® +2) —(3n” —6n +5) 
=6n -3 


Clearly, t,, — t, —, is not independent of n and therefore it is 
not constant. So, the given sequence is not an AP. 
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Remark 

If the nth term of a sequence is an expression of first degree in n. 
For example, t, = An+ B, where A Bare constants, then that 
sequence will be in AP fort, -—t, _; =(An+ B)-[A(n-1) + 8] 
= A[n-(n-1)] = A= constant = Common difference or 
coefficient of nint, Students are advised to consider the above 
point as a behaviour of standard result. 


General Term of an AP 


Let ‘a’ be the first term, ‘d’ be the common difference and ‘ 


1’ be the last term of an AP having ‘n’ terms, where né N. 
Then, AP can be written as a,a+d,a+2d,...,1—2d,l-—d,l 


(i) nth Term of an AP from Beginning 
1st term from beginning =f, =a=a+(1-1)d 

2nd term from beginning =t, =at+d=a+(2-1)d 
3rd term from beginning =t; =a+2d =a+(3-1)d 


nth term from beginning =t, =a+(n-1)d,VneN 
Hence, n th term of an AP from beginning 


=t, =a+(n-1)d=l [last term] 


(ii) nth Term of an AP from End 
1st term from end =t’, =/=1-—(1-1)d 

2nd term from end =t’, =1—d =1-(2-1)d 
3rd term from end =t’, =1—2d =1—(3-1) d 


nth term from end=t’, =1—(n—1)d,VneN 

Hence, n th term of an AP from end 

t’”, =l1-(n-l)d=a [first term] 

Now, it is clear that 

t, tt, =at+(n—-1)d+1-(n-1)d=a+tl 

or t, +t, =atl 

i.e. In a finite AP, the sum of the terms equidistant from 


the beginning and end is always same and is equal to the 
sum of first and last term. 


Remark 
1. nth term is also called the general term. 
2. If last term of AP ist, and common difference be d, then 
terms of AP from end aret,,t, — d,t, — 2d, ... 
3. If ina sequence, the terms an alternatively positive and 
negative, then it cannot be an AP. 


4. Common difference of AP = fa 
nt 


/ =last term of AP and n = number of terms of AP. 

5. Itty ty4t:tn4 9 are three consecutive terms of an AP, then 
2tha1=ty +t, 4 ..In particular, ifa band care in AP, then 
2b=artc. 


, where, a= first term of AP, 


Example 8. Find first negative term of the sequence 
1 1 3 
20, 19—, 18-,17-,... 
4 2 4 
Sol. The given sequence is an AP in which first term, a = 20 
and common difference, d = — = Let the nth term of the 


given AP be the first negative term. Then, 
th <0 = at+(n-1)d<0 


3 
> 20+(n-1)}-—]<0 
4 
> 80-3n+3<0 
83 2 
> n>— or n>27- 
3 3 
=> n= 28 
Thus, 28th term of the given sequence is the first negative 
term. 


Example 9. If the mth term of an AP is and the 


n 
se ol ’ 
nth term is —, then find mnth term of an AP. 
m 
Sol. If Aand B are constants, then rth term of AP is 
t. =Ar+B 

: il 1 : 
Given, tn =— = Am+B=— (i) 

n n 
1 1 33 
and th =— = An+B=— ..-(ii) 

m m 


From Eqs. (i) and (ii), we get A = _ and B=0 
mn 


i 
mn th term = t,,, = Amn + B=—-mn+0=1 
mn 


Hence, mn th term of the given AP is 1. 


Example 10. if| x —1|, 3 and| x — 3] are first three 
terms of an increasing AP, then find the 6th term of on AP. 
Sol. Case I For x <1, 
|x -1|=-(x-1) 


and |x —-3|=-(x-3) 
“.1-— x,3 and3— x are in AP. 

=> 6=1-x+3-x 
=> x=-1 


Then, first three terms are 2, 3, 4, 

which is an increasing AP. 

.. 6th term is 7. [ss 
Case II For1< x <3, 


and |x —3|= 
“2x — 1,3 and3— x are in AP. 
=> 6=x-1+3-x 
> 6=2 [impossible] 


Case III For x >3,|x-1|=x-1 and 
“.x—-1,3 and x —3are in AP. 
=> 6=x-1+x-3>5 x=5 


Then, first three terms are 4, 3, 2, which is a decreasing AP. 


[x-3|=x-3 


Example 11. In the sequence 1, 2, 2, 3, 3, 3, 4, 4, 4, 
4, ..., where n consecutive terms have the value n, find 
the 150th term of the sequence. 

Sol. Let the 150th term =n 


Then, 1+2+3+..4+(n-1)<150<14+2+3+..+n 
= (HDR gogo her) 
2 2 
> n(n-1)<300<n(n +1) 
Taking first two members 
n(n—1)<300 = n*—n-300<0 


1)\ 1 
> n-—|} <300+— 
2 4 
1 v1201 
> O0<n<—+ 
2 2 
> 0<n<17.8 (i) 
and taking last two members, 
n(n +1) > 300 
i. 1 
> n+—]| >300+— 
2 4 
1 1201 
n>--+——— 
2 2 
=> n>16.8 (ii) 
From Eqs. (i) and (ii), we get 
16.8<n<178 
=> n=17 


Example 12. If a,,a2,a3,a,and a; are in AP with 
5 


common difference + 0, find the value of S\g; when 
dz = 2. fa 
Sol. -- a, a2, a3, a4 and a; are in AP, we have 
@, +45 =a, +@,=a, +4; [ee 
a,+d, =a,+a,=4 [= 
a+a,+a,+a,+ta,=4+2+4=10 


> Siy.240 
i=l 


Sum of a Stated Number of 
Terms of an Arithmetic Series 


More than 200 yr ago, a class of German School Children 
was asked to find the sum of all integers from 1 to 100 
inclusive. One boy in the class, an eight year old named 
Carl Fredrick Gauss (1777-1855) who later established 
his reputation as one of the greatest Mathematicians 
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announced the answer almost at once. The teacher 
overawed at this asked Gauss to explain how he got this 
answer. Gauss explained that he had added these numbers 
in pairs as follows 


(1+ 100), (2 +99), (3 +98),... 
There are ee 50 pairs. The answer can be obtained by 
2 


multiplying 101 by 50 to get 5050. 


Sum of n Terms of an AP 


Let ‘a’ be the first term, ‘d’ be the common difference, ‘/’ 
be the last term of an AP having n terms and S,, be the 
sum of n terms, then 


S, =at(atd)+(at+2d)+...4+(J-2d)+(I-d)+l1 ...4) 
Reversing the right hand terms 
S, =1+(l-d)+(l-2d) +...+(a+2d)+(a+d)+a 
On adding Eqs. (i) and (ii), we get 
2S, =(at+l)+(a+l)+(atl) +... 
t+(atl)+(a+l)+(atl) 
=(a+1)+(a+l1)+... upton terms =n(a +1) 


(ii) 


...(iii) 


Now, if we substitute the value of | viz.,]=a+(n-—1)d, in 
this formula, we get 


n 
S, =—(a+l 
a: ) 


S, = erent a=. ave t)a 


Sy =F [2a + (n-1) d] 


If we substitute the value ofa viz., 
l=a+(n-1)d 
or a=I-—(n-1)d in Eq. (iii), then 


S, = “[2l-(n-1) d] 
2 
If we substitute the value of a + 1 viz., 
t, +t’, =a+l in Eq. (iii), then 
n : 
Si “7s i 
Corollary I Sum of first n natural numbers 


ie. 14+24+3+4+...4n 
Here, a=landd=1 
n 
S=—[2-1+(n-1)-1] 
2 
_n(n+1) 
2 
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Corollary II Sum of first n odd natural numbers 
ie, 1+34+5+... 
Here, a=1 
and d=2 
s= 7 (2: 1+(n-1)-2] =n’ 


Corollary II If sum of first n terms is S,,, then sum of next 
mterms is S,,4, —Sy- 


Important Results with Proof 


1. If S,,, t,, and d are sum of n terms, nth term 
and common difference of an AP respectively, 


then 
d=t, —ty-41 [n = 2] 
t, =S, -S,-1 [n = 2] 
d=S,, -258,_1+5S,-2 [n =3] 
Proof 
Sy =ty tty tty t...¢ty_1 ttn 
> oy) Son ey Ft, 
ty =Sy —Sp-1 
but d=t, -—ty-4 


=(S, Sn-1) (Sp-1 Sn-2) 
d =S, —2Sy-1+Sn-9 


2. A sequence is an AP if and only if the sum of 
its n terms is of the form An” + Bn, where A 
and B are constants independent of n. 


In this case, the nth term and common difference of 
the AP are A (2n —1) + Band 2A, respectively. 


Proof As S, = An’ + Bn 
S,-1 =A(n—-1) + B(n-1) 
th =Sy —Sp-1 
=(An’ + Bn) -[A(n-1)? + B(n-1)] 
= A[n? —(n-1)7]+B 
t, =A(2n-1)+B 


=> t,-; =A[2(n-1)-1]+B 
= A(2n-3)+B 
Now, t, —t,—-; =[A(2n-1) + B]-[A (2n—-3) + B] 
=2A [a constant] 


Hence, the sequence is an AP. 


Conversely, consider an AP with first term a and 
common difference d. 


Sum of first n terms = : [2a+(n-1)d] 


where, f29 pe 

2 2 
Hence, S, = An” + Bn, where A and Bare constants 
independent of n. 
Hence, the converse is true. 
Corollary: S, = An’ + Bn 

t, =A(2n-1)+B 

t, = A (replacing n” by 2n —1) + coefficient of n 


and d=2A 
ie. d=2 [coefficient of n”] 
S, th d 
1. 5r2+3n |5(2n-1)+3=10n-2 10 
2. Tn + 2n 7(2n-1)+2 -14 
=-14n+9 
3. on? — 4n 9 (2n-1)-4 -18 
=-18n+5 
4. An? —n 4 (2n-1)-1=8n-5 8 


. If S, =an” +bn+c, where S,, denotes the sum 


of n terms of a series, then whole series is not 
an AP. It is AP from the second term onwards. 


Proof As_ S,, =an’ + bn+c for n=1, we get 


Sn-1 =a(n-1)° +b(n-1)+cforn=2 


Now, th =Sn —Sn-1 

> t, =a(2n-1)+),n2=2 
t,-1 =a[2(n—-1)-1]+),n>=3 

= t,-, =a(2n-3)+b,n2=3 


t, —t,-1 =2a=constant, n 23 
tz —to =t, —t3 =t, —ty =... 

But t, —t, =(S, —S,)-S, =S, -28, 
=(4a+2b+c)—-2(a+b+t+c) 
=(2a-c) [.S, =t,] 

tp —t, #t, —ty 

Hence, the whole series is not an AP. It is AP from 

the second term onwards. 


Ratio of Sums is Given 


1. If ratio of the sums of mand n terms of an AP 
is given by 
Sm _ Am? + Bm 
S, An? + Bn 
where A, B are constants and A £0. 
Sm =(Am? + Bm) k, 
S, =(An? + Bn)k 
> tm =Sm —Sm-—1 =[A(2m—1) + B]k 
t, =S, -S,-, =[A(2n-1)+ B]k 
tm _A(2m-1)+B 
t,  A(2n—-1)+B 


Example 13. The ratio of sums of m and n terms of 
an AP is m*:n?. The ratio of themth andnth terms is 
(a) (2m +1): (2n -1) (b) m:n 
(c) (2m —1): (2n —1) (d) None of these 


Sol. (c) Here, Sm im [A =1,B=0] 
S n° 
tm _ (2m-1) 
t,  (2n-1) 
> tm it, =(2m —1):(2n — 1) 
2. If ratio of the sums of n terms of two AP’s is 
given by 
S, _An+ B 
Ss, Cn+D 


where, A, B,C, D are constants and A, C #0 
S, =n(An+B)k, S,, =n(Cn+D)k 
=> t, =[A(2n-1)+B]k,t, =[C(2n-1)+D]k 
=> d=t, -t,-, =24, d’=t, -t)_, =2C 
t, A(2n-1)+B d_ A 
= an = 
ty C(2n-1)+D d’ C 


Note If A=0,C=0 
Then, Sn = B > bie B and — u = not defined 
S, D tt, D 
Remark 
if ty _ ant b 
tr, oeon+d 


where, a, 6, c, d are constants and a,c #0, then 


n+ 
a +b 
Sn _ (*S) 
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Example 14. The sums of n terms of two arithmetic 
progressions are in the ratio (7n+ 1):(4n+17). Find the 
ratio of their nth terms and also common differences. 


Sol. Given,  S,, :S, =(7n +.1):(4n +17) 
Here, A=7,B=1,C =4andD=17 
i FOn-4+i _i4n=< 
ba ~4(Qn-1)+17 81413 
and ee 
d C 4 
Hence, 1, :t, =(14n —6):(8n + 13)andd:d’=7:4 


Example 15. The sums of n terms of two AP’s are in 
the ratio (3n — 13):(5n+ 21). Find the ratio of their 24th 
terms. 
Sol. Given, S, : 5, =(3n — 13):(5n + 21) 
A=3,B=-13,C =5and D=21 
toy _3(2X24-1)-13_ 128 1 
t's, =5(2X24-1)+21 256 2 
tog it’og =1:2 


Here, 


Example 16. How many terms of the series 
] 2 
20a, Tet ...must be taken to make 300? 


Explain the double answer. 


Sol. Here, given series is an AP with first term a = 20 and the 


: 2 
common difference, d = — -—. 


3 
Let the sum of n terms of the series be 300. 


Then, S, =" a+(n-1)d} 
2 
n 2 
=> 300 = —42x 20+ (n—-1)| -= 
2 3 
n 
=> 300 = — 60-n + 1} 
3 
=> n°’ —61n +900 =0 
=> (n — 25)(n — 36) =0 
=> n=25 or n=36 


.. Sum of 25 terms = Sum of 36 terms = 300 
Explanation of double answer 


Here, the common difference is negative, therefore terms 


=e 
go on diminishing and t,, = 20 + (31 — 1) (=] =0ie., 31st 
3 


term becomes zero. All terms after 31st term are negative. 
These negative terms (39, t33, t34, 35, t35) when added to 
positive terms (f 46, t27, tog, f29, t39 ), they cancel out each 
other i.e., sum of terms from 26th to 36th terms is zero. 
Hence, the sum of 25 terms as well as that of 36 terms is 
300. 
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Example 17. Find the arithmetic progression 
consisting of 10 terms, if the sum of the terms 
occupying the even places is equal to 15 and the sum 


of those occupying the odd places is equal to 125. 


Sol. Let the successive terms of an AP be fy, ty, ty, ...5 fo tyo- 
By hypothesis, 
to tty tt, +fg +t =15 


5 
=> i er al 
=> ty +t =6 
> (a+d)+(a+9d)=6 
> 2a+ 10d =6 (i) 
1 
and Reg aA IS dace Te 
5 25 
> ~(t, + tg) = — 
2 2 
=> ty tig =5 
— at+a+8d=5 
=> 2a+8d=5 (ii) 


From Eqs. (i) and (ii), we get d = ; anda= ; 


1 1 1 
Hence, the AP is —, 1, 1—, 2,2-,... 
2 2 2 


Example 18. If N, the set of natural numbers is 
partitioned into groups S, = {i}, S, = {2, 3}, 
S; ={4, 5, 6},..., find the sum of the numbers in S<,. 


Sol. The number of terms in the groups are 1, 2, 3, ... 
*: The number of terms in the 50th group = 50 
. The last term of 1st group = 1 
The last term of 2nd group = 3=1+2 
The last term of 3rd group = 6 =1+2+3 


The last term of 49th group =1+2+3+...4+ 49 
“. First term of 50th group =1+(1+2+3+...+ 49) 


49 
=1+—(1+ 49)= 1226 
: 


50 
a = 5 (2 x 1226 + (50-1) x1} 
= 25 x 2501 = 62525 


Example 19. Find the sum of first 24 terms of on AP 
t,,t>,tz,..., if it is known that 
t, t+t5 +l +ty5 tbo + toy = 225. 
Sol. We know that, in an AP the sums of the terms equidistant 


from the beginning and end is always same and is equal 
to the sum of first and last term. 


Then, t, + to, =ts + top = ty ths 


but given 

ip te + tig Hedge + toy Hie $908 
> (t, + to) + (ts + t29) + (tio + tis) = 225 
> 3 (ty + to4) = 225 
=> ty + to, =75 


24 
Soq = — (ty + tog) = 12 X 75 = 900 
2 


Example 20. If (1+ 3+5+...4 p)+ (1+ 3+5+...+q) 


=(1+ 3+ 5+...+1), where each set of parentheses 
contains the sum of consecutive odd integers as 
shown, then find the smallest possible value of 
p+qz+r (where, p > 6). 


Sol. 


We know that, 1+3+5+..4+(2n—-1)=n’ 


Thus, the given equation can be written as 


(et) +(224) -(2) 


=> (p +1) +(q +1) =(r +1)’ 


Therefore, (p + 1,q + 1,r + 1) form a Pythagorean triplet as 
p>6o=pti>7 

The first Pythagorean triplet containing a number > 7 is 

(6, 8, 10). 

= pt+1=8q+1=6r+1=10 

> ptqtr=2l 


Properties of Arithmetic Progression 


1. 


If a,, @2, @3,...are in AP with common difference d, 
then a, tk,a, tk,a, +k,... are also in AP with 
common difference d. 


. If a,,@),43,... are in AP with common difference d, 
a, a a : 
then ak, agk, agk,...and “©, —*,... are also in AP 


(k #0) with common differences kd and “ 


respectively. 


. Ifa,, a2, a3,..and b,, by, b3,... are two AP’s with 


common differences d, and d,, respectively. Then, 
a, £b,, a, + by, a3 +b3,... are also in AP with 
common difference (d, + d,). 


. If ay, 42, 43,...and b,, b,,b3,...are two AP’s with 


common differences d, and d, respectively, then 


a; a, a . 
4,b;,42b2,a3b3,... and —, 2, —*,,... are not in AP. 
b, by bs 


. If a,,@),43,...,a, are in AP, then 


a._.+a 
a eh er Ye oebeqay 
2 


ti 


6. If three numbers in AP whose sum is given are to be 
taken as a —B, a, + and if five numbers in AP 
whose sum is given, are to be taken as o — 28, a — 8, 
a,a+f,o + 28, etc. 


In general, If (2 + 1) numbers in AP whose sum is 
given, are to be taken as(reé N). 


a-rp,a- ore .a-f,0,0 +8,.. 
r 


a+(r—-1)BR,a+ 


Remark 
1. Sum of three numbers = 3a 
Sum of five numbers = 5a 


Sum of (2r + 1) numbers = (2r + 1) a 
2. From given conditions, find two equations in wand B and 
then solve them. Now, the numbers in AP can be obtained. 
7. If four numbers in AP whose sum is given, are to be 
taken as 
ao — 38,0 —B,0 +B, +36 and if six numbers in AP, 
whose sum is given are to be taken as & — 5B, a — 38, 
a-f,a +8, + 3B, a +58, etc. 


In general If2r numbers in AP whose sum is given, 
are to be taken as (re N). 


a -(2r-1)B,a -(2r—-3)8.....a —3B,a -B, 
a+P,0 +38, ...,0+(2r-3)B,a+(2r-1)B 
Remark 


1. Sum of four numbers = 4a 
Sum of six numbers = 6 a 


Sum of 2r numbers = 2ra 


2. From given conditions, find two conditions in aandB and 
then solve them. Now, the numbers in AP can be obtained. 


Example 21. If 5,,55,53,..., 


n terms of p AP’s whose first terms are 1,2, 3,... 
common differences are 1,2, 3,..., 


Sp are the sums of 


,p and 
(2p — 1) respectively, 


1 
show that Tage Set eat oy = np Be 


Sol. -. 1, 2, 3,..., p are in AP. 


Then, 2:1, 2-2, 2-3, ...,2p are also in AP. ...(i) 
[multiplying 2 to each term] 
and 1, 3,5, ...,(2p — 1) are in AP. 
Then, (n — 1)-1,(n — 1)-3,(n — 1)-5,...,(n — 1) (2p — 1) are 
also in AP. (ii) 
[multiplying (n — 1) to each term] 


From Eqs. (i) and (ii), we get 

24+ (ni 1)? + (1), 2S = DS, oe 
2p +(n —1)(2p — 1) are also in AP. ..-(iii) 
[adding corresponding terms of Eggs. (i) and (ii)] 
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From Eq. (iii), 
7 et +(n—-1)-1} 7 2tln aia 
yearn = 4)5), ac 
a {2p +(n — 1)(2p — 1)} are also in AP 
[multiplying = to each term] 
Le. S,, S2, $3, 5 Sp are in AP. 


. S, + Sp +5, +o. +Sp =F 1S, + Sp} 


= PJ FW, n—-1)- Ney, a _ 
=E Pere 1) tec pt+(n-1)(2p vy} 
= ME @+(n-1) + 2p H(n 1) (2p) 


= “P (anp $2)= “mp (np +1) 


Aliter 


n(n +1) 


Here, S,=1+2+3+... upton terms = 


Sp =2+5+8+... upton terms =" [2.2+(n-1)3] 
2 


_ n(3n +1) 
2 

5n +1 

Similarly, S$; =3+8+13+... upton terms = eored) etc 

2 
Now, S, + Sz +53 +...+ Sp 
n(n+1) n(3n+1) n(5n +1) 
= + + +...upto p terms 
2 2 2 


=F [((n +3n+5n +... upto p terms) 


+(1+1+1+... upto p terms)] 


=5\6 (2n +(p 120) p 


a 


= "P In n(p— at n 
a [ntn(p-1)+1] sere) 


Example 22. Let « and B be roots of the equation 
* —2x+A=Oand let y and 5 be the roots of the 
equation x* —18x+B=0. Ifa <B<y<Sare in 
arithmetic progression, then find the values of A and B. 
Sol. -.. x, B, y, 5 are in AP. 
Let B=at+d,y=a+2d,5=a +3d,d>0 
[here, sum of a, B, y, 5 is not given] 


Given a+B=20B=A 
> 20+d=20B=A (i) 
and y+6=18 y5=B 


> 2a + 5d =18, y5 =B ..-(ii) 
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From Eqs. (i) and (ii), we get 


d=4,a=-1 
= B=3,y =7,5=11 
> A =o =(-1)(3)=-3 
and B= 6 =(7)(11) =77 


Example 23. The digits of a positive integer having 
three digits are in AP and their sum is 15. The number 
obtained by reversing the digits is 594 less than the 
original number. Find the number. 


Sol. Let the digit in the unit’s place be a—d, digit in the ten’s 
place be a and the digit in the hundred’s place be a+ d. 


Sum of digitt =a-d+at+atd=15 [given] 
> 3a = 15 
a=5 (i) 


“. Original number = (a — d) + 10a + 100(a + d) 
=111a+ 99d =555+ 99d 

and number formed by reversing the digits 
=(a+d)+10a+100(a-d) 
=11la-99d =555 - 99d 

Given, (555 + 99d) — (555- 99d) =594 => 198d =594 

& d=3 

Hence, original number = 555 + 99 x 3 = 852 


Example 24. If three positive real numbers are in AP 
such that abc = 4, then find the minimum value of b. 


Sol. «a, b,c are in AP. 
Let a=A-D,b=A,c=A+D 


Then, a=b-—D,c=b+D 
Now, abc = 4 

(b-— D)b(b+ D)=4 
=> b(b? — D*)=4 


= b?-D*? <b? 
=> b(b? —D’?)<b => 4<B° 
boy” or bScy” 


Hence, the minimum value of b is (2)”'°. 


Example 25. If a,b,c,d are distinct integers form an 
increasing AP such that d= a*+b* +c’, then find the 
value of at+b+c+d. 
Sol. Here, sum of numbers ie., a+ b+c +d is not given. 
Let b=a+D,c=a+2D,d=a+3D,7 DEN 
According to hypothesis, 
a+3D =a’ +(a+D)? +(a+2D)’ 


=> 5D? +3(2a—-1)D+3a* -a=0 ...(i) 
p27 32a = 1) # V9 (2a 1)? - 20 (30° ~ a) 
10 
3 (2a —1) + 4(— 24a” — 16a +9) 
10 
Now, — 24a” -16a+9>0 
=> 24a” +16a-9 <0 
a 1 V0. 1, ¥70 
a: 3 3 12 
> a=-1,0 [.ael] 
3 
When a = 0 from Eq. UPS inet possible ».* D € N) and 
fora=-1 
4 
From Eq. (i), ee 
D=1 [DEN] 


a=-1,b=0,c=1,d=2 


Then, a+b+c+d=-1+041+2=2 


10. 
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| Exercise for Session 2 


If nth term of the series 25 + 29 + 334+ 37+...and3+4+6+9+13+... are equal, thenn equals 
(a) 11 (b) 12 (c) 13 (d) 14 
The rth term of the series 2 d +1 i + 4 + = +...1S 
2 13 9 23 
20 20 20 
a b c) 20 (5r+ 3 
5r +3 5-3 ae Sr? +3 
In a certain AP, 5 times the 5th term is equal to 8 times the 8th term, its 13th term is 
(a) 0 (b) -1 (c) - 12 (d) -13 
If the 9th term of an AP is zero, the ratio of its 29th and 19th terms is 
(a) 1:2 (b) 2:1 (c) 1:3 (d) 3:1 


219 


If the pth, qth and rth terms of an AP are a,b andc respectively, the value ofa (q -—r)+b(r—p)+c(p-q)is 


(a) 1 (b) -1 (c) 0 (d) 5 


The 6th term of an AP is equal to 2, the value of the common difference of the AP which makes the product 
a,agas least is given by 
8 5 2 1 
a)— b) = c) = d)— 
(a) F (b) , (c) 3 (d) - 
The sum of first 2n terms of an AP is a and the sum of nextn terms is B, its common difference is 
a- 2p 2B -a a- 2B 2B -a 
a b ¢) dj} 
(a) (b) (0) 9 () 


The sum of three numbers in AP is — 3 and their product is 8, then sum of squares of the numbers is 
(a) 9 (b) 10 (c) 12 (d) 21 


Let S, denote the sum of n terms of an AP, if Sx, =3S,, then the ratio oe is equal to 
n 


(a) 9 (b) 6 (c) 16 (d) 12 
The sum of the products of the ten numbers + 1,+ 2, + 3, + 4, + 5 taking two at a time, is 
(a) - 65 (b) 165 (c) — 55 (d) 95 
If a4, 2, a3, ...,a, are in AP, where a; >0 for all /, the value of 

1 1 


1 : 
+ +... + ————— js 
Jat Jaz a2 + Jas lan_-1 + Jan 
1 


: (b) 1 (c) 
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Geometric Sequence or Geometric Progression (GP) 


Geometric Sequence or 
Geometric Progression (GP) 


A geometric progression is a sequence, if the ratio of any 
term and its just preceding term is constant throughout. 
This constant quantity is called the common ratio and is 
generally denoted by ‘r’. 


Or 


A geometric progression (GP) is a sequence of numbers, 
whose first term is non-zero and each of the term is 
obtained by multiplying its just preceding term by a 
constant quantity. This constant quantity is called 
common ratio of the GP. 
Let t,,t ,t3,...,tn3t1, to, tz,... be respectively a finite or an 
infinite sequence. Assume that none of t/,’s is 0 and that 

t : : 
—_ =r, a constant (ie., independent of k). 
te -1 
For k =2,3, 4,...,n or k =2, 3, 4,...as the case may be. We 


then call {t, }/_, or {te }¢=1 as the case may be a 


1 


geometric progression (GP). The constant ratio r is called 
the common ratio (CR) of the GP. 


to _t3 _ tn 
ty ty tai 


If t, =ais the first term of a GP, then 


t, =ar, tz =f» r=ar’, ty =t37r = ee 

2%... F=ar 
It follows that, given that first term a and the common ratio 
r, the GP can be rewritten as 


2 -1 2 -1 
a,ar,ar*,...,ar" ~ (standard GP) or a,ar,ar“,...,ar"“,... 


(standard GP) 
according as it is finite or infinite. 


Important Results 


1. Ina GP, neithera=0 norr =0. 

2. Ina GP, no term can be equal to ‘0’. 

3. If ina GP, the terms are alternatively positive and negative, 
then its common ratio is always negative. 


4. If we multiply the common ratio with any term of GP, we get 
the next following term and if we divide any term by the 
common ratio, we get the preceding term. 


5. The common ratio of GP may be positive, negative or 
imaginary. 

6. If common ratio of GP is equal to unity, then GP is known as 
Constant GP. 
7. If common ratio of GP is imaginary or real, then GP is known 
as Imaginary GP. 


8. Increasing and Decreasing GP 

For a GP to be increasing or decreasing r > 0. If r <0, terms 
of GP are alternatively positive and negative and so neither 
increasing nor decreasing. 


a a>0 a>0 a<0 a<0 
r O<r<i r>1 r>1 O0<r<i 
Result Decreasing Increasing Decreasing Increasing 


Example 26. 


; 11 
(i) 1,2,4,8,16.. (i) 93,12, 

3°9 
ii B-6 Bay WeRoear-4, = 
(v) 5,—10,20,... vi) $5, 5, 5). 


(vii) 1,144, 2%, —2+2i,...5/ 
Sol. (i) Here, a=1 

and pete tabu l6 

1 2 4 8 

Increasing GP (a> 0,r > 1) 


(ii) Here,a=9 


=..=2 te. a=landr=2 


andr = 


1 1 
3 1. 3 9. _1 
aoe 
3 


Decreasing GP (a >0,0<r <1) 
(iii) Here, a= -— 2 


le. a=-2,r=3 
Decreasing GP (a <0,r > 1) 
(iv) Here,a=-8 


=! 
—- 2 -'I 9 1 
and r= = = = 42.0 = 
8 4 2 1 2 
: 1 
le. @=-8r=- 
2 


Increasing GP (a <0,0<r <1) 


(v) Here,a=5 
—10 20 F 
and r= = =..=-2 ie, @a=5,r=-2 
i) —10 
Neither increasing nor decreasing (r < 0) 
(vi) Here,a=5 


5 
and -S-=]-= se, =i 1é,. C= 5.757 
5 


5 
Constant GP (r = 1) 
(vii) Here,a=1 


1+i 2%  -2+2i 
and r= — = = 
1 1+i 2i 
2i(1-i -1+i)i 
ene righ 4 iyi 
(1+ i)(1-i) i? 


=(1+i=(G+1)=(+i)=... 
Le, @a@=1r=1+i 


Imaginary GP (r = imaginary) 


Example 27. Show that the sequence <t, > defined 


Qen =1 ; ; 
byt, = for all values of NEN is a GP. Also, find 
its common ratio. 

2n-1 
Sol. We have, t, = 

3 

On replacing n by n — 1, we get 
gen -1 
gen =3 t 
— = —» =_3 =p =4 
3 th Ze gen -3 
3 
Ei ; 

Clearly, —*— is independent of n and is equal to 4. So, the 


t 


n-1 


given sequence is a GP with common ratio 4. 


Example 28. Show that the sequence <t, > 
defined byt, =2-3" + 1is not a GP. 


Sol. We have, t, =2:3" +1 
On replacing n by (n — 1) int,, we get 
iy =2e 41 
_ (2:3" +3) 
a 
t, _ (2-3 +1) _ 3(2-3" +1) 
thy (2:3° +3) (2-3" +3) 
3 


=> th-1 


t 


n 


Clearly, is not independent of n and is therefore not 


t 


n>1 


constant. So, the given sequence is not a GP. 


Chap 03 Sequences and Series 221 


General Term of a GP 


Let ‘a’ be the first term, ‘r’ be the common ratio and ‘I’ be 
the last term of a GP having ‘n’ terms. Then, GP can be 

: 2 l 1 
written as d,ar,ar’,...,—,—-,l 
ee 


(i) nth Term of a GP from Beginning 


1st term from beginning = t; =a=ar'~' 


2nd term from beginning = t, = ar =ar’ ' 


3rd term from beginning =t3; = ar” =ar? ' 


nth term from beginning = t, =ar" ',Vne N 


Hence, n th term of a GP from beginning 


t, =ar" =1 [last term] 


(ii) nth Term of a GP from End 


l 
1st term from end =t', =1= 
gid 
l l 
2nd term from end = t’, =—= 
rent 
l l 
3rd term from end = t’ , =~ = 
2 3-1 
rm oF 
l 
nth term from end = ft’, = > VneN 
re 


r 


Hence, nth term of a GP from end 


[first term] 


k=] 


Now, it is clear that t, xt’, =ar x =axl 


or t, Xt, =axhVisksn 

ie. in a finite GP of n terms, the product of the k th 
term from the beginning and the k th term form the 
end is independent of k and equals the product of the 
first and last terms. 


Remark 
1. nth term is also called the general term. 


2. If last term of GP bet, and CR is r, then terms of GP from 

end aret,, tn fn eh: 
ror 

3. If in a GP, the terms are alternatively positive and negative, 


then its common ratio is always negative. 
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4, lfaand/ represent first and last term of a GP respectively, 
1 


then common ratio of GP =r= (-)" 
a 


5. Iftpty4asty 4 2 are three consecutive terms of a GP, then 


t t 
a on tre thth+2 
n n+1 
In particular, ifa, b,c are in GP, then 6 a => b’=ac 
a 
_ pe 
On squaring, — = — 
a pb 


Hence, a’, b°, c? are also in GP. 


Example 29. If first term of a GP is a, third term is b 
and (n+ 1)th term is c. The (2n+1)th term of a GP is 


b be c? 
(a) c,J— (b) — (c) abc (dy 
a a a 
Sol. Let common ratio = r 
b=ar? > r= ud 
a 
n n c 
Also, c=ar" => r"=- 
a 
oe 
tani are =a(r") = a[ = 
a a 


Hence, (d) is the correct answer. 


Example 30. The (m+n)th and (m—n)th terms of a 


GP are p and gq, respectively. Then, the mth term of 
the GP is 


(b) pq 


(d) None of these 


ininp =p > ar" * =p ..(i) 


(ii) 


m-n-1 


tn-n = = ar =q 


From Eqs. (i) and (ii), we get 


mt+tn-—- 


1 ane 
ar xare 


=pxq 
> are" sq S ar™ Sas) pg 
> tm = PY 


Hence, (b) is the correct answer. 


Example 31. If sin6, V2 (sin + 1), 6 sinO +6 are in 
GP, then the fifth term is 
(a) 81 (b) 812 = (c) 162 (d) 162V2 
Sol. [V2 (sin® + 1)]? = sinO (6 sin® +6) 
=> [(sin® + 1) 2(sin® +1) — 6sinO] =0 


1 
sin® = — 1,— 
2 


We get, 
. 1 

sin§ = — 

2 


[sin® = — 1 is not possible] 


1 
then first term = a = sinO = — and common ratio 
2 


B 


1 
t; =ar’ = — (32) = 162 
2 


=p_ = 


Hence, (c) is the correct answer. 


Example 32. The 1025th term in the sequence 1, 22, 
4444, 88888888, ... is 


(a) 2° (b) 2'° 
(9) 2" (d) 2" 
Sol. The number of digits in each term of the sequence are 1, 
2, 4, 8, .... which are in GP. Let 1025th term is 2”. 
Then, 
1+24+4484..42" 1 <1025<514+24+44+84..4+2" 


- 242° 42” Fe HOP 
2-1)(1+2+27 +23 ont 


< 1025 

(2-1) 

_ (2-1 +242) +2? +... +2") 

(2-1) 
=> 2-1<1025<2"*'-1 = 2"<1026<2""! (i) 
or a"*!> 1026 > 1024 
=> a"*ts 2! + n+1>10 
n>9 .«.n=10 


[which is always satisfy Eq. (i)] 
Hence, (b) is the correct answer. 
Example 33. If a,b,c are real numbers such that 
3(a°+b* +c? +1)=2(a+b+c+ab+bc+ ca), then 
a,b,c are in 
(a) AP only (b) GP only 


(c) GP and AP (d) None of these 
Sol. Given, 3(a’ +b’ +c? +1)=2(a+b+c+ab+ be + ca) 


> 2(a’ +b? +c” — ab— be — ca) + 
(a° +b’ +c? —2a— 2b — 2c +3) 
> {(a — b)’ +(b—c)’ +(c—a)"}4+ 
{(a— 1)? +(b—-1)? +(e —1)*} =0 
>a-b=b a=0 and a-—1=b-1=c-1=0 
=> a=boce=1 
= a,b,c are in GP and AP. 


Hence, (c) is the correct answer. 


c=cC 


Sum of a Stated Number of 
Terms of a Geometric Series 


The game of chess was invented by Grand Vizier Sissa 
Ben Dhair for the Indian king Shirham. Pleased with the 
game, the king asked the Vizier what he would like as 
reward. The Vizier asked for one grain of wheat to be 
placed on the first square of the chess, two grains on the 
second, four grains on the third and so on (each time 
doubling the number of grains). The king was surprised of 
the request and told the vizier that he was fool to ask for 
so little. 

The inventor of chess was no fool. He told the king “What 
I have asked for is more wheat that you have in the entire 
kingdom, in fact it is more than there is in the whole 
world”’ He was right. There are 64 squares on a chess 
board and on the nth square he was asking for 2""' grains, 
if you add the numbers 


ie., S=14+2427 +27 4...427% 42° ...(i) 


On multiplying both sides by 2, then 

25 =2 427 +27 +27 +....42° 42% ...(ii) 
On subtracting Eq. (i) from Eq. (ii), we get 
S=2% —1=18, 446,744, 073, 709, 551, 615 grains ie., 


represent more wheat that has been produced on the Earth. 


Sum of 7 Terms of a GP 


Let a be the first term, r be the common ratio, I be the last 
term of a GP having n terms and S,, the sum of n terms, 
then 


Sy =atartar?+..4 2 +e 41 vst) 
r r 


On multiplying both sides by r (the common ratio) 


l 
rS, =art+ar’ +ar?+...4¢—+14+Ir 
r 


ii) 


On subtracting Eq. (ii) from Eq. (i), we have 
S, -rS, =a-Ir or S, A-r)=a-Ir 


-1 
s, =4 "when r <1 
1-r 
Ir-a 
S,,'= , whenr>1 
r-1 


l=t, =ar"~* 


Now, 
Then, above formula can be written as 
er") 


(1—r) 


a(r” -1) 


S ’ 
(r—1) 


when r <1,S,, = 


n 


whenr>1 
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If r =1, the above formulae cannot be used. But, then the 
GP reduces to a, a, d,... 


S 
Sum to Infinity of a GP, when the Numerical Value 


of the Common Ratio is Less than Unity, ie. It is a 
Proper Fraction 


n=atatart...n times =na 


If a be the first term, r be the common ratio of a GP, then 


_a(i-r")_ a ar” 
"—(1-r) (l-r) (i-r) 
Let -1<r<lie.|r|<1, then lim r” >0 
n—co 
Let S., denote the sum to infinity of the GP, then 
_ a 
& faa" 


where -—1<r<1 


Recurring Decimal 


Recurring decimal is a very good example of an infinite 
geometric series and its value can be obtained by means of 
infinite geometric series as follows 


0.327 =0327272727... to infinity 


=0.3 + 0.027 + 0.00027 + 0.0000027 +... upto infinity 
3 27 27 27 
+= + 


= + +... upto infinity 
10 10° 10° 107 
3 2 1 1 ‘ : 
=—+ t [ + + +... upto infinity 
10 10° ip? ie 
3 27 1 
=— + 
10 10° i- 2 
10° 
_ 3 - 27 _ 297 +27 
10 990 990 
324 : 
aac [rational number] 
990 


Aliter (Best method) 


Let P denotes the figure which do not recur and suppose 
them p in number, Q denotes the recurring period 
consisting of q figures. Let R denotes the value of the 
recurring decimal. 


Then, R=0- POOO... 

10? x R=P-QOO... 

and 10?*4 x R= PO-QQO... 
PO-P 


“. Therefore, by subtraction R = ——+—__. 
(10? *4 —10?) 
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Corollary I If R=0-QQQ... 


Then, R = Q (when Q denote the recurring period 
107 -1 
consisting of g figures) 
For example, If R= 0.3, then R= q = 
10'-1 3 


Corollary II The value of recurring decimal is always 
rational number. 


Example 34. Find the value of 0. 3258. 


Sol. Let R=0.3258 
=> R = 0.3258585858... ..(i) 


Here, number of figures which are not recurring is 2 and 
number of figures which are recurring is also 2. 


Then, 100R = 32.58585858.... 
and 10000R = 3258.58585858... 


..-(ii) 
iii) 
On subtracting Eq. (ii) from Eq. (iii), we get 


9900R = 3226 

3226 

Ps 

9900 

1613 

Hence, R=— 
4950 


Shortcut Methods for 
Recurring Decimals 


1. The numerator of the vulgar fraction is obtained by 
subtracting the non-recurring figure from the given 
figure. 


2. The denominator consists of as many 9’s as there are 
recurring figure and as many zero as there are 
non-recurring figure. 

For example, 
°* 3654-36 3618 


(i) 0.3654= 
9900 


9900 


ee ee 32 -3 
Gi) ter 10se7sig 2 


990 990 
wi Ke 3041 
(iii) 0.3 =——_ = — 
9 3 
Example 35. Find the sum upto n terms of the 
series a+ aq+aaa+aaada+..., VaeN andi<a<9. 
Sol. Let S=a+aa+aaa+aaaa+... upto n terms 


=a(1+11+111+1111+... upto n terms) 


= .° +99 +999 +9999 +... upto n terms) 


= ; {a0 =e =i) eto <1) 4 00 a1) 4, 


upto n terms} 
a 2 3 
=— {110+ 10° + 10° +... upto n terms) 
: —(1+1+1+...n times)} 
10(10" -1 10 
a fo Veal ge ik 
9 10-1 9\9 


[Remember] 


In Particular 


(i) Fora@=11+11+111+...=2 10 49" -1)—1 
9|9 

” B10 <5, 

(ii) For a=2,2+22+222+...=—,—(10" -1)-n 
9|(9 

(iii) Fora=3,3+384335+..=5] C0" —1)~al 
9|9 


810 gs 
= 2/840" 9-1 


(iv) Fora=4,4+444+444+.. 


9 
10 
(v) ee ae ee ee —(10" -1)-n 
9 
(vi) Ford =6.6-s6exeree,.=" 10 (on 1)-n 
9 
10 
(vii) For a=7,7+77+717 +...=~ —(10" -1)-n 
9 
(viii) For a=8,8+88+888+...=% 10 (97 1)-n 
9 
(ix) For a=9,9+99 +999 +...=— 10 Go" 1)-n 
919 


Example 36. Find the sum upto n terms of the series 
0.b+ 0.bb+ 0.bbb+ 0.bbbb+...,.7beN and 1<b<9. 


Sol. Let S=0.b + 0.bb + 0.bbb + 0.bbbb + ... upto n terms 
= b(01+011+0.111+01111+... upton terms) 


b 
=— (09 + 0.99 + 0.999 + 0.9999 + .... upto n terms) 
9 


=” {(1—0.1) + (1 — 0.01) + (1— 0.001) + (1— 0.0001) +... upto 
? n terms} 
=" 444 1494. capi n times) 
? — (0.1+0.01+ 0.001 + 0.0001 + ... upto n terms)} 


b 1 1 1 1 
= n + + + +... upto n terms 
9 4 


10 107 10° 10 


[Remember] 


In Particular 


(i) For b =1, 
n 
01+011+0111+...=2 ia 1- ts 
9 9 10 
(ii) For b =2, 


n 
0.2 40.22 +0.222+...=2 pee -[] 
9 9 


(iii) For b =3, 


n 
03 +033 +0333 +...=2 — i = 
9 9 10 


(iv) For b = 4, 


n 
0440.44+0.4444...=4 n : 1 : 
9 9 10 


(v) For b=5, 


0.5+0.55 +0555 Yee 
9 


(vi) For b =6, 


0.6 + 0.66 + 0.666 dc 
9 


(vii) For b =7, 


0.7 + 0.77 +.0.777 re 
9 


(viii) For b =8, 


8 1 1 
0.8 + 0.88 + 0.888 +...=—jn-—|1-} — 
9 9 10 | 
(ix) For b =9, _ 
n 
09 +099 +0999 +...=2 ws 1- es 
9 9 10 | 


Example 37. If N, the set of natural numbers is 
partitioned into groups S, = {1}, Sy = {2, 3}, 
Sz ={4, 5,6, 7}, S, = {8, 9,10, 11, 12, 13, 14, 15}, ..., then find 
the sum of the numbers in S<o. 

Sol. The number of terms in the groups are 1, 2, 2? 23... 


“. The number of terms in the 50th group = 2°°-1 = 9” 


” The first term of 1st group = 1= 2° =2'7! 


The first term of 2nd group = 2 = 2' = 277! 


The first term of 3rd group = 4 = 2” =2°7! 


The first term of 50th group = pre Negt? 
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3% 
5.4 = fax 2 +(2 —1)x 1} 


- 98 Cn 42 — 1) 
= 28 [2 (24.1) -1]=2" (3-2 -1) 


1 1 1 
Example 38. If S, =1+ rh 7 ++ EL then 
calculate the least value of n such that 


1 
= 5. 
" "100 


. 1 
Sol. Given, S, =1+—+—+...+ = 
2 2 


— S, =2- 
gn =i 
=> iG ep ee ese 
a"! 100 100 
> 2"-1> 100 > 2° 
=> gh e5° 
n-1>6 > n>7 
Hence, the least value of n is 8. 
Example 39. If x=1+a+a’+a°+...+0 and 
y =1+b+b’?+b° +...+.0 show that 
x 
140b+40°b2 +03 b?+...to02—> where 
X+y-] 
O0<a<land0O<b<1. 
Sol. Given, x=1+ata’ +a’ +... bo=- 
= Q 
=> x-ax=1 
a-(*=") fi 
x 
and yH=1tbt hth +...40 
Similarly, b= > = ' ...(ii) 
y 
Since, 0<a<1,0<b<1 


0<ab<1 


1 
+oo= 


Now,1+ab+a’b? +a°b? + ... a 
1-—ab 


_ [from Eqs. (i) and (ii)] 


ay. 
xy-xyt+txty-1 


xy 


Hence,1+ab+ ab’? + a3b? +... +0 = —— 
x+y-1 
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Properties of Geometric Progression 


1. If a,, a), a3,...are in GP with common ratio r, then 


a, a a : 
a,k, a,k, a3k,...and —, 2, 3... are also in GP 


(k #0) with common ratio r. 
2. If a,,a,a3,...are in GP with common ratio r, then 


1 tka, tka, tk,....are not in GP (k #0). 


3. If a,, a, 43,...are in GP with common ratio r, then 


evel: il. ’ : 
(i) —,—,—.,... are also in GP with common 
a, a2 a3 
52 al 
ratio —. 
r 


(ii) a, a},a3,...are also in GP with common ratio 
r” and ne Q. 

(iii) log a,, log az, log a3,... are in AP (a; >0,V i) 
In this case, the converse also holds good. 


4. If a,,@,a3,...and b,,b,,b3,...are two GP’s with 
common ratios r, and r, respectively. Then, 


(i) a,b, a,b, a3b3,...and —, —, —.,...are also in 
b, by bs 
‘ : r 
GP with common ratios r,r, and —, 
ie) 
respectively. 


(ii) a, £b,, a, +b2,a3 +b3,... are not in GP. 
5. If d,, A2,43,..-; An 2,4, 1,4, are in GP. Then, 


(i) A,ay =A24,-1 =43d,_-2 =... 


(ii) a, =,/a,_ 7 Qp4p,Vk,0SkSn-r 


wee) A a a a 
(iii) Be BR n 
a4 42 G3 Gn-1 
2 2 
=> Ay =430,,aA3 =A7ay4,... 


_ ees: 
Also, da) =a,r,a3 =a,r°, 


-1 


3 n 
Ag H=aqr 5.0054, =Qyr 


where, r is the common ratio of GP. 


6. If three numbers in GP whose product is given are 


a : : 
to be taken as —, a, ar and if five numbers in GP 
r 


whose product is given are to be taken as 
aa 2 
—,-—,4d,ar,ar’, etc. 

2 
r r 
In general If (2m +1) numbers in GP whose 
product is given are to be taken as (me N) 


a a a m-1 m 


Remark 
1. Product of three numbers = a° 
Product of five numbers = @ 
Product of (2m + 1) numbers = a°"*! 
2. From given conditions, find two equations in aand r and 
then solve them. Now, the numbers in GP can be obtained. 


7. If four numbers in GP whose product is given are to 


aa ap eet ; 
be taken as —,—,ar,ar° and if six numbers in GP 
ree 
whose product is given are to be taken as 


aaa 3 
oy ar, ar, 
rsp OF 


5 
ar’, etc. 


In general If (2m) numbers in GP whose product is 
given are to be taken as (me N) 


a a aa 3 2m -3 2m -1 
a ee ,ar,ar”,...,are" are” 
fo te fae ror 

Remark 


1. Product of four numbers = a 
6 


Product of six numbers = a 
Product of (2m) numbers = 2°” 
2. From given conditions, find two equations in aand r and 
then solve them. Now, the numbers in GP can be obtained. 
Example 40. If $;,55,55,...,Sp are the sum of 
infinite geometric series whose first terms are 1, 2, 3, 
1 


) ) 


: 1 
..., p and whose common ratios are i sihs 
4 pt+1 


2 
respectively, prove that 
+3 
Spt Sgt ogtssr Sy PEs) 
2 
7 =~ PL 
Sol. -. 5 ane i a 
pti 
5, = 2,5, =3,S3 =4,... 
LHS = 5S, +S, +53 +...+5S, 


=243444..4(pt =" 2+ pti) 


= 2 *9) _ Rus 


Example 41. Let x, and x, be the roots of the 
equation x” — 3x+ A=0 and let x; and x, be the 
roots of the equation x* —12x+B=0. It is known 
that the numbers x,, X2,X3,X4 (in that order) form 
an increasing GP. Find A and B. 


Soll. +." x4, x2, x3, X4 are in GP. 
Let x, =xyr,x3 = xr’, xe x,r° 
[here, product of x,, x2, x3, X4 are not given] 
Given, x, + XxX» =3,x1X,=A 
=> x (1+r)=3,x7r=A ...(i) 
and = x3+%xX4=12,x3x,=B 
=> xr? (1t+r)=12,x77° =B (ii) 
From Eqs. (i) and (ii), 
r=4>5r=2 [for increasing GP] 
From Eq. (i), x; =1 
Aj=xrat 222 


Now, [from Eq. (i)] 


and B=x7r? =1"-2° =32 [from Eq. (ii)] 
Example 42. Suppose a,b,c are in and a’,b?,c? 
are in GP, ifa>b>c anda+b+c=-, then find the 
values of a and c. 2 


Sol. Since, a, b,c are in AP and sum of a, b,c is given. 


Let a=b-D,c=b+D [D<0][-"a>b>c] 
and given atbte=- 
3 
=> eee 
ae 
2 
1 


Then, a=) -Dande=_+D 


Also, given a’, b*, c? are in GP, then (b’ \ =a’c? 


=> iPeue Sot e2 =p 
4 4 
1.1 1 
> D?=—+—=- [- D #0] 
4 4 2 
p= Ps [- D <0] 
/2 /2 ; 
1 1 
Hence, a=—+ andc = 
2 «4/2 2 2 


Example 43. If the continued product of three 
numbers in GP is 216 and the sum of their products in 
pairs is 156, then find the sum of three numbers. 


Sol. Here, product of numbers in GP is given. 


a 
.. Let the three numbers be —, a, ar. 
r 


a 
—-da-ar =216 
r 


Then, 


= a’ =216 
ae a=6 
Sum of the products in pairs = 156 


a a 
> —:at+a-ar +ar:-—=156 
r r 
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2{1 ltr?tr 
=> a’ |—+r+1]=156 => 36 = 156 
r r 
l+rtr? 2 
> 3 =13 => 3r° -—10r +3=0 
r 
1 
> (3r -1)(r -3)=0 => r=-orr=3 
3 


Putting the values of a andr, the required numbers are 18, 
6, 2 or 2, 6, 18. Hence, the sum of numbers is 26. 


Example 44. Find a three-digit number whose 
consecutive digits form a GP. If we subtract 792 from 
this number, we get a number consisting of the same 
digits written in the reverse order. Now, if we increase 
the second digit of the required number by 2, then the 
resulting digits will form an AP. 

Sol. Let the three digits be a, ar, ar*, then according to hypoth- 

esis 
100a + 10ar + ar* — 792 = 100ar* + 10ar +a 


= 99a(1—r”) =792 
> a(1l+r)(1-r)=8 (i) 
and a, ar + 2,ar” are in AP. 
Then, 2(ar +2)=a+tar’ 
> a(r?—2r+1)=4 = a(r-1)’ =4 ..-(ii) 
On dividing Eq. (i) by Eq. (ii), we get 

rtd 

=-2 > r= 
r= 


From Eq. (ii), a = 9 
Thus, digits are 9, 3, 1 and so the required number is 931. 


Examples on Application of 
Progression in Geometrical Figures 


Example 45. A square is drawn by joining the 
mid-points of the sides of a given square. A third 
square is drawn inside the second square in the 
same way and this process continues indefinitely. If 
a side of the first square is 16 cm, then determine 
the sum of the areas of all the squares. 


Sol. Let a be the side length of square, then 
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: E, F,G, H are the mid-points of AB, BC, CD and DA, 


respectively. 
EF = FG = GH = HE =— 
V2 
and I, J, K, L are the mid-points of EF, FG, GH and HE, 
respectively. 
i= KK =KL=1I =~ 
Similarly, MN = NO =OP = PM=—“—and 


2/2 
OR = RS=ST =TQ= 


S = Sum of areas 
= ABCD + EFGH + IfKL + MNOP + QORST +... 


+5) +) “Ga > 
=a [144 iaie..| 
[ 


=a ; = 2a” = 2(16) 
—— 
2 


= 512 sq cm 


[a= 16cm] 


Example 46. One side of an equilateral triangle is 24 
cm. The mid-points of its sides are joined to form 
another triangle whose mid-points, in turn, are joined 
to form still another triangle. This process continues, 
indefinitely. Find the sum of the perimeters of all the 
triangles. 


Sol. Let a be the side length of equilateral triangle, then 
AB= BC=CA=a 
A 


F, E 
WAN 
D 
*: D, E, F are the mid-points of BC, CA and AB, respectively. 


EF = FD = DE =~ 


and H, I, } are the mid-points of EF, FD and DE, 
respectively. 


= f= HI=7 


Similarly, KL = ML = KM= . - 


P = Sum of perimeters = 3 nag eee ae ee 
2 4 8 


Example 47. Let S,,55,... be squares such that for 
each n=1, the length of a side of S,, equals the 
length of a diagonal of S,,,,. If the length of a side 
of S, is 10 cm and the area of S,, less than 1 sq cm. 
Then, find the value of n. 
Sol. We have, length of a side of 
S, = length of diagonal of S,, 4; 
> Length of a side of S, = V2 (length of a side of S,, , :) 


Length of a side of S, 


=6a=6X 24=144 cm 
ees 
2 


[a= 24 cm] 


= * pep ailn 4 


> 
Length of a side of S, V2 
> Sides of S,, Sz, S3,... form a GP with common ratio 
1 
—= and first term 10. 
V2 
nod 
: 1 10 
Side of S, = 10 — 
V2 (n-1) 
2 2 
100 
= Area ofS, =(Side)’ = 
gn = 
Now, given area of S, <1 
100 n=l 6 
=> 1S 2 >100>2 
gn =) 
=> a"-1>2°—n-1>6 


n>7 orn28 


Example 48. The line x+ y =1 meets X-axis at A and 


Y-axis at B,P is the mid-point of AB,P, is the foot of 
perpendicular from P to OA, M, is that of P, from OP; 
P, is that of M, from OA, M, is that of P, from OP; P; 
is that of M, from OA and so on. If P, denotes the nth 
foot of the perpendicular on OA, then find OP,. 


Ya 


Ps P,P 
Sol. We have, 
(OM, ~1)° = (OP,)” + (Py Mn -1)” 
= (OP,)* + (OP,)* =2(OP,)’ =207 [say] 
Also, (OP, _ ;)? = (OM, -1)° + (P, - +My —1)7 


=> o2_,=2072+-07_, > oF =-a?_, 
=> ae 

2 
=> OP, =O, = 2Oy-3 Gig a2 


Use of GP in Solving 
Practical Problems 


In this part, we will see how the formulae relating to GP 
can be made use of in solving practical problems. 


Example 49. Dipesh writes letters to four of his 
friends. He asks each of them to copy the letter and 
mail to four different persons with the request that 
they continue the chain similarly. Assuming that the 
chain is not broken and that it costs 25 paise to mail 
one letter, find the total money spent on postage till 
the 8th set of letters is mailed. 


Sol. Number of letters in the 1st set = 4 (These are letters sent 


by Dipesh) 
Number of letters in the 2nd set =4+4+4+4=16 
Number of letters in the 3rd set 

=4+4+4+...+16 terms = 64 


The number of letters sent in the 1st set, 2nd set, 3rd set, ... 
are respectively 4, 16, 64, ... which is a GP with a = 4, 
16 64 4 
r2=— = — = 


4 16 
.. Total number of letters in all the first 8 sets 
4(48 -1 
= cia = 87380 
4-1 


25 
.. Total money spent on letters = 87380 x — = €21845 
100 


Example 50. An insect starts from a point and 
travels in a straight path 1 mm in the first second and 
half of the distance covered in the previous second in 
the succeeding second. In how much time would it 
reach a point 3 mm away from its starting point. 


Sol. Distance covered by the insect in the 1st second = 1 mm 
, Spd 1) — “1 
Distance covered by it in the 2nd second = 1 x — = —mm 
2 2 


1 1 
Distance covered by it in the 3rd second = : x= ri mm 


The distance covered by the insect in 1st second, 2nd 


1: ill 
second, 3rd second, ... are respectively 1, —, —, ..., which are 
24 
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: ; 1 : : . 

in GP with a = 1, r = -—. Let time taken by the insect in 
2 

covering 3 mm be n seconds. 


1 1 
“1+-+—+...4+n terms = 3 


=> 7 = 
—— 
2 
n 
i\"_3 
> ed ee ee 
2) 2 
7 ry" 1 
2 2 
=> a =-2 


which is impossible because 2” > 0 


..Our supposition is wrong. 

.. There is no n € N, for which the insect could never 3 mm 
in n seconds. 

Hence, it will never to able to cover 3 mm. 


Remark 
The maximum distance that the insect could cover is 2 mm. 
. 1 4 | 
i.e, J+ti4+—-4+..= = 2 
Q 4 fas 
2 


Example 51. The pollution in a normal atmosphere is 
less than 0.01%. Due to leakage of a gas from a 
factory, the pollution is increased to 20%. If every day 
80% of the pollution is neutralised, in how many days 
the atmosphere will be normal? 


Sol. Let the pollution on 1st day = 20 


The pollution on 2nd day = 20 x 20% = 20 (0.20) 
The pollution on 3rd day = 20 (0.20)? 


Let in n days the atmosphere will be normal 


20 (0.20)"* <0.01 


ae | 
=> — a 
10 2000 


Taking logarithm on base 10, we get 
(n — 1) (log2 — log10) < log1 — log2000 


> (n — 1) (0.3010 — 1) < 0 — (0.3010 + 3) 
3.3010 

=> n—-1>—— 
0.6990 

=> n > 5.722 


Hence, the atmosphere will be normal in 6 days. 
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10. 


11. 


12. 


13. 


14. 


15. 


Exercise for Session 3 


The fourth, seventh and the last term of a GP are 10, 80 and 2560, respectively. The first term and number of 
terms in GP are 


4 4 5 5 
ay, 12 b) =, 10 62, 12 d)2, 10 
A) Or or Q 


If the first and the nth terms of a GP are a and b respectively and if P is the product of the first n terms, then p? 
is equal to 


(a) ab (b) (ab )"/? (c) (ab)" (d) None of these 


If a1, 22, a3, (a, > 0) are three successive terms of a GP with common ratior, the value of r for which 
a3 > 4a, — 3a, holds is given by 


(a)1<r<3 (b)-3<r<-1 (c)r<1orr>3 (d) None of these 
If x,2x + 2,3x +3 are in GP, the fourth term is 
(a) 27 (b) — 27 (c) 13.5 (d)- 13.5 


In a sequence of 21 terms the first 11 terms are in AP with common difference 2 and the last 11 terms are in 
GP with common ratio 2, if the middle term of the AP is equal to the middle term of GP, the middle term of the 
entire sequence is 


10 10 32 32 
(a) - ov (b) 34 (c) - 31 (d) 31 


Three distinct numbers x, y,z form a GP in that order and the numbers 7x + 5y,7y + 5z,7z + 5x form an AP 
in that order. The common ratio of GP is 


(a) — 4 (b) -2 (c) 10 (d) 18 
The sum ton terms of the series 11+ 103 + 1005+...is 
(a) 310" - +n? (b) 5(10" — + 27 (6) 210" +n? (4) 210" 9+.2n 


In an increasing GP, the sum of the first and last term is 66, the product of the second and the last but one is 
128 and the sum of the sum of the terms is 126, then the number of terms in the series is 


(a) 6 (b) 8 (c) 10 (d) 12 

If S;, So, S3 be respectively the sum of n, 2n and 3n terms of a GP, then ey is equal to 
2-4 

(a) 1 (b) 2 (c) 3 (d) 4 


If|a|<1and|b |<1,then the sum of the series 1+ (1+ a)b +(1+a+a*)b?+(14a+a*+a°)b°+...is 


1 1 1 1 
(@) (1- a) (1-b) (0) (1- a) (1- ab) () ey sab) (9) (1- a) (1-6) (1- ab) 


If the sides of a triangle are in GP and its larger angle is twice the smallest, then the common ratior satisfies 
the inequality 
(a)O<r< V2 (b) 1<r <2 (c) 1<r<2 (d)r > V2 


Ifax°® + bx? + cx +d is divisible by ax + c, thena,b,c,d are in 
(a) AP (b) GP (c) HP (d) None of these 


If (r),, denotes the numberrrr...(n digits), wherer = 1,2, 3,...,9 anda =(6),,b =(8),, ¢ =(4)s,, then 


(a)a27+b+c=0 (b)a7+b-c=0 (c)a*+b-2c=0 (d)a7+b-9=0 
0427 represents the rational number 
AT 47 47 49 
a) — b) —— C) = d) = 
(9) 99 ) 40 (©) G99 *) 99 


If the product of three numbers in GP be 216 and their sum is 19, then the numbers are 
(a) 4, 6, 9 (b) 4, 7,8 (c) 3, 7,9 (d) None of these 
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Harmonic Sequence or Harmonic Progression (HP) 


Harmonic Sequence or 
Harmonic Progression (HP] 


A Harmonic Progression (HP) is a sequence, if the 


reciprocals of its terms are in Arithmetic Progression (AP) 


2 ; ‘ .1 1 1 j 

Le., f,,t),t3,...is HP if and only if —, —, —,...is an AP. 
t, ty ts 

For example, The sequence 


1 1 1 ses 5 10 
ike (ii) 2,—,—,... 
2 3 


,...are HP’s. 


"atd at2d 


Remark 
1. No term of HP can be zero. 


2. The most general or standard HP is 
1 1 1 1 


aatd at2d ata 


Example 52. If a,b,c are in HP, then show that 
a-b a 


b=e€ c 


Sol. Since, a, b,c are in HP, therefore 


11it 
—,—,—are in AP 
abe 
: 1 1 1 1 
ie, -- SS 
bo ac b 
a-b b-c a-b a 
or 7 or 
ab bc b-c c 
Remark 
A HP may also be defined as a series in which every three 
consecutive terms (say |, Il, Ill) satisfy EM | this relation. 


Example 53. Find the first term of a HP whose 


5 es tl 
second term is Fi and the third term is 5 


51 
Sol. Let a be the first term. Then, a, —, — are in HP. 
4 2 


Then, 


[from above note] 


4a-5 _ 
5-2 
= 4a-—5=6a or 2a= 


2a 


=5 
5 
a=-— 
2 


(i) nth Term of HP from Beginning 


Let a be the first term, d be the common difference of an 
AP. Then, nth term of an AP from beginning =a +(n-—1)d 


Hence, the nth term of HP from beginning 


= : ,~nEN 
at+(n-1)d 


(ii) nth Term of HP from End 


Let | be the last term, d be the common difference of an 
AP. Then, 


nth term of an AP from end =!-—(n-1)d 


Hence, the nth term of HP from end = : VneNn 


l=(n=1)d- 


Remark 
1 1 * 1 
‘ nthterm of HP from beginning nth term of HP from end 
1 1 
se + 
first term of HP last term of HP 
2. There is no general formula for the sum of any number of 
quantities in HP are generally solved by inverting the terms 
and making use of the corresponding AP. 


Example 54. If + + = 0, then prove 
ae 


1 1 
+ 
a-b c-—b 
that a,b,c are in HP, unless b=a+c. 


1 1 1 1 
Sol. We have, ++ + =0 
a 


1 1 1 1 
=> + +|— 4+ =0 
E +) F +) 


= (c —b+a) (a—bt+c)_, 
a(c —b) c(a-—b) 
[ 1 1 | 

a+c-b =0 
7 er eet) Oe By 


> (a+c—b)[2ac — b(a+c)]=0 
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If a+c-—b#0,then2ac — b(a+c)=0 


2ac 


or b= 
atc 


Therefore, a, b,c are in HP and if 2ac — b(a +c) #0, then 
at+c-—b=0ie,b=at+c. 
Example 55. If a,,d2,03,...,d, are in HP, then prove 
that ajay + 703 +030, +...+4,_;0, =(n—-1) aq, 
Sol. Given, a), a), 43,...,d, are in HP. 
tk, al 


Let D be the common difference of the AP, then 


1 1 1 1 1 1 1 1 
= = a =D 
4g GA 43 GA, ag a3 Gn = An -4 
a — 4, _ 4,— a3 _ a3 — ay Qn -1 ~ In 
> D 
Maz a2 Az 304 Gn — 14 
4 a,—a a, —-a a3 — a4 
aaz = » 4243 = » 4304 = , 
D D D 
a a= a, =1 ay, 
Senge ap = IM 
D 


On adding all such expressions, we get 


_a-a,_ aa,{ 1 i 
D Di\aq q 


1 1 
= tn | +(n-1)D =(n—-1) aa, 
D\q a 


Ajay + A, Az + A304 +... + Ay — 1Ap 


Hence, 4,a, + a), + a30, +...+ a, a, =(n -1) qa, 


Remark 
In particular case, 
1. when n=4 aa + day + a = Saja, 
2. when N=6 aa + Gaz + Ga + 4a + Gag =5 aay 


Example 56. The sum of three numbers in HP is 37 
1 
and the sum of their reciprocals is 7. Find the 


numbers. 
1 1 


Sol. Three numbers in HP can be taken as J ; 
a-daatd 


1 1 1 
+ 


Then, =37 (i) 
a-d a atd 
and a-dtatatd=— 
1 
a= — 
12 


12 
From Eq. (i), +12+ 
1-— 12d 14+ 12d 


12 12 24 
+ =235 => = 25 
1-12d 1+12d 1- 144d? 
24 1 
=> 1-144d? =— or d? =———_ 
25 25 x 144 
ee 
60 


1 1 tT dt 1 
5 5 OL; , : 
15 12 10 10 12 15 
Hence, three numbers in HP are 15, 12, 10 or 10, 12, 15. 


*.. a-—d,a,a+dare 


Example 57. If pth, qth and rth terms of a HP be 
respectively a,b and c, then prove that 
(q-r)bc+(r —p)ca+(p-—q)ab=0. 


Sol. Let A and D be the first term and common difference of 
the corresponding AP. Now, a, b,c are respectively the p 
th, q th and r th terms of HP. 


a Le = : will be respectively the p th, q th andr th terms of 
abe 

the corresponding AP. 

=} tL As(p-1)D 2 
a 
1 si 
Fe ae ..-(ii) 
1 be 
—=A+(r-1)D ..-(iii) 
c 


On subtracting Eq. (iii) from Eq. (ii), we get 


i oo oe r . Aceh (b-c) 
; reg )D = be(q-r) 5 = 


So, LHS =(q -r) be + (r — p) ca+(p —q) ab 


7 5 c+c-—ata-—b}=0=RHS 


Theorem Relating to the Three Series 


If a, b,c are three consecutive terms of a series, then 


pF cca ede 
b-c a 
_a-b a : _a-b a 
if = —, then a, b,c are in GP and if =—, then 


b-c b b-c c 


a, b,c are in HP. 


Mixed Examples on AP, GP and HP 


Example 58. If a,b,c are in AP and a’,b’,c? be in 
HP. Then, prove that — —,b,c are in GP or else 
a=b=c. : 

Sol. Given, a, b,c are in AP. 


a+c : 
b= ; ...(i) 
and a’, b”, c” are in HP. 
22 
b? = we dit 
From Eq. (ii) b* {(a + c)* — 2ac} = 2a°c? 
> b® {(2b)? — 2ac} = 2a°c? [from Eq. (i)] 
> 2b* - acb” — a’c” =0 
> (2b* + ac)(b® — ac) =0 
> 2b* + ac =0or b? — ac =0 


1 
If 2b” + ac =0,then b” = — —ac or - . b,c are in GP 
2 2 


and if b? —ac =0 =a,),c are inGP. 
But given, a, b,c are in AP. 


Which is possible only when a = b=c 


Example 59. If a,b,c are in HP, b,c,d are in GP 


. ab? 
and c,d,e are in AP, then show that e = a 
(2a — b) 
Sol. Given, a, b,c are in HP. 
b= ae or c= - ...(i) 
at+c 2a—b 
Given, b, c, d are in GP. 
c* = bd ...(ii) 
and given, c, d, e are in AP. 
rk +e 
2 
> e=2d-c 
2c? de as 
e= ae c [from Eq. (ii)] ...(iii) 


2 
2 ab ab 
From Eas. (i) and (iii), e = 
ae eee ea bad 


ab 


= (2a — By {2a — (2a — b)} 
oa 
(2a — b)? 


Example 60. If a,b,c,d and e be five real numbers 


such that a,b,c are in AP; b,c,d are in GP; c,d,e are in 
HP. If a=2 and e =18, then find all possible values of 
b,c and d. 


Sol. Given, a, b,c are in AP, 


_ ate 
2 


b (i) 


233 


Chap 03 Sequences and Series 


b,c, d are in GP, 


c’ =bd ..-(ii) 
and c, d, e are in HP. 
Fre ...(iii) 
ct+e 
Now, substituting the values of b and d in Eq. (ii), then 
2 “(2° 2ce 
C= 
2 Care 
=> c(c+e)=e(atc) 
> c’ =ae ...(iv) 
Given, a=2,e=18 
From Eq. (iv), c*® = (2) (18) = 36 
c=1t6 
From Eq. (i), b= a =4,-2 
and from Eq. (ii), d= ce soe” or 2 
b b 4 —2 
d=9 or-18 
Hence, c=6,b=4,d=90rc=-6,b=-2,d=-18 


Example 61. If three positive numbers a,b and c are 


in AP, GP and HP as well, then find their values. 
Sol. Since a, b,c are in AP, GP and HP as well 


a+c 
b= mame 
5 (i) 
b? =ac (ii) 
2ac Se 
and b= ...(iii) 
a+c 
From Eqs. (i) and (ii), we have 
atc) 
=ac 
2 
or (a+c)* = 4ac 
or (a+c)* — 4ac =0 
or (a—c)’ =0 
a=c ...(iv) 
On putting c = ain Eq. (i), we get b= Bre ag ..(v) 
From Eqs. (iv) and (v), a = b = c, thus the three numbers will 
be equal. 
Remark 


1. If three positive numbers are in any two of AP, GP and HP, 
hen it will be also in third. 

2. Thus, if three positive numbers are in any two of AP, GP and 
HP, then they will be in the third progression and the 
numbers will be equal. 
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Exercise for Session 4 


1. If a,b,c are in AP and b,c,d be in HP, then 


(a) ab =cd (b) ad =be (c)ac =bd (d) abcd = 1 
2. \fa,b,care in AP, then, Ue are in 
be c b 
(a) AP (b) GP (c) HP (d) None of these 
3. Ifa,b,c are in AP anda, b,d are in GP, thena,a —b,d —cwill be in 
(a) AP (b) GP (c) HP (d) None of these 


4. lf x, 1,z are in AP and x, 2,z are in GP, then x, 4,z will be in 
(a) AP (b) GP (c) HP (d) None of these 


5. \fa,b,c are in GP, a —b,c—a,b —care in HP, thena + 4b + cis equal to 
(a) 0 (b) 1 (c)- 1 (d) None of these 


6. If(m + 1)th,(n + 1)th and (r + 1)th terms of an AP are in GP andm,n,r are in HP, then the value of the ratio of 
the common difference to the first term of the AP is 


2 2 n n 
a)-= b)= c)-— d)— 
(a) 4 ( y (c) 3 ( iS 
7. \fa,b,c are in AP and a2, b2, c? are in HP, then 
(aja=b=c (b) 2b =3at+c (c) b? = (=) (d) None of these 
8. \fa,b,care in HP, then —?_, 2 _—° are in 
b+c ct+a a+b 
(a) AP (b) GP (c) HP (d) None of these 
9. ty, a are in HP, then x, y,z are in 
(a) AP (b) GP (c) HP (d) None of these 
10. foe BE peak Mende aren 
1-ab 1-be b 


(a) AP (b) GP (c) HP (d) None of these 


Session 5 


Mean 


Mean 
Arithmetic Mean 


If three terms are in AP, then the middle term is called the 
Arithmetic Mean (or shortly written as AM) between the 


other two, so if a, b,c are in AP, then b is the AM of a 
and c. 


(i) Single AM of 1 Positive Numbers 
Let n positive numbers be a,, a), 43,...,a, and A be the 
AM of these numbers, then 


Ax® + A + a3 +... tay 


n 


In particular Let a and b be two given numbers and A be 


the AM between them, then a, A, b are in AP. 


A= atb 
2 
Remark 


1. AM off 36 Seis 22 SO Se 


++ at..+ a_1 +24 
2. AM of a, &, Ay oy Ay 45 28, pes os, 


n 


(ii) Insert m-Arithmetic Mean Between 
Two Numbers 


Let a and b be two given numbers and A,, Az, A3,... 
are AM’s between them. 


Then, a, A,, Az, A3,..., A,, 0 will be in AP. 
Now, b=(n+2)thterm=a+(n+2-1)d 


a-(2=*] 
n+1 


[Remember] [where, d = common difference] .. 
A, =a+d, A, =a+t2d,...., A, =atnd 


> A, =as(228). a mata O=8), 
+1 


Ag 


n n+1 


b-a 
=atn 
ro) 


Corollary I The sum of n AM’s between two given 


(i) 


quantities is equal to n times the AM between them. 


Let two numbers be a and band A,, Ay, A3,...,A, aren 
AM’s between them. 


Then, a, A,, A 2,A3,...,A,, 0 will be in AP. 


.. Sum of n AM’s between a and b 
HAj# Apt Az 4. A 


n 
5 ae a 


=F latdtatnd) =~ [2a+(n+1)d] 


= 5 (2a + b-a) [from Eq. (i)] 
=n(%2?) <1 [AM between a and }] 
[Remember] 


Aliter A, + A, +A,+...+ A, 
=(a+A,+A,+A3+4+...+A, +b)-(at+b) 


_(n+2) 4, -n at+b 
a” a (a+b)-(a+b) (=) 


Hn 


Aliter 


[This method is applicable only when n is even] 


A, +A, +Agt...+An,_g + An_-1 + An 
=(A, + A,) +(Az + An_1) +(A3 + An_2) +. 


n 

upto re terms 

=(a+b)+(at+b)+(a+b) +...upto > times 
[T, +Tn =atl] 
[AM of a and b] 


=Rlasnan( 2") =n 


CorollaryII The sum of mAM’s between any two 
numbers is tothe sum of n AM’sbetweenthemasm: n. 


Let two numbers be a and b. 
“. Sum of m AM’s between a and b=m [AM of aand b] 


Similarly, sum of n AM’s between a and b=n 


[AM of a and }] ...(ii) 


Sum of mAM’s _m(AMofaandb) _m 
SumofnAM’s n(AMofaandb)  n 


['" Ay, Az, A3,..., A, are in AP] 


[AM of a and b] 
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Example 62. If a,b,c are in AP and p is the AM 
between a and b and q is the AM between b and c, 
then show that b is the AM between p and q. 

Sol. «a, b,c are in AP. 


aa 2b=at+c ...(i) 
*: p is the AM between a and b. 
a+b ie 
= (ii 
; (ii) 
*q is the AM between band c. 
b+e wi 
= .. (iii 
og (iii) 


On adding Eqs. (ii) and (iii), then 
_atb b+ce_atcr+2b_2b+2b 
2 2 2 


[using Eq. (i)] 


ptq 
pt+qz=2b or b= pa 
Hence, b is the AM between p and q. 


n+1 


(a#b) be 


n+1 


Example 63. Find n, so that — 
a” + 


b" 
the AM between a and b. 
Qe yet _atb 


a" +b" 2 


Sol. :. 


Let haw 
b 
aan th 42=(A" +1)(A +1) 
=> atte oa Attia 4X41 
=> ATR -24+1=0 S (A"-1)(A-1)=0 
A7-140 [at b] 
M-1=0 => A=1=1 
=> n=0 


Example 64. There are n AM's between 3 and 54 
such that 8th mean is to (n—2)th mean as 3 to 5. 
Find n. 
Sol. Let A,, Az, A3,..., A, be n AM’s between 3 and 54. 
If d be the common difference, then 
Fe cca li) 
n+1 n+1 


According to the example, 


As 3 
a 5 
=> 5(3+ 8d) =3[3+(n —2)d] = 6=d(3n — 46) 
= ne ee ee romEg: ()] 
(n +1) 
= 6n +6=153n — 2346 = 147n = 2352 
n=16 


Example 65. If 11 AM’s are inserted between 28 and 
10, then find the three middle terms in the series. 
Sol. Let A,, Az, A3,..., Aj; be 11 AM’s between 28 and 10. 


If d be the common difference, then 
7a 10228 _ 3 


12 2 
Total means = 11 (odd) 


Middle mean = Ge "es = 6th = A, 


Then, three middle terms are A;, A, and A,. 


15 41 
A; =28+5d =28-—= 
2 


2 

Ag = 28+ 6d = 28-9 =19 

21. 35 

and ay ee eee ae 


Example 66. If a,b,c are in AP, then show that 
a? (b+ c)+b? (c+a)+c? (a+b) = “ (atb#c)*. 


Sol. «a, b,c are in AP. 


_ate 


b ie.,2b=at+c ..-(i) 


LHS =a*(b+c)+b* (c +a)+c’ (a+b) 
=(a°b + a’c) +b” (2b) + (c2a +. c°b) 
=b(a* +c’)+ac(at+c)+2b° 
= b[(a+c)* —2ac] + ac (2b) + 2b° 
=b(at+c)’ + 2b? = (2b) + 2b° = 6b? 


RHS = = (a+ b+ 0) =" (2+) 


2 
=" x27b° =6b° 
9 


Hence, LHS = RHS 


Geometric Mean 


If three terms are in GP, then the middle term is called the 
Geometric Mean (or shortly written as GM) between the 
other two, so if a, b,c are in GP, then b is the GM of a 

and c. 


(i) Single GM of m Positive Numbers 


Let n positive numbers be a,, a2, 43,...,a, and G be the 
GM of these numbers, then G =(a,4243 ...d, ie 


In particular Let a and b be two numbers and G be the 
GM between them, then a, G, b are in GP. 


Hence, G=VJab;a>0,b>0 


Remark 
1. Ifa<0,b<0,then G=- Jab 
2. Ifa<0,b>00ra>0,6<0, then GM between aand 6b does 


not exist. 
Example 
(i) The GM between 4 and 9 is given by 
G=.J4x9=6 
(ii) The GM between — 4 and — 9 is given by 
G=./-4x-9 =-6 

(iii) The GM between —4 and 9 or 4 and —9 does not 

exist. 


ie. (4) x9 = -1 V36 =6i 
and ./4x(-9) = /-1 /36 =6i 


(ii) Insert z-Geometric Mean Between 
Two Numbers 
Let a and b be two given numbers and G,, G2, G3,...,G, 
are n GM’s between them. 
Then, a, G,, Gy, G3,...,G,,, b will be in GP. 


Now, b=(n+2) th term =ar"*?7! 


r= *) = [where r = common ratio] [Remember] 


i) 


2 
G, =ar,G, =ar",...,G, =ar" 


dl 2 n 
=> G, =0(2)""".G, =0( 2) G, =0(2)" 
a a a 


Corollary The product of n geometric means between 
a and b is equal to the nth power of the geometric 
mean between a and b. 


Let two numbers be a and b and G,, Gz, G3,...,G,, aren 
GM’s between them. 


Then, a, G,, Gz, G3,..., G,, b will be in GP. 
.. Product of n GM’s between a and b 
=G,G,G, ...G, =(ar) (ar?) (ar*)...(ar”) 


L4H1t1+..¢1 14243404 
=a “rT 7 
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n(n+1) 


[from Eq. (i)] 


=" [*)° = "2p? =(fab)" 


= [GM of aand b]" [Remember] 


Aliter [This method is applicable only when n is even] 
G,G,G3 se psd Gna G, =(G, G, ) (G2G,-1) 
(G3Gy_2) - factors 


=(ab) (ab) (ab) a factors [(T, XTi =ax]] 


=(ab)"” =(Jab)" = [GM of aand b]” 


Example 67. If a be one AM and G, and G, be two 
geometric means between b and c, then prove that 
G? + G3 =2abc. 

Sol. Given, a= AM between b and c 


bt+c 
=> a= 


=> 2a=bt+ec ..-(i) 


Again, b, G,, Gz, c are in GP. 


G_G_¢ 4G |_G 
iG, a ae SG, 
and G,G, = be (ii) 
From Eqs. (i) and (ii), 
G? Gi _G?+G}_G+G) 
2a= 1 fy 2. “1 2 2 [ GG, = be] 
a G Ge: be 
> G} + G3 = 2abe 


Example 68. If one geometric mean G and two 
arithmetic means p and q be inserted between two 
quantities, then show that G’ = (2p — q) (2q- p). 
Sol. Let the two quantities be a and b, then 
G* =ab (i) 
Again, a, p,q, bare in AP. 
; p-a=q-p=b-q 
> a=2p-q 
b=2q-p 
From Eqs. (i) and (ii), we get 
G* = (2p — q)(2q - p) 


ii) 


qh n+1 
Example 69. Find n, so that ————— (a#b) be 
a" + 
the GM between a and b. 
a +1 ap pb" +1 
Sol. | ————-= Vab 
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alae! et 
. b (0) ae _ (¢) | a} 
b" (® | (¢) +1 
Let aK 
b 


=> =’ => Mtt41=rX 242 
N +1 
ie 2 
=> A 2 (A? -1)-(A2 -1) =0 
4 pee 
=> (A2-1)(A 2 -1)=0 
=> 2-140 [ab] 
co 
xX %-1=0 
nts 
> A 2=1=)° 
1 1 
> n+—=0orn=—-— 
2 2 


. : 1 
Example 70. Insert five geometric means between e 


and 9 and verify that their product is the fifth power of 


the geometric mean between 3 and 9. 
Sol. Let G,, G2, G3, Gy, G; be 5 GM’s between : and 9. 


1 
Then, —, G,, Gz, G3, Gs, G5, 9 are in GP. 
3 
1/6 
(5) 3 
Here, r = common ratio = | =32 =/3 
5 
1 


ea 


3 


AD) 
| 
[= 
~~ 
il 
wo | 


9) 
N 
ll 
8 
x 
i] 
ll 


WlR WIP w]e, 
e : 
I 
ie) 


G, =ar° = 5-93 = 53 


Now, Product = G; X Gy X G3 x Gy X Gs 


1 > (fi : 
=p XIX V8 X3X3V3 9/3 = (3) [Ex | 


= [ow of : ands" 


An Important Theorem 


Let a and b be two real, positive and unequal numbers and 
A, G are arithmetic and geometric means between them, 
then 


(i) aand bare the roots of the equation 


x? -2Ax +G’ =0 [Remember] 


(ii) aand b are given by A+,(A +G) (A-G) 


[Remember] 
(iii) A>G [Remember] 
Proof °.. Ais the AM between a and BD, then 
Aa oh gaol __Ai) 
and G is the GM between a and b, then 
G=Vab => ab=G’ ...(ii) 


..aand b are the roots of the equation, then 


x” —(sum of roots) x + product of roots =0 
=> x’? —(a+b)x+ab=0 


ie. x” —2 Ax + G* =0 is the required equation. 


QAP S(=OAY =O Ge’ 
=> x= vl ) =A+, (A? -G’) 


2-1 
x= At(A+ G)(A- G) 


Now, for real, positive and unequal numbers of a and b, 


(A+G)(A-G)>0 => (A-G)>0 
A>G 


Remark 
1. lfaand bare real and positive numbers, then A= G 
2. If @, a, a, ..., & are N positive numbers, then AM = GMi.e., 
atatat.utay 
n 


1 
(Ga a ay)!” 


3. (i) fa>0,b>00ra<0,b<O anda, >0, A, >0, then 
M2 + Ap2 22 lIike 
a 
i= 1 >Oand dy =22= 1 thenx +122 
x 
(ii) Ifa>0,6<0o0ra<0,b>0 anda, >0, A, >0, then 
Myo + Age S-2 Vo 
a 


if =x <Oand dy >0,A,>0 then,x+—<-2 


J 
x 


Example 71. AM between two numbers whose sum is 
100 is to the GM as 5:4, find the numbers. 


Sol. Let the numbers be a and b. 


Then, a+b=100 
or 2A = 100 


> =50 ...(i) 


[from Eq. (i)] 


(ii) 


and given, 


= 50+ ,/(50 + 40) (50 — 40) 


= 50 + 30 = 80, 20 
a= 80,b=20 
or a=20,b=80 


Example 72. If a), ,...,d, are positive real numbers 
whose product is a fixed number c, then find the 
minimum value of a, +d) +...+ d,_;+ 3d). 

Sol. «. AM > GM 


a,+a),+...+a,_,+3a 
Pte nat "> (AyQz ..-Ay — 134y, y" = Gey" 


n 
>a, + dy t...+d,_1 + 3a, =n (3cy/" 


Hence, the minimum value of a, + a) +... + d, 1; + 3a, is 
1/n 
n(3c)'". 


Harmonic Mean 


If three terms are in HP, then the middle term is called the 
Harmonic Mean (or shortly written as HM) between the 
other two, so if a, b,c are in HP, then b is the HM of a and c. 


(i) Single HM of 7 Positive Numbers 


Let n positive numbers be a,, a2, @3,...,d, and H be the 
HM of these numbers, then 


In particular Let a and b be two given numbers and H be 
the HM between them a, H, b are in HP. 


2 . 2ab 
Hence, = le. H= a 
1. pb! (a+b) 
a b 
Remark 
HM of a 6, cis 3 or gabe : 
1,i,1  ab+bc+ca 
a b Cc 


+b 


: . a 
Caution The AM between two numbers a and b is 


It does not follow that HM between the fame numbers is 


b 2ab 


E . The HM is the reciprocals of = Le., ; 
2 (a+b) 


at+b 
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(ii) Insert m~-Harmonic Mean Between 
Two Numbers 


Let a and b be two given numbers and H,, H», H3,.., H,, 
are n HM’s between them. 


Then, a, H,, H,, H3,...,H,, b will be in HP, if D be the 
common difference of the corresponding AP. 


“.b =(n+2) th term of HP. 
= 1 
(n+2)th term of corresponding AP 
1 


1 int2-1)D 
a 


11 
> aba [Remember] 
(n+1) 
: nae : Se ee) 
A, a 2» a H, a 
= 1 #1, (a-b) 1 1. 2(a-b) 1 
H, a ab(n+1) H, a ab(n+1) H, 
a ee 
a ab(n+1) 


Corollary The sum of reciprocals of n harmonic 
means between two given numbers is n times the 
reciprocal of single HM between them. 


Let two numbers be a and b and H,, H, H3,...,H, aren 
HM’s between them. Then, a, H,, Hz, H3,...,H,, 0 will be 


in HP. 
1 1 1 1 n{ 1 1 
ae ee ee ee 4 
A, Hy #3 A, ate *) 
n 
'S, =—(atl 
_n ee, ees D _n ee 
a b 2\a b 
— nh n 
[HM of a and b] 
2 
1 1 
caer ae 
a b 
Aliter [This method is applicable only when n is even] 
1 1 1 1 1 1 
— +——+—4...4+ + 
A, Fiz 3 An-2 Hy-1 Ai, 


1 1 n 
FF +... upto — terms 
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lanes p\+/i+ed+2 2D 
a b a b 


+3D+ 5 7 sD | +...upto ” terms 
2 
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1 1 n 
ete ae +... upto — terms 
a b 2 


ae > n = n 
a b (HM ofa and b) 


ee 
a bD 


Example 73. If H be the harmonic mean between x 
H+ xX 6 H+y _ 5 


a | 


and y, then show that 
H—-x 


Sol. We ivetieac 
xt+y 

H_ 2y H 2x 

x xty y 


xty 
By componendo and dividendo, we have 
H+x 2y+xt+y_x+t+3y 
H-x 2y-x-y y-x 
H+y _2xt+xt+y_3x+y 
H-y x-x-y x-y 
Ht+x Ht+y_x+3y 3x+y 
H-x H-y y-x x-y 
_xt3y-3x-y _2(y-x)_ 
i (y - x) 


and 


2 


aaa 5 
H-x H-y 


iJ=[1 


ie. Hx -xy=-Hy+xy => H(x+y)=2xy 


Hty = 2x 
H-y 


ie. | ee ae 
(x + y) 


which is true as, x, H, y are in HP. Hence, the required 
result. 


Example 74. If a,,,d3,...,d;) be in AP and 
h,, hz, h3,..., 49 be in HP. If a, =h, =2 and 
Gio = ho = 3, then find the value of a,h 7. 

Sol. :. 

If d be the common difference, then 

—a 3-2 1 

9 9 9 


Aj, Ay, 23, ...5 qq are in AP. 


a 
d- 10 


3 1 7 . 
a, =a,+3d=2+—=2+-= ...(i) 
9 3. 3 


and given hy, hy, hz, ..., hy are in HP. 


If D be common difference of corresponding AP. 


11141 
Then, p= te hy _ 3 ca : 
9 9 54 
a ere 6 | LT eg 
h, h, 2 54 2 9 18 7 
Hence, Pa ee eer 
3 «7 
q’t! n+1 
Example 75. Find n, so that (a#b) be 
n 
a’ +b 
HM between a and b. 
n+1 n+1 
Sol, a +0 _ 2ab 
a" +b" at+b 
n+1 
pret (¢) a ial a)| 
J) PG) 
=> = = Fs 
b 
n+1 
a a 
7 +1 2|- 
i) 4G) 
=> 7 = 
ag oa | 
Gob 
Let feo 
b 
n +1 
Then, iN Al 2n 
Mei Ati 
=> (A +1)(A"*4 41) =2A(A" +1) 
=> teagan tla aoartt son 
=> art? _artt io 41=0 
=> ‘*(A-1)-1(A-1)=0 
= (A —1)(A"*?-1)=0 
=> A -1#0 [ab] 
tT 1 =0 
= yar 
=> n+1=0 or n=-1 


Example 76. Insert 6 harmonic means 


6 
between 3 and —. 
23 


Sol. Let H,, H,, H3, Hy, H;, H, be 6 HM’s between 3 and oe 


Then, 3, H,, H,, H3, Hy, Hs, Hg, = are in HP. 


11 1 21 1 = 1 1 23 
> , 


: ’ : ’ : a are in AP. 
3 H, H, H, H, Hs; He 


Let common difference of this AP be D. 


23 «1 
% 3 (23-2 21 
pa 6 3 = (2372) _ 
7 7X6 7X6 2 
1 1 1 5 
e+ D=-—4—-s 
H, 3 2 6 
6 1 
=> H,=-=1- 
5 5 
1 4 1 4 3 
=-42D=-+1=— > H,= 
H, 3 3 3 4 
1 1 1 3 11 6 
=-+3D=-+-=—=>H, 
3 3 3 2 6 11 
1 1 1 7 3 
=-+4D=-+2=-~=> H,= 
H, 3 3 3 7 
1 1 1 5 17 6 
=-$5D=—4+-5— > H,= 
H, 3 3 2 6 17 
1 1 1 10 3 
and =-—+6D=—+3= => He= 
H, 3 3 3 10 


& Hiesare i” a2 2. 


5° 4°11'7 17 10 
Important Theorem 1 


Let a and b be two real, positive and unequal numbers and 
A, G and H are arithmetic, geometric and harmonic means 
respectively between them, then 


(i) A,G, H forma GP ie.,G? = AH 
(ii) A> G>H 
Proof 
(i) A= 


[Remember] 


[Remember] 


a+b 2ab 


at+b 


Now, AH = a+b 2ab =ab=G" 
2 a+b 


,.G=~VJab and H = 


Therefore, G? = AH ice. A,G, H are in GP. 


Remark 
The result AH = G’ will be true for mnumbers, if they are in GP. 
(ii) * A> G[from important theorem of GM] _ ...(i) 
A 


or —>I1 

=> ane Oc ae oO 
H G H 

=> G>H ..-(ii) 


From Eqs. (i) and (ii), we get 
A>G>H 
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Remark 
If &, @, &, ..., A are N positive numbers, then AM = GM2 HM i.e., 


a + agt ut dns lay ot SPS n 
n (: 1 1) 
—+—+..4— 
q a Gp 
Sign of equality (AH =GM =HM) holds when numbers are equal 


Le, a =a =..=a. 


Important Theorem 2 


If A, G, H are arithmetic, geometric and harmonic means 
of three given numbers a, b and c, then the equation 
having a, b, c as its roots is 


3 2 3G? 3 
x” —3Ax* + oa x-G° =0 [Remember] 
Proof °.A = AM of a, b, c= atbte 
Le., at b +c = 3A...(i) 
G=GM ofa, b,c =(abc)'? 
Le. abc =G° ...(ii) 
and H =HM ofa, b,c 
7 3 _ 3abe _ 3G? 
1,1 ,1 0 ab+be+ca ab+be+ca 
a be 


[from Eq. (ii)] 


...(iii) 


3 
ie. wibe hee 
H 


.. a, b,c are the roots of the equation 
x*-(at+b+c) x* +(ab+be+ca) x — abc =0 
i.e., x3 gh 2S 68 26 
H 
[from Egs. (i), (ii) and (iii)] 
Geometrical Proof of A> G> H 


Let OA =a unit and OB = b unit and AB be a diameter of 
semi-circle. Draw tangent OT to the circle and TM 
perpendicular to AB. 


) A MC B = 


Let C be the centre of the semi-circle. 
OA+OB _(OC-— AC) +(OC + CB) 


[AC = CB = radius of circle] 
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oc=4 ; ? [i.e. OC = arithmetic mean] 
-” Ae a+b 
2 


Now, from geometry 
(OT)? =OAX OB=ab=G’ 
OT =G, the geometric mean 
Now, from similar AOCT and AOMT, we have 


2 

OM _ OT om = (27) _ ab _ 2ab 

OT OC OC a+b a+b 
2 


OM = H, the harmonic mean 
Also, it is clear from the figure, that 
OC >OT>OM ie. A>G>H 


Example 77. If AX =G” =H’, where A,G,H are AM, 


GM and HM between two given quantities, then prove 
that x, y,z are in HP. 


Sol. Let AX = G” = H* =k 


Then, A=k"*,G=k"’,H =k"? 
G? = AH => (kv)? =kl™ . KY? 
=> pita patie Fn Pg oe 1 Dei ae 
y x 2 x yz 


Hence, x, y, z are in HP. 


Example 78. The harmonic mean of two numbers is 
4, their arithmetic mean A and geometric mean G 
satisfy the relation 2A+ G? =27. Find the numbers. 


Sol. Let the numbers be a and b. 


Given, H=4 
G?=AH=4A ...i) 
and given 2A + G? =27 
=> 2A +4A =27 [from Eq. (i)] 
ae 
2 


From Eq. (i), G? = 4 x ; =18 


Now, from important theorem of GM 


ab=A+t (A? G*) = 4 & 18) 


3 
=—+-—=6,30r 3,6 
2 


ee 
Example 79. If the geometric mean is — times the 
n 


harmonic mean between two numbers, then show that 
the ratio of the two numbers is 


fey =n*ht=4=n7). 


Sol. Let the two numbers be a and b. 


Given, G= ly (i) 
n 
Now, G’ = AH 
2 
> es [from Eq. (i)] 


ii) 


Now, from important theorem of GM 
H, | 
ab=At. (A? -G’)= ~+ ; | 
n n n 
a! 2 
== fttya-n°)] 
[1+ y(-n’)] 
[1- y-n’)] 
n 


a:b=1+44(1-n?):1-(1—n?) 


ee 


n 


b 


bo | 


Example 80. If three positive unequal quantities 
a,b,c be in HP, then prove that a’? +c" >2b",neEN 


Sol. G>H 
Jac >b 
wn Les 
=> (ac)? >b" or a®? c* >b" ..-(i) 
eo a ae 
Also, (a2 —c?)? >0> a" +c" —2a* c2 >0 
i 
> a" +c" >2a* c? >2b" [from Eq. (i)] 


a" +c" >2b" 


Example 81. 
(i) If a,b,c, d be four distinct positive quantities in AP, 
then 
(a) bc > ad 
bcd +a hb sab td +a"! =@ dad) 
(ii) If a,b,c, d be four distinct positive quantities in GP, 
then 
(a)a+d>b+c 
(bic id +e be sad +a co =a 'd 
(iii) If a,b,c, d be four distinct positive quantities in HP, 
then 
(a)a+d>b+c 
Sol. (i) *" a,b,c,d are in AP. 
(a) Applying AM > GM 
For first three members, b > Jac 


(b) ad > bc 


> b? > ac ..-(i) 


and for last three members, c > bd 
=> c’ > bd 


From Eggs. (i) and (ii), we get 
b’c? > (ac) (bd) 


Hence, bc > ad 
(b) Applying AM > HM 
For first three members, 
bs 2ac 
at+c 
=> ab + be > 2ac 
For last three members, c > a 
+d 
bc + cd > 2bd 


From Eggs. (iii) and (iv), we get 

ab + be + be + cd > 2ac + 2bd 
or ab + cd >2(ac + bd — bc) 
Dividing in each term by abcd, we get 
cd) +a'b'>2(b d'+a'ce!-a'd") 


(ii). a, b,c, d are in GP. 


(a) Applying AM > GM 


For first three members, 


at+c 
>b 
2 
=> at+c>2b 
d 
For last three members, >c 
=> b+d>2c 


From Eqs. (v) and (vi), we get 
at+c+bt+d>2b+2c or atd>bt+c 
(b) Applying GM > HM 
2ac 


For first three members, b > 
atc 


ii) 


...(iii) 


...(iv) 


...(vi) 


(a) 


(b) 
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=> ab + be > 2ac 

For last three members, c > ane 
+d 

= bc + cd > 2bd 


From Eqs. (vii) and (viii), we get 

ab + be + bc + cd > 2ac + 2bd 
or ab + cd > 2(ac + bd — bc) 
Dividing in each term by abcd, we get 
cd’ +a 'b' >2(b'd'+a'c!-a'd') 


(iii) «a, b,c, d are in HP. 


Applying AM > HM 
For first three members, 


+ 
ott Se 
2 
= at+c>2b 
b+d 
For last three members, >c 
| b+d> 2c 


From Eqs. (ix) and (x), we get 
a+c+b+d>2b+2c 
or atd>b+t+c 
Applying GM > HM 
For first three members, Jac >b 
=> ac>b" 
For last three members, 
bd >c 

=> bd >c? 
From Eqs. (xi) and (xii), we get 

(ac) (bd) > bc? 


or ad > be 
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...(vii) 


...(viii) 


...(xii) 


244 = Textbook of Algebra 


Exercise for Session 5 


1. Ifthe AM of two positive numbers a and b (a > b )is twice of their GM, thena:b is 
(a) 2+ V3 :2- V3 (b) 7+ 4/3 :7- 4V3 
(c)2:7+4V3 (d)2:V3 

2. If Ay, Ao; G,, Go and H,, Hz are two arithmetic, geometric and harmonic means, respectively between two 
quantities a and b, then which of the following is not the value ofab is? 


(a) AH (b) A, H, 

(c)GGz (d) None of these 
3. The GM between - 9 and — 16, is 

(a) 12 (b) — 12 

(c) - 13 (d) None of these 


4. Letne N,n > 25. lf A,Gand H denote the arithmetic mean, geometric mean and harmonic mean of 25 andn. 
Then, the least value of n for which A, G,H €é {25, 26, ..., n}, is 
(a) 49 (b) 81 
(c) 169 (d) 225 


5. If 9 harmonic means be inserted between 2 and 3, then the value of A + 5 + 5 (where Ais any of the AM’s and 


H is the corresponding HM), is 


(a) 8 (b) 9 
(c) 10 (d) None of these 
6. If H;,H>,..., H, be n harmonic means between a and b, then Bie a 
Hy-a Ay=b 
(a)n (b)n+ 1 
(c) 2n (d) 2n-2 


7. The AM of two given positive numbers is 2. If the larger number is increased by 1, the GM of the numbers 
becomes equal to the AM to the given numbers. Then, the HM of the given numbers is 


8. If a, a4, 2, @3,...,@2,,b are in AP and a, by, b>, 53,...,62,,6 are in GP andh is the HM of a and b, then 


Me ie 5 SAT Mee Gn * 8n+1 is equal to 
bon bz Don-1 bnbns1 
al (b) 2nh 
A 
(c)nh (a)? 


Session 6 


Arithmetico-Geometric Series (AGS), Sigma (2) 


Notation, Natural Numbers 


Arithmetico-Geometric 
Series (AGS) 


Definition 
A series formed by multiplying the corresponding terms 


of an AP anda GBP is called Arithmetico - Geometric 
Series (or shortly written as AGS) 


For example, 1+4+7+10+...is an AP and 
l+xt+x?+x°+4...isa GP. 

Multiplying together the corresponding terms of these 
series, we get 

1+4x +7x? +10x° +... which is an 
Arithmetico-Geometric Series. 
Again,a+(a+d)+(a+2d)+...+[a+(n-—1)d]is a typical 
AP 


andl+r+r°t+...tr”7! 


is a typical GP. 


Multiplying together the corresponding terms of these 


series, we get 
at(a+d)r+(a+2d)r’ +...4[a+(n—1d]r 


n-1 


which is called a standard Arithmetico-Geometric series. 


Sum of 7 Terms of an 
Arithmetico-Geometric Series 
Let the series bea +(a+d)r+(a+2d)r? +... 
+[a+(n—-1)d]r"~* 
Let S,, denotes the sum to n terms, then 
S, =at(at+d)r+(a+2d)r’ +...+[a+(n—2) d]r*~’ 
+[at+(n—1)d]r"~* _ ...(i) 
Multiplying both sides of Eq. (i) by r, we get 
rS, =ar+(at+d)r’ +(a+2d)r? +... 
+[at+(n—2)d]r”~'+[a+(n—1)d]r” ...(ii) 
Subtracting Eq. (ii) from Eq. (i), we get 
(1—r)S, =a+(dr+dr? +...+dr"~') -[a+(n-1) d]r” 


=a dr(1-r"™') at(n ar 

=a SUA fa s(n] 

bee a pear?) [a +(n-—1)d]r” 
(fez) a-r)’ (1-r) 


...(iii) 


Remark 


The above result (iii) is not used as standard formula in any 
examination. You should follow all steps as shown above. 


To Deduce the Sum upto Infinity from the Sum upto 
n Terms of an Arithmetico - Geometric Series, when 
|r|<1 
From Eq. (iii), we have 

a dr dr” 


rn [a+(n—1)d]r” 
1-r (i-r)’ (1-7) 


(1—r) 


S, = 


If|r|<1, whenn>-~,r” 50 


and dr" nd [a+(n—1) d]r" both > 0 
(ar)? (1-r) 
a dr 
= ee 
(l-r) (ry) 


Independent method Let S., denotes the sum to 
infinity, then 


S..=at+(atd)r+(at+2d)r’ +(a+3d)r° 


+... upto ce ...(iv) 


Multiplying both sides of Eq. (iv) by r, we get 

rS.. =ar+(at+d)r® +(a+2d)r° +... upto oo ..-(v) 
Subtracting Eq. (v) from Eq. (iv), we get 

(1-r)S., =a+(dr+dr* +dr? +... upto ) 
dr 
(=r) 
ay dr 
(l-r) (1-r)? 


=a+t 
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Example 82. Find the sum of the series 


4 7 10 
1+ —+ 
5 


(i) to n terms. 


got og Fon 


(ii) to infinity. 


Sol. The given series can be written as 


et) om( 


The series is an Arithmetico-Geometric series, since each 
term is formed by multiplying corresponding terms of the 
series 1, 4, 7, ... which are in AP and 


11 


i ree 
5 5° 


... which are in GP. 


2] 
T,, =[n th term of 1, 4, 7, ...] [ th term of 1, = (*) 1) 


7 -_ ‘ae _ 1? 
= [1 +( ya} (5) (3 (5) 


ta=or-9(!) 


(i) Let sum of n terms of the series is denoted by S,. 


Then, S, =1+ a(5}+7(§) + 
5 5 
1 n-2 1 n-1 
+n-9( 5) +¢an—2( 5) ..-(i) 


Multiplying both the sides of Eq. (i) by 5 we get 


2 3 n-1 
= 2+4(2] +7(2) ++ Gn-5)(2] 
5 5 5 5 5 


+ (3n —2) (;) li) 
5 
Subtracting Eq. (ii) from Eq. (i), we get 


f Js =r3]be(2) «(2 «(] 
5 5 5, 5 5 
-n—2)(4) 
or ac n13l(2}+(S) +(S) + +e 
5 5 5 5 
-(on-2( 5) 


3 ry! 1\" 
2h or-ald 
5-545 f ay (3n = 
4 16 5 4 


5 


35 (12n+7)(1)" 
16 1 «(5 


(ii) S.. =1+4 (] +7 (=) +10 (*) +...upto co ...(iii) 


Multiplying both sides of Eq. (i) by ° we get 


2 3 
1 1 1 1 
So = +4 +7 +... upto ce sal 
5 [) () ) . = 
Subtracting Eq. (iv) from Eq. (iii), we get 
iF 2 3 | 
[2 =|5 =14+3 (3) (3) +...upto *| 
s) 5 5 5 
1 
2435/3 |=442 
1 4 
“y 
5 
=> —-S.= = 
4 
ee 
16 
Example 83. If the sum to infinity of the series 
2 OD: 2. 
14 4x 4£7x7? + 10K? +c is aa find x. 
Sol. Let S.. =1+4x+7x" + 10x? +... upto o (i) 
Multiplying both sides of Eq. (i) by x we get 
xS.=x+4x?+7x°+410x*+...uptoc — ...(ii) 
Subtracting Eq. (ii) from Eq. (i), we get 
(1— x)S., =1+3x4+3x? +3x? +... upto oo 
=143(xt¢x7 4+ x7? +..upto o)=1+3 Mee 
1-x (1- x) 
_ (14 2x) _ 35 [..5. = 35] 
(1-x)? 16 16 | 


=> 164+32x =35-70x + 35x" 


=> 35x" —102x +19 =0 
=> (7x — 19) (5x —1)=0 
19 
x #— 
7 


['. for infinity series common ratio — 1< x <1] 


Hence, x=- 


5 


Example 84. Find the sum of the series 
14.2°x+3°x?+4°x> +... up to ~,|x|<1. 


Sol. Here, the numbers 1”, 27,3”, 4”,... ie. 1, 4,9, 16,... are not 
in AP but 1, 4-1=3,9-4=5, 16-9 =7,... are in AP. 
Let S,=1 +272 x 437 x? + 47x3 +... upto oe 


=1+4x4+9x? + 16x? +... upto co ...(i) 


Multiplying both sides of Eq. (i) by x, we get 


xS., =x + 4x? +9x7 + 16x* +... upto co (ii) 
Subtracting Eq. (ii) from Eq. (i), we get 
(1—x)S.. =14+3x +5x? +7x°? +... upto co ..-(iii) 
Again, multiplying both sides of Eq. (iii) by x, we get 
x(1—x)S, =x +3x? +5x°+7x*+...uptoc — ...(iv) 


Subtracting Eq. (iv) from Eq. (iii), we get 
(1— x)(1- x)S., =1+2x + 2x? +2x3 +... upto o 


=14+2(x+x74+x? +... upto ) 


=149/ x es 


1-x} (1-x) 
5. = (1+ x) 
=a) 


Sigma (=) Notation 


> is a letter of greek alphabets and it is called ‘sigma’. The 
symbol sigma (~) represents the sum of similar terms. 
Usually sum of n terms of any series is represented by 
placing & the nth term of the series. But if we have to find 
the sum of k terms of a series whose nth term is u,,, this 


k 
will be represented by > Up: 


n=1 
n=9 9 
For example, > n, i.e. >» nonly means the sum of n similar 
n=1 1 


terms when n varies from 1 to 9. 


9 
Thus, S)n=14+2+3+4+5+6+7+8+9 
1 


Remark 
n 
Shortly Zis written in place of x. 
1 


Properties of Sigma Notation 


1. pee =T, +T, +T; +...+T,, when T,, is the 
r=1 


general term of the series. 
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[sigma operator is distributive over 
addition and subtraction] 


3. Sur ‘| 5 "| 3" 
r=1 r=1 r=1 


[sigma operator is not distributive over multiplication] 


fs 

: 

I = 
a 
ee a 
Nae 


[where i and j are independent] 


Examples on Sigma Notation 
(i) Sa=ata+a+...uptom times =am 


(ii) Yia=ata+art...upton times =an 
Le. $5 =5n, 33 =3n 
(iii) YG -3i)= 3? 333i 
i=1 i=1 i=1 
=(1? +27 437 +4? +57)-3 (142434445) 
=55-45=10 
1+1 2+1 


ey wel ntl )\_ 341 
wm >(2)-() (a) 


22,3, 4 40+454+48 133 _, 13 
6 8 10 120 120 120 


Important Theorems on 
> (Sigma) Operator 


Theorem 1 S flr +) fl) =f n+)-f@) 


Theorem 2 


vse +2)— f(r) = f(n+2) + fin +1) — f(2) — fF) 
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Proof (Theorem 1) ¥ flr +1) - f(r) 


r=1 


=[ f(2) — FMI +0 FG) — f2)] 


+[ f(4)— FG) +... +0 flan +) — f(n)] 
=F (etl) =F) 
Proof (Theorem 2) 
Leirr2)- {w= SL flr +2)— flr +0) 


r=1 


+[ f(r +1) 
= > flr+2)- fr ++ YFG +D- Fr) 


=[f(n+2)— f2)]+[ f+) — f)] 
= f(n+2)+ f(n+1)—- f(2) - f) 
Remark 
1. Dirt Wf = 


[from Theorem 1] 


2. yfer +1) f(2r —1) = f(2n+ 1) - F(1) 
r=1 


3. Sfl2r) - f@r-2) = fl2n) - f(0) 


Natural Numbers 


The positive integers 1, 2, 3, ... are called natural numbers. 
These form an AP with first term and common difference, 
each equal to unity. 


(i) Sum of the First » Natural Numbers 


1+24+3+...+n enter) = in 
> “n= ned) [Remember] 
2 
(ii) Sum of the First n Odd Natural 
Numbers 


14+3+5+...uptonterms ="[2-1+(n—-1)-2]=n” 
2 


> Yi (2n-1) =n’ 


[Remember] 


(iii) Sum of the Squares of the First 
Natural Numbers 
2 _ n(n +1) (2n +1) 
6 
Proof We know that, r* —(r—1)? =3r? —3r+1 


i 3°49" +n =Jin 


~ f(r)] 


Taking > on both sides, we get 


r=1 


a —(r—-1)° =3 “3 r+ 


r=1 
> n> -0° =3 §n’ -33$intn ...(i) 
[from important Theorem 1] 


Substituting the value of 2 nin Eq. (i), we get 
= Ps yx n e + Dy. 


3 +1 
=> yn =n? + ue ) 


dips +3n+1) 


_n(n+1)(2n+1) 
a 
yx = n(n +1) (2n +1) 
6 
Independent Proof We know that, 
(2r+1)? —(@r—1)° =247r7 +2 


> [Remember] 


Taking > on both sides, we get 


r=1 


Sar +1) -—(2r-1)? = S24? +2) 


r=1 rei 
n n 

*-1 =24yr? +251 
r=1 r=1 


[from points to consider-2] 


(2n +1)? —1=24 Dn? +2n 


=> (2n+1) 


(2n +1)? —(2n+1) =243E nr? 
(2n + 1)[(2n +1)? —1]=24 En’ 
(2n +1) (2n +141) (2n+1-1)=24 En? 
2 _ n(n+1)(2n+1) 
yn ae 


(iv) Sum of the Cubes of the First n 
Natural Numbers 


1 42° 43? 4,40 = dw =(En) {enrol 


{ dyudd 


[Remember] 


Proof We know that, 
r* —(r-1)* =4r? -6r? +4r-1 


Taking y on both sides, we get 


r=1 


yr -(r-1)* =a —6 yr +43r- > 
r=1 r=1 r=1 r=1 r=1 


*=4¥ n> -6¥n? +4¥n-n ..-(i) 


[from important theorem 1] 


=> n* -0 


Substituting the values of Yn” and ¥n in Eq. (i), we get 
4n(n+1) 


a f=asae 6n(n+1)(2nt+1) | 
6 2 
=> 4 n? =n* +n(n4+1)(2n4+1)—2n(nt+1)4+n 
=n[n* +(n +1) (2n4+1) -2(n +1) +1] 
=n(n° +2n? +n) 
=n (n+1)* 
Xn? {enrol =(n)* [Remember] 


Independent Proof We know that, 


P(r +1)? -r? (r-1) =4r? 


Taking > on both sides, we get 


r=1 
ig (r +1)? -r’ (r-1)? = yr 
> n° (n+1)? - =43 n° 
[from important Theorem 1] 
2 
> yn = es =(n)’ [Remember] 


Corollary1? +27 +3° +...¢n? =(14+24+3+...+n)* 


(v) Sum of the Powers Four of the 
First n Natural Numbers 


=¥n'* 
_ n(n+1)(2n+1)(3n? +3n-1) 
7 30 


40" 43" 


Proof We know that, 
r? —(r—1) =5r* -10r? +10r? —5r +1 


Taking ¥ on both sides, we get 


r=1 


yr -(r-1) =5 yr! —10 a +1095 r4 yi 
r=1 r=1 r=1 r=1 r=1 r=1 


> nm —0° =5¥n* -10 Dn? +10 Dn? —5 Dntn ...d 


[from important Theorem 1] 
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Substituting the values of »in, ¥n?, Yn? in Eq. (i), we get 


2 2 
= er ee (n +1) 


4 

, 10 n(n +1) (2n+1) sn(n+1) 
6 2 
2 
2 SG, nt pon +) 5(n +1) (2n+1) 

2 3 

st) 

2 


=" t6n! +15n(n? +2n+1)—10(2n? +3n +1) 
6 
+15n+15-6} 
= yn* = (6n! +15n? +10n? -1) 
30 


= n(n+1)(2n +1) (3n? +3n—1) 
30 


Remark 

f nthterm of a sequence is given by 7, = an° + bn? + cn+ d, 
where a, 0, c, d are constants. 

Then, sum of nterms, S, = =7, = ain? + b In’? +c n+ dz! 


This can be evaluated using the above results. 


Example 85. Find the sum to n terms of the series 
14+ 3°+57+4+... upton terms. 
Sol. Let T,, be the nth term of this series, then 
T, =[1+(n —1)2]’ =(2n - 1)? 
“. Sum of n terms S, = XT, = 42n? — 4En+ 21 
= wae ee 


=4n* -—4n+1 


n 2 
=e +6n +2-6n—-6+3) 


_ n(4n* — 1) 
3 


Example 86. Find the sum to n terms of the series 
1:274+2:37+ 3-47 +... 
Sol. Let T,, be the nth term of this series, then 
T, = (nth term of 1, 2, 3, ...) (nth term of 2”, 3°, 4”, ...) 
=n(n+1) =n? +2n? +n 
“. Sum of n terms S, = XT, 
2= Tn? +20n? +In 


n(n+1) 


= {23 pp[ee renee, 
2 6 2 
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= ne | 
2 2 3 


+1 
cE) (ot yy dees Lae gy 
12 
_ n(n+1)(3n* +11n+10)_ n(n +1)(n + 2)(3n +5) 
12 12 


Example 87. Find the sum of n terms of the series 
whose nth terms is (i) n(n —1)(n+1) (ii) n? +3”. 
Sol. (i) We have, T, =n(n-1)(n+1)=n? -n 
“. Sum of n terms S, = =T, = Zn? — Un 
-|" (n+ ais ? (n+ at 
2 2 


=n nee i 


2 2 
_ n(n+1)(n—1)(n +2) 
4 


(ii) We have, T, =n? +3” 
“. Sum of n terms S, = XT, = =n? + 3” 
=n? +(3'+3° 43° +...43") 


_n(n+ij(2n+1) 3" -1) 


6 (3-1) 
LTE TOO ED 3 ps 1) 
6 2 


Example 88. Find the sum of the series 


Bp P42? 174+2°+3° 
+ +... upto n terms. 
1 1+ 3 14+34+5 
Sol. Let T,, be the nth term of the given series. Then, 


n(n+ a 


— (P+2°4+3° +..+n°) | 2 


n 


(1+34+5+...+(2n -1)) M4 on -1) 
2 
+1 1 
ee eee 
tf 4 


Let S,, denotes the sum of n terms of the given series. Then, 
1 
S, = =T, = 7 Un’ +2n +1) 
1 2 
= Fu + 22n + X1) 


_4 [per nerr) Ae Dan} 
4 6 2 


n 2 
=— {2n° +3n+1+6n+6+6} 
24 


n(2n? +9n +13) 


Hence, S, = 
24 


Example 89. Show that 
1:2742:37+...4n-(n+1)? — 3nt5 
1624276 34.4en (ati) 3047 


Sol. Let T,, and T,,’ be the nth terms of the series in numerator 
and denominator of LHS. Then, 


T, =n(n+1) and T, =n? (n +1) 
2 3 2 
Ls = 2m en (n+ 1) _ Xn” + 2n* +n) 
X(n? +n”) 


, 


XT, En’ (n +1) 
= rn? +2En? + =n 


Xn? + =n? 


7 + aie 4 ne +1) (2n aa is 7 + a 
_| 2 6 


2 


{ate mn af . {xe +1)(2n “D} 
2 6 


n(n + 1) {= +1) 4 2(2n + 1) ‘ i 


2 2 3 
n(n + 1) fe +1) fi (2n + > 


2 2 3 


1,2 
re +3n+8n+4+6) 


1 
= (3n? +3n + 4n +2) 
6 


_ (bn? +11n +10) (3n +5)(n +2) (3n +5) _ 
(3n?+7n+2) (3n+1)(n+2) (3n +1) 


Example 90. Find the sum of the series 
1-2:34+2-3-44+ 3-4-5+... upto n terms. 
Sol. Here, T,, = {nth term of 1, 2, 3, ...} 
x {nth term of 2, 3, 4, ...} x {nth term of 3, 4, 5, ...} 
T, =n(n+1)(n+2)=n°? +3n? + 2n 
S, = Sum of n terms of the series 
= XT, = =n? +3En? +2En 


{nn + ais +3 + ae rn 2{re + > 
2 6 2 


_ n(n + {ae +1) 
2 2 
_ n(n + 1) 


+ n+) +3| 


(n? +n+4n+2+4) 


_ n(n +1)(n+2)(n +3) 
4 


Example 91. Find sum to n terms of the series 
1+ (2+ 3)+ (44+54+6)+.... 
Sol. Now, number of terms in first bracket is 1, in the second 


bracket is 2, in the third bracket is 3, etc. Therefore, the 
number of terms in the nth bracket will be n. 


Let the sum of the given series of n terms = S 
+1 
“.Number of terms in$=1+2+3+..+n= mea) 


Also, the first term of S is 1 and common difference is also 1. 


ja 
sot 2 Naas (Mt a) 
2 2 


OD) ean a=9) 


_ n(n +1)(n? +n+2) 
8 


Example 92. Find the sum of the series 
1-n+2-(n—-1)+3-(n-2)+4-(n—-3)+...4+(n-1)-24+n-1 
also, find the coefficient of x"~' in the expansion of 


(14+2x 43x? +...4nx"71)?, 


Sol. The rth term of the given series is 
T, =r-(n-rt+l)=(n4+1)r-r’ 


..Sum of the series 


= Sees) = Sir? (41) En Bn 


; ali. sibs aavenad 

6 
_ n(n+1)(n+2) 
7 6 


=(n +1) 


_ n(n+1) 


(3n+3-2n-1) 


Now, 
(14+2x+3x7 +...+ nx" 7!) =(14+ 2x 43x? +..4+nx"7') 
X (1+ 2x +3x7? +...+nx"7") 


. Coefficient of x"~*in(1+ 2x +3x? +...+nx"~')? 


=1-n+2-(n—-1)+3-(n-2)+..4n-1 
_ ae n(n+1)(n+2) 
‘ 6 
Method of Differences 


If the differences of the successive terms of a series are in 
AP or GP, we can find the nth term of the series by the 
following steps. 


Step I 


Denote the nth term and the sum of the series 

upto n terms of the series by T, andS,,, 

respectively. 

Step II Rewrite the given series with each term shifted 
by one place to the right. 

Step III Then, subtract the second expression of S,, from 

the first expression to obtain T,,. 
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Example 93. Find the nth term and sum of n terms 
of the series, 1+ 5+124+22+ 35+... 
Sol. The sequence of differences between successive terms is 4, 
7, 10, 13,.... Clearly, it is an AP with common difference 
3. So, let the nth term of the given series be T,, and sum 
of n terms be S,. 
Then, S, =14+5412+224+35+...4+T7,_,+T, 
S =14 5 $104 224.6 Tt 
Subtracting Eq. (ii) from Eq. (i), we get 
0=14+4474104134+...4+(7, -T,_1)-T, 
> T, =1+4+7+10+13+...n terms 


n 1 = 
= era et ) 


i) 
ii) 


3 a 
Hence, T,, = — n?—-—n 
2 2 
3 1 
. Sum of n terms S, = =T,=~ Un* ——=n 
2 2 


=3(2Gs0 es) ;( aa 


2 6 2 
_n(n+1) 


(2n +1-1) 
1 1 

= —n?(n +1)=—(n’ +n’) 
2 2 


Example 94. Find the nth term and sum of n terms 
of the series, 1+ 3+7+15+31+.... 


Sol. The sequence of differences between successive terms is 2, 
4, 8, 16, .... Clearly, it is a GP with common ratio 2. So, let 
the nth term and sum of the series upto n terms of the 
series be T,, and S,,, respectively. Then, 

§ 214347615 $314...4 T.94T, 
S, =14+34+74+15+..4+7,_,+T) 
Subtracting Eq. (ii) from Eq. (i), we get 
0=14+24+44+8+16+..4+(7T, -T,-1)-Th 


i) 
ii) 


=> T, =1+2+4+8+16+... upton terms 
_ Gt =a) 
— Bm4 

Hence, T, = (2” —1) 


Sum of n terms S, = XT, = X(2" —1)= 22" — D1 
=(24+27 42> 4..42")-n 
_2(2=1)_ 
(2-1) 


n=2"*!_9-n 


Example 95. Find the nth term of the series 
1+44+10+20+ 35+... 


Sol. The sequence of first consecutive differences is 3, 6, 10, 
15, ... and second consecutive differences is 3, 4, 5, ... . 
Clearly, it is an AP with common difference 1. So, let the 
nth term and sum of the series upto n terms of the series 
be T, and S,, respectively. 
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Then, 

S, =1+4+10+204+35+..+T7,_,+T, ...(i) 

S,= 14+4+410+ 20+..+T,_,+T, ...{ii) 

Subtracting Eq. (ii) from Eq. (i), we get 
0=14+34+6+10+15+...+(T, -—T,-1)-T, 

> T, =1+3+6+10+15+... upton terms 

or T, =14+34+64+104154+..4+¢,_,4+t, ... (iii) 
T, =14+3+6+10+..+2,_,+1, ...(iv) 


Now, subtracting Eq. (iv) from Eq. (iii), we get 
0=142434+4454+..4+(, -th_-1)-t 
or t, =1+2+3+4+4+5+... upton terms 
n(n+1) 
2 


= Yn= 


ice = (an ee) 


=5 (setae) ne) 


2 6 2 
1 +1 1 

at MMOD Gi cet ashe nin SAGE?) 
2 6 


Example 96. Find the nth term of the series 
14+5+18+58+179 +... 


Sol. The sequence of first consecutive differences is 4, 13, 40, 
121, ... and second consecutive differences is 9, 27, 81, ... . 
Clearly, it is a GP with common ratio 3. So, let the nth 
term and sum of the series upto n terms of the series be 
T, and S,, respectively. Then, 

Sy =14+54+184+584+179 +...4+7, 1+ T, (i) 


S, =1+ 5+ 18+ 58+... +7,_,+T, ...(ii) 
Subtracting Eq. (ii) from Eq. (i), we get 
0=14+4+4134+ 404+121+..4+(T, -T,_,)-T, 
=> T, =1+4+13+ 40+121+... upton terms 
or T, =14+44134+ 404+121+..+¢,_,+t, ... (iii) 
T,= 14+44+134+ 40+..+2¢,_,+1, ...(iv) 


Now, subtracting Eq. (iv) from Eq. (iii), we get 
0=143494274814+..4+(t, -t_-1)-t, 
or t, =14+34+9+27+4+ 81+... 
_ 17 =1) 1 
(G=1) 2 


upto n terms 


(3" 1) 


T. = St, = (33 ~ 31) 
= 5 (343° +5 +..43")—n} 
_1[3@=1) _. 
~ S| enh 


3 1 
=—(3" -1)--n 
4 2 


Method of Differences (Shortcut) 
to find nth term of a Series 


The nth term of the series can be written directly on the 
basis of successively differences, we use the following steps 
to find the nth term T,, of the given sequence. 
Step I If the first consecutive differences of the given 
sequence are in AP, then take 
T, =a(n—1)(n—2) +b(n—1) +c, where a, b,c 
are constants. Determine a, b,c by putting 
n=1,2,3 and putting the values of T,, T,,T3. 
Step II If the first consecutive differences of the given 
sequence are in GP, then take 


T, =ar" ~! + bn +c, where a, b,c are constants 
and r is the common ratio of GP. Determine 
a, b,c by putting n = 1,2,3 and putting the values 
of T,,T,,T3. 

Step Il If the differences of the differences computed in 
Step I are in AP, then take 

T, =a(n-—1)(n—2)(n-3)+b(n-1)(n-2) 

+c(n—1)+d, where a, b,c,d are 
constants.Determine by putting n = 1,2, 3, 4 and 
putting the values of T,,T,,T3,T,. 

Step IV If the differences of the differences computed in 
Step I are in GP with common ratio r, then take 


Th =ar"~! + bn? +cn+d, where a,b,c,d are 


constants. Determine by putting n = 1, 2,3, 4 and 
putting the values of T,,T,,T3,T4. 


Example 97. Find the nth term and sum of n terms of 
the series 2+4+7+11+16+.... 


Sol. The sequence of first consecutive differences is 2, 3, 4, 5, 
... . Clearly, it is an AP. 


Then, nth term of the given series be 
T, =a(n-1)(n-2)+b(n-1)+c (i) 
Putting n = 1, 2,3, we get 
2=c 3=4=b4+c57=2at+2bt+c 


After solving, we get a= ; b=2,c=2 
Putting the values of a, b, c in Eq. (i), we get 
1 1 
a =5(n-M(n—2)+2(n—1) +2 ae +n+2) 
1 
Hence, sum of series S, = XT, = ; (Zn* + In + 221) 


= 5 (Te, BE an) 


2 6 2 


1 
=—n(n* +3n +8) 
6 


Example 98. Find the nth term and sum of n terms 
of the series 5+7+13+31+85+.... 


Sol. The sequence of first consecutive differences is 2, 6, 18, 


54, ... . Clearly, it is a GP with common ratio 3. Then, nth 
term of the given series be 


T, =a(3)""'+bn+c (i) 
Putting n = 1, 2,3, we get 

5=at+bt+e ...(ii) 

7=3a+2b+c ... (iii) 

13 =9a+3b+c ...(iv) 


Solving these equations, we get 
a=1,b=0,c=4 
Putting the values of a, b, c in Eq. (i), we get 
TT, =3° +44 
Hence, sum of the series 
S, = 20, =23""* 4+ 4)=30°- + 421 
=(14+34+3° 4+..43"7')4+4n 
(3" =1) 


=1- 
(3-1) 


1 
+ 4n = — (3” + 8n - 1) 
2 


Example 99. Find the nth term of the series 
14+24+54+12+25+46+ .... 


Sol. The sequence of first consecutive differences is 1, 3, 7, 13, 
21, ... . The sequence of the second consecutive differences 
is 2, 4, 6, 8, .... Clearly, it is an AP. Then, nth term of the 
given series be 


T, = a(n —1)(n —2)(n —3)+ b(n —-1)(n - 2) 


+ce(n-1)+d_ ...(i) 
Putting n = 1, 2,3, 4, we get 
1=d (ii) 
2=ct+d ..-(iii) 
5=2b+2c+d ...(iv) 
12=6a+6b+3c+d ..(v) 


After, solving these equations, we get 


a= eee 
3 
Putting the values of a, b, c, d in Eq. (i), we get 


1 
T = G(a° — 6n* + 11n — 6) + (n* — 3n + 2) +(n-1)+1 


n 


1 
=—-(n> —3n’ +5n)=" (n? —3n +5) 
3 3 


Example 100. Find the nth term of the series 
24+5+12+ 314+ 86+.... 


Sol. The sequence of first consecutive differences is 3, 7, 19, 
55, ... . The sequence of the second consecutive differences 
is 4, 12, 36, ... . Clearly, it is a GP with common ratio 3. 
Then, nth term of the given series be 


T, =a(3)""'+ bn? +cen+d (i) 
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Putting n = 1, 2,3, 4, we get 


2=a+b+c+d ..-(ii) 
5=3a+4b+2c+d ... (iii) 
12=9a+9b+3c+d ..(iv) 
31=27a+16b+4c+d ..(v) 


After, solving these equations, we get 
a=1,b=0,c=1,d=0 
Putting the values of a, b, c, d in Eq. (i), we get 
T, =3" ‘+n 


Method of Differences 

(Maha Shortcut) 

To findt, +t, tt, +...+t,_, tt, 

Let S, =t, tt, +t3 +...¢t,-1 + ty 

Then, At,, At, , Ats,...,At,_1 
DP is IN tc A Cia Fs 


[1st order differences] 


[2nd order differences] 


Oy er Ba he 
£UNG oh 
Sn ="C, t, + "Cy At, +"Cy At, +...4"C, NE, 
At, =t, —t,, At, =t3 — fo, etc. 
A*t, = At, —At,, A’t, =A°t, — A’ ty, etc. 


and 


where, 


Example 101. Find the n th term and sum to n terms 
of the series 12+ 40+ 90+ 168 + 280+ 432+... 
Sol. Let 5, =12 + 40 + 90 + 168 + 280 + 432 +..., then 


1st order differences are 28, 50, 78, 112, 152, ... 
(i.e. Aty, Atz, Ats,...) 


and 2nd order differences are 

22, 28, 34, 40, ... (Le. A*t,, A’t,, A’ts,...) 
and 3rd order differences are 

6, 6, 6, 6,... (ie. A®t,, A®ty, A°ts,...) 


and 4th order differences are 
0, 0, 0, 0, ... (ie. A’ty, A*ty, A’ts, ...) 


fH 412-" —1Cy 428." 1G, 4-22." 10, $6." C, 
22(n — - 
n (n — 1)(n - 2) 
2 
4 O(n = 1) (n ~ 2)(n ~3) 
1-2-3 


= 124 28(n—1) 


=n>+5n? +6n 


and S, =12-"C,; + 28-"C, + 22-"C3 +6-"C4 
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= pon + 28M (n= 1) , 22n(n — 1) (n —2) 
2 1-2-3 
, on (n= 1)(n ~2)(n ~3) 


n : 1-2-3-4 
= —(n +1) (3n* + 23n +46) 
12 


V,, Method 


To find the sum of the series of the forms 


I. Gy Gq ... dp +903 ...Ap 44 +oee + Op Gn 4 1---Angy—1 
1 1 1 
II. + shies OE 
G1Q2...€,  A2A3...Ay44 Dn Ont oi Gyup 4 
where, d),4,43,...,4,,...are in AP. 


Solution of formI Let S, be the sum and T,, be the nth 
term of the series, then 


Sy =A, Ay ...A, $4,434 ...Ap 44 +... 
+ Qi Gn ay Pee yg 4 
pas = Gn 4n414n42 +++ 4ntr—2 Antr-1 okt) 


Let V, = nn 4191 +2 ++ 4n+r—-2 Ant¢r—1 Ante 
[taking one extra factor in T,, for V,] 
Vn - 1 =4n-14n An41 +s Ant+r—-3 Un+r—2 Gn4+r-1 
> Vn =Vn —1 =4nGn+19n +2 - alee ai Ones = Epa) 


=T, (@n4r —4n-1) [from Eq. (i)] ...(ii) 
Let d be the common difference of AP, then 
ad, =a, +(n-1)d 
Then, from Eq. (ii) 


V, ~Vn-1 =T, Ha, +(n+r—-1) d} 
—{a, +(n—-2) d}]=(r+1) dT, 
1 
> T, =——— (V,, — Vn 
Gand’ : 
S, =2T, = n rev n- 
aT eae q 
1 
=__*__(V, -V, 
Gad 0) 
[from important Theorem 1 of 2] 
1 


(nn 41 + Ansty ~ 40a ee Oy) 


~ (r +1) (a; — a) 


Corollary I If a,,a,@3,...,d,,... are in AP, then 


: 1 
(i) For r =2, aa, + a,43 +...+ 4,4, 4, =—— 
3 (a, —a;) 
(4nQn414n+2 — yaa) 

(ii) For r =3, : 
A,4,A3 + A70304 +...+ A,An 414n 42 = ————_ 
4 (a, —a;) 

(4nAn 414 +24n+3 — 49414243) 


Corollary I 
(i) 1-242-34...4n(nt1=4 {n(ntd 


te ee ee aan 


3 
(ii) 1-3-5-74+3-5-7-9+...4+(2n—1)-(2n +1) (2n +5) 
(2n+3)- 
= (2n~1) @n +1) 2n-+3) (@n +5) 2n +7) 
—(-1)-1-3-5-7} 


== {(2n~1) (2n +1) 2n-+3) (2n+5)(2n-+7) +105} 


Solution of form II Let d be the common difference of 
AP, then a, =a, +(n-1)d 

Let sum of the series and nth term are denoted by S, and 
T,,, respectively. Then, 


1 1 1 
SoS + aes 
A,Q_...A, A7A3...A,-44 77 7 re eae ¢ See 
1 : 
Ls .. (i) 
GnGn+194n+2 ---4n+r—-2 Un+r-1 
1 ii 
Let V, = ..- (ii) 


An+1 4n+2 -+-Gnt+r—-2 Antr-1 


[leaving first factor from denominator of T,, ] 


So, Va-1= s 
GnGn+1 --4nt+r—-3 Ant+r-2 
= V,—YV, = : 
Qn+1 4n+2 -+»Ant+r—-2 Gnt+r-1 
1 
GnGn+1 -++4n+r—3 Ant+r-2 
a Gn ~4n+r-1 
Gn4nt+1 4n+2 ~4n+r-2 Ant+r-1 
=T, (a, Geigy [from Eq. (i)] 
=T,, [{a, +(n—-1) d}—{a, +(n+r-—-2) d}] 
pee 
=Vn-Va=i) 
" Nn 
AV go Vip 
is0< 5" - . 1) = : (V,, Vo) 
= alr d(1-r) 


[from important Theorem 1 of ] 


7 1 1 
(a, =e jl) Qn+1 4n4+2 -+-An+r—-2 Gnt+r-1 


1 


Hence, the sum of n terms is S,, =——————_ 
(r —1)(a, — a) 


1 it 
Q,Q2 ...A,_4 Qn+1 4n4+2---Ant+r-1 


Corollary I If a,, a2, @3,...,4,,...are in AP, then 


(i) For r =2, 


1 1 1 1 
- +..4 = 


4142 a2Q3 AnGn+1 (a2 —a;) 

ls ala Sen 

4, An+1 d\ a, any; 
n3[2ene=")- n 
d Q14n+1 a, An+1 
1 1 1 


(ii) For r =3, + +...4 
414243 424304 


Qn An+1 4n+2 


: 1 1 1 
2(dz —@,) [4142 Ang1 Ange 


(iii) For r = 4, 


1 1 1 
+ have 


424304a5 


41424304 An Gn +19n+249n+3 


2. 1 i 
3 (a, — 1) [414243 An41 Gnt2 Any 
Corollary I 


sy 1 1 1 n 
(i) + + +..,-+ ——__ = —_ 
1:2 2:3 3-4 n(n+1) n+t+1 


re 1 1 1 1 
(ii) + + 
oo ae eee n(n +1)(n +2) 


—1f1 1 1 1 
2{1-2 (n+1)(n+2)} 4 2(n+1)(n+2) 
1 1 
+ 
132027: 3232729 


(iii) 
1 
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T, =(3n — 2) (3n + 1) (3n + 4) (3n +7) (i) 
“V, = (3n — 2) (3n + 1) (3n + 4) (3n +7) (3n + 10) 

V, —1 =(3n — 5) (3n — 2) (3n + 1) (3n + 4) (3n +7) 

> V, =(3n + 10) T, [from Eq. (i)] 
and V, -1 =(3n -5) T, 

V =-V,_{=5 7, 
1 
T, rr —V,-1) 


Sn = xT, = ye (V,, V,-1) 


n=1 


1 
=—(V,-V, 
: ( 0) 
[from important Theorem 1 of =] 


=< {(Gn~2)(3n-+1) (n+ 4) Bn +7) Bn +10) 
— (—2)(1)(4)(7)(10)} 
_ = {(3n —2)(3n + 1)(3n + 4)(3n +7)(3n +10) +560} 


Shortcut Method 
1 


Ss, = 
(last factor of III term — first factor of I term) 


(Taking one extra factor in T,, in last 
— Taking one extra factor in I term in start) 


{(3n — 2)(3n + 1)(3n + 4)(3n +7)(3n + 10) 
=(-2)s14-7-10} 


1 
~ (16-1) 
= = {(3n — 2)(3n + 1)(3n + 4)(3n +7)(3n + 10) +560} 


Example 103. Find the sum to n terms of the series 
] ] 


+t 
(2n — 1) (2n +1) (2n +3) (2n +5) 


tt 4 1 

6 |1-3-5  (2n+1)(2n +3) (2n +5) 
“4 1 

90 6(2n+1) (2n +3) (2n +5) 


Example 102. Find the sum upto n terms of the 
series 1-4-7-10+4-7-10-13+7-10-13-16+... 
Sol. Let T,, be the nth term of the given series. 
..T, = (nth term of 1, 4, 7, ...(nth term of 4, 7, 10, ...) 
(nth term of 7, 10, 13, ...) (nth term of 10, 13, 16, ...) 


+ + tee. 
1-3-5-7-9 3+5+7-9-11 5+7-9-11-13 
Also, find the sum to infinity terms. 


Sol. Let T,, be the nth term of the given series. 


1 ; 
(2n —1)(2n + 1)(2n +3)(2n +5)(2n +7) ~@ 
1 
(2n +1)(2n +3)(2n + 5)(2n +7) 
[leaving first factor from denominator of T,, ] 
1 
V, -1> 
(2n —1)(2n + 1)(2n +3)(2n +5) 
il 


~ (an +1)(2n + 3)(2n +5)(2n +7) 
1 


(2n —1)(2n + 1)(2n +3)(2n +5) 
= (2n — 1) — (2n +7) 
(2n — 1)(2n +1)(2n + 3)(2n +5)(2n +7) 
=-8T, [from Eq. (i)] 


Then, T,, 


> V, Viet 
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1 
Th Sn -_ Vi, -1) 
= 1x 1 
. 5,222 > Le= xe V, -1)=——(Vn — Vo) 
n=1 8y=1 8 
[from Important Theorem 1 of =] 
1 
a gf = Ve) 
_1f{ 1 1 
8 |1-3-5-7  (2n+1)(2n +3)(2n +5)(2n +7) 
ai 1 
840 8(2n+1)(2n +3) (2n+5)(2n +7) 
and S., = u ne: 0= : 
840 c 840 840 
Shortcut Method 
1 1 1 


+ + ee 
15325°7°9) 32527 °9-11)0 5-7 +9:-11+13 
1 ‘ 


. (2n — 1) (2n +1) (2n +3) (2n +5) (2n +7) 


Now, in each term in denominator 


9-1=11-3=13-—5=...=(2n +7) —(2n-1)=8 


Then, Eq. (i) can be written as 


13 = 
5:7 -9-11-13 


11 =3 
3°527 +911 


al oA 
8(1-3-5-7-9 


(2n +7) — (2n—-1) | 


(2n — 1) (2n +1) (2n +3) (2n +5) (2n +7) 


8 


1 1 1 nt 1 1 
T3597 32087 -9 -3eS9F09 “De 7 29-1) 


1 1 
ate Fess 
5-7-9-11  -7-9+11-13 
1 


* (2n — 1) (2n +1) (2n +3) (2n +5) 


il 
(2n + 1) (2n +3) (2n +5) (2n +7) 


1 1 1 
Ate CES CEST CRETE 
[middle terms are cancelled out] 
1 1 


= =S, [say] 
840 8(2n + 1)(2n +3)(2n +5) (2n +7) 
1 1 
.. Sum to infinity terms = S,, = 0= 
840 840 


Maha Shortcut Method 


Taking : outside the bracket 


i 1 1 1 : : 
Le. = = =...| and in bracket leaving last 
9-1 11-3 13-5 
factor of denominator of first term — leaving first factor of 
denominator of last term 


ta =" : : 
8h 1-3+5+7  (2nt+1)(2n +3) (2n +5) (2n +7) 
-=3 1 0)= 1 
8\1-3-5+7 840 
n(n+ 1) (n+ 2) (n+ 3) 
Example 104. if S'T, = : 
p py i 


where T, denotes the rth term of the series. Find 
n 
lim 


neo 


T 


r=10T 
Sol. We have, T,, = pee 


n-1 
-¥1, 
r=1 r=1 


_n(n+1)(n+2)(n +3) (n-1)n(n+1)(n +2) 


12 12 
n(n +1)(n +2) 
Se eased 
7 [(n + 3)—(n —1)] 
_n(nt+1)(n+2) 1 3 
3 T, n(n+1)(n+2) 
ie ei ae 
neo MT, noe “Tr (rt+1)(r +2) 
=3 lim : 


= (r +1) (r +2) 


1 1 1 1 
=3 lim + + Fs. —$<—<$——————— 
1:23 2-3-4 3-4-5 n(n +1)(n +2) 


Maha Shortcut Method 


ea Af 1 
lim 
tim 35 TESTES) 
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| Exercise for Session 6 


The sum of the first n terms of the series A + . + £ + » +...1S 
2 4 8 16 
(a) 2" -n-1 (b) 1-2-7 (c)n+2"-1 (d) 2" -1 
24 Avs QV16 46732 jg equal to 
3 5 
a) 1 b) = c)2 d)= 
(a) ( (c) ( Pp 
14+34+74+15+31+...upton terms equals 
(a) 2"*1-n (b) 2"*1-n-2 (c) 2” -n-2 (d) None of these 
99th term of the series 2 + 7+ 14+ 23+ 34+4+...is 
(a) 9998 (b) 9999 (c) 10000 (d) 100000 
The sum of the series 1-2:3+ 2-3-4+3-4-5+...upton terms is 
(a)n (n+ 1) (n+ 2) (b) (n+ 1) (Nn + 2) (n+ 3) 
(c) Jn (n+ (n+ 2)(n + 3) (d) (n+ (n+ 2)(n+ 3) 
1 1 1 1 
+ + +...+ equals 
1:2 2:3 3-4 n(n +1) 
1 n 
a bye 
ed De 
2n 2 
() d 
cae one 
Sum of the n terms of the series + + U + ...1S 
eee Pagkage 
ay oj 
n+1 n+1 
, Qa 
n+1 n+1 
1 1 1 1 1 
lft, =—(n + 2)(n + 3)forn =12,3,..., then—+—+—+...4+ equals 
4 1 te fs t2o03 
- 4006 (b) 4003 
3006 3007 
. 4006 aye 
3008 3009 
The value of | : +... Upto oo is 


(i+a)2+a) (Q+a)(3+a) (8+a)(4+a) 


(where, a is constant) 


(a) at b 20 
lta 1l+a 
(c) (d) None of these 
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n 
If f(x) is a function satisfying f(x + y) =f (x) f(y) for all x, y EN such that f(1) = 3 and by f(x) =120. Then, the 


5 r= 
value of n is 


(a) 4 (b) 5 (c) 6 (d) None of these 


Session 7 


Application to Problems of Maxima 
and Minima (Without Calculus) 


yz=z2x=xy=4 


Application to Problems : 
of Maxima and Minima Hence, greatest value of (yz) (zx) (xy) is 4-4-4 
(Without Calculus} 


Le., greatest value of x“y°z* is 64. 
Suppose that a,, a2, @3,...,d@, are n positive variables and k 
is constant, then 
(i) Ifa, +a, +a3+..... +a, =k (constant), the 
value of a,a,a;3...a, is greatest when 


Hence, greatest value of xyz is 8. 


Example 106. Find the greatest value of x *y", if 
2x+ 3y =7and x20,y20. 
Sol. To find the greatest value of x *y* or 


a, =a, =a; =....=a,, so that the greatest (x)(x)(x)y YY) 
\" Here, x repeats 3 times and y repeats 4 times. 
value of a,a,a3...a,, is [*) Given, 2x + 3y =7, 
is then multiplying and dividing coefficients of x and y by 3 
Proof «. AM => GM and 4, respectively. 
GQ; +d, Fa, +...4 an >(ayaoas<.d,)” Rewrite (2) +4(2)=7 
n 
2x 2x 2x 3 3 3 3 
- Exo acasnay SASHES) G7 
ye ‘ 1 2 3 4 5 6 7 
or (aad y) s[] Here, k =7 andn =7 
n Hence, greatest value of 
Here, Q, =a, =Q3 =...=ay 


coclealesicalediesnol 


tk) 
.. Greatest value of a,;a,a3 ...a, is *) ‘ 


n 
3 94 
: or greatest value of rt x3y' is 1. 
Example 105. Find the greatest value of xyz for 3°-4 
positive values of x, y,z subject to the condition Thus, greatest value of x*y* is ae 
yZ+ 2X+ xy =12. 3 
Sol. Given, yz + zx + xy = 12 (constant), the value of (ii) If a,a2a, ...a, =k (constant), the value of 
(yz) (zx) (xy) is greatest when yz = zx = xy a, +a, +a,+...+4a, is least when 
Here, n=3andk =12 a, =a, =a3 =...=4a,, So that the least of 


i Pits FG ite isnt. 


3 
Hence, greatest value of (yz)(zx)(xy) is (=) ie. 64, 
4 Proof «.. AM =>GM 


: B00) 
“. Greatest value of x“y°z* is 64. @, +, +43 +...4+ ay é in _(pyn 
; os > (d,a2a,...a,) '"=(k) 
Thus, greatest value of xyz is 8. n 
Aliter a, +a, +a3+...+a, 1/n 
; => > (k) 
Given yz + zx + xy = 12, the greatest value of (yz)(zx)(xy) 7 
is greatest when 
6 or a, +a) +a3 +...+a, =n(k)” 
yz=zx=xy=c [say] 
Since, yz+zx+xy=12 Here, a =; =@3 =...= Gp 
. ctetc=12 .. Least value of a, +a, +a3 +...+a, is n(k)'” 


=> 3¢=12 of c=4 


Example 107. Find the least value of 3x+4y for 
positive values of x and y, subject to the condition 
re y Pah. 
Sol. Given, x’y* =6 
or (x) (x) (y) (y) (y) = 6 


Here, x repeats 2 times and y repeats 3 times 


E)3(5) 
3x + 4y =2}| — | +3} — 
2 3 
A ela ghee ale 
2 2 3 3 3 
1 2 3 4 5 
multiplying and dividing coefficient of x and y by 2 and 3 


respectively and write x*y3 =6 


solace ame 


Here, n =5andk = 32 


3 3 4 4 4 
Hence, least value of + ad + ba + y + y 
2 2 3 3 3 


= 5 (32)> =10 


ie. least value of 3x + 4y = 10 


Example 108. Find the minimum value of 
bcx + cay + abz, when xyz = abc. 
Sol. To find the minimum value of 


bex + cay + abz, 


write, xyz = abc 
or (bex) (cay) (abz) = a®b’c* =k [constant] 
Here, n=3 


Hence, minimum value of bex + cay + abz = n (k)” 


=3(a°b*c?)"? = 3abe 


An Important Result 


If a; >0, i=1,2,3,...,n which are not identical, then 


m m m m 
. Gy +a, +...+a a, +a, +...+a 
Gi. E a (a ea "| ;Ifm<o 
n n 
orm>1 
m m m m 
et Ay Side: Fa ta Q) FQo4F.478 
(ii) 1 2 n < 1 2 n : 
n n 
If0<m<1 
Remark 


Ifa =@ =....=4,, then use equal sign in inequalities. 
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Example 109. If a,b,c be positive real numbers, 


a b Cc 3 
prove that + + Cate 
b+c c+ta a+b 2 


Sol. Arithmetic mean of (—1) th powers 
2 (— 1) th power of arithmetic mean 


bt+c . cta ~ a+b a 
- +| ———— 
at+b+t+c at+bt+c at+b+c 


3 
( b+c cta a+b \ 
ss at+b+c atbt+c atbtc 
> : | 
at+b+c atbt+c atbt+e 
+ + 4 
b+e cta a+b 2 
= > 
3 3 
a b c 9 
=> +1+ +1+ +12 
b+c cta a+b 2 
b 9 
=> 7 2 a 
b+c cta atb 2 
b 3 
or 2 + + 2 
b+c cta atb 2 


Example 110. Ifa and b are positive and a+b =1, 
] 1 25 
show that [os 4 + [b + 4 >. 
a b 2 
Sol. Since, AM of 2nd powers > 2nd power of AM 
2 2 
1 1 
[a+] +[o+4) ele ees | 
a b és | a b | 
2 2 ] 


=T(atbtat +b" =i tat toy [eatb=1] 
2 2 
[a+2] [eet >t atat+oy ...(i) 
a b 2 
=f =1 =1 =1 
Ans a+b >[22?) (7) =9 
2 2 2 
a+b! 
or ——— >2 
2 
> a'+b'>4 
(ita'+b')>5o0r (lta) +b7) >25 
=i i pos ye ii) 


From Eqs. (i) and (ii), we get 


ees. 
at+—| +}/b+—] >— 
a b 2 
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Exercise for Session 7 


7. The minimum value of 4% + 42>*, x eRis 


(a) 0 (b) 2 
(c) 4 (d) 8 
2. \f0<0<7, then the minimum value of sin? 6 + cosec? 6 + 2, is 
(a) 0 (b) 2 
(c) 4 (d) 8 
3. Ifa,b,c andd are four real numbers of the same sign, then the value of + 2 + 7 = cl lies in the interval 
c a 
(a) [2 ©) (b) [3, -°) 


(c) (4, =) (d) [4 =) 


4. \lf0<x< 5 then the minimum value of 2 (sin x + cos x + cosec 2x ys is 


(a) 27 (b) 13.5 
(c) 6.75 (d) 0 
5. Ifa+b+c=3anda>0,b >0,c>0, then the greatest value of a2b °c? is 
glo gio. A 
(a) (b) 
32.12 gi2 92 
()—— (a) — 
6. lfx+ y +z =a and the minimum value of 2 +—+ a is 81", then the value of A is 
4 Zz 
a)— b) 1 
( 5 (b) 
1 
c)— d)2 
( vi (d) 
7. a,b,c are three positive numbers and abc” has the greatest value mn then 
1 1 1 
aja=b=—,c=— b)a=b=c=— 
(a) 5 7 (b) ; 
1 1 1 
cj)a=b=—,c=— dja=b=c=— 
(c) i 5 (d) ; 


10 


11 


12 


13 
14 


15 


16 


17 


Shortcuts and Important Results to Remember 


If 7, = An + B, i.e. nth term of an AP is a linear expression 


inn, where A, B are constants, then coefficient of ni.e., A 
is the common difference. 


IfS, =Cn® + Dnis the sum of n terms of an AP, where C 


and D are constants, then common difference of AP is 2C 
i.e., 2 times the coefficient of n?. 


(i)d =7, -T,-1[n 22] (ii) 7, =S, -S,-4 [n 22] 
(ili) d =S, -2S,_-1,4+Sp_-2[N=3J 
If for two different AP’s 


S, _ An®? + Bn An+B 
S, Cn? +Cn Cn+D 
Ther: In 7 A(én-1)+B 
T, C@n-1)+D 
If for two different AP’s n+ 
a eo: ee ee We 
= , then —2 = 
T, ©n+D 


S of? + ‘ 5 
2 
f7, =qandig =p, then TIp4q=0,7,=p+q-r 
f pT, =q7g of an AP, then 7, ,g =0 
fSp =Sq for an AP, thenS, +49 =0 
fS, =q andS, =pofanAP, thenS,, 9 =-(o+q) 
n-q i 


If 7, =P and Ty =Q for a GP, then 7, Fs 


lf Tin n =P: Im—-n =Q for a GP, then 
q m/2n 
Tm= dea T= (5) 


lf Ty =7, T, =m for a HP, then 


mn 5: Tim =11p =f 


et a 
(m+n 


lf Ty =Qr, Tg = pr for a HP, then 7, = pq 


No term of HP can be zero and there is no formula to find 
S,, for HP. 


ep earainnp er ornare = = ap ae 
b-c a db Cc 


lf AG, H be AM, GM and HM between a and b, then 


; A, whenn=0 
n+ n+ 
arto G, when pee 
a’ +p" 2 
H, when n=-1 


If AandG are the AM and GM between two numbers 
a, b, then a, b are given by A+ ./(A+ G)(A-G) 


18 
19 


20 


21 


22 
23 


24 


25 


26 


27 


28 


29 


30 


31 


32 


33 


lf a,b,c are in GP, then a+ b,2b,6+c are in HP. 

Ifa, b,c are in AP, then 2, 22, A° are in GP, where 
A>O,A#1. 

If-—1<r <1, then GP is said to be convergent, if r <-—1or 
r >1, then GP is said to be divergent and if r = —1, then 
series is oscillating. 

lf a, b,c,d are in GP, then 

(a+ b)",(b+c)",C td) are in GP, Vnel 

lf a,b,c are in AP as well as in GP, thena=be=c. 


The equations ax + ay = a3, a4X + a5y = ag has a unique 
solution, if a, a, a3, @4, As, @g are in AP and common 
difference # 0. 
For n positive quantities @,, a, a3, ..., An 

AM => GM=>HM 
sign of equality (AM = GM = HM) holds when quantities 
are equal 
i.e. A =a =43 =...=a),. 
For two positive numbers a and b (AM) (HM) 
= (GM), the result will be true for n numbers, if they are in 
GP. 


If odd numbers of (say 2n + 1) AM’s, GM's and HM’s be 
inserted between two numbers, then their middle means 
[i.e., (7 + 1)th mean] are in GP. 
If a*, b°,c® are in AP. 

1 1 1 


=> ; : are in AP. 
b+c c+aat+b 


Coefficient of x”~' and x"~? in 


(x — &) (X — @) (X — a3)... (X — Ay) 
are — (a + 2 + a3 +...4+ 4,) and Lajao, respectively 
(Za)? - Zap 
2 
14+ 34+5+...uptonterms =n? 


where, & aa. = 


2464124 204...uptontames 22% Din +2) 


2 
148474184 ...upton terms = 2 #2) 
2 
1454144 30 + ...upton terms =" * 7 +2) 


If a, Ao, 2g,..., a, are the non-zero terms of a non-constant 
AP, then 


1 1 1 1 (n —1) 
+ + — 
Bag Ay -1A8  — HAy 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. — (=r) 1 125 from Ea. (j 
Each example has four choices (a), (b), (c) and (d) out of ar (1-1) are x Z [from Eq. (i)] 
which ONLY ONE is correct. : ‘ 

_— 125 _ 125 _ 125 1 
50 \2 2 2 
i) 
Ex. 1 Ifb-—c, 2b—A, b-aare in HP, thena- a ; apy aay 8) 
2 
b— a 2 “ es >» Ex. 3 If x =111...1(20 digits), y = 333...3 (10 digits) and 
eis x 
(a) AP (b) GP Z = 222...2 (10 digits), then equals 
(c) HP (d) None of these (a) 1 (by ( @) 
= = a)— b) 1 c)2 d)4 
SiGe 2 
(b—c)+(b-a) 1 i 
Sol. (b) -- x = —(999...9) = —(10 —1), 
=> (2b-—A) =(2b-(a+c)) =2[b* —(a+c)b+ac] 9 9 
=> 2b’ -2bA+Ma+c)—2ac =0 y =~(999.. 9)= -(10" 1) 
3 
rn 
2 — sae — = 
=> b* —bA+ sare) ac =0 whe z= 20099, 9)= 20" 1] 
ay WA 
>|b + + =0 1/20 1, 10 2 
[ | Too py 300 
2 42 7 Zz 214,10 _ 
> [o-%) aan a 1) 
2 4 2 


, _ 10° +1-(10"° 1) - 
: ba) elealle-g) 
2 2 2 


» Ex. 4 Consider the sequence 1, 2, 2, 3, 3, 3, ..., where n 


Hence, a-*, b-—,c ee in GP. 


2 2 occurs n times. The number that occurs as 2011th terms is 
(a) 61 (b) 62 
>» EX. 2 Let a,,a5,a3, ..., Ay are in GP withas, = 25 and (c) 63 (d) 64 
101 101 Sol. (c) The last 4 occurs as 1+2+3+4 = 10th term. The last n 
ya; = 125, then the value of 3 + equals th 
n(n +1) 
i=] i=1 occurs as =e = term, the last 62 occurs as 
1 i: 1 
(a)5 (b) 5 (c) 35 (d) 105 62X63 th 
= 1953rd term and the last 63 occurs as 

Sol. (b) Let 1st term be a and common ratio be r, then 

101 

1 th 
= 3x64 
Ye = 125 [° = 2016th term, 
i=1% 2 
2 100) _ 
=> (a tartar’ ++ ar”) = 125 .. 63 occurs from 1954th term to 2016th term. 
j- yp th 
sy a(1-r’) = 125 et 2e24..8) Hence, (2011)”" term is 63. 
(=r) 
u(y 
i (4) =a » Ex. 5 LetS= Sa as , when[-] denotes the greatest 
wi_ii,1,1 NE 
: Sa : = ze 100 1 . ‘ «co _P sks 
iG 84 @F ar air fog integer function and if S=— , when p and q are co-primes, 
r q 


r 


hie the value of p+q is 
gre (a) 20 (b+)76 (19 (d) 69 


117 


Sol. (b): S= 
rare +1 

3 5 7 19 18 

= + tut + 

itd Boel Bae PO+1 B10+1 
18 6 69 

=9+—=94-= 
21 7 7 


p=69 and q=7 => pt+q=69+7=76 


Ex. 6 If a, b, c are non-zero real numbers, then the mini- 


mum value of the expression 
(a® + 4a* +1)(b* +3b7 +1)(c? + 2¢ +2) 


7p? equals 
(a) 12 (b) 24 (c) 30 (d) 60 
8 4 4 2 2 
Sol. (c) Let P=? + 4a° +1)(b = +1)(c” +2c +2) 
a 


= G +44 =| +3+ = }te +1) +1)} 


1 1 
* =a'+4+—26,b°+3+—2>5and(c+1)’ +121 


a 
1 
vate afors>0 
x 


P26:5:1=30 => P230 


Hence, the required minimum value is 30. 


Ex. 7 If the sum of m consecutive odd integers is m*, then 


the first integer is 
(a) m>+m+1 
(c) m’—m-1 (d) m?@-m+1 


Sol. (d) Let 2a+ 1, 2a+3, 2a+5,... be the AP, then 
m‘ =(2a+1)+(2a+3)+(2a+5)+... upto m terms 


(b) m3 +m-1 


= F220 +1)+(m—1)-2}= m(2a+ 1+ m1) 


=> m> =(2a+1)+m-1 
2a+1=m?-—m+1 
oo = 
Ex. 8 The value of 3 A+ 8)5 is 
r(5r +5) 


r=1 
Ox 


@? 2 (d) = 


125 


Sol. ( 9 Stree =lim > (9-1) 4 # 


r(5r+5)  n>0 A 


a i. A 
neo r-5 (r+1)5"*" 


{1 1 1 1 
=lm¥ =--0= 
no (eel) b 5 
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Ex. 9 Let i be the greatest integer for which 
5p° —16, 2pa, A? are distinct consecutive terms of an AP, 


where peE R. If the common difference of the AP is 


m,n€ Nand m, n are relative prime, the value of m+n 


n 
(a) 133 (b) 138 (c) 143 (d) 148 
Sol. (c) 5p° — 16, 2pa,r are in AP, then 
4p =5p*-16+27 
=> 5p’ —4prt+r -16=0 ill) 
j B-4AC >0 [- pe R] 
> 160? — 4-5-(A? —16) > 0 
=> —~)? +8020 or A’ >80 
=> —/80 <A < V80 
r=8 [greatest integer] 
From Eq. (i), Sp” —32p + 48 =0 
> (p — 4)(5p — 12) =0 
24 yee 
p=4 p 5 
12 
=> p=—.pF4 


[for p = 4 all terms are equal] 


Now, common difference = A” — 2pa 


3 128 m : 
= = [given] 


12 
= 64-16 = 64} 1 
5 5 5 n 
m=128andn =5 


Hence, m+n = 143 


Ex. 10 If 2A, A. and[W’ —14],A.€ R—{0} and [.] denotes 
the greatest integer function are the first three terms of a GP 
in order, then the 51th term of the sequence, 

1, 3A, 6A, 10A, ... is 


(a) 5104 (b) 5304 
(c) 5504 (d) 5704 
Sol. (b) «2A, A, [A’ —14] are in GP, then 
= 2A0[A? - 14] 
Xr 
=> = = [7 -14 
; [ ] 


.. A must be an even integer 

A=4 

Now, required sequence 1,12, 24, 40, ... 

or 1, 4(1+2), 4(1+2+3), 4(1+2+3+4),... 
51th term = 4(1+2+3+4...+51) 


Hence, 


51 
= 4-—(14+51)= 4-51-26 = 5304 
2 
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JEE Type Solved Examples : 


More than One Correct Option Type Questions 


= This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
more than one may be correct. 
Ex. 11 The first three terms of a sequence are 3, —1, —1. 


The next terms are 
5 
(a) 2 (b) 3 (d) - F 


Sol. (b, d) The given sequence is not an AP or GP or HP. It is 
an AGP, 3, (3+ d)r,(3+2d)r’.... 


5 
(c) 7 


> (3+d)r =—1,(3+2d)r? =-1 
Eliminating r, we get (34d) =—(3+2d) 
=> d°+8d+12=0 = d=-2,-6, 
then r=-l, = 


5 
. Next term is (3+3d)r? =3,-~ 
9 


© Ex. 12 There are two numbers a and b whose product is 
192 and the quotient of AM by HM of their greatest common 


divisor and least common multiple is 169 The smaller of a 
48 


and b is 
(a) 2 (b) 4 (c) 6 (d) 12 
Sol. (b, d) If G=GED of a and b, L = LCM of a and b, we 
have GL =ab=192 ..-(i) 
AM orGand Lis G+L\[/G+L)_ 169 
HM 2 2GL 48 
=> (G+LY= 109 Gy = 109 92 = 13? -4? 
12 12 
=> G+L=52but GL = 192 
> G=4,L=48 => a=4,b= 48 or a=12,b=16 
: ee 1 2 3 5 ny 
» Ex. 13 Consider a series— + — +2 + 2-4 2-4..4.". 
2 2" ot pS 2 
If S, denotes its sum to n terms, then S,, cannot be 
(a) 2 (b) 3 (c) 4 (d)5 
Sol. (a, b, c, d) 
11 2 3°55 is 
Sn = —+—+—+—4+—+...4+ 
2 28 ge 9% ar 
3 1 c 1 2 3.5 “| 
= —+ +— += + — + = tt 
4 4\2 2? 3 24 2 gn 
1(1. 1. 2 a ee 
+ +— += 4.4 
2\2 9 33 gn 4 gre ont 


3.1 1 1 nN nN 
= Sn - rie acer a: ye oH 
1 1 AX nN Xr rN 
a Sn = 75) ore _ Sp = 2 ca ae 
4 2 2 2 2 2 


Ex. 14 IfS, =? +yrtyrtv...cc,r>0 then which the 


following is/are correct. 
(a) S556, S12; Soo are in AP 
(b) S4,So, S16 are irrational 
(c) (254-1) (2S5-1)" (256-1) are in AP 
(d) $5,542, S56 are in GP 


Sol. (a, b, c, d) 
VS, =yrtyrtyty..co =Jrt+5, 
_ S, -S,-r=0 
1+,/1+4 
5, =x") [er >0] 


Alternate (a) S2,5,, S;2, So ie., 2, 3, 4, 5 are in AP. 


14+V17 1437 14-65 
Alternate (b) $4,559, Si, i.e., v i ; v u ; “ are 


irrationals. 
Alternate (c) (25, _;)’, (255 _1)”, (25¢_1)° ie., 17, 21, 25 are in AP 
Alternate (d) S,, Sj), S56 i.e., 2, 4, 8 are in GP. 


Ex. 15 ie _ LU are in AP and a, b, —2c are in GP, where 
a fa 


a, b, c are non-zero, then 
(a) a +b?+c? =3abc 


(c) —2a,b, — 2c are in GP 


(b) —2a,b, — 2c are in AP 
(d) a’,b?,4c* are in GP 


Sol. (a, b, d) 
111 , j 
—,-,-arein AP = a,b,c arein HP 
a c 
pee 2) 
at+c 
and a, b, —2c are in GP, then b” = —2ac (ii) 
From Eqs. (i) and (ii), we get 
42 
b= =>atb+c=0 [b #0] 


atc 
a+b? +c? =3abc and a, b, —2c are in GP 
=> a’, b*, 4c? are also in GP and a+b+c =0 
=> 2b = —2a—2c 
*, —2a,b, — 2c are in AP. 


JEE Type Solved Examples : 
Passage Based Questions 


= This section contains 3 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 16 to 18) 
Consider a sequence whose sum to n terms is given by the 
quadratic function S,, =3n” +5n. 


16. The nature of the given series is 


(a) AP (b) GP (c) HP (d) AGP 
Sol. (a) *- S, =3n" +5n 
Ti = Sn = Sn -1 


= (3n? + 5n) — [3(n — 1)? + 5(n — 1)] 
= 3(2n —-1)+5=6n+2 
The nth term is a linear function in n. Hence, sequence 
must be an AP. 
17. For the given sequence, the number 5456 is the 
(a) 153 th term (b) 932 th term 
(c) 707 th term (d) 909 th term 


Sol. (d) Given, T, = 5456 
=> 6n+2=5456 => 6n =5454 
n = 909 


.. The number 5456 is the 909 th term. 


18. Sum of the squares of the first 3 terms of the given 
series is 
(a)1100 (b) 660 ~—(c) 799 (d) 1000 
Sol. (b) T; + T? + T? =8° +14? + 20° = 64 + 196 + 400 = 660 


Passage II 
(Ex. Nos. 19 to 21) 


Let r be the number of identical terms in the two AP’s. 
Form the sequence of identical terms, it will be an AP, then 
the rth term of this AP make t,. < the smaller of the last 
term of the two AP’s. 


19. The number of terms common to two AP’s 3, 7, 11, ..., 
407 and 2, 9, 16, ..., 709 is 


(a) 14 (b) 21 (c) 28 (d) 35 
Sol. (a) Sequence 3, 7, 11, ... , 407 has common difference = 4 
and sequence 2, 9, 16, ... , 709 has common difference = 7. 


Hence, the sequence with common terms has common 
difference LCM of 4 and 7 which is 28. 


The first common term is 23. 
Hence, the sequence is 23, 51, 79, ..., 387 which has 14 terms. 


20. 


Sol. 


21. 


Sol. 
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Aliter By inspection, first common term to both the series 
is 23, second common term is 51, third common term is 79 
and so on. These numbers form an AP 23, 51, 79, ... 


Tig = 23 + 13 (28) = 387 < 407 
Tis = 23 + 14 (28) = 415 > 407 


Hence, number of common terms = 14 


Since, 


and 


The 10th common term between the series 3 ++7+11+... 
and1+6+11+... is 

(a) 189 (b) 191 (c) 211 (d) 213 
(b) Series 3+7+11+... has common difference = 4 and 
series 1+6+11+... has common difference =5 


Hence, the series with common terms has common 
difference LCM of 4 and 5 which is 20. 


The first common terms is 11. 
Hence, the series is 11+ 31+51+71+... 
o. tyy = 11+ (10 — 1) (20) = 191 
Aliter t, for3+7+11+..=3+(n-1)(4)=4n-1 
andt,, forl+6+11+..=1+(m-—1)(5)=5m-4 
For acommon term, 4n-1=5m-4 ie, 4n=5m—-3 
For m = 3,n =3 gives the first common term i.e., 11. 
For m = 7, n = 8 gives the second common term i.e., 31. 
For m = 11, n = 13 gives the third common term ie., 51. 
Hence, the common term series is 11+ 314+51+... 

thy = 11+ (10-1) 20=191 


The value of largest term common to the sequences 1, 
11, 21, 31, ... upto 100 terms and 31, 36, 41, 46, ... upto 
100 terms, is 

(a) 281 (b) 381 (c) 471 (d) 521 


(d) Sequence 1, 11, 21, 31, ... has common difference = 10 
and sequence 31, 36, 41, 46, ... has common difference = 5. 
Hence, the sequence with common terms has common 
difference LCM of 10 and 5 which is 10. 


The first common term is 31. 
Hence, the sequence is 31, 41, 51, 61, 71, ... ...(i) 
Now, tyo9 of first sequence = 1 + (100 — 1) 10 = 991 
and ty) of second sequence = 31 + (100 — 1)5 = 526 
Value of largest common term < 526 
wt, of Eq. (i) is 31+(n —1)10=10n+21 

ts) =10X50+21=521 
is the value of largest common term. 


Aliter Let mth term of the first sequence be equal to the 
nth term of the second sequence, then 


1+(m—1)10=31+(n—1)5 
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=> 10m —-9=5n +26 => 10m—35=5n 
=> 2m—-7=nS<100 > 2m<107 

1 
=> m <53- 

2 


.. Largest value of m = 53 
“. Value of largest term = 1 + (53 — 1) 10 =521 


Passage III 
(Ex. Nos. 22 to 24) 


We are giving the concept of arithmetic mean of mth 


power. Let a), 47, 43,..., a, be n positive real numbers (not 


all equal) and m be a real number. Then, 


a, ta, +a, +..+4a,)” 
> ‘ 
n 


a tay tap t+..tar 


n 
if me R~ [0,1] 
However, if m € (0, 1), then 


pe ae + a; al 


n n 


Obviously, if m = {0, 1}, then 


n 


seh seitn tal (a4 + a, tata) 
n 


22. Ifx>0,y >0,z>0andx+y +z =1, the minimum 


x Ze 
value of ret ae , is 


2-x 2-y 2-z 
(a) 0.2 (b) 0.4 
(c) 0.6 (d) 0.8 
Sol. (c) Since, AM of (—1) th powers = (—1) th powers of AM 


3 3 


-[S-eeetay (Sy 23 
3 3 5 


_ (2x) '+(2-y)y'+(2-2z)" > (Pretec y tans)” 


-1 -1 -1 
- (2-—x)° +(2-y) +(2-2z) 53 
3 5 
1 1 1 1 3 
or + + 2 
S28 Boy +22 5 
1 1 1 9 
=> + + > 
2-x 2-y 2-z 35 
2 2 2 18 
or + + 2 
2-x 2-y 2-z 5 
x y Zz 18 
or 1+ steak a 2 
2-x 2-y 2-zZ 5 
18 
or a ee ee ee 3 
2X (2>iy 2-2: 5 
3 
Hence, * + y + 2 =-=0.6 


[ex+y+z=1] 


2-x 2-y 2-Zz 


Thus, minimum value of id + y + é is 0.6. 
2-x 2-y 2-Zz 


23. if}? =i,V a; 20 and if greatest and least values of 


i=1 
2 


ya; areA, andi, respectively, then(A, —A>) is 
j=1 

(a)na (b)(n—1)A 

(c)(n+2)A (d)(n+1)A 


Sol. (b) «« AM of 2nd powers = 2nd power of AM 


2 2 2 2 
a +a, +a; +..4+4, 


2 
5 (UH a +45 +2. + a 
~ n 


s. fs) 21 
n i=1 


Ze _ 
Fe [3] <nk (i) 


Also, (a, + a2 +43 +...+@,)° =af +a; +a3 + 
ta +2) aa, 
=i+2 ¥ aa, > 
2 
Ya] 2A ...(ii) 
i=l 
From Eqs. (i) and (ii), we get 
2 
A< [3] <nk 
i=l 
Be A, =ndAandaA,=Ar 
Then, Ay — Ag =(n-1)A 


24. If sum of the mth powers of first n odd numbers is i, 
Vm>1, then 
(a)a<n™ (b)A>n™()AK<n™*! (d)ASdn™*! 
Sol. (ad) m>1 
17 4+37 45" 4+...+(2n —1)” 


n 
o 


n 


m 


Edo =ih 
2 _ om 
n 


n 


a” 63" 5" 4) in =i" sine e 


+1 
Hence, xA>n™ 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 
(both inclusive). 


© Ex. 25 A sequence of positive terms A,, Ap, A3,...; An 
=. ; 3(1+A, ) : 
satisfies the relation A, , ; =—-———~. Least integral value 
(3+A,) 
of A, for which the sequence is decreasing can be 
Sol. (2)°. A, 4. = a ean) For n=1, A, = sa ea 
(3+ An) (3+ A;) 
For n = 2, A3 = heey) 
(3+ Az) 


4 14 30+ Ay) 
(3+ A;)) 6+4A, 342A, 


3(1+A;) 442A, 2+A, 
(3 + A;) 
*. Given, sequence can be written as 
3(1+ A,) (3+ 2A;) 
' +A) (244) ” 


Given, A, > 0 and sequence is decreasing, then 


JEE Type Solved Examples : 
Matching Type Questions 


= This section contains 2 examples. Examples 27 has three 
statements (A, B and C) given in Column I and four 
statements (p, q, r and s) in Column II example 28 has 
four statements (A, B, C and D) given in Column I and 
five statements (p, q, r, s and t) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II. 


© Ex. 27 
Column | Column II 
(A) |If a, a, a3,...are in AP and a, + a& + ajy+ a 
30 400 
+ ds + a39 = 120, then Maj is (P) 
i=l 
(B) |If a, a, a,...are in AP and a, + ds + do 
a (q)| 600 
+a)3 + ay7 +) + Gs =112, then va is q 
i=l 
(C) |Ifa,, a, a3,...are in AP and 
a + ay t+ az + ayy + a3 (r) 800 
16 
+ aye = 375, then Yai is 
i=l 
(s)| 1000 


Sol. (A) > (q); (B) > (p); (C) > (s) 
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3(1+ A,) 3(1+A,) | (84+2A)) 
1° B44) GHA) (tA) 
> Ab >3 or Ayon3 
A, =2 [least integral value of A,] 


© Ex. 26 When the ninth term of an AP is divided by its 
second term we get 5 as the quotient, when the thirteenth 
term is divided by sixth term the quotient is 2 and the 
remainder is 5, then the second term is 


Sol. (7) Let a be the first term and d be the common difference, 


then Ty =5T, 

=> (a+ 8d)=5(a+d) 

: 4a=3d ..-(i) 
and Tz =Tg X2+5 

> at+12d=2(a+5d)+5 

=> 2d=at5 ..-(ii) 


From Eqs. (i) and (ii), we get 
a=3 and d=4 
T, =at+td=7 


(A) * a, Qz, a3, ... are in AP. 


Q, + G39 = Ag + Go5 = Ayo + a, =A [say] 
A, + Ag + Ayo + Aq, + Ags, + Az9 = 120 
3X = 120 


> x = 40 


Then, 


30 
30 
Ya; = = (a + ay) = 15 X A= 15 x 40 = 600 
i=1 2 
(B) *." a, 2, a3, ... are in AP. 
A, + Ay5 = As + Ay, 
= Ay + 7 = 43 +43 =A [say] 


a+ as + Ay + 3 + 7 + Ag, + Ag, = 112 


nr 
3A +—=112 
2 
nr 
=> PP 45 
2 
> Xr = 32 


ea 25 25 
Sa; =F (a + a5) = x 32 = 400 


i=1 


Then, 
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(C) *." a, dy, a3, ....are in AP. 
a+ a =a, +43 =a, +a, =A [say] 
a, + ag +a, +40 +43 + 6 =375 
3X =375 «. A =125 
16 
16 
Then, a; = — (aq, + aye) 
2 i 2 1 16 


=8xA=8x 125 = 1000 


© Ex. 28 


Column | Column II 


(A) Ifa>0,b>0,c>O0and the minimum value | (p) 
ofa(bht+c)+b(Ct+a@)+c(a + b*)is 5 
X abe, then A is 


(B) Ifa, b, care positive, a+ b+ c=1and the (q) 


minimum value of ; } ( : ) (- | is 4 
a b ce 


A, then A is 


(C) Ifa>0,b>0,c>0,s=a+ b+ cand the (r) 
oo 2s 2s 2s. 
minimum value of + + is 6 
S-a s-b s-ce 


(A —1), then A is 


(D) Ifa>0,b>0,c>0, a,b, carein GP andthe  (s) 
d a 
the minimum value of (<) + (<) is 2, 8 


then A is 


(t) 10 


Sol. (A) > (r); (B) — (s); (C) > (t); (D) > (p, q, 1, s, t) 
(A)-: AM> GM 
. ab +ac*’ + bc? + ba® + ca” + cb* 
; 6 


> (ab ac? -bc* -ba* «ca -cb’)* = abe 


a(b’ +c*)+b(c? +a") +c(a* +b’) >6 abe 
=> Xx =6 
(B)- AM> GM 


For b, c, we get mt > VJbe 


=> (b+c)>2Vbe ...(i) 


For c, a, we get 


fer @) se 
> 2 


=> (c + a) >2Vca ...(ii) 
and for a, b, we get 


GF Os. i 
2 


=> (a+b) >2Vab ...(iii) 
On multiplying Eqs. (i), (ii) and (iii), we get 
(b+c)(c +a)(a+t b) = 8abe 


> (1-a)(1-b)\(1-c)=8abe [v at+bt+c=1] 
2 (2 i)(; i)[? i}z8 
a b c 
Sy r=8 
(C).. AM> HM 
(s —a)+(s —b)+(s—c) 3 
3 a oe 
s-a s-b s-c 
a 3s —(atbte) 3 
3 1 1 1 
+ + 
s-a s-b s-c 
3s —s 3 
=> = 
3 1 1 1 
+ + 
s-a s-b s-c 
a 2s 4: 2s 4: 2s 39 
s-a s-b s-c 
Here, A-1=9 
A =10 


(D) If a, b,c are in GP. 


Then, a’: b*, c* are also in GP. 


Then, AM = GM 
a’ +0 

Sy 
2 

=> a* +c* >2p* 
a ‘i c ‘ 

= cae le 
5) (5) 

: XER 


Hence, A = 2, 4, 6, 8, 10 


JEE Type Solved Examples : 
Statement | and II Type Questions 


= Directions Example numbers 29 to 32 are 
Assertion-Reason type examples. Each of these examples 
contains two statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below. 
(a) Statement-1 is true, Statement-2 is true; Statement-2 

is a correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


Ex. 29. Statement 1 The sum of first n terms of the series 


+1 
2? 432-42 45? —.canbe= + Mt) 

2 n(n +1) 
Statement 2 Sum of first n natural numbers is ———. 


Sol. (a) Clearly, nth term of the given series is negative or 
positive according as n is even or odd, respectively. 


Case I When n is even, in this case the given series is 
v2? 437-47 45% -67? +..4(n-1) —n’ 
= (1? — 27) + (3? — 47) + (5? — 67) +..4-[(n — 1)? —n?] 
=(1-2)(1+2)+(3- 4)(3+ 4)+(5-6)(54+6) +... 
+(n-1-n)(n-1+n) 

= (909644546 4,.20- Heal» 
Case II When n is odd, in this case the given series is 
v—2? 437-47 45% 67 4+..4(n-2) -—(n-1) +n” 
= (1° — 27) +(3” — 47) + (5° —6”)+...+[(n —2)’-(n-1)? ] +n” 
=(1-2)(14+2)+(8-4)8+ 4)+(5-6)(5+6)+... 

+[(n -2)-(n-1)] [(n-2)+(n -1)] +n? 
=—[1+24+34+44+5+6+..4(n—-2)+(n—-1)]+n° 

(n—M(n—-141), 2 _n(n+1) 
2 2 


It is clear that Statement-1 is true, Statement-2 is true and 
Statement-2 is correct explanation for Statement-1. 


Ex. 30 Statement 1 /fa, b,c are three positive numbers 
in GP, en( 248 *e/ eens | =(abor = 


ab+bc+ca 
Statement-2 (AM) (HM)=(GM)’ is true for positive numbers. 
Sol. (c) If a, b be two real, positive and unequal numbers, then 


aot” Guede ada = 
at 


AM) (HM) = (GM)? 
This result will be true for n numbers, if they are in GP. 
Hence, Statement-1 is true and Statement-2 is false. 
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Ex. 31 Consider an AP witha as the first term and d is 
the common difference such that S, denotes the sum to 


n terms anda, denotes the nth term of the AP. Given that for 
S m 

some m,n€ N, — = —— (m#n). 
Sn n° 

Statement 1 d = 2a because 


2m +1 
Statement 2 4" =£” 
a, 2n+1 
2 
Saige 
. 
Let Sn =m’k, S, =n’°k 
Am = Sm — Sm —1=m’k —(m-1)'k 
> Gm = (2m —-1)k 
ie Am  2m-1 
Similarly, a, =(2n-1)k «. “= 
2n—1 


n 


Statement-2 is false. 


Also, *." a, =k, a, = 3k, a; =5k, ... 
Given, aq,=a=k 
a, = A, Ay = 3a, a3 = 5a,... 
Common difference d = a, — a, = a3 — a) =... 
> d=2a 


.. Statement-1 is true. 


Ex. 32 Statement-1 1, 2, 4, 8, ... is a GP, 4, 8, 16, 32, ... 
isa GP and1+ 4,2 +8,4+4+16,8 +32,... is also a GP. 


Statement-2 Let general term of a GP with common ratio r 
be T,,., and general term of another GP with common ratio r 
be T;, .1, then the series whose general term 


Tt =Tea1 +7 41 ts also a GP with common ratio r. 
Sol. (a) 1, 2, 4, 8, ... 
Common ratio r =2 
Tees = Lo = 9k 
and 4, 8, 16, 32, ... 


Common ratio, r = 2 


je) wee eg 


Then, Tat hagaso =T a4 
” 5.2K 
Common ratio of T, ., = —7 = which is true. 
5:2" 


Hence, Statement-1 and Statement-2 both are true and 
Statement-2 is the correct explanation of Statement-1. 
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Subjective Type Examples 


= In this section, there are 24 subjective solved examples. 


Ex. 33 Ina set of four numbers, the first three are in GP 
and the last three are in AP with a common difference of 6. If 
the first number is same as the fourth, then find the four 
numbers. 

Sol. Let the last three numbers in AP, be a,a+6,a+12. 
[6 is the common difference] 
If first number is b, then four numbers are 
b,a,at+6,a+12 
But given, b=a+12 
.. Four numbers are a+ 12,a,a+6,a+12 ...(i) 


Since, first three numbers are in GP. 


Then, a’ =(a+12)(a+6) 
=> a’ =a’ +18a+72 
=> 18a +72=0 
a=-4 [from Eq. (i)] 


Hence, four numbers are 8, — 4, 2, 8. 


Ex. 34 Find the natural number a for which > f(at+k) 
k=1 
=16(2" —1), where the function f satisfies 
F(xt+y) = f(x) f(y) for all natural numbers x, y and 
further f(1) = 2. 


Sol. Given, f(x + y)= f(x) fly) (i) 
and f)=2 ... (ii) 
On putting x = y = 1 in Eq. (i), we get 
fl +1)= f(a) f)=2-2 
FAS?" ...(iii) 


Now, on putting x = 1, y = 2 in Eq. (i), we get 
f(1+2)= f(1) f(2)=2-2? [from Eqs. (ii) and (iii)] 
f(3)=2 
On putting x = y = 2 in Eq. (i), we get 
f (2+2)= f(2) f(2)=2° 2° 
f(4)=2 


[from Eq. (iii)] 


Similarly, f(A)=2*,AEN 
f(atk)=2** at+keN 


¥ flat k) = 16(2" - 1) Y2*** = 16(2" -1) 
k=1 k=1 
= at Sia = 16 (2" - 1) 
k=1 


=> 27 (2427 +23 +...42")=16(2" -1) 


= ot 202 =I) «16 (2" -1) 
(2-1) 
=> oft? = 16.=2* 
=> a+1=4 
a=3 


Ex. 35 If n is a root of x* (1—ac) — x(a? +c’) 

—(1+ ac) =0 and ifn harmonic means are inserted between 
a and c, find the difference between the first and the last 
means. 

Sol. Let H;, H», Hy... 

a, H,, H», H3,...,H,,b are in HP. 
ait ot 4 1 


1 
a, ; - Saiey , — are in AP. 
a H, H, H, H,, b 


, H,, are n harmonic means, then 


If d be the common difference, then a +(n+2-1)d 
c oa 


poe Sea i) 
ac (n +1) 
> Dgtag and ee 
1 a n Cc 
a c a c 
. h-h, = = 
: 1+ad 1-cd 1 (a-c) (a-c) 
c(n+1) a(n +1) 
_ ac(n+1) 24D ae(n+/ f -4 
cn +a an+c cn+a antec 
an+c-cn-a 
=ac(n +1) 5 = a 
acn® +(a° +c°)n + ac 
— 2 
aes ow) ti 
acn” +(a° +c°)n+ac 
But given n is a root of 
x" (1—ac)— x(a’ +c?)-(1+ ac) =0. 
Then, n*®(1-ac)—n(a’® +c*)-(1+ac)=0 
or acn® +(a*° +c*)n+ac =n’ -1, 
— 2 
then from Eq. (ii), hy ie en Data) 


(n? -1) 


Ex. 36 A number consists of three-digits which are in GP 
the sum of the right hand and left hand digits exceeds twice 
the middle digit by 1 and the sum of the left hand and 
middle digits is two third of the sum of the middle and right 
hand digits. Find the number. 


Sol. Let the three digits be a, ar and ar’, then number is 


100a + 10ar + ar® (i) 
Given, atar*® =2ar+1 
or ar? —2r+1)=1 
or a(r—1)*=1 ...(ii) 


2 
Also, given a+ar=—(ar+ar*?) > 3 +3r=2r+2r’ 
3 


or ar? —r—-3=0 or (r+1)(2r—3)=0 
3 
re—1,- 
2 
1 
For r=-1 a= iar rg 
(r -1) 4 
r#-1 
3 i 3 
For r=-,a= =4 [from Eq. (ii)] 


: ; 3 9 
From Eq. (i), number is 400 + 10-4-— + 4-— = 469 
2 4 


n i J 
Ex. 37 Find the value of the expression > >, yi. 


i=1 j=1 k=1 


so. Y Died Di= Fw 


a1 Pei kai1 Lek FS i=1 


-5| Ses Sudo + Do] 


i=1 


= 5)pinenGnt nn) 

2 6 2 

_ WE) on e449) n(n+1)(n+2) 
12 6 


Ex. 38 Three numbers are in GP whose sum is 70. If the 
extremes be each multiplied by 4 and the mean by 5, then 
they will be in AP. Find the numbers. 


Sol. Let the three numbers in GP be S a, ar. 
r 


*+a+ar=70 (i) 
7 


Given, 


4 
and = 5a, 4ar are in AP. 
r 


4a a 
10a = — + 4ar or —~=—+ar 
r 4 r 
5a F 
or —=70-a [from Eq. (i)] 
or 5a = 140 —- 2a or 7a= 140 
a=20 


From Eq. (i), we get 


20 . 20 + 20r = 70 
r 
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20 
or — +20r =50 
r 
or 2+2r?=5r or 2r*?-—5r+2=0 
1 
or (r — 2)(2r —1)=0 r=2 as 


Hence, the three numbers are 10, 20, 40 or 40, 20, 10. 


Ex. 39 If the sum of m terms of an AP is equal to the sum 
of either the next n terms or the next p terms, then prove that 


im+m [2 —"}=em+ (2-2) 
m= p mon 


Sol. Let the AP be a,a+d,a+2d,... 
Given, T, + T, +...+ Tm =Tmait Ima2te-t Iman (i) 
On adding T, + T, +... + T,, both sides in Eq. (i), we get 
2(T, + T, +...+7,)=T, + To t+..+ Tm + Tmo 
+..4T, 


mtn 


> 25m = Sm +n 


2-7 [2a+(m—1)d)=""" [2a+ (m+n —1) d] 


Let 2a+(m-1)d=x 
> mx = MOP 4 nd} 
> (m—n)x =(m+n)nd (ii) 
Again, T, + T) +-.+ Tm = Toit Ins2 t+ Insp 
Similarly, (m— p)x =(m+ p) pd ...(iii) 
On dividing Eq. (ii) by Eq. (iii), we get 

m-n_(mt+n)n 

m—p (m+p)p 
= (m=n)(m+ p) p=(m=—p)(m+n)n 


On dividing both sides by mnp, we get 


(m+ p)(2- 2) =¢mem[ 2-2] 
nom pom 
Hence, (m+n) (2-2) -cm+p)(2-2) 

m p mon 


Ex. 40 Find the sum of the products of every pair of the 
first n natural numbers. 
Sol. We find that 
S=1-:241:341-44+..42:342-44+..43°4 
+3-54+..+(n-1)-n_...(i) 
[1+24+3+4...+(n—-1)tnfP =1° +2? 437 4 
we +(n—-1) +n? 
+2[1-241-341-44...42:342-44..43-443-5 
+..4+(n-1)-n] 


(Xn) = Dn? +28 [from Eq. (i)] 
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=> g = (any = Bat 
2 
n(n+1)|° n(n +1)(2n+1) 
Bir eer: 
2 
n’(n+1) n(n+1)(2n+1) 
= 4 6 
n(n+1) ° 
Sg ey) sare) 
_ n(n+1)(3n* —n -2) 
24 
piace: ie (n—-1) n(n +1) (3n+2) 
24 


Ex. 41 If!,, = [tan x dx, show that 
1 1 1 1 
Io4ly ip ¥lg ly tle Ip #15 
common difference. 
Sol. We have, 


wt/ 4 
re ae =f, (tan” x + tan" ** x) dx 


,...form an AP. Find its 


Tt/ 4 
= f tan” x (1+ tan® x) dx 


n+1 mi 4 
mid 2 tan” "x 1 
=f, tan" x-sec® x dx = a 


n+1 n+1 
0 
Hence, —— =n+1 
I, t+ In+2 
On putting n = 2,3, 4,5,... 
1 1 1 1 
=o: = 4, ='5; =26;.253 
I,+14 I, + Is I,+I, I, + I, 
1 1 1 ‘: ‘ 
Hence, .. are in AP with 


Toh Ty Tye dg Tyee Teotdy 


common difference 1. 


Ex. 42 If the sum of the terms of an infinitely decreasing 
GP is equal to the greatest value of the function 
f(x) =x? +3x —9 on the interval[—5, 3] and the difference 
between the first and second terms is f’(0), then show that 


; nee age 
the common ratio of the progression is —. 
3 
Sol. Given, f(x)=x°+3x-9 
f (x) =3x? +3 


Hence, f (x) > 0 in [— 5,3], then f(x) is an increasing 
function on [—5, 3] and therefore, f(x) will have greatest 
value at x = 3. 


Thus, greatest value of f(x) is 
f(x)=3' +3-3-9 =27 


Let a, ar, ar’, ... be a GP with common ratio |r|<1[- given 
infinitely GP] 


and also given Soo = 27 
so, 4227 (i) 
I= 
and a-ar = f(0) 
= a(1-r)=f"(0)=3 [. (0) =3] 
ze a(1—r)=3 ..-(ii) 
From Eqs. (i) and (ii), we get 
qa Wes > (Spee 
9 
ra1+ z 
3 
So, poe ae pie [|r| <1] 
3.3 3 
Hence, r a 
3 


Ex. 43 Solve the following equations for x and y 
il 1 
logy) x + 3 B10 x+ 7 os x+.0=Y 


14+34+5+...4+(2y-1) 20 


and = : 
44+7+10+...4+(3y +1) 7logi x 


Sol. From the first equation 


logy x (poe s too = 
S10 a y 


> logy) x 


i 
2 


> 2 logix =y ..-(i) 
From the second equation 
1+34+5+..+(2y—-1) _ 20 


4+74+10+..4+(3y+1) 7 logy x 
y = 
me +2y-1) 4 
5 = 
5 (4+ 3y +1) 7 logo x 
2 
= OD 
3y +5 7 logiy x 
=> Ty (2 logy) x) = 60y + 100 
=> Ty (y) = 60y + 100 [from Eq. (i)] 
=> Ty’ —60y — 100 =0 


(y — 10)(7y + 10) =0 
=10,y# sit 
y by 7 
[because y being the number of terms in series > y € N] 
From Eq. (i), we have 


2 logiyx =10 = logyx=5 
x= 10° 


Hence, required solution is x = 10°, y = 10 


Ex. 44 ifo<x<", 


exp [(sin* x + sin* x + sin® x +...+.0) log, 2] satisfies the 


quadratic equation x” — 9x +8 =0, find the value of 
sin x —cos x 


sin x +cos x 
Tt 

Sol. 0<x<— 
2 


0<sin’x <1 


«2 - 4 - 6 
Then, sin“ x +sin° x +sin’x +...+00 
«2 
sin” x 2 
= ———_ = tan" x 
1—sin“ x 


. exp [(sin’ x + sin* x + sin® x +...+ 0) log, 2] 


2 

= exp (tan’ x- log, 2) = exp (log, 2" *) 

=e loge 2 fan = gtan® x 
Let y= ptan x 
Because y satisfies the quadratic equation. 
Then, y* -9y +8=0 
So, y=1,8 ; 
if y=ia2”* 
=> gtan® Me 29 
= tan’ x =0 

x=0 [impossible] [*." x > 0] 
2 
Now, if y=3ca* 
= gtan® x 23 
= tan’ x =3 
tanx = V3 
sinx —cosx _tanx-1_ 3-1, v3~-1 
sinx+cosx tanx+1 V3+1 3-1 
_ (v3 -1)? _ 341-23 
5 Pal 2 

Weare ae ~cosx _, 3 


sin x + cOSx 


Ex. 45 The natural numbers are arranged in the form 


given below 1 
2 3 
4 5 6 7 
8 9 10 11 12 13 14 15 


The rth group containing 2’~' numbers. Prove that sum 


of the numbers in the nth group is 2”~? [27 +2"~'-1]. 
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Sol. Let 1st term of the r th group be T, and the 1st terms of 
successive rows are 1, 2, 4, 8, ..., respectively. 


E = ae 
Hence, the sum of the numbers in the r th group is 


ign ot 
= —— {2-27-14 (271 -1)-1} 
2 


[.« number of terms in rth group is 2”~"] 
2 for gar-t—4} 
Hence, sum of the numbers in the nth group is 


ge 2 [om doh tg), 


Ex. 46 Ifa, b,c are in HP, then prove that 


a+b  ct+b 
>4. 
2a-—b 2c—b 
Sol. Since, a, b,c are in HP. 
aa ite i) 
and let P= Ld puss 
2a—b 2c-—b 
2ac 2ac 
at c 
atc atc : 
ane oo [from Eq. (i)] 
2a 2c 
at+c atc 
a+3c 3at+c 3/c a . 
= + =1+ + ..-(ii) 
2a 2c 2\a c 
AM > GM [-a#c] 
Cee 
a 
3[c a 
=> | ee pe 
3(£4 “\>3 
or +3{£ +£)>1430rP>4 
2 c 
Hence, Gru alae 
2a—b 2c-—b 
Ex. 47 Find the sum of n terms of the series 
Nie a 
1417415 142742" 143743" 
Sol. The n th term of the given series is T, = 7 
(l+n’+n°) 
n 
“.Sum ofnterms=S, = > T, = 
py ae +n‘) 
a erecy *)(1-n+n’) 
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= 1 1 
2 l-ntn® 14+n+4+n° 


~ ! : [by property] 
2\1-14+1 14+n4n? ee 
(n+n’) n(n +1) 

2(ltntn’) 2(n?+n+4+1) 


Ex. 48 The value of xyz is 55 oe according as the 
55 


series a, X,Y, Z,b is an AP or HP. Find the values of a andb 
given that they are positive integers. 
Sol. If a, x, y, z, b are in AP. 

Then, b = Fifth term = a+ (5-—1)d 


where, d is common difference] 


au l74 
4 
a x-y-z=(at+d)(a+2d)(a+ 3d) =55 [given] 
(- + “04 + | [¢ + | 
> ='55. 
4 4 4 
= (a+ 3b)(a+t b)(3a+ b) =55 x 32 (i) 
If they are in HP. 
The common difference of the associated AP is ; (; - +} 
a 
‘2 (2-6) 
4ab 
11, @-8) 
x a 4ab 
4ab 
=> x= 
a+3b 
a_i % 2(a—b) 
ya 4ab 
4ab 2ab 
—s = = 
2a+2b atb 
aca 1_1 3 (a—b) 
z a 4ab 
4ab 
=> z= 
3at+b 
4ab 2ab 4ab : 
xyz = : . =343 [given] 
(a+ 3b) (a+b) (3a+b) 
32a°b*? = 343 
> = from Eq. (i 
55 X 32 55 ' ( M 
or ab? = 343 
=> ab=7 
Hence, a=7,b=1 


or a=1,b=7 


Ex. 49 Find the sum of the first n terms of the series 

P 43-27 43° 43-47 45° 43-67 4... 

If (i) n is even, (ii) n is odd. 

Sol. Case I If n is even. 

Let n=2m 
S=1) 43-27 43° 43-47 45° 43-67 + 
.. + (2m — 133 +3 (2m) 
= {1° +39 +57 +...+(2m—1)°} +3 2? +47 +6? 
+...+(2m)*} 


= S (ar -1)' +3-4 se 


r=1 r=1 


m m 
= Ser? - 12r? + 6r -1} +12 Sr? 


r=1 r=1 


m m m m m 
=8 Sir? -12 Nr? +6) r- $1412 Wr? 


r=1 r=1 r=1 r=1 r=1 


m m m 
=8 Vr? +6 Yr- Yi 


r=1 r=1 r=1 
_m’ (m+1)° 6 mint) 
4 2 


=8 


= 2m? (m+1)? +3m(m+1)—m 
= m[2m?> + 4m? +5m + 2] 


ole Com laa 


Hence, S = nc +4n? +10n +8) ...(i) 


Case II If nis odd. 
Then, (n + 1) is even in the case 


Sum of first n terms = Sum of first (n +1) terms —(n +1) th 
term 


=) ney dane? +10(n+1)+8]—3(n+1)° 


1 
= 5 (n+ 1)[m° + 3n* +3n +14 dn? + 8n +4 + 10n 
+10+8-24n — 24] 


1 
Benea eM +1)[n? +7n? —3n -1] 


Ex. 50 Find out the largest term of the sequence 
1 4 9 16 


503 524581 692° 


2 
n 


Sol. General term can be written as T,, = — 5 
500 + 3n 


Let U, =—=— +3n 
n a n? 
dU 1000 
Then, tae +3 
dn n 
d°U, _ 3000 
and a =, 
dn n 
For maxima or minima of U,,, we have 
dU 1000 
2=Q=>n' = 
dn 


1000 1000)" 
> n=|—J| (not an integer) and 6< a <7 
3 


But n is an integer, therefore for the maxima or minima of 
1000)" 
5 ; 


1/3 
is more close to 7 than to 6. Thus, we take 


U,, we will take n as the nearest integer to ( 


: 1000 
Since, ( 


n=7. 
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Further g 
dn 


therefore, T,, will be maximum for n = 7. 


= +4 ve, then U,, will be minimum and 


Hence, T; is largest term. So, largest term in the given 


sequence is 


529° 
Ex. 51 If Flr) =14 9 +2 +...+" and f(0) =0, find 
¥ (2r +1) f(r). 


Sol. Since, S (zr +1) f(r) 


r=1 


= Soe +2r+1—r’) f(r)= iG +1)? -r’} f(r) 


— S(r+1ye f(r) (r+? f(r +1) +(r+1)* 
: f(r +1)—r°f(r)} 
= Y(r+ 1? (f(r) - fre} + Vr 40 


f(rt+1)-r? f(r} 
+ So +1)? f(r +1)+(n 41)" 


r=1 


f(n+1)- rrr) 


r=1 


= yall 


at PT) 
E f(r +1)- f(r)= a 

ia el | 
=- sr +1) + {2? f(2) +3? (3) +...+-n? f(n)} 


= + (n+1)? f(n +1) — {12 f(1) +2 f(2) 
+3° f(3)+...+n? f(n)} 
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—_ yr- Yi1+(n41) f(n+1)-1? f(1) 
=~ AOD na (na) f(n +1) - f(1) 
hued Pineda 4 [- f() = 1] 
=(n +1)’ f(nt1)— (430 +2) 


Hence, this is the required result. 


Ex. 52 If the equation x* — 4x° + ax” + bx +1=0 has 
four positive roots, find the values of a and b. 


Sol. Let x,, x2, x3, x4 are the roots of the equation 
x) — 4x3 +ax* + bx +1=0 (i) 

Xp t+ xX. tx, +x, =4 and x, x2 x3 x4 =1 
xX, tx, +x,4+ X4 _4 


AM= =1 
4 4 
and GM =(x, x2 x3 x,)* =(1)"* =1 
ie, AM=GM 


which is true only when x, = x. = x3; =x, =1 


Hence, given equation has all roots identical, equal to 1 ie., 
equation have form 


(x -1)* =0 
= x'- 4x3 +6x?-4x4+1=0 ...(ii) 
On comparing Eqs. (i) and (ii), we get 

a=6,b=-4 


2 
mn 


Ex. 53 Evaluate : 

a La (n-3™ +m-3") 
mn 

Sol. Let S= 


Pp 


3” (n-3" +m-3") 


Now, let t= oo anda, = . 
m n 
ae 1 
Then, s= i 
x »y am (a ae an) ( ) 


S= >> x ee ..(ii) 
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oe 2 3 P S473. 4 3 1 4 
1 1 1 = = 2 
= yo = if Jal +3/ ohisds > 32ilo gi 2 2 32! 2 331 
ferme ib 3 3 3 i=0 P= i=0 


=(s’) iii) a ae ees 
28 26 208 
2 3 ; 
where, "= [2] +2() +3(2] +...+ 00 Hence required sum, S = S, — Sy — 3 S3 
3 3 3 _ 27 27 5 He) = PBB 
: 17 4% 8 26  \208 208 208 
S= 1 +2 +...4 00 
3 C) ;) 
= = = Ex. 55 Let S,,n=1, 2,3,... be the sum of infinite geomet- 
: : : ; .. 1 
2 s’= 1 r 1/ * iia Sy ste ric series, whose first term is n and the common ratio is : 
3 3 3 n+1 
1 Evaluate 
ee eee ine SS, +S Sp—1 + 53Sq—9 Ho +554 
=a : 
ae a neo S? +55 +...4+55 
gia? Sol. Ss, =— => S,=n+1 
= _ 
4 2 n+1 
From Eq. (iii), we get 25 = (2) 1. S)S_ + S9Sy 1 + $35, 9 t+ SS, 
s=2 = MS S,-r41= M+) =7 +2) 
~ 39 r=1 r=1 
ao oe be ; =¥ [(n+1)r-r? +(n+2)] 
. r=1 
Ex. 54 Find the value fd py p> a arak ; ; . 
Uej28. =(n+1) Yir- }r? +(n+2) yi 
f= r=1 Pa 
“I UU 1 
Sol. Let S= > D> ¥ oe [iz j#k] =(n+1) ¥n- ¥}n? +(n+2)-n 
t=0. f=0-K=0 
’ _(nt+1)n(n41) n(n +1)(2n +1) 
We will first of all find the sum without any restriction on ; +(n+2)n 
i, j,k. : 
ae ee ; ra = 7 (n* +9n +14) ...(i) 
aa a= 2 py py siz-|3 :] . . . 
Ea As i and Sf +S; +...+5; = MS = V(r+1? = H(rt1y -V 
3 r=1 aaa r=0 
-(3) m0 _(n+1)(n + 2)(2n +3) 
2 6 
Casel If i=j=k 
ee ; == (an? +9n +13) (ii) 
Let Sy = , 
: 2 >» » 313) 3f From Eqs. (i) and (ii), we get 
— _ — fim S198 * 52 Sn=1 + S3Sp-2 + + 55, 
= 4=lt+atate= ae ne 52453 4+...48? 
3° ae. 4 _ 
' aie Won 14 
3 = (n? +9n +14) eran | 
Casell If i=j#k = lim 6 = lim 5 
noo 


q(2n? +9n +13) (24248) 


a Sey = a ie A 
Let $5 = —— 
Se 2. 2 2s gag [£][3 4 _14+0+0_1 


0 
[ek #i] 12040. 2 


Ex. 56 The nth term of a series is given by 
rP+n 
== and if sum of its n terms can be expressed as 
no+n° +1 


n 


S, =a2 +a+ , Wherea, and b, are the nth terms of 


2 
b; +b 
some arithmetic progressions and a, b are some constants, 


Bes 
prove that —" is a constant. 


an 


no +n? 


Sol. Since, t, > ore Oe 
no+n° +1 


n 


n- 
nit+n? +1 


1 1 
=nt+ , 3 
2(n°+n+1) 2(n°-—n+1) 


Sum of n terms S, = vi 


ar eases =—}} 


but given, S, = a tat 
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+1 1 1 
omer) + 5 1 [by property] 
2 2\n°+nt+1 
n? 1 1 


-(+5) -1-4s 1 
J2 2/2) 8 2 1\ 3 
ee en ee 
2 


2 


b? +b 


n 


On comparing, we get 


a 


n 


n 


n 1 5 1 3 
= + a= b= nv2 + b= 
8 +] 2 


= 2, which is constant. 


Sequences and Series Exercise 1: 
Single Option Correct Type Questions 


= This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct 

yz V xz 


ly tvz Vx +z 


1. If the numbers x, y, z are in HP, then 


ia 


——— are in 
vx +./y 

(a) AP 

(c) HP 


(b) GP 
(d) None of these 


n 
2. If a,, a),...are in HP and fy =) ad, — a, , then 
r=1 


Oo a a a . 
Pe iO Ry ae RO VG ig 0 


a a a 
|wherea, = 105 = — 04 = +, | 


fi fo fs 
(a) AP (b) GP 
(c) HP (d) None of these 


3. ABC is a right angled triangle in which 7B = 90° and 


BC =a. Ifn points L,, L,,...,L, on ABare such that AB 
is divided in n + 1 equal parts and 


L,M,, Ly My,...,L,M, are line segments parallel to BC 
and M,, M,,...,M, are on AC, the sum of the lengths of 
L,M,, L,Myz,...,L,M, is 

a(n+1) a(n-1) 

—_ b 
(a) 5 (b) ; 

an 
oo 


(d) impossible to find from the given data 
4. Let S, (1<n <9) denotes the sum of n terms of the series 


14+ 224+333+...+999...9, then for2<n <9 
a) 


9 times 


eee a == (10" —n? +n) 


(b) 5, == (10" =f? 490-2) 


(c) 9(S, — Sp-1) =n 10" — 1) 
(d) None of the above 
5. If a, b,c are in GP, then the equations ax” +2bx+c=0 


d 
and dx” + 2ex + f =Ohave a common root, if—, 7 = 
a c 
are in 
(a) AP (b) GP 
(c) HP (d) None of these 


ek. 15 
. Sum of the first n terms of the series — + — + L +— +... 
2 4 8 16 
is equal to 
(a) 2" -n-1 (b) 1-2" 
(c) n+27-1 (d) 2" -1 


. If in a APOR, sin P, sin Q, sin R are in AP, then 


(a) the altitudes are in AP (b) the altitudes are in HP 
(c) the medians are in GP (d) the medians are in AP 


8. Let a,,@2,..., dj) be in AP and hy, hy,..., hy be in HP. If 
a, =h, =2and ayy) = hy =3, then a,h, is 
(a) 2 (b) 3 
(c) 5 (d) 6 
1-—sin2 
9. If I, = C dx, then I,, I,,I3,...are in 
9 1-—cos2x 
(a) AP (b) GP 
(c) HP (d) None of these 
10. Ifa(b—c) x* +b(c-a) xy+c(a- b) y? is a perfect 
square, the quantities a, b,c are in 
(a) AP (b) GP 
(c) HP (d) None of these 
11. The sum to infinity of the series, 
(-S)es(t- 3) 
14+2/1-—/4+3/1-—] +t...1s 
n n 
(a) n’ (b) n(n + 1) 
2 
(c)n (: + ‘) (d) None of these 
n 
12. If log; 2, log ,(2* —5) and lo (2* - 4 are in AP, x is 
2 
equal to 
(a) 2 (b) 3 
(c) 4 (d) 2, 3 
13. Let a, b,c be three positive prime numbers. The 
progression in which la, Vb, Vc can be three terms (not 
necessarily consecutive), is 
(a) AP (b) GP 
(c) HP (d) None of these 
14. If nis an odd integer greater than or equal to 1, the value 


ofn = (= 1) Ain 2)" =. (1 1 is 
(n+ 1)? (2n -1) (b) (n —1)? (2n - 1) 
4 4 
(n + 1)° (2n + 1) 
4 


(a) 


(c) (d) None of these 


15. If the sides of a right angled triangle form an AP, the 
sines of the acute angles are 


a (b) V3,+ 


575 
V5 -1 [V5 41 V3 
(c) a) 5 () 


16. The sixth term of an AP is equal to 2. The value of the 


Nir wl 


common difference of the AP which makes the product 


a, a4 a, least, is given by 
8 5 
i b)— 
(a) - ( 


(c) ; (d) None of these 


17. If the arithmetic progression whose common difference 
is non-zero, the sum of first 3n terms is equal to the sum 


of the next n terms. The ratio of the sum of the first 2n 
terms to the next 2n terms is 


1 2 
(a) 5 (b) 3 


(c) (d) None of these 


18. The coefficient of x"~ ? in the polynomial 
(x — 1)(x -—2)(x -3)...(x% -n), is 
n(n° + 2)(3n+1) 


(a) 7 

(b) n(n? —1) (3n + 2) 
24 

() n(n” + 1) (3n + 4) 
24 


(d) None of the above 


19. Consider the pattern shown below: 


Row 1 1 

Row 2 3 5 

Row 3 7 9 11 

Row 4 13 15 17, 19, etc. 

The number at the end of row 60 is 
(a) 3659 (b) 3519 

(c) 3681 (d) 3731 


100 
20. Let a, be the nth term of an AP. If S' a2, =o and 
r=1 
100 
S\ a2, _, =, the common difference of the AP is 


r=1 


see 
a- 
aa 


(b)B- a 
(d) None of these 


21. If a,,a2,a3,@4, a, are in HP, then 
aay + Az a3 +434 + a4ds is equal to 
(a) 2 aas (b) 3aa5 
(c) 4a,as (d) 6a,a5 


22, 


23. 


24. 


25. 


26. 


2. 


28. 


29. 


30. 
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If a, b,c and d are four positive real numbers such that 


abcd = 1, the minimum value of 
(1+a)(1+b)(1+c)(1+ d)is 


(a) 1 (b) 4 
(c) 16 (d) 64 
If a, b,c are in AP and (a+ 2b—c)(2b+c-—a)(c+a-—b) 
=X abc, then A is 
(a) 1 (b) 2 
(c) 4 (d) None of these 
If a), 22, 43,... are in GP with first term a and common 
ratio r, then 

fife - = es ch ee ade! = is equal 

2 2 2 2 2 2 2 2 
a4; ~4, A2— a3 a3 — a4 Gn —-1 — An 
to 

nr n-1)r nr n-1)r 
6 oo oo @ 2 
l=; l= l= 1=r 


The sum of the first ten terms of an AP is four times the 
sum of the first five terms, the ratio of the first term to 
the common difference is 


(a) : 


1 
= b) 2 = d) 4 

; (b) (c) ; (d) 

If cos (x — y), cos x and cos (x + y) are in HP, the 
y 


cos x sec is equal to 
2 


(a) + V2 0) 
(c= > (d) None of these 


If 11 AM’s are inserted between 28 and 10, the number 
of integral AM’s is 
(a) 5 (b) 6 
(c) 7 (d) 8 
If x, y, z are in GP (x, y, z > 1), then 

il 1 1 : 

; F are in 

2xtInx 4x+Iny 6x+Inz 
(a) AP (b) GP 
(c) HP (d) None of these 


The minimum value of the quantity 
(a? +3a+1)(b? +3b+1)(c” +3c +1) 


> 


abc 
where a, b,c € R*, is 
ili 
(a) Po (b) 125 
(c) 25 (d) 27 


Let a;, @2,... be in AP and qj, qo,... be in GP. If 
a, = q, =2and ay = io =3, then 
(a) a7 qo is not aninteger (b) ajo q7is an integer 


(c) 47 Go = 49 qo (d) None of these 


280 


Textbook of Algebra 


Sequences and Series Exercise 2: 
More than One Correct Option Type Questions 


= This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which MORE THAN ONE may be correct. 


31. 


32. 


33, 


34, 


35. 


36. 


37. 


38, 


39. 


1 1 1 
Ifan)=1+—-+—+—+...4+ 
2 3 4 


, then 


2" -1 
(b) a (100) > 100 
(d) a (200) < 100 


(a) a (100) < 100 
(c) a (200) > 100 
If the first and (2n —1) th term of an AP, GP and HP are 
equal and their nth terms are a, b and c respectively, then 
(aja=b=c (b)a=b2c 

(c)latc=b (d) ac—b? =0 


For0<o<—, ifx= ¥'cos™” oy= Si sin™ and 
2 


n=0 n=0 


z= Y' cos 2 sin?” 6, then 
n=0 
(a) xyz=xzt+y (b) xyz = xy +z 


(c)xyz=x+t+yt+z (d) xyz =yz+ x 
If a, b,c are in AP and a’, b’,c” are in HP, then which of 


the following could hold true? 


(a) - 5, b care in GP (b)a=b=c 


(c) a°, b?, c* are in GP (d) None of these 


The next term of the GP x, x2 +2,x?+10is 


729 


(a) 0 (b) 6 (— (d) 54 


If the sum of n consecutive odd numbers is 25” — 117, then 
(a)n=14 (b)n =16 

(c) first odd number is 23 (d) last odd number is 49 

The GM of two positive numbers is 6. Their AM is A and 


HM is H satisfy the equation 90A + 5H = 918, then A 
may be equal to 


1 5 
= b)5 = d) 10 
(a) 7 (b) (c) ; (d) 
If the sum to n terms of the series 
1 1 1 2. al 
+ + .is —— , then 


Ar fois 
5-79-11 90 f(n) 


1-3:5-7 3-5-7°9 

(a) mae (b) i 

= eae 

For the series, 

S=1+ (+2)? +1 (14243)? 
(1+3) (1+3+5) 


1 


——— ee ee ee eee 
(1+34+5+7) 


40. 


41. 


42. 


43. 


44. 


45. 


(a) 7th term is 16 (b) 7th term is 18 


505 405 
(c) sum of first 10 terms is oe (d) sum of first 10 terms is - 


ge, cee 

i we oe 
(a) E <3 ()E>= (c) E <2 (d) E>2 
Let S, (n = 1) be a sequence of sets defined by 


35 8 11 14 
S, = 0}, Sp =1=,=),53 =)-,—.— 
22 3°3°°3 
15 19 23 2 
s.={2 7 


439 
(a) third element in S59 is on 


431 
(b) third element in Sy is es 


(c) sum of the elements in S,) is 589 


(d) sum of the elements in S,, is 609 
Which of the following sequences are unbounded? 
(+2) [22] o[r+2) (a) tann 

n n+2 n 
Let a sequence {a, }be defined by 

1 1 1 1 


an = + + +..4+ 
n+1 n+2 n+3 3n 


11 19 
== (b) a =— 


“12 ~ 20 
(9n + 5) 
(3n + 1) Bn + 2) Bn + 3) 
=2 
~ 3(n +1) 


me 1 ss 1 
Let Sy(2)=(x" _ )a(# aes aa 
n-1 n-2 
x x 
vin-v[xt ten then 


x 


(a) a, 


(c) an +1 a, = 


(d) an +1 — an 


(a) S\(x) =1 


100 _ 4)? 100 4)" 
(c) Soo(x) = ie [2 (d) Stoo(x) = ae [* ' 
x x=1 x = 


All the terms of an AP are natural numbers and the sum 
of the first 20 terms is greater than 1072 and less than 
1162. If the sixth term is 32, then 

(b) first term is 12 


(a) first term is 7 


(c) common difference is 4 (d) common difference is 5 
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Sequences and Series Exercise 3: 


Passage Based Questions 


= This section contains 8 passages. Based upon each of the 
passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Q. Nos. 46 to 48) 
S,, be the sum of n terms of the series é + Is + baal + 
5 65 325 
46. The value of lim S,, is 
noo 
1 
(a) 0 (b) a (c) 2 (d) 4 
47. The seventh term of the series is 
56 56 56 56 
ee by 7m de 
(@) 2505 ©) 6505 ©) 5185 (¢) 9605 
48. The value of Sg, is 
288 1088 81 107 
oe b) 22 Pe, dy a 
@) 145 ©) 545 ©) 41 ( 45 
Passage II 
(Q. Nos. 49 to 51) 
Two consecutive numbers from I, 2, 3, .... nare removed. 


: : ae . 105 
The arithmetic mean of the remaining numbers is —. 


49. The value of n lies in 


(a) (41,51)  (b) (52,62)  (c) (63, 73) — (d) (74, 84) 


50. The removed numbers 
(a) are less than 10 
(c) lies between 30 to 70 


(b) lies between 10 to 30 
(d) greater than 70 


51. Sum of all numbers is 
(a) less than 1000 
(c) greater than 1500 


(b) lies between 1200 to 1500 
(d) None of these 


Passage III 
(Q. Nos. 52 to 54) 
There are two sets A and B each of which consists of three 
numbers in AP whose sum is 15 and where D and d are the 
common differences such that D =1+d,d>0. If 
p=7(q- p), where pand q are the product of the 
numbers respectively in the two series. 


52. The value of p is 


(a) 105 (b) 140 (c) 175 (d) 210 
53. The value of q is 

(a) 200 (b) 160 (c) 120 (d) 80 
54. The value of 7D + 8d is 

(a) 37 (b) 22 (c) 67 (d) 52 


Passage IV 
(Q. Nos. 55 to 57) 
There are two sets A and B each of which consists of three 
numbers in GP whose product is 64 and R and r are the 


; 3 
common ratios such that R =r +2. fe 7 me where pand q 
q 
are sum of numbers taken two at a time respectively in the 
two sets. 


59. The value of p is 


(a) 66 (b) 72 (c) 78 (d) 84 
56. The value of q is 
(a) 54 (b) 56 (c) 58 (d) 60 
57. The value of r® + R" is 
(a) 5392 —(b) 368 (c) 32 (d) 4 
Passage V 


(Q. Nos. 58 to 60) 


The numbers 1, 3, 6, 10, 15, 21, 28, ... are called triangular 
numbers. Let t, denotes the nth triangular number such 
that t, =t,-, tn, Vn=2. 


58. The value of ts, is 


(a) 1075 (b) 1175 (c) 1275 (d) 1375 

59. The number of positive integers lying between ty) and 
ty, are 
(a) 99 (b) 100 (c) 101 (d) 102 


60. If (m+1) is the nth triangular number, then (n — m) is 


(a) 1+ 4|(m? + 2m) (b) 1+ 4/(m* + 2) 


(c) 1+ \(m? + m) (d) None of these 
Passage VI 

(Q. Nos. 61 to 63) 

Let A,, Az, A3,..., Ay, be arithmetic means between —3 

and 828 and G,, Gz, G3,...,G, be geometric means 

between I and 2187. Product of geometric means is a 

and sum of arithmetic means is 14025. 


61. The value of nis 


(a) 45 (b) 30 (c) 25 (d) 10 
62. The value of mis 

(a) 17 (b) 34 (c) 51 (d) 68 
63. The value of G; + G, + G3 +...+G, is 

(a) 2044 (b) 1022 

(c) 511 (d) None of these 
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Passage VII 
(Q. Nos. 64 to 66) 


Suppose ot, 8 are roots of ax” + bx + c=0and y, dare roots 
of Ax? + Bx+C=0. 


64, If a, 8, y, 5 are in AP, then common difference of AP is 


1(b B 1(b B 
@i (2-4) (2-4) 


Life° 2B Tic € 
ca (ees dy | 2 
Che A @{s <) 
65. If a, b,c are in GP as well asa, f, y, 5 are in GP, then 
A, B,C are in 
(a) AP only (b) GP only 
(c) AP and GP (d) None of these 


66. Ifa, B, y, 5 are in GP, then common ratio of GP is 


bA aB 
(a) (4 (b) & 


bC cB 
(c) (=) (d) fe 


Passage VIII (Q. Nos. 67 to 69) 
Suppose pis the first of n (n>1) arithmetic means between 
two positive numbers a and band q the first of n harmonic 
means between the same two numbers. 
67. The value of p is 
(a) na+b nb+a 
n+1 


na-—b nb-a 


(b) 


n+1 n+1 n+1 


68. The value of q is 
joe py (rt 1) ab . 
nb+a nb+a 


(n+ 1) ab d (n-1) ab 
na+b na+b 


69. Final conclusion is 


2 
(a) q lies between p and ae) p 


(b) q lies between p and [22 }p 
n+1 ° 


(c) q does not lie between p and ( 


n-1 


(d) q does not lie between p and E z ‘)p 


n-1 


Sequences and Series Exercise 4: 


Single Integer Answer Type Questions 


= This section contains 10 questions. The answer to each 
question is a single digit integer, ranging from 0 to 9 
(both inclusive). 


70. Let a,b, c,dbe positive real numbers with a< b<c <d. 
Given that a, b,c, d are the first four terms of an AP and 
a, b,d are in GP. The value of ee is P where p and q are 
c 64 


prime numbers, then the value of q is 


110 
71. If the coefficient of x in the expansion of [] (1+7rx) is 
r=1 


2. (1+10)(1+10+ 10" ), then the value of A is 


72. A 3-digit palindrome is a 3-digit number (not starting 
with zero) which reads the same backwards as forwards 
For example, 242. The sum of all even 3-digit palindromes 
is 2"! .3"2 .5"3.7"4 41" alue ofn, +n ,+n,+n4gtns is 

73. If nis a positive integer satisfying the equation 
2+ (6:27 — 4-2)+ (6-37 — 4-3) +...+(6:n? — 4-n) = 140, 


then the value of n is 


| 4 5 6 7 
SO EO SK Se a: 


afd ei 
2 


74, Let (x)=14+x-x? 


+... +00, where0< x <1 IfS(x)= , then the value 


of (x + 1)? is 


75. The sequence dj, dz, a3,...is a geometric sequence with 


common ratio r. The sequence b,, by, b3,...is also a 
geometric sequence. If b; = 1, by = AT = 4/28 + 1, a, = 4/28 


and py ae » b,, then the value of (1+ r? +r*)is 


n=1%n n=1 


76. Let (a,, b,) and (a,, b, ) are the pair of real numbers such 
that 10, a, b, ab constitute an arithmetic progression. 
Then, the value of( gay) is 

10 

77. If one root of Ax? + Bx” + Cx +D=0,A #0, is the 
arithmetic mean of the other two roots, then the relation 
2B? +XABC + WA 2D =0holds good. Then, the value of 
20 + Wis 


2 


: 1 2 2 
78. If| x|>1, then sum of the series + as z 
: 1+x 1+x 1+x 
2 : : 
+ +... upto is , then the value of A is 
1+x° x= 


79. Three non-zero real numbers form an AP and the 
squares of these numbers taken in same order form a 
GP. If the possible common ratios are (3 + Vk) where 


k EN, then the value of|§ - ‘| is (where [ ] denotes 


the greatest integer function). 
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Sequences and Series Exercise 5 : 
Matching Type Questions 


= This section contains 4 questions. Questions 80, 81 and 82 have three statements (A, B and C) and question 83 has four 
statements (A, B, C and D) given in Column I and questions 80 and 81 have four statements (p, q, r and s), question 82 
has five statements (p, q, r, s and t) and question 83 has three statements (p, q and r) in Column II, respectively. Any 
given statement in Column I can have correct matching with one or more statement(s) given in Column II. 


80. Column I Column II Column I Column II 
(A) | a,b,c, darein AP, then |(p) jatd>b+e (B) | Ifa), a, a3,...are in AP and (q) a+ 2B = 260 
ay, + as + a0 + a5 + a0 + a4 
(B) | a, b,c, d are in GP, then (q) |ad>bc = 195, 
=a + a + ayg + a3 and 
i 1 
(C) | a, b, c, d are in HP, then (r) fer a>o4 1 B =2 (a3 + do9) — (ag + 447), 
a c then 
(s) |ad<bc (C)} Ifa), a, a,...are in AP and (r) a+ 26 = 220 
a, + a + ag + &r 
a4 + 439 = 225, 
81. Column I Column II OL = dy + ay + doy + thy and 
(A) | Foran AP ay, a, 3, ...,dy.++5 (p) 9 i (a10 + a1) — (as + ane), 
a= >, ao = 16. If a, + a 
2 (s) |}|a-B=S5A,AeET 
+...+ a, =110, then ‘7’ equals 
(t) |at+P=I5u,uel 
(B) | The interior angles of a convex (q) 10 
non-equiangular polygon of 9 sides 83. Column I Column II 
are in AP. The least positive integer 
that limits the upper value of the (A) | If 4a* + 9b? + 16° (p) AP 
common difference between the = 2 (3ab + 6bc + 4ca), where a, b, c 
measures of the angles in degrees is are non-zero numbers, then a, b, care 
in 
(C) | For an increasing GP, (r) 11 
Ay, Ady Uyy vey Ups 005 (B) | If 17a? + 136° + 5¢ (q) GP 
— mod) eae iain = (3ab + 15bc + Sca), where 
if dy + ds + a+... + a, = 1016, then a, b, care non-zero numbers, then 
n equals a, b, care in 
(s) 12 ) Ifa’ + 9b" + 25¢ (r) HP 
= abe(*2 + 2 + 3) ,where a, b, care 
82. Column I Column II a be 
- bers, then a, b, i 
is lit hous a: caeinme und ) a= 28 non-zero numbers, then a, b, care in 
a+ agt+ a7 + ay4tay7 t+ (D) | If (a? + 6? + )p* — 2p (ab+ be + ca) 
aces Ciiscwae + (a + b+ 7) <0, where a, b,c p 
B= 2 (do + ae (a; iti are non-zero numbers, then a, b, care 
then a 
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Sequences and Series Exercise 6: 


Statement | and II Type Questions 


= Directions (Q. Nos. 84 to 90) are Assertion-Reason type 
questions. Each of these questions contains two 
statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these questions also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below. 
(a) Statement-1 is true, Statement-2 is true; Statement-2 

is a correct explanation for Statement-1 

Statement-1 is true, Statement-2 is true; Statement-2 

is not a correct explanation for Statement-1 

(c) Statement] is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


84. Statement 1 4, 8, 16 are in GP and 12, 16, 24 are in HP. 


Statement 2 If middle term is added in three 
consecutive terms of a GP, resultant will be in HP. 


(b) 


85. Statement 1 If the nth term of a series is 2n° +3n” — 4, 
then the second order differences must be an AP. 
Statement 2 Ifnthterm ofa series isa polynomial of 
degree m, then mth order differences of series are constant. 

86. Statement 1 The sum of the products of numbers 


t+ a,,ta,,+43,...,a, taken two at a time is -Sa7. 
i=l 


87. 


88. 


89. 


90. 


Statement 2 The sum of products of numbers aj, a2, a3, 
..., a, taken two at a time is denoted by y SY aja;. 

1<i<j<n 
Statement 1 a+b+c=18(a,),c >0), then the 
maximum value of abc is 216. 


Statement 2 Maximum value occurs when a= b=c 


Statement 1 If 4a” + 9b? + 16c* =2(3ab + 6be + 4ca), 
where a, b, c are non-zero real numbers, then a, b, c are in 
GP. 

Statement-2 If(a,—a,)* +(a, —a3)* +(a3 —a,)” =0, 
then a, = dy = 43, V a), a, a3 ER. 

Statement 1 Ifaand bbe two positive numbers, where 
a>band 4x GM= 5x HM for the numbers. Then, a= 4b. 
Statement 2 (AM) (HM) = (GM)? is true for positive 


numbers. 


Statement1 The difference between the sum of the first 
100 even natural numbers and the sum of the first 100 
odd natural numbers is 100. 

Statement 2 The difference between the sum of the 
first n even natural numbers and sum of the first n odd 
natural numbers is n. 


Sequences and Series Exercise 7: 


Subjective Type Questions 


= In this section, there are 24 subjective questions. 

91. The p th, (2p) th and (4p) th terms of an AP, are in GP, 
then find the common ratio of GP. 

92. Find the sum of n terms of the series 
(a+b)+(a? +ab+b*)+(a? +a°b+ab? +b*)+..., 
where a#1,b#1landa#b. 

93. The sequence of odd natural numbers is divided into 
groups 1; 3, 5; 7, 9, 11; ... and so on. Show that the sum of 
the numbers in nth group is n°. 

94. Let a,b,c are respectively the sums of the first n terms, 
the next n terms and the next n terms of a GP. Show that 
a, b,c are in GP. 

95. If the first four terms of an arithmetic sequence are 
a, 2a, b and (a — 6 — b) for some numbers a and J, find the 
sum of the first 100 terms of the sequence. 


t. ta n° 
96. If — + — +— +... upto o = —, find 
v2? 2 6 
m <1 1 1 
(i) —+—+— +... upto 
i Be Re 


97. 


98. 


99. 


100. 


= 1 1 1 
(ii) 1 - — + — —-—— +... upto 
2 2 2 
2 3 4 
If the arithmetic mean of a,,a,,43,...,a, isaand 
b,, by, b3,..., b, have the arithmetic mean b and 


a; + b; =1fori=1,2,3,...,n, prove that 


> Gi —a)’+ ye = nab 


i=1 i=1 


If a), a2, a3,...is an arithmetic progression with common 


difference 1 and a, + a, +. a3 +...+ og = 137, then find 
the value of a, + a4 +6 +... + dog. 


n 
Ift, =1,t, —t,-7=2'-*,7r 22, find ¥t,. 


r=1 


Prove that I,, I,, I3,... form an AP, if 


: : 2 
(i) he (i sin 2nx ee Gj ie [" (= =) ro 


0 sin x 0 sin x 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


Consider the sequence $=7+13+21+31+... 


the value of Ty. 


iy iy cy 
Find value of( +4) +) x27 4—] 4.4) x7 4—]. 
x x? x” 


If a,, be the mth term of an AP, show that 


+ T,,, find 


2 2 2 2 2 2 n 2 2 
@y— a, +a3 —ag+...+03,-1 —43,= oan Qin )- 


If three unequal numbers are in HP and their squares are 
in AP, show that they are in the ratio 


1+ V73:-2:1- V3 or1— V3:-2:14 3. 


If a,, a2, 43,...,a, are in AP with a, =0, prove that 
a a a qd) 1 1 
34-4 4...4—" -a, +—+...4 
a, a3 Gn -1 a, a3 an -2 
— An-1 ag 
a2 Qn -1 


Balls are arranged in rows to form an equilateral triangle. 
The first row consists of one ball, the second row of two 
balls and so on. If 669 more balls are added, then all the 
balls can be arranged in the shape of a square and each of 
the sides, then contains 8 balls less than each side of the 
triangle. Determine the initial number of balls. 


If8,,05,03,..., 
is d, then show that 


sind {sec 8, sec 8, +sec 0, sec 03 + 
+sec 8, _,sec 6,}=tanO, 


0,, are in AP whose common difference 


— tan @,. 


108. 


109. 


110. 


111. 


112. 


113. 


114. 
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Show that, 
(45) 0457045 045.0045? } 
a2 = any 
4 
n ott 
Evaluate S = ———— (where a> }). 
n=0 (a? + 1) 


Find the sum to infinite terms of the series 


al tl are al eee 
tan} —|+tan77} = |+...4 tan7!} —*—__] + 
3 9 1422-1 


Find the sum to n terms, whose nth term is 
tan [a +(n —1)B] tan (@ + nf). 
n 
1 
" (n+ 1)(n + 2)( n + 3), find x — 
"8 “~T 
If S,,S.,53 denote the sum of n terms of 3 arithmetic 


series whose first terms are unity and their common 
difference are in HP, prove that 


_ 2535; = SS —S, S3 
cosas. 


Three friends whose ages form a GP divide a certain 
sum of money in proportion to their ages. If they do that 
three years later, when the youngest is half the age of 
the oldest, then he will receive € 105 more than he gets 
now and the middle friend will get ¥ 15 more than he 
gets now. Find the ages of the friends. 


Sequences and Series Exercise 8: 
Questions Asked in Previous 13 Year's Exam 


= This section contains questions asked in IIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 to 
year 2017. 


115. 


116. 


If a, b,c are in AP and |a|,|b|,|c|<1and 
x=1tata’ +...¢0 
yHltbth’? +...40 
z=1l+cte’ +...+0 


Then, x, y,z will be in 
(a) AP (b) GP 
(d) None of these 


2 3 n 
ita, =3-(3) +(2) -.4a""(3) aga 
4 4 4 4 


b, =1-a,,, then find the least natural number ny such 
that b, >a,,Vn=nNo.- [IIT-JEE 2006, 6M] 


[AIEEE 2005, 3M] 
(c) HP 


117. 


118. 


Let a,, a2, @3,... be terms are in AP, if 


a, +a, +...+a 7 a 

a p? ,p #q, then — equals 

Pay tatty, ¢ ayy 

[AIEEE 2006, 4.5M] 

41 7 

(a) — (b) — 
11 2 
2 11 

c) — d) — 

(c) 5 ( PF 

If a}, @2,...,@, are in HP, then the expression 


aay +a, a3 +... 
(a) n(@ ~ ay) 

(b) (n — 1) (@ — a,) 
(c) naa, 


(d) (n — 1) aa, 


+a, 1a, isequalto [AIEEE 2006, 6M] 
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119. Let V, denotes the sum of the first r terms of an 
arithmetic progression whose first term is r and the 
common difference is (2r — 1). Let T, = V,,, — V, —2and 
O2eT. a, = 7. eer Si... [lIT-JEE 2007, 4+4+4M] 

(i) The sum V, + V, +... + V, is 


(a) n(n +1) Gn? —n+1) 

(b) = n(n +1) Gn? + n +2) 
12 

(c) sn en® —n+1) 


(d) ; (2n? —2n +3) 


(ii) T. is always 

(a) an odd number (b) an even number 
(c) a prime number (d) a composite number 
(iii) Which one of the following is a correct statement? 

(a) Q,, Q., Qs, ... are in AP with common difference 5 

(b) Q,, Qo, Q3, ... are in AP with common difference 6 

(c) Q,, Qo, Q3,... are in AP with common difference 11 

( 


d) Q =Q, = Q3 =... 


120. Let A,,G,, H, denote the arithmetic, geometric and 


harmonic means respectively, of two distinct positive 
numbers. For n 2 2, let A,,_,,G, _, and H,,_, has 
arithmetic, geometric and harmonic means as 


A,; Gn, Hy, respectively. [IIT-JEE 2007, 4+4+4M] 


(i) Which one of the following statement is correct? 

(a) G >Gy >G3>... (b) G <G,<G3<... 
(c) G =G, =G, =... 
(d) G, <G, <G, <...andG, >G, >G, >... 

(ii) Which of the following statement is correct? 
(a) A, > A, > Aj >... 
(b) Ay < Ay < Aj <... 
(c) A; > Aj > As >... and A, < Ay < Ag <... 
(d) A, < A; < A, <...and A, > Ay >A, >... 

(iii) Which of the following statement is correct? 
(a) H, > H, > H; >... 
(b) H, < H, < H; <... 
(c) H, > H; > H; >...and H, < Hy < Hy <... 
(d) H, <H;< H, <...and H, > H, > H, >... 

121. If a geometric progression consisting of positive terms, 


each term equals the sum of the next two terms, then 


the common ratio of this progression equals 
[AIEEE 2007, 3M] 


(a) (V5) 
(c) v5 


1 
(b) 55 
(5 = 


122. Suppose four distinct positive numbers a, a2, a3, a4 are 
in GP. Let b, =a,,b, =b, + a,,b3 =b, +a, 
and b, =b, + ay. 
Statement 1 The numbers ),, b,, b3, b, are neither in 
AP nor in GP. 
Statement 2 The numbers J,, b,,b3,,b, are in HP. 
[IIT-JEE 2008, 3M] 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


123. The first two terms of a geometric progression add upto 
12 the sum of the third and the fourth terms is 48, if the 
terms of the geometric progression are alternately 
positive and negative, then the first term is 

[AIEEE 2008, 3M] 

(d) -4 

124, If the sum of first n terms of an AP is cn”, then the sum 
of squares of these n terms is [IIT-JEE 2009, 3M] 


(a) - 12 (b) 12 (c) 4 


(4n? —1)c? n(4n* +1) c? 

(a) (b) ——.—— 
6 3 

n(4n” —1)c” n(4n* +1) c? 

(c) a a 


125. The sum to infinity of the series 


1+-+—+—+4+— 4...is [AIEEE 2009, 4M] 


(a) 6 (b) 2 () 3 (d) 4 
126. Let S,,k =1,2,...,100, denote the sum of the infinite 


-1 
and common 


geometric series whose first term is 


2 100 


+ S|(k?-3k +1) S; lis 
k=2 


. . 1 
ratio is —. Then, the value of 


00! 

[IIT-JEE 2010, 3M] 
127. Let a,, a2, 43,..., a), be real numbers satisfying 
ad, = 15,27 — 2a, >Oand a, = 2a, _1 — ay — 2 for 

Cre a ae ee 


11 


k =3,4,...,11. If = 90, then the value 


ay + Ag +... Ay 


of 


is equal to 
11 [IIT-JEE 2010, 3M] 


128. A person is to count 4500 currency notes. Let a, denotes 


the number of notes he counts in the nth minute. If 

Gy, = Gy =...= yy =150 and ayo, ay;,... are in AP with 
common difference — 2, then the time taken by him to 
count all notes is [AIEEE 2010, 8M] 
(a) 34 min 
(c) 135 min 


(b) 125 min 
(d) 24 min 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


The minimum value of the sum of real numbers 
5-4 


a,a *,3a °,1,a° anda’ with a> Ois [IIT-JEE 2011, 4M] 


A man saves % 200 in each of the first three months of 
his service. In each of the subsequent months his saving 
increases by % 40 more than the saving of immediately 
previous month. His total saving from the start of 
service will be = 11040 after [AIEEE 2011, 4M (Paper 1)] 
(a) 19 months (b) 20 months 
(c) 21 months (d) 18 months 

100 
Let a, be the nth term of an AP, if Sao, =a and 


r=1 
100 


Sa oy -1 =f, then the common difference of the AP is 
[AIEEE 2011, 4M (Paper II)] 


r=1 


a-B 

(a) 20, (b) a—B 
a- 

(c) ea (d)B- a 


If a,, dz, @3,...be in harmonic progression with a, =5 and 
Ay, =25. The least positive integer n for which a, <0is 
(a) 22 (b) 23 [IIT-JEE 2012, 3M] 
(c) 24 (d) 25 


Statement 1 The sum of the series 
1+(14+24+4)+(44+6+9)+(9 +12 +4 16) 
+... + (361+ 380 + 400) is 8000. 


n 
Statement 2 Sik —~(k—1)?)=n? for any natural 
k=1 
number n. [AIEEE 2012, 4M] 
(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 
(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 
(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


If 100 times the 100th term of an AP with non-zero 
common difference equals the 50 times its 50th term, 
then the 150th term of this AP is [AIEEE 2012, 4M] 
(a) 150 times its 50th term (b) 150 

(d) -150 


(c) zero 


If x, y, z are in AP and tan! x, tan”! y, tan! zare also 


in AP, then [JEE Main 2013, 4M] 
(a) 2x =3y =6z (b) 6x =3y =2z 
(c) 6x = 4y =3z (d)x=y=z 


The sum of first 20 terms of the sequence 0.7, 0.77, 0.777, ..., 
is [JEE Main 2013, 4M] 


(a) 29 - 10°) (6) 2079 + 10) 
9 81 


7 7 
(179 — 10°) 


7 —20 
(c) a +10") (d) a 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


144, 


145. 


146. 
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is k(k +1) 
LetS, = )'(-1) ? 
k=1 

(b) 1088 


-k*, then S, can take value(s) 
[JEE Advanced 2013, 4M] 
(d) 1332 


(a) 1056 (c) 1120 


A pack contains n cards numbered from 1 to n. Two 
consecutive numbered cards are removed from the pack 
and the sum of the numbers on the remaining cards is 
1224. If the smaller of the numbers on the removed cards 
is k, then k — 20 is equal to [JEE Advanced 2013, 4M] 


If(10)” + 2(11)'(10)® + 3(11)7(10)’ +. 
= k(10)’, then k is equal to 


+ (10)(11)? 


[JEE Main 2014, 4M] 


121 441 

100 b) 110 iC): d) —— 

(a) (b) (c) 0 (d) 00 
Three positive numbers form an increasing GP. If the 


middle terms in this GP is doubled, the new numbers are 
in AP. Then, the common ratio of the GP is 

[JEE Main 2014, 4M] 
(a)2-V3 (b) 2+ V3 (c) V2 4+-V3 (3 4+ V2 


ee b. : 
Let a, b, c be positive integers such that — is an integer. If 
a 
a, b,c are in geometric progression and the arithmetic 
2 

. a +a-14, 

mean of a, b,c is b + 2, the value of —————— is 
at+1 


[JEE Advanced 2014, 3M] 


The sum of first 9 terms of the series 
3 


i? i 49° 14973 

+ + + 1s 
1 1+3 14+3+5 [JEE Main 2015, 4M] 
(a) 192 (b) 71 (c) 96 (d) 142 


If mis the AM of two distinct real numbers / and n 
(ln >1)andG,, G, and Gz; are three geometric means 
between / and n, then G} +2G3 + G equals 

[JEE Main 2015, 4M] 
(a) 41°m?n? 


(c) 4lm’n 


(b) 41’mn 
(d) 4Imn? 


Suppose that all the terms of an arithmetic progression 
(AP) are natural numbers. If the ratio of the sum of the first 
seven terms to the sum of the first eleven terms is6:11and 
the seventh term lies between 130 and 140, then the 
common difference of this AP is [JEE Main 2015, 4M] 


If the 2nd, 5th and 9th terms of a non-eustant AP are in 
GP, then the common ratio of this GP is 
[JEE Main 2016, 4M] 


(d) re 


(a) 1 (b) 7 (c) : 


If the sum of the first ten terms of the series 


2 2 2 2 
(22) +(22) +(2] vat a(44) pate” aa these 
3) 5 5 A) 5 


m equal to [JEE Main 2016, 4M] 
(a) 100 (d) 101 


(b) 99 (c) 102 
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147. Let b; > 1 for i= 1,2,...,101. Suppose log, by, log, be, 148. For any three positive real numbers a, b and c, 


log, b3,..., log, b,9, are in Arithmetic Progression (AP) ‘ P 3 
with the common difference log, 2. Suppose 9 (25a + bY )+25(c" — 3ac) = 15b (3a + c). Then 
Ay, A2,43,..., 9; are in AP. Such that, a, = b, and DEF Main 2007 5:4M 


(a) a, b and c are in GP 
(b) b, c and a are in GP 
(c) b, cand a are in AP 
(d) a, b and c are in AP 


a5, =b.,.Ift=b, +b, +...+b5, and 

S=a, +a, +...+4s5,, then [JEE Advanced 2016, 3M] 
(b) s >t and ayo, < dio, 

(d)s <tand ajo, < dio, 


(a)s >tand ajo; > Dio; 
(c)s <tand ajo; > Dio; 


Answers 


Exercise for Session 1 


1. (c) 2. (d) 3. (b) 4. (c) 5. (a) 31. (a,c) 32.(b,d) 33. (b,c) 334. (a,b) 35. (c,d) 36. (a,c,d) 
37. (a,d) 38. (a,b,c) 39. (a,c)  40.(b,c) 41. (a,c) 42. (c,d) 
Exercise for Session 2 43. (b,c) 44.(a,c) 45. (ad) 
1. (b) 2. (a) 3. (a) 4.(b)  5.(c) —-6.(c) 46.(c) 47. (d) 48.(a)  49.(a)  50.(a) 51. (b) 
: : 52.(a) 53. (c) 54.(b)  55.(d) 56. (b) 57. (c) 
Exercise for Session 3 58.(c) 59%.(b)  60.(d) —61.(d)_—s«62.(b)_—«63. (A) 
1. (b) 2.(d) 3. (b) 4.(c) 5.) 64.(a) 65.(b)  66.(b) —-67. (a) _—«68.(b) 69. (c) 
Pxerciee far Sevsiond 70.(3) 71. (5) 72.(8) 73.(4) -74.(2) 75.7) 
1. (c) 2. (c) 3. (c) 4. (d) 5.(a) 6. (a) shies ane ) a : mt) 
80.(A)>G@,s); (B)>@,n; (C)>@, gq) 
Exercise for Session 5 81. (A) >(); (B) >(p): (C) >(q) 
1.(c) 2. (a) 3. (a) 4.(c) 5.(b)  6.(b) 82. (A) —+(p.18,1); (B) > (p.4,8,0); (C) > (08,0) 
7. (b) 8. (b) 9. (a) 10. (b) 83. (A) >); (B) >(p); (C) >(@); (D) >(q) 
84.(a) 85. (a) 86.(b) 87.(a) 88. (d)_—-89. (c) 
Exercise for Session 6 90. (a) 
1. (b) 2. (d) 3. (b) 4.(c) 5. (a) 6. (a) 91.2. oy, 2. Je (ee) ee) 
7. (a) 8. (c) 9. (b) 10. (c) (a-b)| (l-a) (1 - b) 
2: 2 
Exercise for Session 7 95. — 5050 96. (i) = (ii) a 98. 93 
7 6 . [ arth) oe 99.2"*1_y»-2 101.5113 
: , 102, 0-2"), G-2™) , 3x-x%), 30-2”) 
Exercise for Session 8 thea x™d-x) (-x)  x"(l-x) 
1. (c) 2. (c) 3. (b) 4. (a) 5.(c) 6. (b) er ioc! 
7. (c) 8. (d) 9.(a) 10. (a) a=1 
Exercise for Session 9 = 29 tanB 
1. (d) 2. (c) 3. (d) 4. (a) 5. (b) 110. ri a7 ee a 
tan 
7. (c) 
12, "@*3) 44, 12,18, 27 115. (c) 
Chapter Exercises 2 (n+ I) (mt 2) 
116.(7) 117.(d) 118. (d)_—_-119. (i) (b), (ii) (A), (iti) (b) 
ney 2) hs re ee, 120. (i) (c), (ii) (a), (iii) (b) 121. (d) 122. (©) 123. (a) 124. (c) 
70) &@) (a) -10.(c)_— AN (a)— 12. (0) 125.(c) 126.(3) 127.(0) 128.(a) 129.(8) 130. (c) 
13.(d) 14. (a) 15. (a) 16.(c) 17.(a) 18. (b) 131.(c) 132.(d)  133.(a) 134.(c) 135.(d) 136. (b) 
19.(a)  20.(d) 24. (c) ~—-22.(c) ~—-23. (c)_~—2.4. (b) 137. (ad) 138.(5) 139.(a) 140. (b)_— 141. (4) 142. (c) 
25.(a) 26. (a) 27.(a) 28. (c)~—-29. (b) ~— 30. (c) 143.(c) 144.(a) 145.(d) 146. (d)_—-147.(b) ‘148. (c) 


olutio 


1.00%, y, z are in HP. 


z = a are in AP. 
x yz 
1 1 1 1 : 
ee (i) 
x y y Zz 
ve = : =a [say] 
Weve TT . 
y Zz 
vex = : =b [say] 
Verve Ly 7 
Zz i 
{xy 1 é 
and = =c [say] 
xtyy 1, 1 
eh 
1 1 
1 x 1 1 nl 1 1 1 
a-b_y vz vz Vx x y_a 
be 1 1 i ae 
i i ae 3 
de a oe ay 
[from Eq. (i)] 
Hence, v2 vax Vx are in AP. 


Ge de ded 
2. * dy, Qo, 43, ...are in HP. 
1 1 


From Eq. (i), —, —, —, ...are also in AP. 


A+ f at+f, at fs 
a4 ad a 


> ,...are also in AP. 


Subtracting from each term by 1, we get 


A fe fs ...are also in AP. 
a a2 a3 

1 1 
—,—, — ,...are in AP 

Ol, Oly Os 


Ql, Oz, O3,...are in HP. 
2% 2% 9% 3 are not in AP/GP/HP. 


[say] 


AL, _ LM, a 


= LM = 
AB BC eed 
2 
Similarly, L,M, = : 
r+i 
3 
13M = : 
n+1 
ae na 
n+l 
LM, + L,M, + ...+ L,M, 


a 
= (Q+2+3+...+n) 
(n + 1) 
_ a n(n+1)_ na 
(nt+1) 2 2 


* S, =14+ 22 + 3334+... + nnnn...n 
ala EELS, 


n terms 


Sn —Sp-1 =nnnn...n=n(111...1) 


n times n times 
=n(10"-*4+10"-7 +...4 10+ joe te=) 
10-1 
- 9(S, —Sy—1) =n (10" — 1) 
. Given that a, b, c are in GP. 
Then, b* =ac (i) 
and equations ax” + 2bx + c =0 
anddx® + 2ex + f = 0 have a common root. .(A) 
Now, ax’ + 2bx +c=0 
> ax® + 2Jac x+c=0 [ by Eq. (i)] 
> (Jax+ Vc)? =0 = Vax+-Jc =0 
> x=- = [repeated] 
By the condition (A), - a be the root of dx* — 2ex + f=0 


So, it satisfy the equation 


eee 


d d 2 
an de 9,404 poo ap a, 
a Va a vac c 
d 2 
= fad a6 +L-2(£| 
a Db c ac b 
d 
6 2 TP seine 
abe 
de 3. J. 15) 
*S,=-+—+-+—+...nup to terms 
2 4 8 16 
1 


fe ape 
(-Iol-d obs 
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—-Tr 


[sy sum GP,S, = 20=7) ito <r< | 


1 - 
=n-1l+—=n-1+2 


7. Let triangle be the area of APOR. 


A= - xpxh [h,, ho, hg are altitudes] 
= aie Ai) 
P 
Similarly, hy = is (ii) 
q 
and h, = ci ...(iii) 
r 
According to the question, sin P, sin Q, sin R are in AP. 
Then, kp, kq, kr are in AP [by sine rule] 


=> p.qrare in AP. 


2A 2A 2A 
—,—, — are in AP. 


hy hy Ay [ by Eqs. (i), (ii) and (iii)] 


1 1 
—,—,— are in AP. 
hy hy hy 


= h, ho, h; are in HP. 
=> Altitudes are in HP. 
8. Given that, a), ay, ..., dj) be in AP. 
Let d be the common difference of AP. 
Ayo — 
10-1 


d= [given that, a, = h, =2 and ay = hy =3] 


f=" 
9 


3 1 7 
aQ4 =a,+3d=2+—=24+—-=- 
9 3. 3 
Now, i, hy,..., yy be in HP. 


So, common difference of respective AP. 


11141 
D hyo h_ 3 2_ 7! = 
10-1 9 9x6 54 
1 1 1 1 =] 1 1 
So, — +6D = of )- 
h h A, 2 54 2 9 
1 7 18 
— = >h=— 
h, 18 
7. 18 
So, a,h, =— X — =6 
2 OF 
m1 —sin2 m1 —sin2 
Oi 2 f sin 2nx ae pe = nx re 
9 1—cos 2x o 2sin“ x 
> Iret & Iper 2h, 
[1 -—sin2(n+1)x+1-sin2(n-1)x-2 
1 p= + 2 sin 2n 
= f in 2nx] . dx 
2 0 sin“ x 


1 (i [sin 2nx — sin 2 (n+ 1) x]+ [sin 2nx — sin 2 (n —1) x] dx 


2 70 sin? x 

1 (gz cos (2n + 1) x sin(x)+ 2 cos (2n —1) x sin x d 
= x 

270 sin’ x 


= (i sin x [cos (2n — 1) x — cos (2n + 1) x] 


2 
0 sin” x 


dx 


m2 sin 2nx sin x T 2 
=| a de =2 | sin 2nx dx = — [- cos 2nx]f 
0 sin x 0 2n 


=a =ij0 
n 


Ina41 + In-1 = 21h 
= I[,-1+ In, I,+41 are in AP. 
I, I,, I3,...are in AP. 
10. Given that, 
a(b—c) x*° + b(c—-a) xy +c(a—b) y? is perfect square. 
b* (c — a)’ = 4a (b —c)-c (a —b) 
= b?(c—a) = 4ac (a —b)(b -c) 
= [a(b-c)+c(a—b)} = 4ac (a—b)(b —c) 
[. a(b-—c)+ b(c-—a)+c(a-—b)=0] 


= [a(b-c)-c(a—-b)]? =0 

=> a(b—c)—c(a—b) =0 

=> ab-ac-—ca+be=0 = b(a+c)=2ac 
2ac 

=> b= 
a+b 


= a,b,care in HP. 


1 1) 
11. Let s=1+2(1-+)+3(1-+) +... +00 


n 


(s-2en(d ead) ee 


> 2-1. [s.= : by 
moa [: > +) LP 
n 
=> sa" 
Z 
n 
=> S=n* 
12. -. log; 2, log; (2% —5) and log, (2" - :) are in AP. (i) 


7 
For defined, 2* —5 > 0 and2* — A >0 
2* >5 (ii) 


From Eq. (i), 2,2 —5,2* — : are in GP. 


(2* —5)° =2-(2" -2) 


2 
=> 2?* — 12.2% +32=0 
=> (2* —8) (2% —4)=0 
2” =8,4 
=> 2* =8 =27,2* #4 [fromEq,. (ii)] 
x=3 


13. -. a, b,c are positive prime numbers. 


Let Va, Vb, Vc are 3 terms of AP. [not necessarily consecutive] 


Then, Va=A+(p-1)D ...(i) 
Vb =A+(q-1)D ...ii) 
ve =A+(r—-1)D ...(iii) 

[A and D be the first term and common difference of AP] 
Va —- Vb =(p—q)D ..(iv) 
Vb —Je =(q-r)D Vv) 
ve -Va =(r- p)D ...(vi) 
On dividing Eq. (iv) by Eq. (v), we get 
gawk ae .. (vii) 


Since, p, g, r are natural numbers and a, b, c are positive prime 
numbers, so 
Eq. (vii) does not hold. 


So, Va, Vb and Vc cannot be the 3 terms of AP. 
[not necessarily consecutive] 
Similarly, we can show that Va : vb, ve cannot be any 3 terms 
of GP and HP. 
14. Given that n is an odd integer greater than or equal to 1. 
S, =m —(n—-1)? + (n—-2)° -...4+(-1" 13 


=19-23 +...4+4(n-2) —(n-1)? +? 


[not necessarily, consecutive] 


['" nis odd integer, so (n — 1) is even integer] 


n 
=(19 +23 4 ...4 ni)-2-28 (P4244 terms 
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nt (mt 4)] 
[29] 16- 2 2 
2 


7 n(nt1)2 4(n—-1)2(n +1)" z (n+ 1)* in? (n -1)] 


4 16 4 
2 2 
(n = ea yale 1) 


15. Let the sides of right angled triangle be 
@=A).a@4d\a>d). 
A 


(a -d) (a + 6) 


B C 


By Pythagoras theorem, 
(a+d)’ =a’ +(a-d) 


a’ +d’ +2ad =a* +a’ +d’ -2ad 


a’ = 4ad 
a=4d [since a # 0] ...(i) 
4d 4 
According to the question, sin A = ou" 
at+d 5d 5 
es aa? 
atd 5d 5 


16. T; =2 


Let d be common difference of AP and a be the first term of 


Ty =2 
=> a+5d=2 «:(i) 
Let A = a04a5 


A=a(a+3d)(a+ 4d) 

[using T,, =a + (n — 1) d and from Eq. (i) a =2 —5d ] 
A =(2 —5d) (2 — 2d) (2-d) 
A =8 —32d + 34d” — 10d? 


For max and min values of A, - =0 


— 30d? + 68d -32=0 = 15d* —34d + 16 =0 
15d” —(24d + 10d) + 16 =0 
15d* — 24d -10d + 16 =0 
3d (5d —8) —2(5d —8) =0 

(5d —8) (3d —2) =0 


yee or éee 
5 3 
2 
For Pe ace! 
3 dd’ 
; 2 
So, A is least ee 
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17. Given, common difference # 0 


S3n = San — S3n 
=> 2-San = San [let S, = Pn? + On] 
=> 2-[PGn)? + O3n)] = P (4n)? + O(4n) 
=> 2Pn* +2Qn=0 
or Q=-nP ...(i) 
Sin P(2n)* + Q(2n) 


[P(4n)? + Q(4n)] — [P(2n)? + Q(2n)] 
_ 2n (2nP + Q) > 2nP + Q 
12 Pn? +2nQ 6nP+Q 
7 ae = : [from Eq. (i)] 
18. Let f(x) =(x —1) (x —2)(x -3)...(x —n) 
=x" — Sx") + Sax? =. + (-1)" (1-23...) 


So, coefficient of x"~* in f(x) =S, =(1-2+1-3+...) 


= Sum of product of first n natural number taken 2 at time 


=F [+2 tn)? 


1 {ze a n(n +1) (2n +1) 
“2 2 6 


ieee +t) 
7 2 3 


(7°42? 4...4n°)] 


2 2 
_1 n(n+1) 3n” + 3n—4n—-2 
2 2 6 


_n(nt 1) Gn? —n—2)_ n(n +1) (n+ 2)(n-1) 
7 24 7 24 
_ n(n? —1) Bn + 2) 
7 24 
19. If last term of nth row is T,,, then 
Let S=1+5+11+19+...+ 7, 
S= 14+5411+...+3,_,+ ] 


0=1+4+6+8+...+nterms — T, 


T, =1+2(2+3+4+...4(n —-1) terms) 
-1 
=14 292 p24 (n-2)-1] 
=1+(n-1)(n+ 2) 
=1l+n?+n-2 
> T, =n? +n-1 
Too = (60)" + 60 — 1 =3600 + 59 = 3659 
100 
20. Given that, > Ay, = O 


r=1 
=> A+ agt+...+ Ag =a ...(i) 
100 


and ¥ a1 =B 
r=1 


=> a tazt...+ Ao =f 


On subtracting Eq. (ii) from Eq. (i), we get 
(az — a) + (aq — 43) + ...+ (200 — A199) = & —B 
d+d+...up to 100 terms =a—-6 
[beacause a, be the nth term of AP with common difference d | 
100d=a-f 
gate! 
100 


21. Given that, a, a, a3, a4, a; are in HP. 


> = = - =d [say] 
dg G@ 43 Gy Gy, @3 Gs ay 
a, —-a,=a4a,d => a,-—a;=a,a,d 
a; —Q,=a,a,d => a, —as =a,a-d 
On adding all, we get 
ees 
AA + a2,a3 + a3A4 + ayas = aca ads =4aa, 
22. (1+ a)(1+b)(+c)(1+d) 
=1lt+at+b+c+d+ab+act+ad+bet+bd+cd 
+ abc + abd + cda + cdb + abcd [16 terms] 
AM=> GM 
(lt+aj)+b)Q+c)(1+d) > (a®b®c8q 8) 
16 
=(abcd)"? = (1)? =1 [: abcd = 1] 
mr (i+ a)(i+b)(+c)(1+d) ~ 
16 
> aQtaj)i+b)a+c)+d)=16 
“. Minimum value of (1 + a) (1 + b)(1 + c)(1 + d) is 16. 
23. °. a, b,c are in AP. 
: 2b=at+c ...(i) 


(a + 2b —c)(2b+c-a)(c+a-—b) 
=(at+ta+c-c)(at+ct+c-—a)(2b-b) 
= (2a) (2c) (b) = 4abe 

N=4 


24. a), dy,..., d, are in GP with first term a and common ratio r. 


Now, 


[from Eq. (i)] 


aa a,a Gn —1 An . 
Spas tS tee tS , ...(i) 
Gq —a, a,— 43 Qn -1 — An 
(n —1) times 
Gn -1 Qn -1 An 
Qn —1 — An (Qn —1 — Gy) (Qn —1 + Gn) 


1 


c - | [i+ 1) 
Qn -1 an 

7 : - [ by GP] 

ganfiet) (Haen . 

. 


_x _ ” r _(a-1)r 
w= dh da) Ger) 


25. According to the question, for AP 
Sto = 455 


a + 9d) = 4° Qa + 4d) bys, = : [2a + (n-1) a)| 


10a + 45d =20a + 40d 
I 
> itessd = 2s 
d 2 
26. -. cos (x —y), cos x, cos (x + y) are in HP. 


2 - + 
ee cos (x — y) cos(x + y) 


cos (x — y) + cos(x + y) 


2 (cos? x — sin® 
> cos x = EGOS AY) 
2 cos x cos y 


2 2 - 2 
= cos" x cos y = cos” x —sin*y 


=> cos’ x(1—cos y) =sin’y 


=(1 + cos y) (1 — cos y) 


=> cos” x =(1 + cos y) 
=> cos” x =2 cos” y 

2 
=> cos” x sec” [) =2 


cos x sec () =+/2 


27. Let 11 AM’s are Aj, Ay, Ay... Ay). 
Given, 28, A), Ay, A3,..., Aj;, 10 are in AP. 
10 — 28 3 
d = — 
12 2 


3 
A; =28 + id =28 - >i 


[1 —cos y # 0] 


It is clear that Aj, Ay, Ay, Ag, Aj are integral AM’s. 


Hence, number of integral AM’s are 5. 
28. -. x, y, z are in GP 
. In x, In y, In z are in AP 


and 2x, 4x, 6x are also in AP. 


By property, 
2x + In x, 4x + In y, 6x + Inz are also in AP. 
1 1 


7 ; are in HP. 
2x+Inx 4x+Iny 6x+Inz 


29. Let A= 


[x,y,z >1] 


[x >1] 


(a* +3a + 1)(b? + 3b +1) (c? + 3c +1) 


abc 


_fa’+3at+1){b°+3b4+1)\(c?+3c41 
a b c 


oon doereeore 


where a, b,c € R*. 


Applying AM = GM ona and = 
a 
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di 1 
a+—-22 5 a+—-4+325 
a b 


1 1 
Similarly, pares => Pea? 
1 1 
and c+-2>2 > c+—-4+325 
c c 
1 1 1 
[a+2+3][o4 2 +3}(c+ +s) 2125 
a b c 
So, A25°5°55 = A2125 


Minimum value of A is 125. 


30. a), az,...are in AP and q, q2, ... are in GP. 


a, = q =2and ayy = qo =3 

Let d be the common diference of AP 
os =2 1 
d =——_ = — 
9 9 


i.e., 


1 8 
Then, GT HI OnE eS 


do =a, + 18d =2 + 18d 


1 36 
=2+18x-=—=4 
9 9 


1/9 
3 
Let r be the common ratio of GP ie., r = (2) 


Then, q7 = qr° =2r° 


8 9 
(a) a7qi9 = a x ri = 12, which is an integer. 


2/3 2/3 
3 3 

b)a =4x2x]— =8] — : 

(b) ayo97 (?) (?) 


which is not an integer. 
8 9 
(c) a7419 = 3 x 2 = 12; doqio = 4X3 = 12 


1 1 1 
31. -a(n)=14+—+—4+...4 
2 2" -1 


E =| (; 1 1 | 
=1+]/—+—]+]—+-—+-+ 
2 3 4 5 6 7 


1 1 i eae | 1 
=1+|-+— +| te 5 + 
2 2°-1 2 5 6 2°-1 
an) <1+1+...+ nterms 

a(n) <n 


uv 


a (100) <100 
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1 1 1 1 1 1 1 
Also, a(n) =1+ +( a )+( icaeeeagee 
a NG ap NS 8 


1 1 1 1 
=14+—-+/ =—+4+—|4|5 
2 2+1 2 2° +1 


1 2 4 
an)>1+—-+—+—+4+...4+ 
2 4 8 


n 


1 n n 
any>(1-5) +2 > er 


. a (200) > 100 
32. 


| | 
! 
1 n 2n-1 
middle term 
In a AP of (2n — 1) terms, nth term =a 
In a GP of (2n — 1) terms, nth term = b 
In a HP of (2n — 1) terms, nth term = c 
a, b, c will be arithmetic mean, geometric mean, harmonic 
mean, respectively. 
So,a>b>candb? =ac 
Tl 
33. 0<0< S 


0 <sin @d<1land0<cos@<1 


x=) cos” @ =1+ cos” > + cos* d+... +0 


n=0 
7 1 socal 
1—cos’ o> sin’ 
F 1 
or sin? 6 =— 
x 
and y=> sin” >=1+4 sin? + sin’ @ +... +0 
n=0 
> 1 —_, A 
1-sin? cos’o 
1 
or cos’ =— 


From Eqs. (i) and (ii), 


‘ 1 1 
sin?) + cos’? =— + — 
x 


1 1 
1=—+- 
x Y 
xy=xty 
and z= >, cos” sin” 
n=0 


=1+ cos’@ sin? + cos’ @ sin’ o +... 


1 


~ 1=sin2 cos’ “4 


xy 


...(i) 


...(ii) 


...(iii) 


__ 1 ; [from Eqs. (i) and (ii)] 


34. 


35. 


36. 


=> gov 

xy-1 
=> xyz=z+xy 
and xyz=zt+xt+y 
ooh ener 
anda’, b,c’ are in HP. 
> b= oes 

a +e 

> b? {a? + c*} =2a°c* 
=> b* {(a + c)* —2ac} = 2a°c" 
=> b® (4b? — 2ac) = 2a°*c? 
=> 2b — ac (b’) —a’c” =0 
> (b® — ac) (2b* + ac) =0 
If b* —ac=0 


a, b, c are in GP. 

But given a, b, c are in AP. 

“. a=b=c 
and if 2b? + ac =0 


then oo b, c are in GP. 


[from Eq. (iii)] 
(i) 


...(ii) 


[from Eq. (i)] 


According to the question, x, x* + 2 and x? + 10 are in GP. 


So, (x? + 2)? = x(x? + 10) 


xi +44 4x? -x' -10x=0 


=> 
=> 4x” 40x + 4=0 
=> 2x" —5x+2=0 
=> 2x* —4x-—x+2=0 
> 2x (x —2)-1(x-2)=0 
> (x —2)(2x -1)=0 
=> eaouhes” 

2 


For x = 2, first 3 terms are 2, 6, 18. 
So, 4th term of GP =2-(3)? =54 


1 19 81 
For x = -, first 3 terms are —, —, —. 
2 24 


8 
3 
1/9 1 29 29 
So, Ty = ( } =—xX u = i 
2X2 2 8 16 


Let n consecutive odd numbers be 
2k + 1,2k + 3,2k+5,...,2k+2n-1 


According to question, sum of these n numbers 


1J=n(2k + n) 


= 7 [ek +1 + 2k + 2n 


=n’ 42kn =(n+ k)? —k? 
Given that, (n+ k)? —k? =25" - 117 
> n+k=25andk =11 
So, first term = 2k + 1 = 23 


Last term = 2k + 2n —-1=22 + 28 —-1=22+427= 


=> n=14andk=11 


49 


36 
> —— 

A 
Given, 90A+5H =918 


36 10 
> 9A4+5xX—=918 = 5A44+—=51 
A A 
=> 5A7-51A+10=0 =(A-10)(5A—1)=0 
1 
A=10,— 
5 


uf 


38. *. f= 
(2n -1) (2n + 1) (2n + 3) (2n + 5) 


a +5) —(2n-1) 
) (2n + 1) (2n + 3) (2n + 5) 


“3a 


i 
= Z —1)(2n + 1) (2n + 3) 


1 
(2n + 1) (2n + 3) (2n + 5| 


say A 1 
~6\14-3:5  (2n +1) (2n + 3) (2n +5) 
1 


_1 6 
90 (2n + 1) (2n + 3) (2n +5) 
al 
~ 6 
and f (n) =(2n + 1) (2n + 3) (2n + 5) 
. f (0) =15 
f (1) =105 
1 1 1 1 640 
and f@)= f(*)=[241}(2 , 3}(=+5]= a 
99. =$=j2— (1 + 2)? + ————__ (14+. 2 +3)? 4+ 
(1 + 3) (1+3+5) 
= : (1+2+3+4+4...n terms)’ 
(1+3+5+7+...n terms) 
a 1 (neeny oe 
[214-12] 2 . 
2 
(a) T; a = =16 
10 n+l 2 10 
&) 50= > ( 2 |s ¥ (a + 2n+1) 


_1(10x11x21 
4 6 

1 505 
“4 


genau 
+10 


(385 + 110 + 10)= 
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1 1 
40. E=>+5+>5t- 


1 


1 


+ 
(2)(3) G) (4) 


S,= 


Let S=34+8+15+..+ To 
S= 34+ 8+4+..+T + Ty 


0=34+5+7+...+19 terms — Ti, 
Tio =3+54+7+...4+ 19 terms 


19 19 
Tyg = — (6 + 18 X2) = — x 42 =399 
2 2 
399 419 439 
Soo = Sel aaa By 
20° 20° 20 


Third element of S.) = se 


1 
ak x 399 + 19 x 20] 


2 
Sum of elements of Sy) = 5 
= 399 + 190 =589 


42. (a) -S= 
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1 1 1 
S<1+1+ + +04 
1-2 12:3 12°3...8 
1 1 1 
S<14+1+—+ bit 
2 22 22 wane 
1 
1-— 
yt 
S<1+ 1 = s<i+a{1-) 
{= — 
2 


1 
S<3-—— ..8<3,Vn 
gna 


1 
Also, S=1414 2 (1 


S>1+1;S5>2 


S is bounded. 
(ie a= 2n+1 
n+2 


3 
For ates =a 


5 
for Ret oag = See 


Now, Gap." > Gyas4 >a, 


*. a, represents the increasing sequence 


1 
an+1 n(2++) 2 
nN = ki ny _ 


[approximate] 


lim a, = lim = lim =—=2 
no noo n+2 => 22 ( 2) 1 
njit+— 
n 
.. {a,} is bounded sequence. 
ive 
(c) *s Gn -(1+2) 
n 
For n=1, a, =2, 
iy 138i 3 ea 
for n=2,a,=|1+-| =|=| = =— =5.06 
2 2 2 16 
1 n’ lim dn? lim n 
lim (1+ 2) Serer ee Se 
no n 


.. {a,} represents unbounded sequence. 


(d) «sa, =tann 
n 5 
a, =nt+—+—n’ +...40 
3 15 


and we know that — © < tan n < co 
So, {a,} is unbounded sequence. 


1 1 1 1 
43.°° a,= + + tut 
n+1 n+2 n+3 3n 
i 1 1 1 
Qn = + +..+ 


1 1 1 1 1 204+15+124+10 
a=> =—+ t +-= 
gai2t+a 3 4 5 6 60 
57 __ 19 
6 20 
1 1 1 
Now, a) 44 — Gy = t Se 
n+2 n+3 3n+3 
1 1 1 
n+1 n+2 3n 
1 1 1 1 
= + + 
3n+1 3n+2 3n+3 nt+1 
1 I 2 


~gne1 3ne2 3Qe44) 
_ 9n? +15n + 6 + 9n” + 12n + 3 — 18n* — 18n — 4 
- (3n + 1) 3n + 2) 3n + 3) 
9n+5 
(3n + 1) Bn + 2) Bn +3) 


S’ = n-1 
x (x -1) ( ) 
2 _— 
=> S= x 7 (x? ) (n 1) x 
(x — 1) (x —1) 
1 2 (n — 1) 
SS + | 
xt} xh 2 x 
> S = [x 42x? + +(n—1) x"~'] 
— 1 [™—1) x" - nx" 44] 
x (x —1)* 


45. Let the AP start with n and common difference d, then 
according to question, 
n+5d =32 
n=32-5d 
and1072 <n+(n+d)+...+(n+ 19d) < 1162 


19 x 20 
1072 <20n + d <1162 


1072 <640 — 100d + 190d < 1162 
432 <90d <522 
48<d<58 
Let d is natural number, so d =5 
n=32-5X5=7 


First term is 7 and common difference is 5. 


Sol. (Q. Nos. 46 to 48) 
8 16 24 
Let S,=—+—+——+ 
5 65 325 


gr 8r 
4r4 +1. (ar? + 2r +1) (2r" -2r + 1) 


(2r* + 2r + 1) —(2r? —2r +1) 
(2r? + 2r +1) (2r? — 2r + 1) 


= 


1 1 
=2 2 2 
2r°—2r+1 ar°+2r+1 


n—- oo n—- oo 
r=1 
a 1 1 
= lim ys 2 7 5 
a A oe i al 2 a a 


=2 lim [ - : J-20 0) =2 


8X7 56 
47. a arene 
4xX7° +1 9605 


8 8 
1 1 
48. Ss=) T-=2 
, Xt yi ar -2r41 2? eer 41 


1 ( 1 } 288 
= 2 1 — 2 1 — 
2(8)? + 2(8) + ; 145) 145 


Sol. (Q. Nos. 4-6) 
Let p and (p + 1) be removed numbers from 1, 2, 3, ... n, then 

Sum of the remaining numbers 
_n(n+t+1) 


~(@p + 1) 
From given condition, 
n(n +1) 
06 3 —(2p + 1) 
4 (n —2) 
> 2n® — 103n — 8p + 206 = 0 


Since, n and p are integers, so n must be even. 
Let n= 2r, we get 
_ 4r? + 103(1—r) 
7 4 
Since, p is an integer, then (1 —r) must be divisible by 4. 
Letr =1+ 4t, we get 
n=2+ 8tand p=16t? -95t+1 


Now, 1<p<n 
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=> 1<16t? -95t+1<8t+2 
=> t=6=>n=50and p =7 
49. Hence, the value of n lies in (41,51). 


50. Hence, removed numbers are 7 and 8. 


50 (50 + 1) 


51. Sum of all numbers = =1275 


Sol. (Q. Nos. 52 to 54) 
Let A= {A — D, A, A + D}; 
According to the question, 
A-D+A+A+D=15 


B={a-d,a,a+d} 


> 3A =15 

=> A=5 

and a-dt+at+at+d=15 

=> a= 5 

and D=1+d 
p=(A-D)A(A+D) 
p=A(A*— D*) 
p=5(25 — D’) 

Similarly, q=5(25—d’) 

Given that, p=7(q-p) 
8p =74q 


From Eqs. (iv) and (v), we get 
8 x5 (25 — D*) =7 x5 (25 -d’) 
200 - 8D* =175 — 7d’ 
25 =8D? —7d? 
25 =8(1+d)* -7d? 
25 =8 + 8d? + 16d —7d? 
17 -d*® -16d =0 
d’+16d 17=0 
(d +17) (d -1)=0 
d=-17ord=1 
d=1 
D=2 
52. p =5 (25 — D’) =5 (25 — 4) =5 (21) =105 
53. q =5 (25 —d*) =5 (25 —1) =120 
54. 7D + 8d =144+8=22 
Sol. (Q. Nos. 55 to 57) 


=> 
=> 


Let a=|4A ar| 


A 
According to the question, = -A- AR = 64 
=> A’ =645A=4 
a 3 
—a-ar=64 >a =64 >a=4 


- 
and R=r+2 
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[from Eq. (iii)] 


[d>0] 


(i) 
...(ii) 
...(iii) 
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pe eRe 
R R 


Ae 16 
=—+A’R+ A? =— + 16R+16 
R R 


a a 
q=—-ata-ar+ar-— 
r r 
a’ 2 2 16 
=—+ar+a°=—+16r+ 16 
r r 


Given that, P 2 
q 2 


(16+16R°+16R)r 3 


So, 5 = 
(16+ 16r° +16r)R 2 
(1+ R’+R)r_ 3 
(itr’+r)R 2 
From Eq. (iii), R=r+2 
- (ltr? +44+4r+r+2)r_ 3 
(l+rtr°)(r+2) 2 
r45r? 4 7r 3 
= 3 2 = 
ro +3r°+3r+2 2 
> re—-r’—5r+6=0 
> (r -2)(r? +r —-3)=0 
-1+ 13 
> r=2orr = ——__ 
2 
So, R=4 


55. p=16[24+R+1]=16[2+441]- en =a 
R 4 4 


1 1 16 
56. g=16(2+r+1)=16(5 +24 1)=28 x7 =8 x7 =56 
tr 


57. r® + R" =(4) + (2)4 =16 + 16 =32 
Sol. (Q. Nos. 58 to 60) 
Given sequence, 1, 3, 6, 10, 15, 21, 28, ... 
where t,=t_,+nVn22 
So, t, =[f_-2t(n-1)]+n 
=t,_3+(n-2)+(n-1)+n 


t= +24+3+..+(n-1)t+n 
t=1+24+3+..+n 


n(n + 1) 
f,= 
2 
50 X51 
58. ts) = = 25 X51=1275 
100 x 101 
59. tho) = —— 5050 
101 x 102 
ho = = 101 X51 =5151 
Number of positive integers lying between fq and t,, 
=5151 —5050 -1 
=101-—1=100 


60. According to the question, (m + 1) is the nth triangular number, 
then 


n(int+l)_ ad 


n> +n—-2(m+1)=0 
—-1+./1+8(m+1) 


n= 
2 
_ 1+ J(m +9) 
2 
—-1+./8m+9—-2m 
n m= 9 


Sol. (Q. Nos. 61 to 63) 
A,, Ag, A, ..., Am are arithmetic means between — 3 and 828. 
(a+b) 
2 


—3 + 288 
=> A Ay bet Ay =m{ 428) 


So, A, + Ay +...+ A, =m 


825 
> 14025 = m| — 
2 
[given that sum of AM’s = 14025] 
=> m=17 x2 
m= 34 «-(i) 


Now, G,, Gy, ..., G, be the GM’s between 1 and 2187. 
GGG, ... G, =(aby"”” 


=> 33 =(1 x 2187)" /2 => 355 =37 /2 
So, 35 al 
2 
n=10 ...(ii) 
61. n=10 [by Eq. (ii)] 
62. m=34 [by Eq. (i)] 
63. G4+G+..4Gertrertitr 
1-7? 
spay eg é eee eS" 
L=7 


I/n+1 Wil 
ore(4 : eS ph 
a 1 


_ gm G37) 
~ 1-371 
( ) 


..{i) Solution (Q. Nos. 64 to 66) 


b? -4, 
a+B= ob =2,0 gt 
a a a 
B C 4B’ — 4AC 
and yto= ,yo=—,y-5= 
A A A 
64. Since, o, B, y are in AP. 
Let B=a+D,y=a+2Dand5=a+3D 
Cha gees Be 
a a 
b : 
or 2a+ D=-— os s(i) 


a 


and y+d= B s0045D= 
A 
From Eqs. (i) and (ii), we get 
s-(-445) orD= + 
a + 
65. Since, © f, y, 6, ... are in GP. 
pamed 
a BY 
a Bo 02? 
ao vy y 8 
= a+B_ ap 
y+d v5 
a 
a a _ a _, dA’ _cA 
BC ats? ac 
A A 
2 
= Hee 8 B? = AC 
aB Cc 
Hence, A, B, C are in GP. 
66. Since, ©, B, y, 6,... are in GP. 
pal 
a B ¥ 
b 
=> ao+B=a+ ar=-— 
a 
=> ee) ee 
a 
2 3 B 
and y+ o=oar + ar? =-— 
A 
> Pr ee ee 
A 
From Eqs. (i) and (ii), we get 
2 Ba 
r=— 
bA 


|aB 
r=,/— 
bA 
Sol. (Q. Nos. 67 to 69) 


Forn>1, we haven+1>n-1 


n+1 (att) 
> >1>p >p 
n- n=—1 
Now, p=atd 
Since, a, p, b, are in AP. 
b-a 
And d= 
n+1 
67. <3 
nel nel 
aes 
68. At = ba 
q a a n+l 
ee _ ab(n+ 1) 
a+bn 


ii) 69. 


70. 


...(ii) 


71. 


[- p> 0] ...(i) 


72. 
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p_{ant+b . a+bn 

q n+1 ab(n+1) 

_a’n+ abn’ + b’n + ab 
ab(n+1)° 


iter oe 


a 
(n+ 1)° 


op nest-2) GEE) 


q (n+ 1)" (n+1)° 


Again, 


P_iso > Psy => pg 
q q 
and (ii), we get 


Z _(2t1) 
¢<?s| | 2 


a, b, c, d are positive real numbers with 


So, ...(iii) 


From Egg. (i) 


a<b<c<d (A) 
According to the question, a, b, c, d are in AP. 
= b=a+ac=a+t+2aandd=at+3a (i) 


ot be the common difference 
and a, b, d are in GP. 
=> b* =ad ...(ii) 
From Eqs. (i) and (ii), we get 
(a+ a)? =a(at+ 3a) 


a’ + a + 2a0 =a’ + 3am 


=> 
2 

=> a =aa 

> a(a-a)=0 

= a=0 or G=a 


a#0by (A), soa=a 
From Eq. (i), b = 2a,c =3a andd = 4a 


ad_a:4a_2 [p 
be 2a-3a 3 \q 


where, p and q are prime numbers. 


So, q=3 
. y (1+ rx) =(1 + x) (1 + 2x) (1 + 3x)...(1 + 110x) 
r=1 


= 4 (x 42x 43x4...+110x) 1% +... 


So, coefficient of x in 
110X111 _ 


Dd) +x) =(142434...4110)= 55x11] 
r= 
= 6105 
Now, A (1 + 10) (1 + 10 + 10°) = A (11) (111) 
=> 4 (111) (11) =6105 = A=5 


Let number of the form palindrome be aBa. 


Now, If «Ba is even, then o may be 2, 4, 6, 8 and B take values 
0.15.25 202, 9's 
So, total number of palindrome (even) = 10 x 4 = 40 
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igi i 1 
To find the sum of all even 3 digit plaindrome = (V2 +1) x? -2x4 -0 
So, sum of number start with 2 V2 +1 
= (200 + 2)x10+(0+142+3+..4+9) x10 = [(/2 +1) x}? -2(v2 +1)x+1=0 
= 2020 + 450 = 2470 = [(v2 +1) x-1P =0 
Sum of number start with 4 = (404) x 10 + 450 ‘ 
Similarly, sum of number start with 6 = (606) x10 + 450 > a ea [repeated] 
Similarly, sum of number start with 8 = (808) x 10 + 450 
.. Total sum = (202 + 404 + 606 + 808) x10 + 450 x 4 So, la a 
= 20200 + 1800 = 22000 fs (x +1)° =2 
=F ao x 75. a, a2, a3, ...are in GP with common ratio r 
On comparing 2* x 5° x 11' with and b,, by, b3,...is also a GP ie. b, =1 
21 x 32 5M x 7 a 14", by = V7 — 4/28 + 1, a, =4/28 
= = = = = = 1 ks 
nm = 4, ny, =3, nz = 0, ny = 0,n5 =1 and y— =p, 
Now, n+ ng + nz +n + ns =8 na® ana 
73. +72 + (6:2? — 4-2) + (6-3 — 4-3) 1 o.oo 
$+ (6-n? — 4-n) = 140 Ge oa ee 
=> 24+6(2°4+3°4+..4n")—4-(224+34... +n) =140 1 1 1 
=> + + +... $00 
+1)(2n-1 V28 28 r 0 4/28 r? 
= 2+6("" yeost) 7 4 2g 28 Y28r 
6 =1+ (4/7 - 4/28 +1) + (V7 — 4/28 +1)? +... 4.00 
+1 
(2-1) = 140 1 
2 = 428 _ 1 
= 24+n(n+1)(2n+1)—6—2n(n+1)+4=140 mm 1-4/7 + 4/28 -1 
> n(n+1)(2n+1)-2n(n+ 1)-140=0 r 
=> 2n? + 3n® +n—2n* —2n- 140 =0 - — 1 
4 4/m (4 
=> 2n? + n? —n—140 =0 (r-1)¥28 V7 (4 -1) 
r 1 1 
=> (n — 4) (2n” + 9n + 35) =0 => = 
(r-1) V4 (W/4 -1) 
=> n=4or2n’? +9n+35=0 : 
, Let 4/4 = a, we get 
> 2n° + 9n+35=0 1 
y 
= = > — 
” a2 9 + /81 — 280 (ie wal 
4 
=> ro-r=rad-a@ > r=0 
9+ ,/-—199 
n= : [complex values] => r=V4 
Do ccs = 4/a\2 4 (4fa\4 
Only positive integer value of n is 4. DE; Ltr? tri =1+ (V4) + 4) 
1/2 
74, S(x) =1+ x-x°-x9 4x44 x9 —x% — x74. 400 Hl+4"+4=1+24+4=7 
where x € (0, 1) 76. Let a=10+D ...(i) 
Sx)H=+x)- x? txt x* dex —x8 (lt xti.te b=10+2D ...ii) 
=> S(x)=(1+ x) [1—-x? + xt —x° + +0] ab =10+3D ..-(ili) 
On substituting the values of a and b in Eq. (iii), we get 
a 
=> S(x) =(1 + x) F | Sa = for cr] (10 + D) (10 + 2D) =(10 + 3D) 
+x -r 


=> 2D?+27D+90=0 


2+1 
According to the question, s(x) = hee pes” 
Se: lex 4241 s a, =10-6=4, 
i¢x? 2 155 
a, =10 -— =— 
=> 24+ 2x =(V2 +1)x°+ V2 +1 202 
d b =10-12=-2,b,=10-15=-5 
= (J2 + 1) x* -2x-24+24+1=0 eile, a 
x 
-_ (J2 + 1) x? -2x +2 -1=0 Now, (7s - Q +3) 3 
10 10 


77. Given equation, Ax’ + Bx? + Cx + D=0 


A#0 
a+ y 


where, 


Let roots are ©, B, y, then B = 


Given relation, 2B? + A ABC + u A?D =0 


From Eq. (i), a+pry=-£ 
B 

> 36 =-— 
P A 

B 
=> = —-— 
3A 


Now, f satisfy Eq. (i), so 


3 2 
a(=2) +3(>2] +c(F2]+p=0 
3A 3A 3A 


-B> B® BC 

> > 5 + D=0 
27A° 9A? 3A 
2 BBC 

=> ——, -— +D=0 
27 A® 3A 

=> 2B —9 ABC +27 DA” =0 


Compare with Eq. (iii), we get 
N=-9,p =27 
2A+b =-18+27=9 


2 
78. Let p= im [2 + A + 


4 


nooll+x 14+x7 14+x 


ll 
ey 


ll 
= 
a0 
V5 
eS 
| = 
So 
a 
I |e 
2 
x | 
] 
7 
lola 
& a 
ND 
2. 
VY 


ll 
Bs 
L5 
a= 
ea 
_ 
an) 
= 
a + 
=| = 
a 
TL JR 
ba 
, 7 


ll 
5 


x=1 
re A=1 
79. Let number of AP are (a — d), a,(a +d). 
According to the question, (a — d)’, a*, (a + d)? are in GP. 
(a’)’ =(a-d)’ (a+ d) 
at =(a? —d?)? 
a* =a* + d* —2a°d’ 
a’ (a* — 2d”) =0 
a#0,soa’ =2d’ 
a=+ J2d 


Let common ratio of GP is r. 


Yuu dS 


[from Eq. (ii)] 


+... upton tems] 


[given] 
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»_(at+d)’ 

(ad) 
= ad +d’ + 2ad 
a’ + d’ —2ad 


» 2d°+d* +224? 
= r= — 
2d? + d* —2V2 da? 
[from Eq. (i) for a = V2 d] 


2 B+ 2va) d° 
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ee “2a ie 
2 12 _ B+ 2v2)@ + 2v2) 
9-8 
= r? =(3 + 22) 
=> r’ =(3 + V8)’ 
r=+(3+ 3) 
> r=3+ 3 [ris positive] 
Similarly, for a = — V2 d, we get 
r=+(3--8) 
> r =(3 — 8) [. ris positive] 
Compare r with3 + Vk, we get 
k=8 
k 8 8 8 
feere) 
=[1-1]=[0]=0 


80. (A) a, b,c, d are in AP 


By AM > GM, for a, b, c 
b>vVac 


=> b? >ac 


Now, applying for b, c, d 
c>vbd => c?>bd 
From Eqs. (i) and (ii), we get 
b*c* >(ac)(bd) = be>ad 


Again, applying AM > HM for a,b, c 
2 ile Gee 


a ar ear 
+. @ © 


a c 


b> 


For last 3 terms b, c, d 


a 
Ee b dic 


bod 
From Eqs. (iii) and (iv), we get 


=> 


(B) a, b,c, d are in GP. 
For a, b, c applying AM > GM, 


ate 


> >b > a+c>2b 


[a, b, c, d are positive real numbers] 


...(ii) 


...(iii) 


...(iv) 
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Similarly, for b, c, d 
b+d>2c ...(ii) 
From Eqs. (i) and (ii), we get 
at+b+c+d>2b+2e > a+d>bt+e 
Now, applying GM > HM for a, bc 


2ac 
b> 
atc 
1.1.2 
> —-+-—>- ...(iii) 
c a c 


Similarly, for b, c, d, we get 


=+—>-— well 
ake tv) 


1 1 1 1 iL 1 
+o+-+—>2/—4+ 
a bce d boc 
1 1 1 1 
> H+ 2>-4- 
ad bec 


(C) a, b, c,d are in HP. 


Applying AM > HM for a, b, c 
at+ec 
>b 


> a+c>2b ...(i) 
Similarly, for last 3 terms b, c, d 
=> b+d>2c (ii) 
On adding Eqs. (i) and (ii), we get 

a+b+ct+d>2b+2c 


=> a+d>b+t+ce 
Again, applying GM > HM for a, b, c 
Vac >b 
> ac>b* ...(iii) 
Similarly, for b, c,d 
> bd >c? ...(iv) 


On multiplying Eqs. (iii) and (iv), we get 


abcd > b*c? 
ad >be 
81. (A) a, dy, 3,..., Ay, are in AP 
> 
and a; =—, A) =16 
2 
a, +a,+...+ a, =110 
n 
> 5 er eae 
3.5 
= el 4 ent) |aai0 ...(i) 
2,2 2 
16 Z 
7 2. 27 
Now d= "9 4 = 2 og ii) 
10-1 9 9x2 2 


From Eqs. (i) and (ii), we get 
n 3 
—|5+(n-1)—]=110 
2 ( ) | 


(B 


wm 


(C) 


> sn + (n® —n) = = 220 
=> 3n” + 7n — 440 = 0 
=> 3n” + 40n —33n — 440 = 0 
=> n(3n + 40) —11 (3n + 40) =0 
> (8n + 40)(n —11) =0 
So, n=- or n=11 


n=11 [n € N] 


Let first angle = a [in degrees] 
Common difference = d [in degrees] 
Number of sides n = 9 


.. Sum of interior angles =(n — 2) x 180° 


= 5 [2a + (n= 1) d] = (a ~ 2) x 180° 
> > (2a + 8d) =7 x 180° 
> a+ 4d =140° 
and largest angle T, =a + 8d < 180° 
> 4d < 40 
=> d <10 
d=9 
Given increasing GP, 
GOs nresidsote 

where Ag = 4a, 

ar =4ar° [r is the common ratio] 
=> r= 
> re2 [' increasing GP] 


and = a) —a, =192 
a, (r® — r°) =192 
a, (256 — 64) = 192 


192 
a, = — 

192 
a=1 


Then, a) =2,a3; =4and a4 + a5 +... +a, =1016 
(a, + dy +... + G,) —(Q + az + a3) = 1016 
1(2” -1) 
2-1 


=1016+7 


2” = 1023 + 1=1024=2"° 
n=10 


82. (A) aj, ao,...are in AP. 


a, + dg + Az + Ayy + G7 + Go9 = 165 [In an AP, sum of the 
terms equidistant from the 1st and last is equal to sum of 
1st and last terms] 


=> 3 (a, + dy) = 165 
> a, + a, +19d =55 
d is the common difference of AP. 
2a, + 19d =55 ...(i) 
Now, Ol = dz + dg + G5 + Ayo 


OL =2 (ay + ao) 


(B) 


(C) 


83. (A) 


Q=2(a,+d+a,+ 18d) 
= 2 (2a, + 19d) ...(ii) 


and B =2 (do + a2) — (a3 + ag) 
6B =2 (a, + 8d + a, + 11d)—(a, + 2d + a, + 17d) 
6 =2 (2a, + 19d) — (2a, + 19d) 
B = 2a, + 19d (iti) 
From Eqs. (i) and (iii), we get 
a= 26 


From Eqs. (i), (ii) and (iii), we get 
OL + 2B = 4 (2a, +19d) = 4(55) = 220 
a+ 6 =3 (2a, + 19d) 
=3 x55 =165 =15 X11=15u, whereu EI 
a —B = 2a, + 19d 
=55=5X11=5A, whereA EI 
Q,, y,... are in AP. 


[from Eq.(i)] 


A, + Ast Ayo + As + Ag + Agq =195 
3 (a, + dq) =195 
a + dy, =65 ...(i) 
2a, + 23d =65 
= dz + G7 + Ag + A23 
= 2 (dy + a3) = 2 (2a, + 23d) 
a = 130 
B =2 (a, + ay2) — (ag + a7) 
=2 (2a, + 23d) — (2a, + 23d) 
= 130 -65 =65 
Then, a@=26 
a + 26 = 130 + 130 = 260 
a+ 6 =195 =15 X13 = 15, where u = 13 
and a — 6 = 130 — 65 =65 
=5 X13 =5A, where A = 13 


Q, Gy,... are in AP. 


=> 
=> 
Now, 


[from Eq. (i)] 


A, + Az + Ayo + Ag1 + Agq + A3q = 225 
3 (a, + a39) = 225 
2a, + 29d =75 ...(i) 


Now, Q=4) + a7 + Ay4 + Ag9 
Oo = 4a, + 58d =2 (2a, + 29d) 
=2 X75 =150 
a =150 ...(ii) 
and B =2 (ajo + ap1) — (a3 + ag) 
=2 (2a, + 29d) — (2a, + 29d) = 150 —75 
B=75 (iii) 
Then, o = 26 


o + 28 = 150 + 150 =300 and a —B =150 —75 =75 
=5X15=5A, where A = 15 
and o& + B = 150 + 75 =225=15 X15 =15p, where pt = 15 
4a? + 9b + 16c* =2 Bab + 6be + 4ca) 


(2a)* + (3b)? + (4c)? — (2a) (3b) (4c) — (2a) (4c) = 0 


7 (ea 3b)? + (3b — 4c)? + (4c —2a)"} = 0 


= 2a -—3b=0 and 3b-—4c=0 


and 4c — 2a =0=>2a =3b 
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and 3b = 4c and 4c = 2a 
3 4 1 
> ee, vende ete 
3 4 3 
=> a=—bandb=—candc=—b 
2 3 4 
3 3 
So, a, b, care —b, b, —b 
2 4 


4 
Reciprocal of the terms — , —, —, 
3b b 3b 
which is in AP. 

So, these a, b, c are in HP. 
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(B) 17a” + 13b” + 5c? =3ab + 15be + 5ca 
=> 34a’ + 26a? + 10c* —6ab — 30bc — 10ca = 0 
= (3a — b)? + (5b — 3c)? + (c —5a)* = 0 
=> 3a-—b=0and5b —3c=0and c—-5a=0 
b 
=> ¢ =—= £ = Xr 
i.3° 3 
a=h,b=3A,c =5A 
Hence, a, b, c are in AP. 
is .5.3 
(C) a? + 9b? + 25c? = abe (+ $i++ *) 
a boc 
= (a) + (3b)? + (5c)* -15be —5ac —3ab = 0 
1 
= {(a — 3b)” + (3b —5c)* + (6c — a)*} =0 
=> a-3b=0and3b —5c =0and5c-—a=0 
> a =3b and3b =5c and5c =a 
a 
=> a=3bandb=~candc=% 
3 5 
5 3 
> a=3bandb=—candc=—b 
3 5 
3b 
So, a,b, c are of the form 3b, b, —. 
a 
3b 115 
Reciprocal of 3b, b, — are —, —, —, which are in AP. 
5 3b b 3b 
it 


1 2 5 
He = — and 
b 3b 3b 3b 


~= 2] 
b 3b 


(D) (a* +b? +c?) p* —2p (ab + be + ca)+.a° +b? +c? <0 


=> (a’p’ + b? —2abp) + (b’p? + c? — 2pbc) 


+(c’p? + a? —2acp) <0 


= (ap — b)’ + (bp —c)’ + (cp -a)’? $0 
= (ap — b)’ + (bp — cc)? + (cpa)? =0 
=> ap—b=0and bp—c=Oandcp—a=0 
=> sa” ioe eel e* 
a b c 

bo coea 

=> —-=- > 

a be 


=> a, b,c are in GP. 
84. Ifa, b,c are in GP. 


Then, b? =ac 


If middle term is added, then a + b, 2b andc + bare in GP. 
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I-Il _at+b-2b 
U-Ml 2b-(c+b) 
a—b_ab b’ ab ac 
b-c ob 
a(b-—c)(a+b)(b+c) 
c(a—b)(a+ b)(b+c) 
a(b? —c”) (a + b) 
c(a” — b’)(b +c) 
a(ac—c*)(a+b) a+b_ 1 
c(a2—ac)(b+c) b+c Il 


= [-. b? = 
be ac—be 


Hence, a + b, 2b, b + c are in HP. 

Hence, both statements are true and Statement-2 is correct 
explanation for Statement-1. 

TT, =2n? + 3n? -4 

Sequence is 1, 24, 77, 172, 321, ... 


First order difference 23, 53, 95, 149, ... 
Second order difference 30, 42, 54, ... 


which are in AP. 
.. Statenemt-1 is true. 


[{here, I=a + b, I = 2b, Il =c + b] 


ac | 


*: T,, is of three degree and third order difference will be constant. 


Statement-2 is true, which is correct explanation for 
Statement-1. 


Statement-1 Let S be the required sum of product of numbers. 


yD x) 


1<i<j<n 


n ? n 
[Ss | =x +2 
i=l 


i=1 


(a, — a + ay — ay +... + Gy — a)’ =2 Diaz + 28 


n 
s=-Ya? 
i=1 


.. Statement-1 is true. 


Statement-2 is true but not correct explanation for 
Statement-1. 


Statement-1 a+ b+c=18,a,b,c>0 
Applying AM2GM fora, b,c 
at+bt+c_, 3 
—— 2Vabe => Vabe <6=> abc < 216 


Maximum value of abc is 216 which occurs at a = b =c. 
Statement-2 is the correct explanation for Statement-1. 


Statement-1 
4a” + 9b? + 16c® — 2 (3ab + 6be + 4ca) = 0 


= (2a)* + (3b)* + (4c)? — (2a) (3b) — (3b) (4c) — (2a) (4c) = 0 


=> « {(2a ~3b)? + (Bb ~ 4c)? + (4c ~2a)"} = 0 
2a — 3b = 0 and 3b — 4c = 0 and 4c — 2a = 0 


aiho once 
3 4 


=> 


4 3b 
=> andb= ae a= 
3 2 2 


Then, a, b, c are of the form ~ b, , which are in HP. 


So, Statement-1 is false. 


89. 


90. 


91. 


Statement-2 If 

(a, — az)” + (az — a3)” + (a3 — a)” =0 
=> a, — a, = Oand a, — a; = Oanda; —a, =0 
=> a, = ay = a3, V dG, A, a3; E R 


So, Statement-2 is true. 


OY eae ee and H = awh 
at+b 

Given, 4G =5H 
and G’ = AH 

2 

wee 

A 


From Eqs. (i) and (ii), we get 
2 
4G = ce = 4A=5G 
A 
2(a + b) =5Vab 
4(a” + b® + 2ab) = 25ab 
4a’ —17ab + 4b” =0 
(a — 4b) (4a — b) =0 
a= 4b, 4a-—b#0 
.. Statement-1 is true. 


Yudvy 


Statement-2 is true only for two numbers, if numbers more 
than two, then this formula (AM) (HM) =(GM)’ is true, if 
numbers are in GP. 


Statement-2 is false for positive numbers. 


Statement-1 Sum of first 100 even natural numbers 


2(100 x 101) 


E,=2+ 4+...4+ 200= = 10100 


Sum of 100 odd natural numbers = 1 + 3 +... + 199 
100 
O= ee (1 + 199) = 10000 
* E-O=100 
So, Statement-1 is true. 
Statement-2 Sum of first n natural even numbers 


_2n(nt+1)_ 2 


E=2+4+...+2n no+n 


Sum of first n odd natural numbers 
O=14+3+...+(2n-1) 
= 7 lt 2n-a]=n° 


E-O=n’?+n-n’? 


So, =n 
Statement-2 is true and correct explanation for Statement-1. 
Let T, = An+ B 
Tp =Ap+ B, 
Top =2Ap + B, Ti, =4Ap + B 
Tp, Top, Tap are in G P. 
(2Ap + B)’ =(Ap + B) (4Ap + B) 
=> ABp = 0 


B=0,A#0,p#0 


Top _ 2Ap + 0 
= Common ratio, r Pei sis a =2 
Ap + 0 


T, 


[a>] 


92. a#1,b#0anda#b 


Let S =(a + b) + (a? + ab + b*) +(a° +.a7b + ab? + b*) + ...4n 


terms 
eek 3g oy) alt = Piast = baa) 
(a—b) 
a. [a°(1+a+...+n terms) 
(a—b) 
—b?(14+b+b? +...+nterms)] 
_ 1 fe @"=1) _ yo 1-6" -1) 
(a —b) (a —-1) (b -1) 
__ 1 [pQt=a)_ pot -3") 
(a —b) (1 -a) (1 —b) 
93. Sequence of natural number is divided into group. 
159,95. Fy Oy Vg es 


.. nth row contains n elements 


1st element of nth row =n” —(n —1) 
Least element of nth row =n? + (n -1) 


.. Sum of the element in the nth row 


=F (a+ leo In (n-1) +n? +(n-1)] 


afl nt itn +n—1]=2 [2n']=n 


a(r" —1) 


94. a= S;; = (i) 
r=1 
pe og SD BD ee oe 
aaa (r-1) (r-1) 
3n 2n 
eee oer 1) a(r 1) 
(r -1) (r —1) 
_a(r YD) (yt Pd rv jee" 1) gay 
(r -1) (r -1) 
...(iii) 
From Eqs. (i), (ii) and (iii), b® =ac, soa, b, care in GP. 
95. First four terms of an AP are a, 2a, b and (a — 6 — b). 
So, 2a-a=a-6-—b-b 
=> a=a-6-2b 
=> -2b=6>)=-3 
and 2a-a=b-2a 
=> b=3a > a=-1 
.. First terms a =—1landd =a=-1 
Soo = “> [2a + (200-1) d} 
=50[-2+99(-1)] 
= 50 (— 2 —99) =50(- 101) = — 5050 
ot. 4 n 
96. (i Lb OOS i 
On 2° 3° 6 0 
Ret. t, ‘ 
32 52 tT CO 
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+0] 


= — = | KS = — 


8 4 6 12 
97. a,b, = Da; (1 — a;)=na — Xa? 
=na—X(a,-a+ a) 
=na — >[(a; — a)’ + a® + 2a (a; — a)] 
X[(a, — a)? — Za? — 2aX(a; — a) 


*. Lab, + X(a; — a)* =na —na® — 2a (na — na) 


=na 
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“- Eb, = 1 - La, 


=na(1-—a)=nab 
ora+b=1 


98. a, +a. +...+ dog =137 
98 
ait + dog) = 137 


137 


137 
a, + ay + 97 =—; 2a, + 97 = — 
49 


137 1 (137 — 4753 
=—-97; a =- (137 = 4753 
49 2 49 

4616 2308 

5 A= 
2x 49 49 


Now, a) + dg +...+ og =(a, + 1) + (a, +3) +...+ (aq +97) 


2a, 


qQ= 


“.nb=n-—na 


...(i) 


[ed =1] 
= 49a, +(1+3+...4.97) 
2308 49 
=- 49 x —— + — (1+ 97) 
49 2 
= — 2308 + 49° 
= — 2308 + 2401=93 
99. t, =1andt, -—t._, =2"',r>2 
tb -t, =2 
t, —t, = 2? 
ty —t, =2° 
ty —ty-1 =2"' 
Addiing columnwise, we get 
t—-t, =24+274...42"7) 
t=1t24+274+...42"7) 
1-(2" -1 
Pca oe ae 
2-1 
n 
So, \i, =h tt +...+4,=@-1)+ 2? -1)+...+@"-1) 
r=1 
2-(2" -1 
“045? <..40 ane pot 
(2-1) 


=—grtl_»_o 
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100. (i) 1, = {" sin 2nx Hee (= —x) ix 


0 sin x 0 sinx 
™ sin (2nm — 2nx) 
= I —_______"“dx 


0 sin x 


msin 2nx 
I,=- - dx 
9 sin x 


I,=—-I, => 21,=0 => I, =0 
I, =I, =1,=...=0 
which is a constant series. 
.. This series is AP with common difference 0 and first 


term o. 
. 22 
re usin nx 
(ii) 1, =f —— dx 
0 sin” x 
£59 
sin’ nx 
Let f(x)=—5 
sin* x 


Hence, f(m — x) = f(x) 
lig sin’ nx 


So, I, =2 dx 


0 sin® x 
Now, [44 + In-1 — 21, 


_ af joe +1) x —sin’nx) 


Pe 
0 sin’ x 


(sin°(n — 1)x — sin” a 
+ dx 


sin’ x 


dx 


=2f"" sin (2n + 1) x sin x — sin (2n —1) x sin x 


2 
0 sin’ x 


= (ia sin (2n + 1) x —sin (2n —1)x de 


0 sin x 
m/2 2 cos 2nx sin x 
0 sin x 


Te/2 4 2 
=4 cos 2nx dx = — [sin 2nx]f’? ==-0 =0 
0 2n n 


STnad tI, =2Iy eT, Ty, 13, -..are in A P. 
107. S=7+134+214+31+...+ 7, 
S= 7 #13220 eo th 


0=7+6+8+10+...+n terms — T, 
T, =7+6+8+10+...+ nterms 


T, =7+ {6+8+10+...+(n—1) terms} 
1, =7+ G9 12+ (n-2)2) 
T,=7+ 29g +20) 


T, =7+(n-1)(4+4+n) 
Ty =7 + 69 X74 =7 +5106 =5113 


13 13 iv 2 1\3 
102.(x+ 2] +(#+3) +4 (245) ->(#+5) 
x x x" ot x" 


| 
M 


n 
1 1 
7 G + +3(7+5)) 
3n n 
Wel x x 
n n 


n=1 n=1 n=1 n=1 


| 
= 
+ 
ef 
+ 
ice) 
ld 
=. 

3 
+ 
wo 

M= 
a | 


xe a-x") (l- x”) 3 (1 — x") 


3x (1 — x") 
~ 3 3n at 
(1 — x>) x" (1 — x”) (1 — x) 
103. Let d be the common difference of AP. 
2 


ae a ee 2 
LHS = af — ay + a3 —ayt+...+ Ay) —Ay, 


x"(1 — x) 


(a, — 42) (a, + a) + (a3 — ay) (a3 + ay) 


+ 0.4 (Gon —1 — Gon) (Gon —1 + Gon) 


=-—d (a, +a,+...+ Amn _1 + An) 
—d [(a, + Ayn) + (Az + Ayn —1) + 02 + (Gy + Oy +1) 
=—dn (a, + ay) 

in Gt ain) _ Am ay* = 2) 


(a, — ayn) (1—2n)d 


n 


= on-1 (a; — din) 


104. Let a, b, c (unequal number) are in HP 


he 2ac 
atc 
=> oe cs 
2 ate 
> b =2A and ac =A(a +c) 


2.2 2 : 
Now, a‘, b*, c° are in AP 


24 22 
a +c 
= =>2b? =a? +c 


So, b? 


2(2)? =(a +c)? —2ac 
(a+c)*? —2A(a +c) —8A2 =0 
(at+c—4A)(a+c+2A)=0 


=> 
= 
=> 
> a+c=4Aorat+tc=-2A 


CasellIfa+c=4Ar 


ac = 427 
=> (a—c)? =(a + c)* — 4ac 
> (a—c)? =16¥ -16H 
> (a-c)*=0>a=c 


Let given that a, b, c are distinct, so a + c = 4A is not valid. 


Casell Ifa+c=-2A 
> ac =—22 
(a—c)* =(a+ c)* — 4ac 
=> (a —c)” = 40? + 8X? > (a—c) = + 2VBA 
If a—c=2/3A, 
then a+c=2A 
From Eqs. (ii) and (iii), we get 
a =(V3 -1)Aande =—(1 + V3)A 
a:b:c=(V3 -1)A:2A:—(v3 +1)A 
a:b:c =(V3 —1):2:—-(v3 +1) 
> a:b:c=(1—-V3):-2:(V3 +1) 
If a-—c=—2v3A, 
then at+c=-2A 


[Aon = @, + (2n — 1) d] 


[say] 


(i) 


[from Eq. (i)] 


[from Eq. (i)] 


(ii) 
(iii) 


From Eqs. (iv) and (v), we get 
a=-(V3 + 1)Aandc =(V3 -1)A 
a:b:c=—(V3 +1) A:2A: (V3 -1)A 
> a:b:c=(1 + V3):-2:(1- V3) 


105. a,, a2, a,..., a, are in AP with a, = 0 and common difference d 


[d #0] 
“. Ay =d, a3 =2d,...,a, =(n-1)d 
iss ty Se gh Se gg «2 ee te ) 
a2 a3 a4 Gn -1 a, ay Gn - 2 
Gy, -1 —a 
= : (a3 — ay) + : (a4 — ay) + (n-1 2) = 
a2 a3 Gn - 2 Gn -1 
a ogg Gaga ea ee 
d 2d (n-3)d (n-2)d 
sh243..4 0-3) ines 
n-2 
(i 3j¢ EY ng OH 
n-2 (n — 2) 
I 
=(n-3)+14 =n-2+ 
n-2 n-2 
_a(n—2)d | d afi a2 _ RHS 
d (n-2)d ay Qn —1 
106. Let one side of equilateral triangle contains n balls. Then 
Number of balls (initially) =14 2434... n=2@*0 
According to the question, nee + 669 =(n-8)’ 
> n’ + n+ 1338 =2n? —32n + 128 
> n’ —33n —1210 = 0 


> (n—55)(n+ 22)=0 > n=550rn=-— 22 
which is not possible 
c n=55 
Ga, AED NO opeyog asag 
2 
107. 0,, 82, 03, ..., 8, are in AP. 
So, 6, — 8, = 0; — 8, =...= 8, — 0,1 =d 


.. LHS = sin d [sec 0, sec 0, + sec 0, sec 03 + ... 
+ sec 0, _;sec 9, | 


: 1 1 
=sind + 
cos 0, cos @, cos Q cos 03 


1 


BE 6c 
cos 8, _, cos 0, 


sin d sin d sin d 


~ cos 0, cos 0, 
sin (8, — 0,) ‘ 
cos 9, cos 0, 


cos 9, cos 03 
sin (8; — @,) 4 
cos 8, cos 03 


cos 9, _; cos 8, 
sin (9, _ 8, -1) 
+ 


cos 9, _; cos 0, 


=(tan 0, — tan 0,) + (tan 0; — tan 0.) 


+...+(tan 6, — tan 6, _,) 
= tan 9, — tan 0, = RHS 
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108.LHS =(+5)(4+57)(14+5°*)...(1+5°7) 


-(1+ (14 aie £)..{04 a 


109.s=)) ,(a>1) 
n=04 +1 
n gt 
ys 
n=04a +1 
1 2 4 8 2” 
= thie +3 + # oe 
a+1l a°+1 a+1 a+i a +1 
1 2 4 8 2" 
= + at zt gt asst - 
1l+a 1+a Ira La 1+a’ 
1 1 1 2 4 Hy 
= + st tit - 
l-a 1-a l+a l+a lt+a l+a’ 
_ 1 1. 1 2 4 2" 
a-1 \l-a ita) 14a? 1+a' lta 
1 2 2 4 2” 
= + 5 x] + pteat 
a-1 1l-a 1lt+a 1t+a 1+a’ 
1 ght 
Sn = + gntl 
a-1l j-4@ 
gntl 
S= lim S, = lim + —_ 
noo n>o|lq—] qa" 
gntl 
1 oe 1 0 1 
= lim + = + = 
n>eolq—1 1 i) eet Val ea 
gntt 
a 


_ onl _ gn-l 
110. T, = tan! —a7 | = tan , —— 
1+2” 1427-2" 


(32? =2" 2 cera 
=tan 1 =tan'2"—tan '2"7! 
12 


S,=T,+T,+...4+ I, 
=(tan7'2! — tan™'2°) + (tan7'2? — tan712')+... 

+ (tan7!2” — tan7'2"7! 

=(tan”'!2” — tan™!1) ( ) 


- T 
5, =tan7'2" —— 
4 


Tt rT nt on 
S= lim S, = lim (tan"t2t-2)-2-2_% 
4 2 4 4 


n—- oo n-oco 
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111. T,, = tan [a + (n —1) B} tan (a + nf) 


tan B = tan [(a + nB) — {a + (n — 1)B}] 
tan (a + nB) — tan (a + (n — 1) B}] 
1+ tan (a + nf) tan {a + (n — 1)B}] 


“1+ T, = cot B [tan (a + nB) — tan {o + (n — 1) B}] 


tan B = 


T, = cot B [tan (& + nf) — tan {a + (n —1)B}] -1 
For n=1, 

T, = cot B [tan(a + B) — tan a] -1 
For n=2, 

T> = cot B [tan (a + 28) — tan(a + B)]-1 
For n=3, 


T; = cot B [tan (a + 36) — tan (a + 2B)] -1 


For n=n, 
T, = cot B [tan (% + nf) — tan (a + (n —1)B}] -1 
Sum columnwise, 
S, = T, + Ty + T3+...+T, = cot 6 [tan (a + nB) — tan a] —n 


sin(a+nB) — sin a sin (a + nB — a) 
_ cos(a+nB) cosa _ cos & cos (a + nB) 
7 tan 6 ~ tan 8 
7 sin np 
~ cos (a + nB) cos o mane 
tan B 
i n(n+1)(n + 2)(n + 3) 
eee 2a z 
T.=S, rer ia aie Sa ae (r-1)r(r+1)(r +2) 
8 8 


_r(rt+i1j(r +2) 
7 2 


oo 2 _ (+2)-r (1 1 
T. r(r+ij(rt+2) r(rti(r+2) (r(r+1) (r+1)(r +2) 


“1 i~< 1 1 
32-3( ans 


r=1 
— |{ 1 1 1 1 

>E +) fr = 
1 1 1 1 

-(: = c nal 
1 1 1 n(n + 3) 

2 nt+2 n+1. 2(n+1)(n+2) 


113. Let d,, d, and d; be the common differences of the 3 arithmetic 
progressions. 


S= 7 2xat(n-1d)Vi=123 


= S =F 2+ @-1) di] 


n(n-1) _2(Si 7) 


=> S§ =nt+ 
n(n—1) 


d; => d; 


Given that d,, d», d3 are in HP. 


lt 7 
—,—, — are in AP. 


dd, ds 


114. 


115. 


2 1 1 
iS 
d, d, da, 
= er eee 
2(S,—n) 2(S,-—n)  2(S;—n) 
n(n-1) n(n-1) n(n—-1) 
2 1 1 
=> = + 
S,-n S,;-n S3-n 
2 S3 +S; -2 
an ee) 1 n 


S,-n (S; —n) (S3 —n) 
=>2[5,S, — (5, + 53)n + n”]=(S, —n) (S, + S3 — 2n) 


=> 25,53 — 2(S, + S3) n+ 2n? 
= 5,52 + SyS3 — 2nSy —n(S, + S3) 


+ 2n? 


=> 25,S3 — Sp 53 — 54S) =n (S, + S3 — 2S) 


=> 
(S, — 


Let their ages be a, ar, ar’. 


2S» + S3) 


pw C5183 — S055 ~ S152) 


After 3 yr, their ages will be a + 3, ar + 3, ar’ +3. 


Given, 2 (a + 3) =ar’ +3 


Let x rupees be the sum of the money divided. 


And let y =a + ar + ar” 


Then, y +9=a+3+4(ar+3)+ 
x(a+3) xa 


(ar? + 3) 


We have, ——= +105 
(y+9) oy 
a+3 a 
> x| ——= - =] =105 
er ;| 
Aisi: x(ar +3) _ xar | 5 
(y + 9) y 
ar+3 ar 
a x} —— -—] =15 
ex = 


On dividing Eq. (iii) by Eq. (iv), we get 


y(a+3)-a(y+9) =7 


y (ar + 3) -ar(y +9) 


> 6y =2lar-3a > 


From Eq. (ii), 


Tr—1 
OE i ted y? 
=> Sar =3a + 2ar° 
From Eqs. (i) and (ii), 
3 
a=124,r=- 
2 


...(iii) 


2 
3 3 
Let ages of these friends are 12, 12 x 7 12 x (3) ie. 12, 18, 27. 


1 1 1 
Clearly, x = ——, y = and z = . 
1-a of 1-b 1l-c 
Since, a, b, c are in AP. 
> 1-—a,1-—b,1-care also in AP. 
1 1 
> — are in HP. 


1-a1-b 1-c 


“. Xx, y, Z are in HP. 


Oy ec 
Now, A, = < => > 
142 4 8 
4 
Obviously, it is true for all even values of n. 
3 1 
But for n=1,=— <= — 
4 6 


( sl 27.1 
e238 -=| oa eas 
4 24 «6 


( 5) 243 1 
n=5, = > 
4 1024 6 
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“1 2(nern) n(n+1)@n+1), ner n) 
“a 2 6 a 


1 
=, Bint 1) Gn? +n +2) 
1 


1 1 
Gear Vara Po [ear] +o) 
=3r°+2rt+1 
T, =3r° + 2r-1 
=(r + 1)(3r —1), which is a composite number. 
T, =3r°+2r-1 
Ta, =3(r +1)? +2(r4+1)-1 
‘ Q,=T.1-T=3[2r+ 1] +20] 
=> Q, =6r +5 


(iii) Since, 


> Q.., =6(r +1) +5 
which is true for n =7 obviously, ny =7 Common difference = Q, , ; — Q, =6 
Aliter B,=1-A,>A +b 2ab 
- . n 120. (i) A, =" ;G, =Vab; H, = a 
-(-2) | a+b 
4 if A,_-1+ Hy_ PA ay 
Ae A Ze ( | : A, = 71"! G =_JA,_,H, _; and H, = = 
2 4 si 3 2 4 6 2 A,-1+ Hy-1 
Clearly, G,=G,=G,=...=~Vab 
Obviously, it is true for all even values of n. fi). Ap ede Ande 
3 1 ii) Ay, is of A, and H, and A, > H, 
But for eg Ss = A; > Ap > H, 
3)3 27 1 A; is AM of A, and H, and A, > Hy 
n=3, or) ee ae > Ay > Ay > Hy 
: ‘ A, > A, > Az >... 
n =5,( | 7 i < : (iii) As above A, > H, > H;, A; > H3 > Hz 
4 re A, <A, <H3<... 

3 2187 1 121. Let tri ion i : 0] 
and for ey ee = S . Let geometric progression is a, ar, ar’,..., [a,r> 
4 12288 6 Seema! 

=ar+ar 
Hence, minimum natural number ny = 7. ; —-1+~5 
Py ( \d] > r°+r—-1=0 Sia 
—[2a,+(p-1 2 _ 
117.-: 2 =f, oo 1 
2 


# [2a + (q-1) dl] q 


a +(2=4)a 
2 


= 2a, +(p-1)d _p 
24 +(q-1)d q 


a+(4"\a q 
2 


a a 1 
For —°, p=1landqg=41 > —% =— 
An, ay, 41 
1 1 1 1 1 1 
118. = — = 
a, a a3 a2 GQ, G-1 
a,-a a,—-a Gn -1 — 
Then, aa, = 2 Andy == ee Gy —14n = mt 
a, — a, 
*, QyAy + Gy, +...+ G,_1, = 7 
1 1 a,-a@ 
Also, =—+(n-1)d > +" =(n-1) aa, 
an, ay 


*. Ad, + a, a, +...4+ 4, 14, =(n-1) aa, 


119. (i) 


v= Fler+er 1) (2r N]=50r +r) 


n 1 n n n 
Fa vv, == see eo pa 
r=1 2 r=1 r=1 r=1 


122. b, =a, b, = b, + ay =a, + ay, db; =b. + a, =a, + A, + A; 

and by =b3 +a, =Q,+4,+0,+ 4 

Hence, },, by, b3, by are neither in AP nor in GP and nor in HP 
123. Let a, ar,ar’,... 


a+ar=12 ~ec(i) 
and ar’ + ar? = 48 sii) 
[say] On dividing Eq. (ii) by Eq. (i), we get 
r=4ifr#—1 
: r=-2 


[ terms are alternatively positive and negative] 
Now, from Eq. (i), @=—12 
124.:- S,=cn" 
t, =S, —S,-;=¢ (2n-1) 
xt? =c* X(2n —1)* 
=c*d (4n? — 4n + 1)=c7{4En" —4En+ D1} 
-o1/ met 1)(2n+1) 4n(n+1) n n} 
6 2 
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2 
= cin} = (an? +30 + 1)-2n-2-+1} 


_¢ “a (4n? -1)= n(4n” —1)c? 
3 3 
2 6 10 14 
125. let S=1+-+— 54+ +> +#... (i) 
3 3° 3° 3 
1 1 2 6 = 10 “i 
ofS Hens Pt th saan ...(ii) 
3 3 3° 3° 3 
On subtracting Eq. (ii) from Eq. (i), we get 
2 1 4 4 4 
S=1+-+—7+—7+—+... 
3 es ees 
es 
1 1 1 32 4 2 
=-+4/ [+ 5+7t..-J=>+4 Se 
3° 38P B83 ga2| 3 3 
3 
S=3 
k-1 
k 1 
| i eee ee 
1-r ee k! (k-1)! 
k 
100 100 1 
Now, )) |(k? —3k +1) S| = ¥ | (k° -3k + 1)- | 
k=2 k=2 (k—1)! 
_ (k-1)_ k | 
4 | (k-2) (k-1)! 
1 2 2 3 3 4 99 100 
= + + ecb] 
o! 1! 1! 2! 2! 3! 98! 99! 


& | 
+ —_ = ___ 
98! 99! 


100 (100)? 
3-——=3- 
99! 100! 


100 


2 
eae a Y \(k’ -3k + 1) S| =3 
2 


100! = 
127.°- ay = 2Qe 1 — 2 or ayy = AoE 
dQ, 2, 43, ...are in AP. 
ay +a tas +..t ai _ oo = 7 Pree 
11 a1 


11 
=> DY @+G-1)d)=1x9 
k=1 


> S fa? + 2ad (i -1) + d? (i -1)3} = 11x90 
k=1 
=> 11xXa/t2ad(0+14+24+3+...+10) 
+d°(0° +17 +27 4+...+ 10’) =11 x90 
=> uxast+2xisxd-(224) 4 g2.(22b2) 
2 6 
=11x90 
= 385d* + 1650d + 1485 =0 
7d +30d + 27=0 


[a =15] 


l 


= (7d + 9)(d +3) =0 


d=-3,d#- [-" 27 — 2a, > 0] 


“| \o 


11 
a, ta, t+azt+...+ ay a 


11 ipl 
=a, +5d=15-15=0 
128. Till 10th minute, number of counted notes = 1500 


£3000 = 5 {2X 148 + (n 1) x -2}= (148 —n + 1) 


=> n” —149n + 3000 =0 

> (n — 125) (n —24) =0 
n = 125, 24 
n = 125 is not possible. 
n=24 


.. Total time = 10 + 24 = 34 min 


129. -» AM>GM 


34 qa 34a 341402 +a 


a°t+att+a 
8 
> (a7 5a 4 a3 a3 a 3-1-8 gl) = (1) = 1 
- atta t+3q*+itaitaly, 


8 
a?>t+a*+3a 2414+ a2+ a 28 
= Required minimum value = 8 
130. Let the time taken to save 11040 be (n + 3) months. 
For first 3 months, he saves € 200 each month. 


.. In (n + 3) month, 
3 x 200 + : [2 (240) + (n —1) x 40] = 11040 


n 
600 + — [40 (12 + n —1)] =11040 
600 + 20n(n + 11) = 11040 
n’ + 11n —522 =0 
(n — 18) (n + 29) =0 
n = 18, neglecting n = — 29 


Yud d 


.. Total time =n +3 =21 months 
(i) 
and a, + a3 +45 + ...+ Ayo =B (ii) 
On subtracting Eq. (ii) from Eq. (i), we get 

(ay — a) + (a4 — a3) + (Ag — a5) + «2+ 


(azo) — 499) = &-B 


131. Given, Ay + Ay +g +... + Ago) = OA 


=> d+d+d+..4d=a-B => 100d=a-6 
a _ 
7 (2B) 
100 
132. °. a, a2, a3, ...are in HP. 
1 1 
—,—,—,...are in AP. 
a a, a 
Let D be the common difference of this AP, then 
1 1 
—=—+(20-1)D 
4499 
1 _ 1 
4 
= D= 2 5 = 


133.-. 


134. 


135. 


11 1 4(n-1)_(95-4n+4 
and =—+(n-1)D= me = = 
a, a 5 25x19 25 x19 
99 — 4n 
=| ——_ | <0 [‘) dy < 0] 
25 X19 
=> 99-4n<0 = n>24.75 


Hence, the least positive integer is n = 25. 
(1) =(1 — 0) (1? +1-0 + 07) =1° - 0° 
(1+2+ 4) =(2-1)(2? +2-1+17) =2° -1° 
(4+ 6+ 9)=( —2)(37 +3-2 +2”) = 3° —2° 
(361 + 380 + 400) = (20 — 19) (207 + 20-19 +197) = 20° — 19° 
Required sum 
=(1° — 0°) + (2° — 1°) + (3° — 2°) +... + (207 — 19°) = 20° = 8000 


Also, ye ~(k-1)3= vik ~(k-1)} {k? + kk -1) + (k-1)7} 
k=1 k=1 
= Sak? —3k +1) =3 En? -3En4+ 21 
k=1 
_ 3n(n+1)(n+1) 3n(n+1) 
7 6 6 


+n 
n 2 3 
=n +3n+1-3n-3+2)=n 


Both statements are correct and Statement-2 is the correct 
explanation of Statement-1. 


Let a be the first term and d be the common difference. Then, 
100 Tyo = 50 Tsp 
=> 100 (a + 99d) = 50 (a + 49d) 


> 2(a+99d)=(a+ 49d) => a+149d=0 
os Tso = 0 
"x, y, z are in AP. 


Let x=y-d,z=y+t+d ...(i) 
Also, given tan! x, tan! y, tan! z are in AP. 


2tany=tan'x+ tan 'z 


= 2 = + 
— tan! sa = tan! =< 
1-y 1— xz 


2 ~ 2 2 
YF ig mM 


— — = 
1-y? 1l-xz 1-y? 1-(y?-d?) 
> y=y?-d [from Eq. (i)] 
Fe d=0 
From Eq. (i), x =y andz=y 
2 xSy=s 
Aliter 
“s x, y, z are in AP. ...(i) 
2y=Hxt+z ...(ii) 


-1 =1 -1 ‘ 
Also, tan’ x, tan y, tan’ z are in AP. 


2tan'y =tan'x+ tan 'z 


= 2 - + 
=> tan! = = tan! = 
1L=¥ 1— xz 


[from Eq. (ii)] 
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“x, y, z are in GP. ...(iii) 
From Eggs. (i) and (ii) x, y, z are in AP and also in GP, then 
x=y=z. 


136.5 = 07 +0.77 +0.777 +... upto 20 terms 


7 
= (0.9 + 0.99 + 0.999 +... upto 20 terms) 
7 
= 3 [(1 — 0.1) + (1 — 0.01) + (1—0.001)+ ... upto 20 terms] 


7 
= +1+1+... upto 20 times) 


1 1 Is 
+—; +—, +... upto 20 terms 


10 10° 10 
| 4f,-(2)")| 
“f-8 
alee 10 10 _7| 180-1410” 
9 pec 9 9 


L n | 


i) 2 
=— (179+ 10° 7°) 
81 


137. S,=-17 -27 +37 4+ 47-57-67 +77 +8? 


+ (4n —1)° + (4n)? 
= (37-17) + (4° —27) + (7? -5*) +8? -6”) +... 
+ [{(4n — 1)” —(4n —3)°} + {(4n)° — (4n — 2)?}] 
=4[2+34+6+74+10+11+4+...+ (4n—-2)+(4n-1)] 


=8{1+34+5+...4(2n-1)}+ 4847411 
+ ...+(4n -1)} 


=16n" + 4n=4n(4n+1),neEN 


Satisfied by (a) and (d), where n = 8, 9, respectively. 


138. Let two consecutive numbers are k and k + 1 such that 


1<k<n-1,then 
Q4+2+3+...+n)-(k+k+1)=1224 


+1 24 — 2450 
5 OTA) toe 4 oad op Ra 
2 4 
2 
+n-—2450 
Now, 1" = Sn-1>5 49<n<51 


n=50 => k=25 


Hence, k-20=25-20=5 


139. The given series can be written as 


11 11) 11)° 11) 
k=1+2|—/+3]/—]+...+4+9}]—] +10] — si(1) 
10 10 10 10 


On multiplying both sides by (3) then 


lik (11 11\° rh 11)’ ity 
= +2 + 3 +...+49} —] +10} —] ...(ii) 
10 \10 10 10 10 10 


Now, on subtracting Eq. (ii) from Eq. (i), then 


k 1 11)" 11) 14)" 
=1+ + +...+/—| -10/— 
10 10) \10 10 10 


10 times 


312 ~~ Textbook of Algebra 


11) 11) 
> k =-100- 1; +100} —] =100 
10 10 


140. Let a, ar, ar’ are in GP. 


. GP is increasing. 
rei 
New numbers a, 2ar, ar’ are in AP. 
4ar=atar? => r*>-4r+1=0 


4+ ,/(16 — 4) 
r= —_—_ 


Hence, ; =24+ 3 [ra] 
b 
141. Let va fer 
a b 
b =ar,c=ar’ 
+b+ b 6 
Given, a ae eae +£=3[ J+ 
3 aa a a 
2 6 
> Terr =3r+— 
a 
Now, for a =6, only we get r = 0, 2 [rational] 
So, a 
=> (a,b,c) =(6, 12, 24) 
a’ +a-14_36+6-14_, 
a+1 6+1 2 
n(n + 1) 
ee P4243 4..¢n 2 _(n +1) 
44345 +...+(2n-1) n(t+2n-1) 4 
1 2 
=—(n? +2n+1) 
4 
1 1 +1)(2n+1 2 +1 
* S, =—(2n*+ 2En+ Z1)= pele Dee) Se 
4 4 6 2 
I 
Sy == [285 + 90 + 9] =96 
1+ 
143. Given, m = a =>l+n=2m (i) 


and 1, G,, Gy, G3, n are in GP. 
By Oe Oe 
1 GQsG 
> G,G; = In, G? = IG,, G? = G,G,, G? = nG, ...(ii) 
Now, G? + 2G; + G = GF +2G) 4+n°G 
= GF (I? + 2G; +n’) 
=G,G, (I? + 2G,G, + n’) [from Eq. (ii)] 
=In (I? +2In+n’) 


=In (1 +n)? =In(2m)’ 


[from Eq. (ii)] 


[from Eq. (ii)] 
[from Eq. (i)] = 4lm’n 


144, Let first term = a and common difference = d 
sum of seventerms _ 6 


sum of eleven terms 11 
i 7 
—(a, + a7) — (2a + 6d) 
Zs 2 oi se = 
11 “41 11 ~ 
ra + a) — (2a + 10d) 


11 


145. -. 


146. 


147. -. 


148. 


or a=9d and 130 <a, <140 
=> 130 <a, + 6d <140 => 130 <15d <140 


Bo <d <9. = 7=6 (:a,d EN) 


3 
a+d,a+ 4d, a+ 8d are in GP(d #0) 
(a+ 4d)’ =(a + d) (a + 8d) 
=> a=8d 
a+4d 8d+4d 4 


.. Common ratio = = = 
at+d 8d+d 3 


(a =8d) 


Aliter 
Let the GP be a, ar, ar’ and terms of AP and A + d, A + 4d, 
A + 8d, then 

ar’-ar (A+8d)-(A+4d) 4 


(A+ 4d)-(At+d) 3 


iF o(2 (2-28) 


ar—-a 


my +37 44745? 4...117) 
25 

_ 16 aoe 1). (22 + 1) : 
25 6 
16 16 


16 F 
=— x505 “ie x 101 == mlerven) 


“.m=101 
log, by, log, by, log, by, ..., log, by; are in AP. 
= b, bo, bs, ..., bio; are in GP with common ratio 2. 
(." common difference = log, 2) 
Also, a, dy, a3, ... Qo; are in AP. 
where, a, = 0, andas, = bs; 
w. Do, bs, ..., bs are GM’s and dp, a3, ...., dsq are AM’s between b, 
and bs. 
GM < AM 

=> by < dg, b; < a3, ..., D5q < Aso 

by + by + bg +... + 05) <a + ay +34... + a5; 
=> t<s 
., 4, are in AP and b,, by, bs, .... bg, are in GP. 


a, =b, and as, = bs; 


Also, a), dy, 43, .. 


: Dior > or 
(15a)* + (3b)* + (5c)? — 45ab — 15be —75ac = 0 


= : {(15a — 3b)? + (3b — 5c)? + (5c —15a)°} = 0 
=> (15a —3b) + (3b —5c)” + (5c — 15a)’ =0 
or 15a —3b = 0,3b —5c = 0,5c —15a =0 


b =5a,c =3a 
=> 5a,3a,aare in AP ie. b,c, aare in AP. 
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The technique of logarithms was introduced by John Napier (1550-1617). The logarithm is a form of indices which is 
used to simplify the algebraic calculations. The operations of multiplication, division of a very large number becomes 
quite easy and get converted into simple operations of addition and subtraction, respectively. The results obtained are 


correct upto some decimal places. 


Session 1 


Definition, Characteristic and Mantissa 


Definition 

The logarithm of any positive number, whose base is a 
number (> 0) different from 1, is the index or the power to 
which the base must be raised in order to obtain the given 
number. 

ie. ifa* =b (where a >0,#1), then x is called the 
logarithm of b to the base a and we write log, b = x, 
clearly b >0. Thus, log, b=x @a* =b,a>0,a#1and 
b>0. 

If a=10, then we write log b rather than log, b. If a =e, 
we write In b rather than log, b. Here, ‘e’ is called as 
Napier’s base and has numerical value equal to 2.7182. 
Also, logy) e is known as Napierian constant. 

ie. log 1) e = 0.4343 

: In b = 2.303 log 1) b 


since n b= logy) bx log, 10= X log 19 b 


log io € 
1 
0.4343 


log 9 b = 2303 log io q 


Remember 
(i) log 2 = log, 2 =03010 

(ii) log 3= log j)3= 0.4771 

(iii) In 2= 2.303log2 = 0.693 

(iv) In 10= 2.303 
Corollary I From the definition of the logarithm of the 
number b to the base a, we have an identity 

ata> = bh a>0,a#1andb>0 


which is known as the Fundamental Logarithmic 
Identity. 


Corollary I The function defined by 
f(x) =log, x,a>0,a#1is called logarithmic function. Its 
domain is (0, ¢¢) and range is R (set of all real numbers). 


Corollary Il a* >0,V xe R 


(i) Ifa >1, then a* is monotonically increasing. 


AD 222 111 


For example, 5 Bl 5 >3 


(ii) If0 <a <1, then a* is monotonically decreasing. 


2.7 2.5 
For example, 2) 2) Ty" <O75" 


Corollary IV 
(i) Ifa >1, then a~ 


co 


=0 
log, 0 =— (if a>1) 
(ii) If0 <a <1,thena™ =0 
log, 0=+(if0 <a<1) 
Corollary V (i) log, b> ~, ifa>1,b 40 
(ii) log, b> - 9, if0<a<1,b 40 


Remark 
1. ‘log’ is the abbreviation of the word ‘logarithm’. 
2. Common logarithm (Brigg’s logarithms) The base is 10. 


3. Ifx <0,a>0 anda#i,then log,x is an imaginary. 
+ve, x>1 
4. lfa>1, logax = 0, x=1 


-ve, 0<x<1 
t+ve, 0<x<1 
And if0 <a<i1log,x =4 0, x=1 


-ve, x>1 


5. log,1=0(a>0,a#1) 
logga=1(a>0,a#1) and log (;2a@=-1(a>0,a#1) 


Example 1. Find the value of the following : 
(i) logg 27 (ii) log, 5324 

(ili) log, 9 (27-3) (iv) logy; ,.2 6) -2v6) 
(v) log, 70.008 (vi) 27/84 5 


fl, 1.4 
-log25;-+s+—+... 


(vii) (0.4) (viii) (0.05)!°8v20'0-3) 


Sol. (i) Let x = log, 27 
=> 9% =27 = 3°* =3) = 2x =3 
3 
x — ee 
2 
(ii) Let x = log, /5324 


= (3V2)* =324 =2?-34 => (3V/2)* =(3v2)! 
: x=4 


(iii) Let x = log, (273) 


x 
1 = 
=> (5} = 27/3 => 3°* =37/ = -2x =7/2 
9 


pene 
4 
(iv) + (5 + 2V6) (5 - 2V6) =1 
1 
or St 26> ..-(i) 


Now, let x = logs + 2/6)(5 — 2/6) 
= logis 2ye)5-2V6=-1 [from Eq. (i)] 
(v) Let x = logy, 0.008 
=> (0.2)"=0.008 = (0.2)* = (0.2)? > x =3 


(vi) Let x = g?loga 5 — gloga5 5 


log2.5 dg Mig 
— lo _ — — vee 
82.5) 5 rae 


(vii) Let x = (0.4) 


wae ie Hel cee 
(yar 


5 2 
(viii) Let x = (0.05) 9) = (0,05)!°Ev20 “) ...(i) 
where, A =0.3 
Then, A = 0.33333 ... ...(ii) 
=> 10A = 3.33333... ..(iii) 


On subtracting Eq. (ii) from Eq. (iii), we get 
9h =3= A=+ 


7 1 
log /20| = 
Now, from Eq. (i), x = (0.05) a ) 


ay\-l eure : 
_ 1 108 (oo) V2 (3) _ 1 12 log 20 3 
20 20 


= 99(2 108203) _ aglogz0 37 32-9 
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Example 2. Find the value of the following: 
(i) logtan aseCOt30° (ii) NOE 6 due a tee 
(iii) lO8 sin? sph cae? 30% | (iv) log so 1 
Sol. (i) Here, base = tan45°= 1 tan 
.. log is not defined. 


(ii) Here, base = sec”60° — tan” 60° = 1 


\C0s60° 


.. log is not defined. 

(iii) te 108 in? i Sceee 30°) 1= log, 1 #1 
*: Here, base = 1 
.. log is not defined. 

(iv) logs) 1=0 


Characteristic and Mantissa 


The integral part of a logarithm is called the 
characteristic and the fractional part (decimal part) is 
called mantissa. 


ie., log N = Integer + Fractional or decimal part (+ve) 


y y 


Characteristic | Mantissa 
The mantissa of log of a number is always kept positive. 


Le., if log564= 2.751279, then 2 is the characteristic and 
0.751279 is the mantissa of the given number 564. 


Andif log 0.00895 =— 2.0481769 
= —2 — 0.0481769 
(—2 —1) +(1—0.0481769) 
=—3+ 0.9518231 
Hence, —3 is the characteristic and 0.9518231 
(not 0.0481769) is mantissa of log 0.00895. 
In short, —3+ 0.9518231 is written as 39518231. 


Remark 


1. If NV > 1, the characteristic of log NV will be one less than the 
number of digits in the integral part of NV. 


For example, \flog 23568 = 2.3723227 

Here, N = 23568 

«. Number of digits in the integral part of VN = 3 

=> Characteristic of log 23568 = N -1=3-1=2 

2. If0 <N <1, the characteristic oflog Nis negative and 

numerically it is one greater than the number of zeroes 

immediately after the decimal part in NV. 

For example, \flog0.0000279 = 54456042 

Here, four zeroes immediately after the decimal point in the 

number 0.0000279 is (4 + 1), i.e. 5. 

3. If the characteristics of logN be n, then number of digits in NV 

is(n+ 1) (Here, NV > 1). 

4. If the characteristics of log NV be —n, then there exists (n — 1) 
number of zeroes after decimal part of V (here, 0 < N <1). 
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Example 3. If log 2= 0.301 and log 3= 0.477, find Sol. Let 
the number of digits in 6*°. 
Sol. Let P =6"° =(2 x3)" 
log P = 20 log(2 x 3) = 20{log2 + log3} 
= 20 {0.301 + 0.477} 
= 20x 0.778 = 15.560 


Since, the characteristic of log P is 15, therefore the number 
of digits in P will be 15 + 1, ie. 16. 


Example 4. Find the number of zeroes between the 
decimal point and first significant digit of (0.036)"°, 


P = (0.036) = logP = 16log (0.036) 


36 2? .3? 
= l6log = lolog 
1000 1000 


= 16{log2” + log3” — log10°} 


= 16{2log2 + 2log3 — 3} 

= 16 {2x 0.301+ 2x 0.477— 3} 
= 16 {1.556— 3}= 24.896— 48 
=-48+ 244 0.896 


= —24+4 0.896 =24 + 0.896 


where log 2 = 0.301 and log 3 = 0.477. “. The required number of zeroes = 24— 1= 23. 


Exercise for Session 1 


1. The value of log, 5 1728 is 


(a) 6 (b) 8 
(c) 3 (d) 5 


. The value of log s_37)(8 + 3V7) is 


(a) -2 (b) -1 
(c) 0 (d) Not defined 


92.5) 5 + + + : 
. The value of (0.16) 3 is 


(a) 2 (b) 4 

(c) 6 (d) 8 

If log 2 = 0.301, the number of integers in the expansion of 4"” is 
(a)9 (b) 11 

(c) 13 (d) 15 


If log 2= 0.301, then the number of zeroes between the decimal point and the first significant figure of? is 
(a) 9 (b) 10 
(c) 11 (d) 12 
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Principle Properties of Logarithm 


Principle Properties 
of Logarithm 


Let m and n be arbitrary positive numbers, 
a>0,a#1,b>0,b#1andq,f be any real numbers, then 


(i) log,(mn) = log, m+ log, n 
In general, log ,(x,X2%X3...X,) =log, x; 
t+log, x2 +log, x3 +...t log, x, 
(where, x1, X2,X3,-.., Xp >0) 
Or 


log, ee = ¥ log, x;, Vx; >0 
° [i 2 ‘ 


where, i = 1, 2,3,...,n. 


(ii) log, (=) =log,m-—log,n 
n 
(iii) log, m“ =a log, m 
(iv) log pm = glee m (v) log, m= 108 a . 
Remark 
1. log, a-log,b=1 © log,a= l 
log, 6 


2. log, a-log,b-log,c =1 
3. log, x-log, y-log.z =log,x 


x 
4, bh? = a 


Extra Properties of Logarithm 


(i) qi8b* = x84 b41,4,b, x are positive numbers. 


(ii) a’°8¢* =x,a>0,a¥1,x>0 

a8 1 

(iii) log x i ea x,a>0,a41,x>0 
(iv) log, x** =2klog,|x|, a>0,a#1keEl 


(v) log 2x x= logia x, x >0,a>0,a4+1andke I ~ {0} 


(vi) log xP an x, x >0,a>0,a 41,0 40 
104 


(vii) log, x’ #2log, x, a>0,a#1 


Since, domain of log ,(x”) is R ~ {0} and domain of 
log, x is (0, °°) are not same. 


(viii) a°8* = Ja, ifb =a’,a>0,b>0,b#41 
(ix) q'°84 —q* ifb=Ja,a>0,b>0,b#1 


Example 5. Solve the equation 3- xloss2 4 plogsx — Gy, 


Sol. «. 3. logs 2 4 gloesx _ 64 
=> 3.2)085* 4 gloes* — 64 [by extra property (i)] 
=> 4.glesx — 64 
=> gloss x = 42 = 94 
logs x= 4 
= e=5* 625 


Example 6. If 4'86* +.9!859 = 19!°8x® find x. 
Sol. -. gleeis4 — 4 =2 


and gies? — 9? = 81 


[by extra property (ix)] 
[by extra property (viii)] 
gleeis4 4 gloss? — 9 4 g1 = 83 = 106 8 
=> log,) 83 = log, 83 
x =10 
Example 7. Prove that qvlega > _ pilosa _ g 


Sol: qv e8ab) = gvloeab x yloga b x logy a 


= gieea b-/(logp a) 
=p logp a 
Hence, a¥"°E”) — pv "°8) — 9 


[by extra property (ii)] 


log, 24 log, 192 _ 3 


Example 8. Prove that 
loggg2 logy. 2 


log, 24 
logo 2 


log, 192 
log,.2 


Sol. LHS = 


= log, 24 x log, 96 — log, 192 x log, 12 
Now, let 12 = A, then 
LHS = log, 2A x log, 8A — log, 16A x log, A 


318 = Textbook of Algebra 


= (log, 2+ log, A) (log, 8 + log, A) Example 9. Solve for a,A, if 
— (log, 16 + log, A)log, A log, a-logs A-log, 25 =2. 
= (log, 2 + log, A) (log, 2° + log, A) Sol. Here, A>0,A 41 
— (log, 2 + log, A)log, % We have, log, a: {logs A- log, 25} = 2 
= (1+ log, A) (3log, 2 + log, 2) + (log,, a) {logs 25} =2 
~(4log)2 + log, A)log, A ai (log;, a){logs5°} = 2 
=(1+ log, A)(3 + log, A) — log, A(4 + log, A) oo (log, a) {2logs 5} = 2 
=% = (log, a){2} =2 
- RHS log,(a)=lora=A 


Exercise for Session 2 


1 Ifa= logo4 12,b =logyg 36 andc =log3, 24, 1+ abc is equal to 

(a) 2ab (b) 2bc (c) 2ca (d) ba + be 
2 The value of log,[logz {log2(log3 81)}] is equal to 

(a)-1 (b) 0 (c) 1 (d) 2 


3 logslogs (1/y..-V-V2 ) is equal to 


n times 
(a) 0 (b) 1 (c)n (d) -n 
4 lfa= log3 5,b =log,725, which one of the following is correct? 
(aja<b (b)a=b (c)a>b (d) None of these 
5 The value of logg 75 logs ./~4/(0.125) is equal to 


(a) -1 (b) 0 (c) 1 (d) None of these 
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Properties of Monotonocity of Logarithm, 
Graphs of Logarithmic Functions 


Properties of Monotonocity Graphs of Logarithmic 
of Logarithm Functions 


1. Graph of y = log, x,ifa>1landx>0 


1. Constant Base Y 
0,if a>1 
(i) log, x >log, yeS ai aes 
0<x<y,if0<a<l x4 >X 
O} [ (1, 0) 
0 ifa>1 
(ii) log, x<log,y@ Rick nas 
x>y>0,if0<a<1 Y’ 


ps 
ihin espe ¥ 
0<x<a?’,if0<a<l1 


p . 
Gee, 29S 0<x<a’,ifa>1 vi (1,0) P 
x>a?’,if0<a<1 O 
2. Variable Base y 
(i) log , ais defined, ifa>0,x >0,x #1. Remark 
1. If the number x and the base ‘a’ are on the same side of the 
(ii) Ifa >1, then log , a is monotonically decreasing in unity, then the logarithm is positive. 
(0, 1) U (1, ©). Case I y = log,x,a>1,x>1 Case ll y= log,x,0<a<1,0<x<1 
(iii) If 0 <a <1, then log, ais monotonically increasing in | 
(0, 1)U (1, ©). Ye. \ 
x’ X xe ox 
Very Important Concepts | (4,0) O[ (1,0) 
(i) Ifa>1,p>1, then log, p>0 ly ¥ 
(ii) If0<a<1,p>1,then log, p<0 2. If the number x and the base a are on the opposite sides of 
the unity, then the logarithm is negative. 


(iii) Ifa >1,0 < p<1,then log, p<0 Ciel sin eos set 
(iv) If p>a>1,then log, p>1 Case Il y =log,x,0<a<1x>1 
(v) Ifa>p>1,then0<log, p<1 

(vi) If0<a<p<1,then0<log, p<1 


(vii) If0< p<a<1, thenlog, p>1 
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3. Graph of y = log, |x| 


Vee y 
a> O<a<i1 
* > » (-1,0 1,0 
ao OL toy XE 5 ae 
y” ‘ 
Remark 
Graphs are symmetrical about Y-axis. 
4. Graph of y =|log, |x || 
Y 
a> Csa<) 
Ae *X Xi, : 
ee Gi, 0} (1.0 * 
y’ y’ 


Remark 
Graphs are same in both cases i.e.,a>1and0 <a<1. 


5. Graph of |y | =log,|x|| 


a>Oanda#l1 


6. Graph of y = log, [x],a>1and x21 
(where [ - ] denotes the greatest integer function) 
Since, when 1< x <2,[x]=1=> log,[x]=0 
when 2< x <3,[x]=2=> log,[x]=log, 2 
when 3 <x <4,[x]=3= log,[x]=log, 3 and so on. 


% 
coat ‘log, 4! 
pena tlog jue a 
fe | 
X’< ea 4 4 4 ri >X 
oO; 1 2 3 5 
y’ 


Example 10. Arrange in ascending order 
log (x), log 3(x), log. (x), logy (x), if 


(i) x >1 


(ii) O0< x <1. 


Sol. + 2<e<3<10 


(i) 


(ii) 


For x > 1, log, 2 < log, e < log,.3 < log, 10 
1 il 1 1 
< < < 
loga(x) loge(x) logs(x) — logio(x) 


= log2(x) > log.(x) > logs(x) > logio(x) 
Hence, ascending order is 
logio(x) < logs(x) < log.(x) < log,(x) 
For0< x <1, log,2> log, e > log,.3 > log, 10 
1 1 1 1 
=> > > > 
loga(x) loge(x) logs(x) — logio(x) 


log2(x) < loge(x) < logs(x) < logio(x) 
which is in ascending order. 


Example 11. If log11=1.0414, prove that 10" >11"°. 


Sol. -. 


log10'' = 11log10 = 11 


and log11"° = 10log11 = 10 x 1.0414= 10.414 


It is clear that, 


=> 


=> 


11> 10.414 
log10"' > log11"° ['. here, base = 10] 


10 > 112° 


Example 12. If log (x —2)<log,(x —2), find the 


interval in which x lies. 
Sol. Here, x —-2>0 


=> 


and 


=> 


=> 


x>2 (i) 
log(x — 2) < log, a(x -2)= sloge(x ~9) 


iboats 3) sloge(« ~2) 


> 
=> 


sloge(x Ne0 = logs(x—2) 20 


x-2<22? > x-2<1 


x<3 


ii) 


From Eqs. (i) and (ii), we get 


2<x <3 or x€(2,3) 


Example 13. Prove that log, (n+ 1) > log (,41)(n+ 2) 


for any natural number n >1. 


Sol. Since, 


For 


n+1 1 1 n+2 
=1+—>1+ = 
n n n+1 n+1 
n>1, 
n+1 n+1 n+2 
log, > logy +1 > logy +1 eh 
n n+1 


= log, (n +1) — log, n > loga,41)(n + 2) — loga.41(n + 1) 
> log, (n + 1) —1> logy, 41)(n + 2) -1 


log, (n + 1) > logy, 41)(n + 2) Hence proved. 


How to Find Minimum Value of 
A1l0ga x + Az log, a,a >0, x >0, 
a#1x#1landaj,, Ao. ER, 


AM 2 GM 


up guleEa® : AM» (Ga iog, 2) alee ce) = 


=> d,log,x +A, log,az=2JA,A,. 


Hence, the minimum value of A, log, x + A, log, ais 2/A,A2. 
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Example 14. Find the least value of the 
expression 20g 1, x — log , 0.01, where x > 0, x #1. 


Sol. Let P = 2logy) x — log, 0.01 = 2logy) x — log,(10 ”) 
= 2(log;) x + log, 10) 
>2-2=4 
P>4 


[by above article] 


Hence, the least value of P is 4. 


Example 15. Which is smaller 2 or (log,, 2+ log 1)? 
Sol. Let P =log,2 + log, 1 >2 [by above article] ['. 1 #2] 
Be P>2 
=> (log,2+ log,m)>2 


Hence, the smaller number is 2. 


For a non-negative number ‘a’ andn=2,neN, 


a = ql. 


The number of positive integers having base a and 
characteristic n is a 


Logarithm of zero and negative real number is not 


defined. 


4 |logpatlog, b|=>2,Va>0,a41b>0,b41. 


Exercise for Session 3 


If logg.16(a + 1) <logy.4(a + 1), then a satisfies 


(aja>0 (b)O0<a<1 (c)-1<a<0 (d) None of these 


1 
The value of x satisfying the inequation x'°'°* -logi) x <1, is 


(a)O0<x<10 (b)O<x<10'° (c)O0<x < 10" (d) None of these 


If lOGgosecx SiN X > 0, then 


(a)x >0 (b) x <0 (d) None of these 


The value of log;9 3 lies in the interval 


21 1 2 
a) )| y= b)| 0, — Cc) O.= d) None of these 
(2,3) (o)( ;] (( 2) (d) 
2 
The least value of n in order that the sum of first n terms of the infinite series 1+ , + (=) + (?) +..., should 


differ from the sum of the series by less than 10°, is (given, log 2 = 0.30103, log3 = 0.47712) 
(a) 14 (b) 27 (c) 53 (d) 57 


Shortcuts and Important Results to Remember 


5 logslogeyyyv...v2 =-n 
AAR e es 


rn times 
6 qvi9a b = pviogb 2 


7 Logarithms to the base 10 are called common logarithms 
(Brigg’s logarithms). 


1 
241 ot 


8 Ifx =log, b+ logyc, y =log,c + log, a, 
z=log,b+log,a, then x? + y? + 2° —4= xyz. 
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JEE Type Solved Examples : 
Single Option Correct Type Questions 


This section contains 8 multiple choice examples. Each The pairs (a, b) are 
example has four choices (a), (b), (c) and (d) out of which (3, 3”), (4, 42), (5,52), (6, 62)... (44, 442) and (3, 3°), (4, 43) 


ONLY ONE is correct. P js 
P ™ (5, 5°)s...5 (12, 12°). 
Ex. 1 The expressionlog 5 — DS log» [si <)] reduces Hence, there are 42 + 10 = 52 pairs. 
5 
k=1 
to, where p andq are co-prime, the value of p’ +q° is » Ex. 3 The lengths of the sides of a triangle are log 1 12, 
a log 19 75 and logy) n, wherene N. Ifa and b are the least 
(a) 13 (b) 17 (c) 26 (d) 29 and greatest values of n respectively, the value of b — a is 
4 tee 
Sol. (b) Let p = log,5-— ¥ log, sin Mt SrUSICey. 
= 5 (a) 221 (b) 222 (c) 223 (d) 224 
‘i = Sol. (c) In a triangle, 
= log25- {oe s{ + og sin( logiy 12 + log,) 75 > logyyn > n < 12X75 = 900 
o. n<900 ...(i) 
+log, [su(%") + los sn( and logy) 12 + logyg n > logy) 75 
5 5 
= n>ea® 
= log,5— log, an eae aa <a a 
5 5 5 5 25 
7 # n>— (ii) 
= log,5—log, sn'[£}sie( Z 
2 2 From Eqs. (i) and (ii), we get — <n < 900 
ejamesti (1 — cos72° )(1—cos144°) 4 
= 10829 1062 ri a n =7, 8, 9, 10, ..., 899 
(1—sin 18° )(1+ cos36°) Hence a= 7,.0= 899 
= log,5—log, i oe b-—a=892= 4 x 223 
Hence, b —a is divisible by 223. 
V5-1 VJ5+1 
1 rl Tp i , , 
14+ 
= log, 5 — log, © Ex. 4 IfSlog,, (a+b? t+c*)=3A 1+ log3(abe) | ad 
4 log (abc) 
(abc)**°** =1andr= ™ where mand n are relative primes, 
= log,5—lo (5- V5)(6+ V5) = log,5—lo = : 
~ 1082 62 64 62 52116] the value of|m+n|+|m—nl is 
. y cha | (a) 8 (b) 10 () 12 (d) 14 
= loga[ 9% : )= toes? = i = 4 [given] Sol. (b) * (abc)**?*¢ =1=(abc)° 
p=4,q=1 Be atb+c=0 3 a+b? +c? =3abe 
Hence, p’ +q° = 4° +1° =17 Now, LHS = 5log,;,(a° + b® +.c*) = 5log,»,(3abe) (i) 
1+] b log;(3ab 
Ex. 2 If3 <a<2015,3 <b < 2015 such that and RHS=3a( 1+ 108s(abe) ) _ 44/ logs(Gabe) 
log3(abc) log3(abc) 
log, b+ 6log, a =5, the number of ordered pairs (a, b) of - 
integers is = 3A log,»,(3abc) (ii) 
(a) 48 (b) 50 (c) 52 (d) 54 From Eqs. (i) and (ii), we get 
Sol. (c) Let x =log,b ...(i) 5 logape(3abc) = 3A logaye(3abc) 
6 2 . r= 2 [given] 
=> x+—=5>5 x°-5x+6=0 > x=2,3 ee 3 8 
x n 
From Eq. (i), we get log, b = 2,3 = m=5,n=3 
2 3 Hence, |m+n|+|m—n|=8+2=10 


> b=a‘ ora 
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log43 a ee 7 
Ex. 5 fale € 23. gloesd , logs 3°84 3 gloss 3°88? og4 7 Also, b— a = 36-ais a square for a = 35, 32, 27, 20, 11 
- i. eee oy pb? 362 ; 
where a, b, c€ Q, the value of abc is Now, c= = = -e is an integer for a = 27 


(a) 9 (b) 12 (c) 16 (d) 20 


a = 27,b=36,c = 48 
Sol. (0) ib — 3itlogs 3+ (logs 3)? + (logg 3)>+... c 


Hence, a+ b—c = 27 +36- 48 = 15 
= gl (1- loga 3) 31/loga (4/3) _ glesai34 


bcd acd 
e=4 p= o25 > Ex. 8 x =logne <4}. y= log <2} 
3 2 3 
b b 
Hence, abc ee z=log 4. abd andw =log «4 me and 
3 4 ? 
Ex. 6 Number of real roots of equation Le ee ee ee ee ee ee nae tewalueae vis 
3log3 (x7 4x +3) 2(¢=3) 5 x+1 y+1 zt+1 wi 
(a) 0 (b) 1 (2 (d) infinite (a) 40 (b) 80 
2 (c) 120 (d) 160 
Sol. (a): 3!083(*"~ 4% +3) = (x —3) sd) hed 
Eq. (i) is defined, if x*-4x+3>0 Sol. (¢) aia loa“) 
> (x-1)(x-3)>0 ohed 
> x<lorx>3 (ii) = x+1= logy, = log,(abced) 


Eq. (i) reduces to x” —4x+3=x-3 = x?-5x+6=0 


x=2,3 ...(iii) aa logabed 2 


From Eqs. (ii) and (iii), use get x € o 


Sint — Sloe 3h) = oe 2 
.. Number of real roots = 0 imuarly, ——— = l0£abed 99 Te te OS abed 4C 


yt1 
Ex. 7 Iflog,a+log, b+log, c=6, wherea, b,c€ N and 


a, b,c are in GP and b —a is a square of an integer, then the aud w+, loBabea 5d 
value ofat+b-—c is 1 1 1 1 

@2 6) = 93 oa i ya ee 
Sol. (b)*. — logsa+log,b + log,c =6 

= s he (abe) > = log sheq(120 abcd) 

= abc = 6° = logabed 120+1 

= b3 = 6° [- b? = ac] = loggicg N +1 [given] 

oy a Hence, N =120 
JEE Type Solved Examples : 
More than One Correct Option Type Questions 
= This section contains 4 multiple choice examples. Each => 3ab(at+b)=0 = a=O0orb=0ora+b=0 

example has four choices (a), (b), (c) and (d) out of which => logy) x +2= 0 or log; x-1=0 
more than one may be correct. _ 
or 2log;) x +1=0 
© Ex. 9 The equation > x=10° orx =100rx=10”” 
(log 1) x + 2)° +(log 4) x —1)°? =(2log yy) x +1)° has Hence, x= — or x —10orx = z 
10 
(a) no natural solution —_(b) two rational solutions 
(c) no prime solution (d) one irrational solution le . . 
g59-log,5-log37 1 : 

Sol. (b, c, d) Let log; x+2=aand logyx-1=) Ex. 10 The value of + - 


log; V6 log 4 V6 


*. at+b=2log,) x +1, then given equation reduces to 


Pepotewn! co-prime with 


(a) (b) 3 (c) 4 (d)5 


324 Textbook of Algebra 


Selda b. die: pee Cer et 


log; V6 log, V6 
log39 
a +lo 4= log -9+lo 4 
eee 86 B6 B6 


= log (36) = log ¢(v6)* =4 => P=4 


which is co-prime with 1, 3, 4 and 5. 


» Ex. 11 Which of the following quantities are irrational 
for the quadratic equation 
(log 1p 8)x* — (log 49 5)x = 2(log 10) '— x ? 
(b) Product of roots 
(d) Discriminant 
Sol. (c, d)* (log, )8)x* — (logy) 5)x = log, 10) — x 
=> (3log,)2)x? + (1—log,)5)x —2log,)2= 0 


(a) Sum of roots 


(c) Sum of coefficients 


=>  (Blogy) 2)x” + (logy) 2)x —2log,)2=0 


1 
Now, Sum of roots = —— = Rational 


5 
2 


Product of roots = —— = Rational 


Sum of coefficients = 3logy) 2 + logy) 2 —2logy92 
= 2log,) 2 = Irrational 
Discriminant = (logy) 2)? + 24(logyo 2)" 
= 25 (log,)2)° = Irrational 


» Ex. 12 The system of equations 


log 19(2000xy) —log 1) x- logy y =4 

log 19(2yz) —log io y logy) z =1 

and log 19(zx) —log 1) z- logy) x =0 

has two solutions (x1, y1, Z) and (x, ¥2, Zz), then 


JEE Type Solved Examples : 
Passage Based Questions 


= This section contains 2 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 13 to 15) 


Suppose that log ;)(x — 2) +log;) y =0 and 
vx +J(y -2) =V(x+y). 
13. The value of x is 


(a)2+J2 (b)14+V2 = (c) 2V2 (d) 4-2 
14. The value of y is 
(a) 2 (b) 2/2 (c)1+V2 (d)2+2V2 


Sol. (a, b, c, d) Let logy) x =a, log.) y = b and logy) z =c 


15. 


Sol. 


(a) x; +x =101 
(c) x1X_ = 100 


(b) yi + yz = 25 
(d) z;z, = 100 


Then, given equations reduces to 
at+b—ab = 4— logy) 2000 = logy)5 
b+c—be =1-— logy) 2 = logy) 5 
and cta-ca=0 
From Eqs. (i) and (ii), we get 
at+b-ab=b+c-—be 


> (c—a)—b(c—a) =0 
> (c—a)(1—b) =0 
1-b4#0,c-a=0> c=a 


From Eq. (iii), we get 
2a-a° =0 = a=0,2 


Then, c=a >c=0,2 
and b = logy) 5,2—logy)5 
logge =O 2S a= 107,10" 
=> x =1, 100 
> x,;= 1x, =100 
and logio y = logy9 5, 2— logy95 
= logy, 5, logy) 20 
=> y =5,20 
> y, =5, 2 = 20 
and logy) z=0,2 = z=10",10° 
=> z= 1,100 
> Z,= 1,z, = 100 


Finally, x, + x. =1+100=101, y, +y, =5+20 = 25, 
X4X_ =1X100= 100 and z,z, = 1100 = 100 


If x2" -6 yore = 6, the value of f, t, tz t, is 
(a) 1 (b) 2 (c)4 (d) 8 
(Ex. Nos. 13-15) 
logio(x — 2) + logy) y =0 
x-2>0,y>0 
> x>2y>0 
and logio (x - 2)y}=0 
=> (x —2)y =10° =1 
(x-2)y =1 


Also, given that Vx + Vy -2)= (x +y) 


x20,y-220,x+y20 


li) 
ii) 


(iii) 


ii) 


> x20,y22 ... (iii) 


On squaring both sides, we get 
xty—2+2Vx/(y—-2)=x+y 
> vx .fy-2=1 
> x(y-2)=1 ...(iv) 
From Eqs. (i) and (iii), we get 
x>2y22 
and from Egg. (ii) and (iv), we get y = x 
(x -2)x =1 
= x° —2x-1=0 


Pe oh at 


2 


From Eq. (ii), 


[neglect —ve sign, since x > 2] 
13. (b) x =(v2 +1). 
14. (c) y=x=J1t+1 
15. (dyer x28 4 yS-2"” <6 
> x6 4 (gt 6 2g 
a ay Gry se 


=  (3+2V2)' -3 +(3-2V2) 3 =6 


Now, we get ?-3=+1 
= f= 4,2 
f= £2 22 


ty ty ts ty = (2) (-2) (V2) (—V2) =8 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 
(both inclusive). 


® Ex. 19 If x, and x, are the solutions of the equation 
1X2 jg 


x!°810* — 100x such that x, >1and x, <1, the value of 

Sol. (5) x!8!* = 100x 

Taking logarithm on both sides on base 10, then we get 
logy) x -logiy x = logy9 100 + logy x 

> (log,) x)? — logy x -2=0 

> (logy) x — 2) (logy) x +1) =0 

; logy) x =2,-1=> x=10,10" 


1 
x, = 100, x2 ar 


X1X2Q 
2 


=5 
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Passage II 


(Ex. Nos. 16 to 18) 
log p {logg (logy x)} _ = 
If 10 =1and log, {log, (log, x)} =0. 


16. The value of x is 


(a)q’ (b) r9 (c)r? (d) rq 
Sol. (b) -- 1908p Hogg lose *)] _ 4 _ 499 
=> log, {log, (log, x)p=0 
=> log, (log, x)=1 = log,.x=q 
= x=? (i) 
and log, {log, (log, x)} =0 
=> log.(log, x)=1 = log,x=r 
x=p (ii) 
From Eqs. (i) and (ii), we get x=r’ =p" 
17. The value of pis 
(a) r7/" (b) rq (c) 1 (d) r"/4 
Sol. (a). ri=p’ ...(ili) 
= part!” 
18. The value of q is 
(a) r?/" (b) plog,r (c)rlog,p (d)r/? 


Sol. (c) From Eq. (iii), 


qlogr=rlogp > g=1[ BEE) = ro,» 
logr 


© Ex. 20 If(31.6)* = (0.0000316)° = 100, the value of 


a b 
Sol. (3) (31.6) = (0.0000316)’ = 100 
=> alo g19(31.6) = blog,9(0.0000316) = log,, 100 
> alog,9(31.6) = blog,)(31.6 x 10°°)= 2 
=> alogyy(31.6) = blog, (31.6) — 6b =2 
= 2 = 1og,9(31,6) 
a 
2 
and 7 = log,9(31.6) — 6 
a. 2 
—-—=6 
a b 
1 1 
=> L223 
a b 
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JEE Type Solved Examples : 
Matching Type Questions 


= This section contains 2 examples. Examples 24 and 25 
have three statements (A, B and C) given in Column I and 
four statements (p, q, r and s) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II. 


© Ex. 21 


Column | Column II 
(A) | Ifx, and x, satisfy the equation 
(x + 1)!si0(*+1) =100(x +1), then | (p) | irrational 
the value of{x, + 1) (xp + 1) + 5is 
(B) The product of all values of x 
which make the following (q) | rational 
statement true (t) | prime 
(log; x) (log;9) — log,.25 + log;2 P 
= log,54, is 
(C) If log, a = —3, log, c = 4 and if the (s) | composite 
value of x satisfying the equation 
a** =c*~| is expressed in the form 
p/q, where p and qare relatively 
prime, then q is 
(t) | twin prime 


Sol. A > (q, s, t), B >(p), C > (q, r) 
(A) (x + 1810 +) = 100(x +1) 
Taking logarithm on both sides on base 10, then we get 
logy (x + 1)-logyo(x + 1) = logy) 100 + log;y(x +1) 
=> flogio(x + 1}? =2 + logy (x +1) 
=> flogiy (x +1)}? — logy) (x +1)-2=0 
=> {logio(x + 1) — 2} {log;9(x +1) +1} =0 
: logio(x +1) =2,-1 
=> (x +1)=107,10" 


(x, + 1)(x» +1)=10? x 1077 = 10 


> (x, +1) (x2 +1)+5=1045 
=15=3x5 
(B) *. (log; x) (log; 9) — log, 25 + logs 2 = log354 
> 2log, x — 2log, 5 = log; 54 — log;2 
= log3(27) =3 
Let log, x = A, then 
1 
Xr 
=> 2r° — 34 -2=0 
= 2 - 4X +A-2=0 


2M(A — 2) +1(A 


1 
2)=0 > A= > 


log, x =— : 2 
&5 3° 
=> x=5 t/? 5? or ga os 
5 
Product of the values of x = ee x 25 =5V5 
5 
(C) «- log,a=-—3 and log,c = 4 
3 
log.a = -— wld 
g P (i) 
and cae 
=> 3x loga =(x — 1)loge 
=> 3xlog.a=x-1 
3 
=> 3xx- i =x-1 [from Eq. (i)] 
f 
> -—9x =4x-4 or x=— 
q=13 [prime and rational] 
© Ex. 22 
Column | Column II 
(A) | If and are the roots of (p) | divisible by 2 


ax’? + bx + c = 0, where 


a= gleea 3 3logs 2 


b =1 + 2v!0823 _ 3vle832 
) | divisible by 4 
q y 


V2, 


and c = log» log, 


then HM of a and is 

(B) | The sum of the solutions of the (r) | divisible by 6 
equation 
|x — 1)!°82 x? —2logy 4 =(x-1)' is (s) | divisible by 8 


(C) | If5(log, x + log, y) =26, xy = 64, (t) 
then the value of |x — y| is 


divisible by 10 


Sol. A > (p, q, r), B > (p, r), C > (p, ¢, t) 


~6 
(A) « a=3-2=1,b=1,c = log, log,2’ 
= log.(2°) = 6 
The equation reduces to x” + x —6 =0 
a+P=-1, oB =-6 
_ 208 _ 2(-6) _ 
a+B (-1) 
(B) Obviously, x = 2 is a solution. Since, LHS is positive, 
x —1>0. The equation reduces to 


12 


log, x” — 2log, 4 =7 


> 2h ~ = = 7, where A = log, x 


=> 2a? —72 


4=0>A1=4, 


1 ss 
log,x =4,-- > x=2'2t? 
2 


1 
=> x = 16, — 
V2 
1 
> x=16,x #— [x >1] 


V2 


.. Solutions are x = 2, 16 
.. Sum of solutions = 2 + 16 = 18 
(C) If a = logx, B = logy 


a 8B 

log, x + log, y=—+— 

Sy Sx 6G 
S(log, x + log, y) = 26 
+ cree 
B a 5 


JEE Type Solved Examples : 
Statement | and Il Type Questions 


= Directions Example numbers 23 to 24 are 

Assertion-Reason type examples. Each of these examples 

contains two statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 

Each of these examples also has four alternative choices, 

only one of which is the correct answer. You have to select 

the correct choice as given below. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


20 
» Ex. 23 Statement-1 /fN -(4) , then N contains 
7 digits before decimal. 0.4 


Statement-2 Characteristic of the logarithm of N to the 
base 10 is 7. 


. 7 cou 10)" 
Sol. (4): v-(2) (2) 


= logy N = 20(1 — 2log,) 2) = 20(1 — 2 x 0.3010) 
= 20 0.3980 = 7.9660 


Since, characteristic of log,) N is 7, therefore the number of 
digits in N will be7 + 1, ie. 8. 


Hence, Statement-1 is false and Statement-2 is true. 
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Let Ooh ent eee 
B rn 5 


= 5A’ — 264 +5 =0 
=> SN -25A-A+5=0 
=> (A —5)(5A -1)=0 
> nr as? 
5 
a =; 1 => OF =5 
B 5 8B 
=> a =568 ..-(i) 
and a+ = logx + logy = log(xy) = log(64) 
3 a+ =6log2 ..-(ii) 
From Eqs. (i) and (ii), we get 
B = log2 anda = 5log2 
=> y=2,x =320r y = 32,x =2 


|x — y| =30 


® Ex. 24 Statement-1 /f p,q € N satisfy the equation 
xv* = (Jx)* andq> p, theng is a perfect number. 
Statement-2 /f a number is equal to the sum of its factor, 


then number is known as perfect number. 
Sol. (d) xv* =(vx)¥ 
Taking logarithm on both sides on base e, then 
In(x)Y* = In(Vx)* 


> VxInx=xIn/x = yx Inx =F Inx 
=> inx(Je-4]=0 
=> ins (1-22 ]-0 
=> ine =0.Ve=01-2=0 
x =1,0,4 
xEN 


x=1,4 => p=landq=4 
4=1xX2x2 => 4414242 


.. q is not a perfect number. 


Hence, Statement-1 is false and Statement-2 is true. 
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Subjective Type Questions 


= In this section, there are 21 subjective solved examples. 


Ex. 25 Prove thatlog; 5 is an irrational. 


Sol. Let log; 5 is rational. 
P 


log,5 = ~, where p and q are co-prime numbers. 


=> 5=3°/4 —> 3P = 58 


which is not possible, hence our assumption is wrong. 
Hence, log; 5 is an irrational. 


Ex. 26 Find the value of the expression 
(log 2)? +log8- log 5 +(log5)?. 


Sol.*.  log2 + log5 = log(2-5) = log10 = 1 (i) 
=> (log2 + log5)® =1 
= (log2)’ +(log5)* + 3log2log 5(log2 + log5) = 1° 
= (log2)* + (logs)* + log2? log5(1) =1 [from Eq. (i)] 
> (log2)? + log8log5 + (log5)* =1 


2 
Ex. 27 If 0!°83° =81, find the value of M'°83°) . 
Sol. -. nless> — 91 
# (Al°83 5: yloes 5: = (81)'°83 5 


= 7 (logs 5)? _ 34log35 _ glogs 54 54 = 625 


Ex. 28 Find the product of the positive roots of the 
equation [(2009)(x)'°82 * = x?, 


Sol. Given, 4f(2009)(x)'°82009 * ae 
Taking logarithm both sides on base 2009, then 


log 2009 (2009) + logao99 X - log 2999 x = log 2009 x 


; + (log s09 x) = 21log 2999 x [for x >0] 


1 
2 
= — (logaoo9 x)” — 2log 2999 x + - =0 


If roots are x, and xg, then logy 99 xX; + logao9 x2 = 2 


= log 2099(%1X2) =2 oF xx2 =(2009)" 


Ex. 29 Prove thatlog; 11 is greater than log g 5. 
Sol. °- 11>5 


log11> log5 ..-(i) 


and 8>7 
=> 
From Eqs. (i) and (ii), we get 
log11-log8 > log7 -log5 
log11 
log7 


log5 


> = log,11>logs5 


log8 


Ex. 30 Given,a* + b* =c?. Prove that 
log,,,atlog._,a=2log.,, a: log..,aVa>0,a4l 
c-b>0,c+b>0 
c—b#1c+b41. 
Sol. LHS = log,,,.a+ log._,a 
1 1 
eels): bea=—D) 
_ log,(c + b) + log,(c — b) 
log,(c + b)log,(c — b) 
log, (e* = b"} 
log,(c + b)-log,(e — b) 


2 
log,a [ ups 
log,(c + b)-log,(c — b) 
2log,a 
log,(c + b)-log,(c — b) 
2 


log,(c + b)-loga(e — b) 
= 2log.,,a-log,_,a=RHS 


Ex. 31 Leta>0,c>0,b=./ac ,a,c andac #1,N >0. 
log, N_ log, N—log, N 


Prove that 
log. N log, N—log. N 
t ..1 
Sol, RHS = 1082N = loeoN _ logna logy 
log, N — log. N 1 1 


logy b i. logy ce 


_ (logy b — logy a) loge 
(logyc — logy b) logya 


lon 
ln 


logaN _ logaN _ LHS 
log, N log, N 


Slo |s |o 


log8 > log7 3 


(ii) 


[b= ae = = 00 92 = 
a 


Ex. 32 Ifa =b,b” =c,c” =a,x=log,a",y =log, b*?, 
z=log, c'3, find the minimum value of 3k, + 6k, +12k3. 
a=c* =(b”)* [c= b"] 


= bY” =(a")” =a” [2 b=a"] 


Sol. -. 


xyz =1 
Also, xyz = log, at! -log, pre -log, ck3 
=k,-k,-kz-log,a-log, b-log,c 
1=k,kk, 
AM2= GM 
3k, + 6k, 


; TAGs, (3k, 6k, -12k3)'/3 


= (3-6-12-kikgks)? 
=(3-6-12)'" 
= (2° 33 y's =6 
or 3k, + 6k, + 12k, >18 
“. Minimum value of 3k, + 6k, + 12k; is 18. 


[se kykak3 = 1] 


Ex. 33 Ifx=1+log, bc,y =1+log, ca,z =1+ log, ab, 


prove that xyz =xy +yz+ zx. 
log be 


in logb + loge 


Sol... x=1+log,bc =1+ =1 


loga loga 


_ loga + logb + loge 


loga 


1 loga (i) 
x loga+tlogb + loge ~ 


or 


Similarly, fs logb ...(ii) 
y  loga+tlogb + loge 


Re nee iii) 


and 
z loga+tlogb+ loge 


On adding Eqs. (i), (ii) and (iii), we get 
1 1, 2 
ae eee ene) 
x y 2 


or xyz=xytyz+ 2x 


Ina 7 In b = 
(b=c) {c-a) (a—b) 


g?té : porta : cath =] 


Ex. 34 if 


Also, prove that gt oper oe S34, 


Sol. Since, a>0,b>0,c >0 
Ina — Inb _ Inc 
(b-c) (c-a) (a-b) 
_(b+c)Inat+(c+a)Inb+(a+ b)Inc 
0 


[using ratio and proportion] 


Chap 04 Logarithms and Their Properties 329 


(b+c)Ina+(c +a)Inb+(a+b)Inc =0 


> Ina’** + Inb’** + Inc**’ =0 
=> In fa?*° .p°*4.c4*?} = 9 
sais @t© .pete.catl = 99 =] ...(i) 


Again, AM > GM 


bt+e cta a+b 

a+b" +c 

= S73 
3 


= (1/3 =1 


or até os" pete + c0t? >3 


[from Eq. (i)] 


é 4 
Ex. 35 Simplify 5'08 1/5 (1/2) von 
V7 +3 


+log42] ——— |. 
vacua) 


P 
logs /s{ +) 
Sol. 5 \?) = shes) = 2 


‘. 4 Jw 4(V7 — V3) 
Vlad) Gr sia) ar am 


= log j5(W7 = 3) 
= log.12(V7 i 3)! 


1 
= lowatv7 - v3) 
= log,(V7 — V3)? = log,(10 ~ 221) 


il 
and lo ———— | = log,(10+ 221 
en ao S2( ) 
Hence, 
logy /5(1/ 2) 4 1 
5 +lo ———— |+ lo —— 
eal Fay) aE eee 


= 2+ log,(10 — 2V21) + log,(10 + 2V21) 
= 2+ log, {(10 — 2V21) (10 + 2V21)} 
= 2+ log,(100 — 84) =2 + log,(2)* =2+ 4 =6 


Ex. 36 Find the square of the sum of the roots of the 
equationlog, x- log; x: log; x =log, x- log; x 
+log; x- log, x +log; x: log, x. 


Sol. Let log, x = A, log; x = B and log, x = C, then the given 
equation can be written as 


ABC = AB+BC+CA~ ABC( +144) 
=  ABc{—++++-1}=0 
A B UG 


or A =0, B=0,C =0, eee 
A B 


1=0 
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log, x =0, log; x =0, log, x =0, log, 2+ log, 3+ log,5=0 


0 > Oe Fd 


or x=2°,x =3",x =5", log,(2-3-5) =0 


or KS S11. VSL KH 50 
.. Roots are 1 and 30. 
Hence, the required value 


=(1 +30)’ =(31)° = 961 


Ex. 37 Given thatlog, a=A,log, b=? and 
225 


: as a function of ‘’ 


log »(8) a write log 5 = 
. +1 c 


(a, b,c >0,c #1). 


Sol. *- log,a=’ Sa=2 
=> logyb=2° 
= b=4¥ = 2 
2 
and log (8) = 
ee +1 
> #i6 2= : 
Se aa 
=> log, 2 = —._—_ 
: 3(03 +1) 


F aS 
3(X° +1 4 
( ) or c=2 
4 


or log,c = 


ab? 275 ,-4 
log, = = log2(a bc ) 
c 


= log, {22* 120? 4-303 + vy 


= log fh +1022 —3(09 +1), 
= log 


= 2A + 10d" —3(A? +1) 


Ex. 38 Given thatlog , 3=a,log;5=b,log, 2 =c, 
express the logarithm of the number 63 to the base 140 in 
terms ofa, b andc. 

Sol. -: log,3=a (i) 
_ log,5 _ log,5 


=> b=logs5 [from Eq. (i)] 
log, 3 a 

log,5 = ab ...(ii) 
and log;2=c 
=> _— c or log,7 = Z ..-(iii) 

log, 7 c 

2 
use ix ss log,63 _ log2(3 x7) 
log, 140 log,(2" 5 x7) 


1 
2log,3+log,7 — “4te 
2+ log,5 + log,7 Sduiticd =: 


[from Eqs. (i), (ii) and (iii)] 


[ 2ac +1 
2c + abe +1 
Ex. 39 Show that the sum of the roots of the equation 
x +1=2log,(2* +3) —2log,(1980 —2 *) islog, 11. 
Sol. Given, 
x +1=2log,(2% +3) — 2log,(1980 — 2°*) 
= 2log,(2* + 3) — 2log,. (1980-2) 
= 2log,(2* +3) — 2- “log, (1980 ~2*) 


= log,(2* +3)? — log,(1980 — 2-*) 


2* +3) 
= log, ( y 
1980 — 2 * 
or gett = (2* +3)? 
1980-2 -* 
= 1980(2**!) -2=2?* +9 +6-2* 
=> 2?* — 3954-2* +11=0 ...(i) 


If x,, x» are the roots of Eq. (i), then 
2g S11 ore a1) 
=> x; +X, =log,11 
Ex. 40 Solve the following equations for x and y 


1 
log iol x + | =, 2 OBA y — log 19| X| =log 99 4- 


Sol. -. logioo|x + yl = ; 

> |x + y| =(100)"”* = 10 
> |x + y|=10 ..-(i) 
and logio y — logio|x| = logioo 4, y > 0 

y 2_ 2 
=> lo —J=lo 2° = —log,,2 

B10 [2 8102 3 B10 

> loeu| y - log,y)2 => Y =2 

|x| |x| 
> y =2|x| (ii) 
From Eqs. (i) and (ii),we get 

|x + 2|x|| = 10 ..-(iii) 


CaseI If x > 0, then |x| = x 
From Eq. (iii), 
|x + 2x|=10 


=> 3|x|=10 => |x|=— 
eS a y =) [from Eq. (ii)] 


Case II If x <0, then |x| =- x 
From Eq. (iii), 


|x —2x|=10 
=> |-x|=10 = |x|=10 
-x =10 

=> x= -10 
From Eq. (ii), y =20 


: 10 20 
Hence, solutions are 3 ; {-10, 20}. 
a 33 


Ex. 41 Solve the following equation for x 


6 loge xlogi9 alogg5 _ 3!og10 (x/10) a g!28100 x tlog42 : 
5 


Sats: 6 | lowe xlogi0@loga5 _ glog1o (x /10) _ glo8100 x + logs 2 
5 


1 
2 *togio x + 2] 
6 logio 5 _ 3(logiox-1) _ 3 (; 2) f 


> by property] 
logio x 
3 
> : 51810 = 3'°810* +1 Thy property] 
Let log;) x = A, then 
Xr 
6 3 
= -.5* = = 3.34 
5 3 
6 1 10 
=> 5 =3*|-4+3]=—.3" 
5 3 3 
=> 5*~? — 3? which is possible only, where A = 2. 
=> logi9 x =2 


x =10" = 100 


Ex. 42 Find the value of x satisfying the equation 
[x —1 \ipes x? —2logx 9 _ (ye 17. 
Sol. The given equation is, 
Jac — 1]!083*°~2l08x9 _ (4 — 4)! fi) 
This equation is defined for 
x? >0,x>0,x¥1 and x-12>1 
> x = 2, then Eq. (i) reduces to 
(x= 1)!983 x? ~2logx 9 a(x= i)" 
Taking log on both sides, then 
(log, x” — 2log,.9)log(x — 1) = 7 log(x — 1) 
> log(x — 1){log, x? — 2log,9 —7}=0 
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> log( — {20g x - -7} =0 
log; x 
= log(x —1){2(log, x)” —7log, x — 4}=0 
> log(x — 1) (log; x — 4) (2log; x +1) =0 
> log(x ~ 1) =0,logs x = 4, logs x = ~ | 
= x=1=(10),2=3),2=3°" 
1 
— x-1=1,x =81x= 
3 
x=2,81 Leis casa | 
L 3 | 
Ex. 43 Find all real numbers x which satisfy the 
equation 2log , log, x + log ylog »(2V2x) =1. 
Sol. Given, 
2log, logy x + logy). log,(2V2x) = 1 
> 2log,log, x — log, log, (2V2x) =1 
= 2log, log, x — log, flog,(2V2) + log, x} =1 
> 2log, log, x — log, {2 + log, x} =1 
Let log, x =A, then 2log, A — log, (3 + | =1 
2 3 
=> log, A ~log,(3+2)=1 
v v 
=> log, - a5 =2 
~+2 ~+iK 
2 2 
=> V=3+2A => V-20-3=0 
=> (A -3)(A +1) =0 
. 4 =3,-1 
or log, x =3,-1 
= xo72° 
1 
=> x=8- wd 
; (i) 


But the given equation is valid only when, 


x >0,2V2x > 0, log, x >0, log, (2V2x) >0 


1 
=> x>0,x >0,x >1,x > —— 


2/2 


Hence,x > 1 


From Eq. (i), the solution of the given equation is x = 8. 


» Ex. 44 Solve for x, 
log 3)4 log g(x* +7) +log 4/2 logyy4(x? +7)' =-2. 
Sol. Given, 


log3/4 logs (x + 7) + logy/2 logy4 (x? +7)’ =-2 
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= logsys log, s (x? +7) + log, log,» (x? +7) '=-2 


= logs | togel ‘ a} log opal ‘ n} aay 


Let log,(x? +7) =6A ...(i) 
Then, log; ;4(2A) — log(3A) = —2 
- TOON) oieesaieng 
log,(3/4) 
1+ log, A 


(log, 3 + log, A) = -2 


log, 3 — log, 4 


— PRM oxigen Teg 
log,3 —2 
Again, let log, A = A and log, 3 = B, then 
Lt fi ASG 
B-2 
=> 1+ A—B* —- AB+2B+2A=—2B+4 
=> A(3— B)= B’ — 4B +3=(B-1)(B-3) 
A=-(B-1) 
[. B-3 #0, ie. log,3 43] 
=> A+B=1 = log,A + log,3=1 
= log, (3A) =1 
> 3X =2 
= 3: “log (x* +7)=2 [from Eq. @)] 
> log,(x? +7) =4 
> x? +7=2' =16 orx’? =9 


x=+3 


Ex. 45 Prove that 


9 (\loga Vab +logp Vab - Jlogg 4/b/a +logy 4/a/b) Jlogab 


Sol. 


_ | 2h2er 1, 
giesab te hcg 


Since, log, {ab + log, Jab = [Howetad + “logi(ab) 


“s fia “log, oe logea 2 4) 


1 al 
(10 b+ +2) {|log, b| + ———— 
| toed | vlog. b| 
4 2 
1 1 
= -| ,/|log, b| + ——— 
{ is en) 


and log, 4{(b/a) + log, 4[(a/b) 


= Fic (2) +410 (<) 
4 Bal 4 Sol 


2 eee b=14 loea=— 


_ 


=2 


- log,b + eet 
4 
jo = 

~ 2 


1 
yl log. b| 


F log, {ab + log, Vab - Vlog. 4/b/a + log, */(a/ b) 


P (say) 


1 1 1 
=) flog, b| + ——— +|,/[log, b| - —— 
| Vlog. | Vlog. | | 


Case lIfb>a>1, then 


1 1 1 
P=-,./\log, b| + ————. — , ||log, b| + ———— 
| {log 61 Fear 
1 


log, b 


Plogg b 


“9 =2'=2 


Case II If 1 <b <a, then 


1 1 1 
p=—1,/\log, b| + ——— + ,/jlog, b) - ——— 
i Vllog. 5 Fea 


= y|log, }| 


. oP logg b _ glogab 


= This section contains 20 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 


Logarithms and Their Properties Exercise 1: 
Single Option Correct Type Questions 


which ONLY ONE is correct 


1 


10. 


If log,) 2= 0.3010..., the number of digits in the number 


200070 is 


(a) 6601 (b) 6602 (c) 6603 (d) 6604 


. There exist a positive number A, such that 


log, x + log, x + log, x = log, x, for all positive real 
numbers x. 


If X = 2a, where a, be N, the smallest possible value of 
(a+ b) is equal to 
(a) 12 (b) 63 


(c) 65 (d) 75 


. Ifa, band c are the three real solutions of the equation 


x logiy x + logio x943 _ 2 


1 1 


aXe =1 af/x-bl+1 


where, a> b> c, then a, b,c are in 
(a) AP (b) GP 
(c) HP (dja'+b=c'! 


n-1 100 
. If f(n) = TI log; (i + 1), the value of Y" f(2") equals 
i=2 


k=1 
(a) 5010 (b) 5050 (c) 5100 (d) 5049 
» If log; 27-log, 7 = logs, x: log, 3, the least value of x, is 
(a)7° (b) 37 (c)7? (d) 3” 
. If x = log; (1000) and y = log, (2058), then 
(a)x>y (b)x<y 
(c)x=y (d) None of these 
. If logs 120+ (x —3)-2log,(1-5**) 


=—log,(0.2—5*~*), then x is 


(a) 1 (b) 2 (c) 3 (d) 4 


. If x, > X_)-1 >-..> X2 > x, >1, the value of 


xy 


log x, log, log, ... log, x, is 


(a) 0 (b) 1 

(c) 2 (d) undefined 

eV tz) _y@tx—y) _2(xty—-2) 
log x logy 

then x” y* =z”y” is equal to 

(az*x? by xy") Y? 

1 1 
1- log, x 


> 


log z 


(d) x*y” 


and z=a!~® then x is equal to 


1 1 1 1 


(a) qi * «2 (b) a2* 18«? (c) ai Se? (d) a2~ !°8«? 


Ify=a 


11, 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


If logy 3(x — 1)< loggo9(x — 1), then x lies in the interval 


(a) (—*, 1) 

(b) (1, 2) 

(c) (2, ©) 

(d) None of the above 


The value of a* — b” is (where x = ./log, b and 
y =./log, a,a>0,b>0anda,b#1) 
(a) 1 (b) 2 
(c) 0 (d) -1 
If x =1+ log, be, y=1+ log, ca,z=1+ log, ab, then 
eoeet: eee © equal to 
xy + yz+ 2x 
(a) 0 (b) 1 
(c) -1 (d) 2 
log, ( log, N) 
The value ofa 1%? is 
(a) log, N (b) log, N 
(c) logya (d) logy b 
The value of 494 +5, where A =1-— log, 2and 
B=-— log; 4 is 
(a) 10.5 (b) 11.5 
(c) 12.5 (d) 13.5 
The number of real values of the parameter A for which 


(log 16 x) = logy, x + logy, A =0 with real coefficients 


will have exactly one solution is 


(a) 1 (b) 2 
(c)3 (d) 4 

The number of roots of the equation x!°8* “ * Y = 16is 
(a) 1 (b) 0 

(c) 2 (d) 4 

The point on the graph y = log, log, {2% rn 4}, 
whose y-coordinate is 1 is 

(a) (1, 1) (b) 6,1) 

(c) (8, 1) (d) (12, 1) 

Given, log 2 = 0.301 and log3 = 0.477, then the number of 


digits before decimal in 3” x 2° is 


(a) 7 (b) 8 

(c) 9 (d) 11 

The number of solution(s) for the equation 
2log, at log,, a+3log 2, a=0, is 

(a) one (b) two 

(c) three (d) four 
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Logarithms and Their Properties Exercise 2: 
More than One Correct Option Type Questions 


= This section contains 9 multiple choice questions. Each _— 26. If log, x =a, log, x =f, log, x = y and log, x =6,x ¥1 


question has four choices (a), (b), (c) and (d) out of which and a, b, c,d #0,>1, then log 4,4 x equals 


MORE THAN ONE may be correct. of 
s (Que ter is eal chu 
21. If x "082 x) — Slog x +11 — 64 then x is equal to a 16 
1 
2 b) 4 6 d) 8 d 
(a) (b) (c) (d) (c) yap eye ( ) By 


22. If log, x-log; A = log, 5,A #1,A >0, then x is equal to 27 eipkg 8 nando = 0 then 


ul 
nr b)5 = d)N f th 
(a) (b) (c) z (d) None of these eiaeecaaa (b) logy 15 = © a 
— 2a 
23. IfS={x:./log, V3x, where log, x >—1}, then (c) log y4332 = (+*) (d) All of these 
(a) S is a finite set (b)S Eo 
. 1 28. If xisa positive number different from 1, such that 
LEO 2) id) > ptopetly contains 37 log, x, log, x and log, x are in AP, then 
2(log a) (log c) a+c 
logb= b)b= 
24, If x satisfies log,(9* ’ +7) =2+ log(3*’ +1), then (a) Jog (loga + logc) ©) 
(a)x EQ (c) b=Vac (d) c? =(acy&«” 
(b) xe N 
(c) x efx €Q:x <0} 29. If|a|<|b|,b-a<1anda, bare the real roots of the 
(d) x € N, (set of even natural numbers) equation x? - || x —|B| =0, the equation 
x 
25. log ,log , 44/4)...2/p , p>Oand p # 1is equal to log) ») Pp | ~1=0has 
n times (a) one root lying in interval (—~, a) 
(a) n (b) —n (b) one root lying in interval (b, o) 
1 n (c) one positive root 
_ d) | 
©) n (4) log phe") (d) one negative root 


Logarithms and Their Properties Exercise 3 : 
Passage Based Questions 


= This section contains 4 passages. Based upon each of the 32. If a, =6,a. =4 anda, =3, the difference of largest and 


passage 3 multiple choice questions have to be smallest integral values of N, is 


answered. Each of these questions has four choices (a), (b), (a) 2 (b) 8 
(c) and (d) out of which ONLY ONE is correct. (c) 14 (d) 20 
Passage I Passage II 
(Q. Nos. 30 to 32) (Q. Nos. 33 to 35) 
Let log, N =a, +b, log3 N =a2 +b, and Let ‘S’ denotes the antilog of 0.5 to the base 256 and ‘kK’ 
log; N =a3 +3, where a,, a7, a3 € I and denotes the number of digits in 6'° (given 
b,, 62, 63 €[0, 1). log jg 2=0.301, log jg 3= 0.477) and G denotes the number of 


positive integers, which have the characteristic 2, when the 


30. If a, =5 and a, = 3, the number of integral values of N is 
base of logarithm is 3. 


(a) 16 (b) 32 (c) 48 (d) 64 

31. Ifa, =6,a, =4 anda, =3, the largest integral value of 33. The value of G is 
a (a) 18 (b) 24 (c) 30 (d) 36 
(a) 124 (b) 63 34. The value of KG is 


(c) 624 (d) 127 (a) 72 (b) 144 (c) 216 (d) 288 


35. The value of SKG is 


(a) 1440 (b) 17280 
(c) 2016 (d) 2304 
Passage III 


(Q. Nos. 36 to 38) 


Suppose U’ denotes the number of digits in the number 
(60)! and ‘M’ denotes the number of cyphers after decimal, 


before a significant figure comes in (ay If the fraction 


U/M is expressed as rational number in the lowest term as p/q 
(given log jy 2=0.301and log jy 3= 0.477). 


36. The value of p is 


(a) 1 (b) 2 (c) 3 (d) 4 
37. The value of q is 
(a) 5 (b) 2 
(c) 3 (d) 4 
38. The equation whose roots are p and q, is 
(a) x* -3x+2=0 (b) x° —5x+6=0 
(c) x? -7x +12=0 (d) x? -9x + 20=0 
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Passage IV (Q. Nos. 39 to 41) 


Let G,O, E and L be positive real numbers such that 
log (G-L)+ log (G- £) = 3, log (E-L)+ log (E-0)=4, 
log (O-G)+ log (O- L)=5 (base of the log is 10). 


39. 


40. 


41. 


If the value of the product (GOEL) is i, the value of 


{log d./log A [log A... is 


(a) 3 (b) 4 
(c) 5 (d) 7 


If the minimum value of 3G + 2L + 20 + Eis ghgttisy 


where A, and v are whole numbers, the value of 


yar +" )is 


(a) 7 (b) 13 
(c) 19 (d) None of these 

G O : 
If log (5) and log (?) are the roots of the equation 
(a)x*+x=0 (b) x? — x =0 
(c) x* -2x+3=0 (d) x? -1=0 


Logarithms and Their Properties Exercise 4 : 


Single Integer Answer Type Questions 


= This section contains 10 questions. The answer to each 
question is a single digit integer, ranging from 0 to 9 
(both inclusive). 


42. If x, ye R* and logy (2x) + logy) y=2and 
log io x? log,)(2y)=4andx+y= ug where mand n 
n 
are relative prime, the value of m — 3n ° is 


43. A line x =A intersects the graph of y = log, x and 


y = log;(x + 4). The distance between the points of 
intersection is 0.5. Given A =a+-/b, where aand bare 


integers, the value of (a + b) is 


44, If the left hand side of the equation 
a(b—c)x? +b(c— a)xy+c(a- b)y? = 0is a perfect 
square, the value of 
log(a+c)+ log(a—2b+c 
log(a-c) 


2 
| (a,b,c € R*,a>c)is 


45. Number of integers satisfying the inequality 
|x+2| 


1)2- : 
Gi Ix >9is 
3 


47. 


48. 


49. 


50. 


51. 


. If x >2is a solution of the equation 


|log ys x —2|+|log; x —2|=2, then the value of x is 


Number of integers satisfying the inequality 
log, Vx —2log?,, x +1>0, is 


The value of b(> 0) for which the equation 


2 log, ;25(bx + 28) = — logs (12 — 4x — x? ) has coincident 


roots, is 
log.1/4 2 _ 3loga7 125. _ 4. 
The value of is 
7 4logy 2 __ 3 
If x; and x» (x2 > x,)are the integral solutions of the 


equation 


(log, x)? +log;, (=) = 1, the value of |x, — 4x, |is 
x 


If x = log, a=log, b log cand 


log, c =nx"*", the value of n is 
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Logarithms and Their Properties Exercise 5: 


Matching Type Questions 


= This section contains 3 questions. Questions 52 to 54 have four statements (A, B, C and D) given in Column I and four 
statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more 


statement(s) given in Column II. 


52. Column I 


Column II 
log 3243 (p) positive integer 
(A) 
log, V32 
() 2 log 6 (q) negative integer 


(log 12 + log3) 


2 
(C) touis(2] «) 


rational but not 


integer 
(D) log;16 — log; 4 (s) prime 
log, 128 
53. Column I Column II 
(A) The expression ,/log? <8 has the value (p) 1 
equal to 
(B) The value of the expression (q) 2 
Pp q 


(log, 2)° + log;)8- logyy)5 + (log, )5)° +3, is 


(C) Let N = log15- log, <2-logs{ +} The (r) 3 
value of [N] is (where [-] denotes the 
greatest integer function) 


54. 


Column I Column II 
(D) If (52.6)* = (0.00526)” = 100, the value of — (s) 4 
1-4: 
—-——is 
a b 
Column I Column II 
4 ) (, 11 
(A) If logy /x pec es > 1, then x can 0, 3 | 
(x+1)(x—-5) 
belongs to 
(q) (2) 


(B) Iflog;x —log}x < = lo8 a ya) & then x 


can belongs to 


(C) If log,,.(4 — x) 2 log,,.2 — logy;,(x-1),  (t) ([3, 4) 
then x belongs to 

(D) Leto and B are the roots of the quadratic (s) (3, 8) 
equation 
(A? —30 + 4)x? — 4(24 -1)x + 16 =0, 


ifo and B satisfy the conditionB >1>a, 
then p can lie in 


Logarithms and Their Properties Exercise 6: 


Statement | and II Type Questions 


= Directions Question numbers 55 to 60 are Assertion- 
Reason type questions. Each of these questions contains 
two statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these questions also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


55. Statement-1 log.) x< log; x< log, x< log, x 
(x>0,x #1). 
Statement-2 If0< x<1,then log, a> log, b=>0<a<b. 
3) 
56. Statement-1 The equation 7°’ *) — x? =1has two 


distinct real roots. 


97. 


58. 


59. 


60. 


Statement-2 a! = N, where a>0,a#1and N>0. 


7 4 
1 1 
Statement-1 (-) < (:) 
3 3 


> 7 lo [;}< 410 (:) > 7<4 
6 3 6 3 


Statement-2 If ax < ay, where a< 0, x, y>0, then x> y. 


2 
Statement-1 The equation x'°&*) =9 has two 
distinct real solutions. 


Statement-2 a!°&? = b, when a>0,a¥1, b>0. 
Statement-1 The equation (log x)” + log x” —3=0has 
two distinct solutions. 

Statement-2 log x” =2log x. 


Statement-1 log, 3-log,. ;y 3= logs;(3) has a solution. 
Statement-2 Change of base in logarithms is possible. 
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Logarithms and Their Properties Exercise 7 : 


Subjective Type Questions 


= In this section, there are 27 subjective questions. 


61. (i) If log,12 =a, log,,24=b, then find value of log;,168 in 
terms of a and b. 
(ii) If log,4 =a, log,3 =b, then find the value of log310 in 
terms of a and b. 
Ina Inb_ Ine 
b-c c-a a- 
(i) abe =1 


(ii) at bP co =1 


62. If 


, prove the following. 


(iii) gh there . po teata? wot Fab+b a4 
(iv) a+b+c23 
(v) a? + bo +c 33 


b?+be+c? + pe teat a’ +ab+b? >3 


(vi) a Ane 


63. Prove that log,) 2 lies between z and oF 
3 4 


64. If log2 =0.301 and log3 = 0.477, find the number of 
integers in 
(i) 5200 (ii) 67° 
(iii) the number of zeroes after the decimal is 3°’. 
65. If log2 = 0.301 and log3 = 0.477, find the value of 
log (3.375). 
66. Find the least value of log, x — log, (0.125) for x > 1. 
67. Without using the tables, prove that 
1 1 
+ 
log 3 Tl 


ae 


log, % 
68. Solve the following equations. 
(i) x1 * 80 * = 10x 
(ii) log,(9 + 2") =3 
(iii) 2+ 3-184 9 4 3l0B« * = 97 


(iv) log ,logslog, x =0 
logy) x+5 
(v)x ° 


=10 5+ logy) x 


(vi) logs (logy x + : + 9°) =2x 


(vii) 4!810 x+1 610810 x _9. 3)810 42 2% 
(ay ewes) ot 
logyo(x* -21) 2 

(ix) x'82**4 = 32 


(x) log, x = x, where a = x°8* 


(xi) log 5 Jin (1 + Cosx) = 2 


69. Find a rational number, which is 50 times its own 
logarithm to the base 10. 


70. Find the value of the expression 


2 3 
+ 


log ,(2000)° — log,(2000)° 


71. Find the value of x satisfying 
log, {1 + log, {1+ log.(1+ log, x)}}=0. 
72, Find the value of 4° °&2°~ 416) Shen uy 
73. Solve the following inequations. 
(i) log(ox43) xed 
(ii) logy.(x” —5x +6) <1 
(iii) log (2 — x) < log, ;.(x + 1) 
(iv) log »(x+2)<1 
(v) 38s af (x — 1) < glogs(x— 6) +3 
(vi) log, ;2(3x - 1)’ < logy jo(x + 5) 
(vii) logy»x+2< logto x 
(viii) logjo(x” —2x —2) <0 


(ix) log, (2x - >) >2 


(x) logi;3x < logy ;2x 
(xi) logax43%° < logo. + 3(2x + 3) 


(xii) log x + 3log,x = Plog a5 16 
(xiii) (x? + x +1)" <1 


(xiv) log ( 2 <; 


3x” +1) 
(xv) x (98 2)" 3losin *+1 5 1000 
(xvi) log, {14 + log,(x? — 64)} <2 

(xvii) log.(9 —2*) < 19 gi (3-*) 


(xviii) log, ( 
% 


(a)a>1, (b)0<a<1 
(xix) 1+ logo(x — 1) < log,_14 
(xx) logs, 4(x”) S logs,4 4(2x + 3) 


2x+3 


) = ofor 


74, Solve log, (ax)""° + log,(ax)'’° 


RUE PE 
+ os (=) + log, (<) =a. 
a x 


75. It is known that x = 9 is root of the equation, 
8ax 


log, (x +15a”) — log, (a—2)= log, 
a 


find the other roots of this equation. 
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76. Solve log, (log; x)+ log ,/4(logy,3 y) =0 and 
2 2_17 
xrey% =. 
- 4 


77. Find the real value(s) of x satisfying the equation 
logs, (4x) + log 4, (16x) = 4. 


78. Find the sum and product of all possible values of x 
which makes the following statement true 


log, 54 + log, 16= log j5 x — logs, (<). 


79. Solve the equation 
sloga(x +2)? +3=log,(4—x)? +log,(x +6)°. 


80. Solve log, (4**! + 4)-log,(4* +1)= log.) yz (=} 


81. Solve the system of equations 2v*+VY = 256 and 
3 
login Vx — logio (2) =1 


82. Solve the system of equations 
log, y=log,4(xy —2), log, x” + log3(x—y)=1. 


83. 


84. 
85. 


86. 


87. 


Find the solution set of the inequality 
9 
2 logy4(x +5)>— log 1 (9) + log zs (2). 
3V3 
Solve log;(Wx +|4/x —1|)=logs(4Vvx —3+4|Vx -1)). 


In the inequality 
5 


2 
(log, x)* - (to = — 20log, x + 148<0 
holds true in (a, b), where a, b € N. Find the value of 
ab(a+ b). 

Find the value of x satisfying the equation 


(log, %/3x + log, 33x): log, x? 


' {(oe (2) +8. i(2) es x22, 


If P is the number of natural numbers whose logarithm 
to the base 10 have the characteristic P and Q is the 
number of natural numbers reciprocals of whose 3 
logarithms to the base 10 have the characteristic — q, 
show that log;) P— logi) Q=p-—q+l. 


Logarithms and Their Properties Exercise 8 : 
Questions Asked in Previous 13 Year's Exam 


= This section contains questions asked in IIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 to 


year 2017. 
88. Let a= log3log, 2 and an integer k satisfying 


peat?) 2 2, then k equals to 


(a) 0 (b) 1 
(c) 2 (d) 3 


89. Let (x9, yo ) be solution of the following equations 
(2x)'™? = (3y)™ and3'™* =2™ then xq is 


[lIT-JEE 2011, 3M] 


1 1 
(a) A (b) (c) 5 (d) 6 


[IIT-JEE 2008, 1.5M] 


90. 


91. 


The value of 


al 1 1 1 ‘ 
cael a mal Pa; [4 a 


[lIT-JEE 2012, 4M] 


If 3° =4*~', then xequals — [JEE Advanced 2013, 3M] 


2log 42 ig 2 
2log, 2-1 2 — log,3 
2log.3 
a _ N08 22. 
1—-log,3 2log,3 -1 


Answers 


Exercise for Session 1 
1. (a) 2. (b) 3. (b) 4. (b) 5. (b) 


Exercise for Session 2 
1. (b) 2. (b) 3. (d) 4. (c) 5. (c) 


Exercise for Session 3 
1. (c) 2. (c) 3. (d) 4. (a) 5. (c) 


Chapter Exercises 


1. (c) 2. (d) 3. (b) 4. (b) 5. (a) 6. (a) 
7. (a) 8. (b) 9. (a) 10. (c) 11.(c) = 12.(c) 
13.(b) 14. (b) 15. (c) 16. (b) 17.(b) 18. (d) 
19.(c) 20. (b) 
21. (a,b, d) 22. (b,c) 23. (c,d) 24. (a,b) 25. (b, d) 
26. (a,c) 27. (a, b, c, d) 28. (a, d) 29. (c, d) 
30.(b) 31. (d) 32. (a) 33. (a) 34.(b) 35. (d) 
36.(b) 37. (c) 38. (b) 39. (b) 40.(a) 41. (d) 
42.(9) 43. (6) 44. (4) 45. (3) 46.(9) 47. (3) 
48.(4) 49. (7) 50. (1) 51. (2) 
52. (A) > (p, s), (B) > (p), (C) > (q), D) > @) 
53. (A) > (1), (B) > (s), (C) > (q), (D) > (@) 
54. (A) > (q), (B) > (p), (C) > (, 1), (D) > (s) 
55. (d) 56. (d) 57. (d) 58. (d) 59.(c) 60. (d) 


61. (i) - q = (ii) oe 2 64. (i) 140 Gi)16 Gi) 238 65. 0.528 
66.2/3 — 68.(i) 10,— Gi)xeo 

(ii)x=16 (iv)x=8 — (v) 107, 103 

Wi)r= 2 (vil) x= (vili)x=5 (ix) x= 2or 

(x)x=2 (xi)x= 2 


69. 100 70. 2 71.1 72.9 


73. (i) xe (- +3] U 1, 0} (ii) xe (0. ;| U(L 2) U (3, 6) 
Gi) xe [- 4) U eo 2 
2 2 


(iv) xe (— 2,1) U (2,00) ~ F 1,0} = (v) x> 6 
(vi) xe (—o%, — 5) U (— 5, -1) U3, 2) 
(vii)x € (0, 10°'] U[10", <) 

(viii)x € [-1, 1— V3) U4 V3, 3] 


; 3: 1 3 
(ix) xE (2-3] U (1 >| 


3 2 FF 1] 
Gi) xe my 1)u¢ 1, 3) Gityve (0, L] Ura, ) 


(x) xe (0, 1) 


(xiv) xe (— 2%, — 1) U (1, &) 
(xvi) x € [— 10, — 8) U (8, 10] 


(xiii) x € (— 0, — 1) 
(xv) x € (1000, 0) 
(xvil) x € (— 2, 0] 
Hiss, au Gai ee [> -3) 


2 .'3 


(xix) x (2, 3] (xx) x€ (- —- >| U[-10) U (0,3] 


74, x = 02 75. x =15 for a =3 


ee ee 
2 2 


77.x=1, ger 78. Sum = > Product = 2 

79: %=2 80.x=0 81. (9, 25) and (25, 9) 
82.x=3, y=2 83. x € (-5,-4) U (-3,-D 

84.x= = 85.3456 86. xe (1, 3] 88. (b) 
89. (c) 90. (4) 91. (a, b, c) 


Solutions 


1. log,)2 = 0.3010 
Let y =2000 


logio y = 2000 log, 2000 = 2000 x (log, 2 + 3) 
=2000 x 3.3010 = 6602 


So, the number of digits in 20007" = 6602 + 1 = 6603. 
2.°° }>OandA #1 and x>0 
log, x + log, x + log, x = log, x 


1 1 
= log.xt 7 8 x+ Ps = log, x 


11 

=> Pa log, x 

11 11 
—J = 

6log,2 log,A 

=> 11log,A—6log,2=0 

W\ as Nam 
=> oe, 2-]=0 => oo 
> et = 20” 
= x = (261 


Given that, A = 4/a anda,b EN 


=> r =a? 


From Eqs. (i) and (ii), we get 


a=2° and b=11 
> a+b=644+11=75 
3 c0Bi0 * + Hog10 x° + 3 _ 2 
1 1 


yxt+1-1 x+1 +1 


Given, a, b andc are real solution Eq. (i) and a > b > c and for 


Eq. (i) to be defined x > 0, x >-1 = x>0 from Eq. (i), 
Bio x + 3logi9 x+ 3 = 2x 
2 
On taking logarithm both sides on base 10, then 


(logiy x + 3logig x + 3) logy x = logy) x 
=> (log? x + 3log,)x + 2)logy) x =0 


= (logy) x + 1)(log;) x + 2)log;) x =0 
: log,) x =—2,-1, 0 


So, a,b,c can take values a = 1, b = — 


a, b,c € GP 


4, 


n-1 i. 
logiit+1) log(n 
fn)=[] a) ; eee) d Ages 
iz2  log() log(2) 
fa) =k 
100 100 zi 
Then, ¥ f(2*) =Sk= 100-(100 + 1) _ on, 
cot k=1 
. log327-log,7 = logs, x: log,3 ..- (i) 


Eq. (i) valid for 
On solving Eq. (i), 


x>0,xF1 


log ,(3°)-log,.7 = sles: log;3 
9-log,7 = log, x 
9 = (log; xy 
log; x =+3 


Yudved 


3 3 
x=7 or x=7 


1 = 
Then, the least value of x is 5 ie, 7. 
7 


- x =log,(5° x8) =3+ log,8 
> x-3=log;8 (i) 
and y = log, (7° x6) =3 + log,6 
> y—3 =log,6 ...(ii) 

8>6 and 7>5 
> log8 > log6 and log7 > log5 
or (log 8)(log7) > (log6) (log5) 
> log;8 > log;6 
C=3' Sy 3 [from Eggs. (i) and (ii)] 
ne x>y 
. « logs120 + (x —3) —2log;(1 —5* *)=—log,(0.2 —5*~ *) 


> log;(5 x 24) +(x —3) 


_5x-3 
= log,(1 —5*~*)? oes : 


=> 1+ log;24+ (x —3) = logs {5-(1-5* °*)}} 
=> 1 + log;(24-5* *) =1+4 log;(1 —5*~*) 
=> 24.5% 3 =1-5%73 

=> 25.5% 3 =1 

= 5 Sar 


x-1=0 > x=1 
Given, X, > X17 >+: > xX. >x>1 


en 


log ,, log,, logy, +* logs, X," eo 
=log,, log,, log,,-+-log x," 
=log,, 4 =1 (. log,a =1) 
Let xy +z—-x)_y@+x-y) _2(x+y~z)_1 
log x logy log z n 
Then, log x =nx(y + z— x) s:(1) 
logy =ny(z + x-y) (ii) 


and logz =nz(x+ y—-z) 


11. 


12. °- 


13. 


ylogx + xlogy =ylogz + zlogy 


=zlogx + xlogz 


= log(x”-y*) = log(y? -2”) = log(x* -2*) 
=> x ry* sy? zl =2z%-x? 
1 
y= qiW bax 
= bees @ 
1—-log, x 
1 
and z=aqi beay 
1 
or log, z = ——_ (i 
"se 1-log,y “ 
From Eqs. (i) and (ii), we get 
1 1 
log,z = =1 
fa 1 log, x 
1-log, x 
1 
> =(1 -log,z) > log, x = —————_ 
log, x ( 22) (1 — log, z) 
1 
x = q~ '8a2 
log o.3(x — 1) < logo.o9(x - 1) (i) 
Eq. (i) defined for x > 1, ...(ii) 


=  logo3(x-1) - log (a 4)2(* -1)<0 


= gg en t= logoa(x ~1) <0 


= 7080s ~1) <0 
> logy 3(x -1) <0 
=> (x-1) >(03)° 
['. base of log is lie in (0, 1)] 
> KS2 ...(iii) 
From Eqs. (ii) and (iii), we get 
x>2 > x €(2, 0) 
a= qv gab 
= qv 8a b-/loga b,flog, a - ita b,/log, a = b,/log, a =p? 
a“ -—b’ =0 
x=1+ log, bc = log, a+ log, be = log, (abc) 
a log ape ...(i) 
x 
ses 1 r 
Similarly, — = logarcb ...(ii) 
y 
dL. aie 
and — =log,,,¢ (iii) 
Zz 
On adding Eqs. (i), (ii) and (iii), we get 
1 1 1 
—+—+-—=log,y,abe =1 
x y Z 
eg UFR A xyz aa 
xyz xy + yz + 2x 


14. 
15. 
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log, (log, N) 
a log, a = q'Ea(log, N) _ log, N 
494 45% =? 
A=1-log,2 
A = log,7 — log;2 
7 7 49 
Az=log,- = 4=- = 494 == 
2 2 4 
1 ae 
and B=-log,4=log,;—-| =5° =— 
4 4 
49 1 50 
494458 == 4 - => 3125 
4 4 4 


16. (log,,x)* — logy, x + log;,A =0 


17. 


18. 


2 
Eq, (i) defined for x>0,4>0 [toe x ;| 2 - + loaica 


For exactly one solution, 


be ee S08 
2 
Reales re eer = ing 

4 4 

or A =(16)"4 =2 
yc lobx (x + 3)? =16 

From Eq. (i), x > Oand x #1 
By Eq. (i), (x + 3)? =16 
=> x+3=2+4 
= x=1 or x=-7 


From Eq. (ii), no values of x satisfy Eq. (i). 
Number of values of x satisfy Eq. (i) 
Number of roots = 0 


Given, y = log, log 20" *? + 4) 

From Eq. (i) to be defined, 
2x+1>0 => x> -5 

We find value of x for which y = 1 
1 = log log,(2V**! + 4) 

gitFFl 4 aha 

av2+1 4 4= 36 
av?**1 232-95 = Jax41 =5 


2x+1=25 => x=12 


log 6 


Yuu yu 


So, required point is (12, 1). 


. Given that, log2 = 0301 
log3 = 0.477 
Let y= 37 x28 


logy = 12log3 + 8log2 
= 12 x (0.477) + 8(0.301) = 8.132 


So, number of digits before decimal in 3"” x 2° =8 +1=9 


341 


(i) 


=0 


...(i) 


... (ii) 


342 


20. 


21. 


22. 


23. 


24. 
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Given, equation 2log,.a + log,,a + 3log 2.4 =0 wii) 
=> z + : + z =0 ..-(ii) 
log,x 1+log,x 2+ log,x 
Let log, x =t 
Then, Eq. (ii), 
Bp Eg 2 5 BP Sa eG 
t 1+t 2¢+¢t 
> t=- 2 or = 
3 2 
So, x=a'! or =qi!? 
Two value of x possible for which Eq. (i) is defined and satisfy. 
Decimal on x > 0 and x #1. 
Taking logarithm on both sides on base 2, we get 
{(log. x)’ —6log, x + 11}log, x =6 
Let log,x =t 
t? —6t° + 11t-6 =0 
=> (t—1)(f-2)(t-3)=0 => t=1,2,3 
> log, x =1,2,3 
= x =2,2°,2° 
log, x-log;A = log,.5 (i) 
X#1,A>0 and x>0, x#1 
> log, x =log,5 > (log; x)’ =1 
=> logsx=+1 => x=5' and 5/ 
x=5 and u 
5 
S ={x:,Jlog, v3x : log;x >-1} 
log3;x >-1 
1 ; 
> x 7G ...(i) 
Let y =,Jlog, V3x,x #1 


To be defined y,3x>0 => x>0 
log, v3x 20 
From Eqs. (i) and (iii), 


and 


1 
for xe($.1] => /3x<1 
1 
> 3x<1 > a 


No solution for this case. 
1 
Now, for x > 1, from Eq. (iii), 43x 21 => x2 a 


x>1 


Given equation, 
log,(9* ~~! +7) =2 + log,(3*~' +1) 
ZeDag 
3%) 44 
= POVe7=4- BF) 41} 


=> BYP _4.30-D43=0 


25. 


26. 


=> (3*- 1-3) (771-1) =0 
=> x-l=lorx-1=0 


x=2orx=1 


y = log, log, (V4--4/p ) [p>0, p #1] 
n times 
- 1 
= logy j log o({)---A/p)? ¢ = logy ) —log p())--4/ ) 
+ P 
(n —1) times (n —1) times 
1 1 
= log, }—- —log (2/2 - Pip) 
PP + 


(n — 2) times 
= oe, 5 =—n, logy), p" =—n 


log, x = o log, x =B, log, x =y, logyx =5 


> log,a=a! (i) 
> log, b=B"' ...(ii) 
=> log,c=Y ...(iii) 
> log,d =8'! ...(iv) 
On adding Eqs. (i), (ii), (iii) and (iv) , we get 
i aes ae 
log ,(abed) =— + —-—+—-—+— wA(V 
gx(abed) oe (v) 
lo x= : 
eed Bl+yt+ 5s 
For & B, y, 5 
eR . = — 
4 a-+B +y +58 
ss 1 eat B+y+5 
a'+Bl+yt+6t 16 
a+Bt+y+s 
or logabea X S 7a [from Eq. (v)] 
log,)5 =a and log,)3 =b ...(i) 
logy 92 = logu( =| =l-a ..(ii) 
Option (a) 


log,98 =3log,)2 =3 (1 —a) 
logio15 _ logy(5 x 3) 
logo (2° x5) 


[from Eq. (ii)] 


Option (b) logy 15 = 


logyo 40 


= log,95 + log; 3 
logio 23+ logo5 


_ ath _ (a+b) 
3(1-a)+a  (3-2a) 
Option (c) log.4332 = log,; 2° = tog 52 _ logio2 
, 5 logio2 
= [from Eqs. (i) and (ii)] 
a 


Hence, all options are correct. 


28. 


29. 


“°x>Oandx #41 


Given, log, x, log, x and log, x are in AP. 


=> 2log, x = log, x + log, x 
es 2logx _ logx log x 
logb loga loge 
2 1 1 log x #0 
=> = + 
logb loga loge “x #1 
_ igeh= 2(log a) (logc) 
(loga + loge) 
Also, logb ___ 2loge 
loga loga+ loge 
= log, b= ee = 10g (acy ¢ 
og(ac) 
c = (ac) 8a? 
ja|<|b],b-a<1 
a,b € x* —|a| x -|B| =0 ..-(i) 
a+b=|q| 7 
So, ...(ii) 
ab = —|B| 
Given equation, logy, | —1=0, log), A) 4 
a a 
= “|= lor 
a 
= |x| = |ab| 
= |x| =|B| [from Eq. (ii)] 
x=+6 


Sol. (Q. Nos. 30 to 32) 


30. 


37. 


32. 


log,N =a, +b, 


> b, = log, N-q 

Given, 0<b <1>0<log,N-a, <1 

> a <log,N<1+q 

> ai<N<2'*% ...(i) 
Similarly, Sion a ...(ii) 
and 543 SN <51t43 ...(iii) 


Here, a, =5 and a, =3, then from Egs. (i) and (ii), 
2<N<2° and 3° <N<3* 
.. Common values of N are 32, 33, 34, ..., 63 
Number of integral values of N are 32. 
Here, a, = 6, ay = 4and a; =3, then from Egs. (i), (ii) and (iii), 
2°<N<27,3*<N<3° and 5°<N<5* 
=> 64, 65, 66, ..., 127, 81, 82, 83,..., 242 and 125, 126, ..., 624 
*, Largest common value = 127 
Here, a, = 6, a, = 4anda, =3 
From question number 31, we get 
64, 65, 66,..., 127; 81, 82, 83, ..., 242 and 125, 126, ...,624 
Largest common value = 127 
and smallest common value = 125 
. Difference = 127 — 125 =2 
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Sol. (Q. Nos. 33 to 35) 
S = Antilog of (0.5) to the base 256 


=> logy565 = 0.5 


S=16 
K =Number of digits in 6" 
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...(i) 


[-« log,92 = 0.301, log,)3 = 0.477] 


a=6" 
log & = 10log,)6 = 10(0.301 + 0.477) 
= 10(0.778) 
log(6") =7.78 
X¥S=741,2=8 


Let 


So, 


Number of positive integers which have characteristic 2, when the 


base of logarithm is 3 
=32+1_32 48 

: G=18 

The value of G = 18 

The value of KG =8 x 18 = 144 


33. 
34. 
35. 


Sol. (Q. Nos. 36 to 38) 
U =Number of digits in (60)'”” 


The value of SKG = 16 x8 X18 = 16 x 144 = 2304 


Let a. = (60)? 
logy) & = 100 log, )60 = 100(1 + log;)2 + log,)3) 
= 100 (1.778) 
log) & =1778 
So, U =177+1 => U=178 


M =Number of cyphers after decimal, before a significant 


figure comes in (8) 76 


Let peer” 
logioB = (—296) log;)8 = (—296) x 3log4 92 
logio = (-296) x3 x (0.301) 
= — 267.288 = —267 — 0.288 
= -—267 -1+ (1 — 0.288) =—268 + 0.712 
log, B = 268.712 
M = 268 - 1 =267 
U_ 178 
Now, —= ae 
M~ 267 
According to the question, 
U2 
M 3 
U 
= at 
M 4q 
So, p=2 
and q=3 


36. The value of p =2. 
37. The value of q =3. 


38. The equation whose roots are pandq is x” —-5x +6=0. 
q Pp q 


...(i) 
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Sol. (Q. Nos. 39 to 41) 

According to question, G,O,E,L > 0 and are real numbers. 
Such that, 
logio(G- L) + logio(G- E) =3 > logy) G°LE =3 
> G*LE = 10° (i) 
and = log,» E-L + logy, E-O=4 
=> log) E°-L-O=4 
=> E’?-L-O=10° ...(ii) 
and log,)(O-G) + log,,(O-L) =5 
=> logyO°GL=5 > O’GL =10° ...(iii) 
From Eqs. (i), (ii) and (iii), we get 

GOrRERE =10" 

GOEL = 10* ...(iv) 
=> x =104 
39. Now, let 


1 1 


1 
y = ylogiJloghJlogh-- =(loga)?” 4" 8" 


1/2 
= (logA)'~"? = (log A) 
=log10* = 4log10 = 4 
40. Minimum of 3G + 2L + 20 + E =2’3"5? 


where A, U,v € W 
Apply AM2 GM for 3G, 2L, 20, E 


36+ 2b 420+ Fo fay xO XE 


8 
So, 8x VG°V207E =2'3"5” Av) 
(equality hold, if G=L=O=E) 
From Eqs. (i) and (iii) of Q. 10, we get 

G?0"E = 10° 


From Eq. (v), 8 x (10°)"8 = 243H5? 
8X10 =273H5” 
2* x5! =2%3H5” 
A=40=1NU=0 
L(t + *) =(4° + 04) + (0 +:1°) + (1% + 41) 
=(1+0)+(0+1)+1+4=7 
G O G 
41. lo 2) +10 (2) =1 [<) =v 1=0 
en( S S10 E S10 E S10 
[divide Eq. (iv) and Eq. (ii) of Q. 39] 
G O 1 
P=\1 “1 =| ] 10)=-1 
8105 810 | og{ 2) og(10) 


[by dividing Eq. (i) by Eq. (ii) and dividing Eq. (iii) by Eq. (iv) in 


Q. 10] 
=x’ -0-x+(-1)=0=x°-1 
42. log, (2x) + logiyy =2 = 2xy =10° ..(i) 
and logio x7 = logio2y =4 
2 
= * Sto" (ii) 


43. 


44. .. 


45. 


From Eqs. (i) and (ii), x°=10° => x=100 


From Eq. (i), y == 
1 201 m : 
x+y =100+ —=——=— (given) 
2 2 n 
a m=201 and n=2 
=> m-—3n° =201 —3(2)° =201 —192 =9 
Solving, x = A and y = log; x, we get 
A =(A, logs), A>0 
and solving x = A and y = log.(x + 4), we get 
B={A, log,(A + d}A>-4 
Given, AB=0.5 
=  logs(A+ 4)-logsA =05 
= ant =(5)"? = V5 
- ha eg (V5 +1) 
V5 -1 4 
=1+J5=at+-Jb [given] 
cS a=1 and b=5 
Then, a+b=1+5=6 
a(b —c)x" + b(c—a)xy +c(a—b)y’ =b,y #0 ...(i) 
2 
a(b o£] + D(c 0(2]+et b) =0 
y oA 
Let *=x 
y 
=> a(b—c)X*+ b(c—a)X + c(a—b) =0 
a(b —c) + b(c—a)+c(a—b)=0 
aa X=1 
*. Eq. (i) is perfect square. 
.. Roots are equal. 
c(a — b) 
x 1 = —— 
a(b -c) 
= jes" ii) 
Q+e 
Now, log(a + c) + log(a— 2b + c) 
= log {(a + c)* —2b (a+ c)} 
= log {(a + c)* — 4ac} [from Eq. (ii)] 


= log(a — c) = 2log(a—c) 
log(a + c) + log(a—2b+c) _ 


=> 2 
log(a — c) 
log(a + c) + log(a -2b + c)|° _ : 
log(a — c) 
According to the question, x € I 
|x+ 2| 
. . 1 )\2-|x| 
Given equation, 5 >9 [x#+2] 
|x+ 2] 
=> 32-14 53? Si EEL 25 
2—|x| 


...(i) 


|x + 2I 
—\ -2>0 

|x|-2 

+ 2|=2 +4 s 

=> [xt al=2|x|+4 5 ...(ii) 

|x|-2 

x-2+2x+4 
Case LIf x < —2, >0 
—-x -2 


x+2 

—— >0>-1>0 
—(x + 2) 

which is not possible. 


Case II —2 < x < 0, then Eq. (ii) 


x+2+2x+4 3x+6 
=> —————_—— >0 > —— 
-x-2 —(x + 2) 
“Se +2) 635g 
(x + 2) 
which is not possible. 
Case III when x > 0 
From Eq. (ii), 
+2-2x+4 -x +6 
is eS ee eee 
x-2 x-2 
-—6 
a= 2p 
x-2 
2X <6 


So, the integer values of x = 3, 4,5 
So, the number of integer values of x is 3. 


46. x>2 
|log js x —2| + |log;x —2| =2 
|2 log, x —2| + |log; x —2|=2 
2 |log; x —1| + |log; x —2|=2 
Let log; x=y ...(i) 
Then, Eq. (i) >2|y —1|+|y —2| =2 (ii) 


5 i 
ace hae 


Case I y <1, then x <3 
Eq. (ii) becomes —2y +2-y+2=2 

2 

-3y=-2y=- 

y I; 

Z ; 
log3x = = [from Eq. (i)] 

=> x=3?3 


which is less than 2, so not acceptable. 
Case II 1<y <2,then3<x<9 
From Eq. (ii), 2(y —1) -(y —2) =2 


47. 


48. 


49. 


50. 
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> y=2 
> log;x =2 
x=3' =9 [impossible] 
Case II y 22, then x 29 
From Eq. (ii), 2(y —1) + (y —2) =2 
: y =2, log, x =2 
x=9 [acceptable] 
Given equation is 
log, Vx —2 log?, x +1>0 (i) 
From Eq. (i), x>0 
Eq. (i) => 5 logy x — oy log x4 1>0 
> egy x= — lost 22150 
2 2 
=> (log x)? — (log, x) -2 <0 
=> (log, x — 2) (log, x +1) <0 
> —1<log,x <2 
=> al<x<2? 
=> = <x<4 
2 
> xEl, so x=1,2,3 
So, number of integer value of x is 3. 
Given that, b > 0 
2 logy/o5 (bx + 28) = — log, (12 — 4x — x?) ...(i) 
= log, (bx + 28) =— log, (12 — 4x — x”) 
> bx + 28 =12 - 4x - x? 
and bx + 28>0 
and 12-4x-x*>0 
> x? +(4+b)x+16=0 ...(ii) 
and x>oe and -6<x<2 


Since, Eq. (i) has coincident roots, so discriminant Eq. (ii) is zero. 
(4+ b)’ -64=0 


b+4=1+8 
b=4 or b=-12 
Since, b>0sob=4 


for this value x > -—7and-6<x<2 


glosija2 _ gloga7 125 _ 4g 94 log2 2 __glog 3353 4 


74 logao9 =3 7! 18,2 2 
_ 2-5-4 J=9 5 
q2log7? _ 3 9? 3 


(logs x)? + logs, (=) =1, 4 >0,.0F : 
x 5 


S) 

logs | — 

x 2 
——~“ =1 = (log, x)" + 
ise. Gx) (logs x) 
Let log, x =t, then 


=> (log; x)? + 1- logs x _, 


1+ log; x 
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2». 1-t 
te +——F=1 
1+t 
=> p+? -2t=0 
> t(t+2)(#-1) =0 => t=-2,0,1 
=> x=57,5°5! 
1 
=> x=—,1,5 
25 
x, X, ET 


x, =1%x%,=5 
[x2 — 4x | =|5- 4] =1 


+1 


51. Given, x = log, a =log, b= : log, cand log, c =nx" 


x = log, a=log, b = log, Vc and log, ¢ =nx"*! (i) 
From Eq. (i), log, a x log, b + log, ve =x? 


log, ve = x, = log, c=x? 


log, c =2x°* 
Compare with log, c=nx"*! 
=> n=2 
5 
52. (A Es _ wes 3° 5 x2 aa 
log, V32 ~ 5 log, 2° 5 
2 log 6 PEE AES § 5) 
log 12+ log3 log36 2log6 
1\? 
(C) logis (2) =— log; 3* = — 4(q) 
lo ‘6) 
(D) log, 16 — log; 4 _ o 4) _ log; (2)? _2 z 
log; 128 log; (2)’ logs (2)’ 7 


53. (A) lei 2 8= log? B= (log, ey 


2 
= [S tog.t) = Ea = 8-300 


(B) (logio 2)> + logy 8: logy) 5 + (logyo 5)° 
= (log192)? + 3 logio 2 logig 5 + (logio 5) 
= (log;o2)* + 3- log, 2: logyy 5 - (logy, 2 + logy, 5) 
+ (logi5)° 


[' logig 2 + logyy 5 = logy) 10 = 1] 


= (logyo 2 + logio sys (logic 10)’ =(1)° 


=1 
3 + (logy 2)° + logy 8-logyy5 + (logyo5)° 
=3+1=4(s) 
(C) N = log, 15: logy/¢2- log, ; 


= log, 15 (— log,2) (— log; 6) 
_ log 15 , os 2 , os 6 


= log, 15 


log2 log6 log3 


9 <15 <27 
2<log; 15 <3 
So, [N] = 2 (q) 

(D) (52.6)* =(0.00526)" = 100 

(52.6)* =100 and (0.00526)’ = 100 

7 
526 = 108 ...(i) 
(52.6)° x 107"? = 10? 
(52.6) =10°* *° 


(24) 
> 526=10\ ? ...(ii) 
From Eqs. (i) and (ii), we get 
2 2+ 4b 
10¢ =10 ? 
2 2 
= ~ = 44 
a b 
1 1 
=> —--=2 
Roe 
54. (A) Given that, log,/, _ ai). 21 (i) 
(x + 1) (x -5) 
for log to be dete — "2 y 
(x + 1)(x-5) 
then x €(-1,2) UG, -) 
+ Lt 
TAA re 
Let x>0Oandx#1 
So, x €(0, 1) U(L, 2) U(, -) 
Casel x €(0,1) ..(ii) 
1 
—>1 
x 
; 2 (x — 2) 
By Eq. (i), log, ——-————- 21 
EE Gee) 
= 2 (x — 2) = 
(x+1)(x-5) x 
= 2(x -2) _i, 
(x+1)(x-5) x 
= 2x (x = 2) (x + (X45), 9 
x(x +1)(x-5) 
2x* —4x— x7 4+ 4x45 
=> > 
x(x +1)(x-5) 
2 
x(x +1)(x-5) 
> x(x+1)(x-5)>0 
Af t+ + 
= 0 = 5 
=> x €(-1, 0) U6, -) 


But by Eq. (ii), x € (0, 1) 
So, no solution for this case. 


Case II Let x €(1, 2) U(5, ~) 


—<il1 
x 
2(x —2) 
Eq. (i) = log, @+D@-5)- 
2 (x — 2) ik 
(x+1)(x-5) x 
, _2r=2) 1 
(x+1)(x-5) x 
x7 45 
=> ——————————S: 
x(x + 1)(x —5) 
=> x(x+1)(x-5)<0 
=> x €(—, - 1) U(0,5) 
Eq. (iii), x €(1, 2) U(5, ©) 


+ + 
A 0 = 5 


From Eqs. (iii) and (iv), x € (1, 2] (q) 


(B) log; x — log} xs 2 log , 4 
22 
defined, when x > 0 


log; x= log} x2 2 x(=2) x2 x1 


=> log, x —log} x +2 <0 

=> log} x —log, x -220 

> (log; x —2) (log; x +1) 20 

=> log; x <-1 

or log; x 22 

> x Si orx29 
From Eq. (i), x>0 

So, re(a | U[9, ) (p) 


(C) log, (4 - x) 2 log, 2 ~ log; (x -1) 
2 2 2 
(4—x)(x- 4 


> log, 

2 

—4)(x-1 
Ee _ (x= 4) (x Yay 
2 

> (x -— 4)(x-1) 2-2 
=> x? -5x+4+4+22>0 
> x? -5x +620 

+ + 


2 - 3 


(x —3)(x -—2) 20 
x<2orx23 


...(iii) 


[by case I] 


...(iv) 


...(i) 


...(ii) 


From Eq. (i) to be defined, 4 - x > 0and x -1>0 


x<4andx>1 


...(iii) 


55. 


56. 
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From Eqs. (ii) and (iii), 
x €(1, 2] ULB, 4) (q, x) 
(D) Given equation is 
(7 -3A + 4) x°-4(2A-1) x+16=0 


2 2 
34 s=1-31+(2] -(3) +4=(2- 


So, A-3A+4>0,VAER 


> B 
and D>0 
= We get tee 


Let f(x) =(47 —3A.+ 4) x? =4(2A-1) x + 16 
f(1) < 0 by graph of f(x) 
W -110 + 24<0 
(A-3)(A-8) <0 
3<A<8 
From Eqs. (ii) and (iii), we get 
3<A<8 => XE(3,8)(s) 


If 0<a<b 
Statement-1 If x>1 
> log, a<log, b 
.. Statement-2 If0<x<1 
> log,a>log,b 
.. Statement-2 is true, also 
10>3>e>2 
If x, 
then log, 10 > log, 3 > log, e > log, 2 
1 1 1 1 

log, 10 . log, 3 log, e < log, 2 
> logy) x < log; x < log, x < log, x 
and for 0<x<1 
We get, logy x > log; x > log, x > log, x 
It is clear that for xX > 0,041 
Statement-1 is false. 
Statement-1 787 (#1) x=] 


x? +1-x’ =1| for this x°+1>0 


x3- x? =0 xe>-1 


x°(x-1)=0]/5x>-1 
x = 0 (repeated) or x =1 
Thus, Eq. (i) has 2 repeated roots. 
.. Statement-1 is false. 
Statement-2 a!°&«N = N,a>0,a#1landN>0 


which is true. 
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7 4 
57. Statement-1 (=) < (=| . Taking log on both sides, 


log12 2 log 2 + log3 


67. (i) -sa=log,12= 


log 7 log 7 
7 4 2+ log,3 ' 
1 1 q = vac(i) 
log. (+) <log.(£] log, 7 
log 24 3log2+ log3 
7 log. 2 <4 log, : and b = logy, 24= 0g 44 _ 2 108 og 
3 3 log 12 2log2+ log3 
Now, log. ~ <0 [-2<e<3] _ 3+ log, 3 hii 
3 2+ log, 3 
So, 7>4 
Statement-1 is false. ...(i) Let log,3=A se ee T= 
Statement-2 ax <ay From Eq. (i), a = = 
and a<0,x>0,y>0 a 
Eq. (i) divide by a, we get x > y and from Eq. (ii), b = ee we get 
‘ 2+A 
Statement-2 is true. aap F 
_ logy (-x)? _ N= and Ut = 
58. Statement-1 x =9 b-1 a(b —1) 
, Eq. (i) is defined, if é 
(l-x)* =9 ae ibe cigs Et? 2 ee x 3X7) 
canes log 54 log (3° x2) 
1-x=+3 _ 3 log 2+ log 3 + log7 
r= ees 3 log 3 + log 2 
: - = ecepeple 3+ log.3+log.7 3+A+wU 
.. Eq. (i) has only one solution. = Ree Bal = 341 
Statement-1 is false. ee 
Statement-2 a!°2" = b, where a >0,a#1,b>0 3+ = + ‘ 
b-1 a(b-1) 
which is true. = 3 (3 — 2b) 
59. Statement-1 (log x)’ + log x” -3 =0 (i) b-1 us 
=> (log x)’ + 2 log x -3=0 (ab +1) 
=> (log x + 3) (log x -1) =0 ~ a(8—5b) 
=> log x =—3or log x =1 (ii) « a =log, 4andb = log, 3 
=> x= 10° or x=10 ab= logs 4 ...(i) 
Eq. (i) is defined for x > 0. 
: es ; Now, log; 10 = psi 2 Ieee) 
So, Eq. (i) has 2 distinct solutions. log;3  2log,3 
Statement-2 log x” #2 log x logs (100) logs (4 x 25) 
. LHS has domain x € R and RHS has domain x € (0,0) ca 2b = 2b 
. Statement-2 is false. logs; 4+2 ab+2 . 
60. Statement-1 = 2b ~ oh rom se 0 
log, 3: log y/o 3 = logs; 3 ..-(i) Ina Ind Inc ; ; 
Eq. (i) holds, if x > 0, x #1, x #9 62. -. fag cee ea [by using law of proportion] 
1 1 1 
By Eq. (i), . = 
vee) log; x (log3x+2) 4 (i) Ina = ine = ne 
(log, x)? +21 4=0 ee 
og3 x og3x-4= 
= ; a Ina+Inb+Inc _ In(abc) 
(log; x)" +2 log3x + 4=8  potipumhwak 
2 
(logs x +2)" =8 => In(abc)=0 => abe=1 
log, x +2=+42V2 Gy ™4, mb, ne alnatbinb+ele 
logs x =2(-1+ 42) k=e¢ e=a a=b alb—o4 b=a)4e@=d) 


x a 3201 V2) 


Two values of x satisfying Eq. (i) 
So, Statement-1 is false. 
Statement-2 Change of bases in logarithm is possible. 


*, Statement-2 is true. 


_Ina*+Inb?+Inc’ _ In(a’-b?-c’) 


0 0 


= In(a*b’c®) =0 


> a’b’c’ =1 


Ina 


wee Inb Ine 
(iii) ; — 


-c c-a a-b 


[(b? + be +c?) na+(c? + cata’)Inb 
_ + (a? + ab + b*) Inc] 
[(b? + be +c?) (b—c) + (c? + ca +a’) (c —a) 


+(a’ + ab + b’)(a—-b)] 


Ina tere eInpe teat’ ging tte 
(b? —c*) + (c? —a*) + (a —B°) 


2 2 . 2 2 2 2 
In (a? t+be+e Lpo tata’ oa habe’) 


0 
2 2 2 2 2 2 
= In(a? +be+e - pe +cata cf tabs bY) 9 


ge there pe? tcata? a* +ab+b"_ 4 
(iv): AM> GM 
+b+ 
——— > (abe)? = (1) =1 [from Eq. (i)] 
at+b+c 
(v) -- AM> GM 
a b c 
= a+b +e >(a2- bP. ce) 
3 
=(1)7 =1 [from Eq. (ii 
= 7 q. (ii)] 
a4 poy c 
=> bl a att tes 
b? + be +c" ce +cata? a? +ab+b? 
+b +c 
(vi) AM> GM 


3 


2 2 2 2 2 2 
>(a? +be+e pf +cata cf +ab+b ys 


= 1)? [from Eq. (iii)] 
=1 
a + bet? xt be +cata’ 4: a +ab+b? 

> 21 


3 


2 2 2 2 
4 po tata” 4 oa t+ab+b >3 


2 2 
=> a? t+bet+ec 


63. To prove log, 2 lies between : and 


2° = 4096 
1000 < 4096 < 10000 
10° <2” <10* 
Taking logarithm to the base 10, 
logio 10° < logio gr < logy) 10* 


1 1 
3<12 lope ste lee S, 


64, log 2 = 0301 
log 3 = 0.477 
(i) Leta=5 
log & = 200 log 5 = 200 (log 10 — log 2) = 200 (1— 0.301) 
= 200 X 0.699 = 139.8 
=139+1=140. 


200 


So, number of integers in 5°°° 
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(ii) a =6” 
“. log & = 20 log 6 = 20 (log 2 + log 3) 
= 20 (0.310+ 0.477) 
= 20X 0.778 = 15.560 
So, number of integers in 6° = 15 + 1=16 
(iii) Let 300 
log a = — 500 log 3 =— 500 x (0.477) =— 238.5 
=— 239+ 0.5= 239.5 


a=3" 


So, number of zeroes after the decimal in 
3 = 239 —1 = 238 
65. Given that, log,)2 = 0.301 


and = logyy)3 = 0.477 
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log 3.375 = log(3375) — log 10° = log 5° x 3° -3 log 5 x2 


=3 log5 +3 log 3 —3 log5 —3 log 2 
= 3 (0.477) — 3 (0.301) = 3 (0.176) 
= 0.528 
66. Let P = log, x — log, (0.125) = log, x — log, (2) 
= log, x +3 log, 2 
AM2 GM 


_, log2xt3 log, 2 , (log, x) B log, 2) = V3 


2 
P 
S03 
2 
=> P>2V3 
Least value of log, x — log, (0.125) is 2V3. 
1 1 
67. Lety = + = log, 3+ log, 4 
log; am log, 7% 
= log, 12 
Now, 12>? 
log, 12>log, 1” y>2 
1 x 
68. (i) x” Se" =10x 
log x 
=> Keg 10x 
1 x 
= x[x "0" —10] =0 
log x 
x#0,sox ” —10=0 
i x 
=> x S10* = 40 
> logy) x = log, 10 
=> (logy) x) =1 
=> log) x=+1 
=> x=10"! 
1 
> x =10or — 
(ii) logs (9 + 2*) =3 
=> 9+2* =8 
> 2*=-1 


which is not possible, so x € 0. 


[x > 0] 


350 = Textbook of Algebra 


(iii) Q- les 3 4 gloea x 97 
2: get 4.9084 * 97 
gloea (x+1) _ 33 


log, (x + 1) =3 
log, x =2 
x=16 
(iv) log, log; log, x =0 


Defined for x > 0, log, x > 0 and log; log, x > 0 


=> x>0,x>1,x>3 
x>3 
log; log, x =1 
log, x =3,x =8 
which satisfy Eq. (i). 


logig x + 5 
(v) x 3 = 195+ 810” 
Defined for x > 0 
Let logiyx=y 
=> x =10” 
5 
| eae 
By Eq. (i), 10 10°" > 
=> y? + 5y =15 + 3y 
=> y? + 2y -15=0 
= (YY +5)(y—3)=0 
=> y=-S5ory =3 
=> 


1 3 
x=—, or x =10 
10 
x = {107, 10°} 
. Lye 
(vi) log3 eae a? =2x 


Defined for x > 0, 


1 
logy eo =?" 


=> ala => x=9 2 
=> x=37) 
A. 
x= 
3 


2 
(vii) 4l°810 xt1_ 619810 ee , 2.30810 x“ +2 =0 
=> 2 2logigxt+ 2 _ (2 x 3) /o810 x 2.32 l0810 x2 _ 0 


Let log;) x = A, then 
grrt2 ~(2x3)* 2.3244 29 


Xr 2a 
3 3 
=> # (2) -2.3(2) =0 
2 2 


> 18" + 9 -8u — 4 =0 


E a8 = 8H 


...(i) 


my = 


=> 9u (2uU+1)-4(2u+1)=0 
a2 ee 

Wu ait 5 

we 

2 

is 

P 9 


logio (x -3) _1 


logy (x? —21) 2 


is defined for x > 1 and x” >21. 


x>J21 
=> 2 logy (x — 3) = logy (x” — 21) 
=> logy (x —3)? = logy) (x? — 21) 
=> (x -3)? =x? -21 


x? -6x+9=x"-21 
ss x=5 
satisfy Eq. (i), hence x =5. 
(ix) x 182 x+4 = 32 
Defined for x > 0, 
log, x + 4=log,2° 


loggx+4= 
log, x 


(log, x)’ + 4log,x-5=0 

(log, x + 5) (log, x —1)=0 
> log, x =—5orlog,x =1 
=> 


x=2°orx=2! 


1 
x=—orx=2 


32 
which satisfy Eq. (i). 
(x) log, x =x 
and a = x 184* 
Defined for x > 0 
From Eq. (i), xa" 
x 1/x 


From Eq. (ii), x* = x!84* 


1 

=> —=log,x 
x 

=> x=log,4 => x* =4 
x=2 


(xi) log 75 gin x (1 + cos x) =2 
Defined for 1 + cos x > 0, V2 sin x >0 
and /2 sin x # 1, then 
1+ cos x =2sin’ x 


1+cosx =2-—2cos* x 


(i) 


69. 


70. 


71. 


2 cos’? x + cosx-1=0 


(2 cos x —-1) (cos x + 1) =0 
1+ cos x #0 


1 
So, cos x =— 
2 


x= =e Eq. (i) is defined for that value of x. 


Let rational number be x, then 


x =50 logy) x = 2x = 100: logy x 


Taking logarithm to the base 10, then 


Let 


> 


which is true for A = 2. 


=> 


Let 


logyo2 + logig x =2 + logyy (logyy x) 
logy x=A 
logy)2 + A =2 + logy (A) 


ny 
logo () =i-2 


logiy x =2 
x =107 =100 
3 


= + 
e log, (2000)° log; (2000)° 


= 2 log, é 4+ 3 108 aoq9)6 5 


9" 


2000) : 
= 108 000)8 ae 10 000) 
= Oy x3 
= 108 (2000)8 (4° x5°) 
ae lo 2000 = : 

6 & 2000 6 


log, [1 + log, {1 + log, (1 + log, x)}] =0 ...(i) 


YuUUuUYUYIUUY 


1+ log, {1 + log, (1 + log, x)}=1 
log, {1 + log, (1 + log, x)} =0 
1+ log, (1 + log, x) =1 

log, (1 + log, x) =0 


Eq. (i) is satisfied for this value of x. 
72. 25 logy 5 (3 - V6) — 6 logs (V3 — V2) 


=4 


= 482 3 = 27 l82 3 = 2/82 9 =9 


=5 log, si2 3 — 6) —6 log, s (V3 - V2) 


=5x = log, (3 — 6) 6x. log, (v3 — ¥2) 


= log, @ - v6)* - log, (v3 - V2)? 
2 2 
= togs( $5 | =| (2e52| = log,3 


3-2 (3 — v2) 


5 logy yz (3- V6) - 6 logs (V3 - V2) 


73. (i) logs, 43x’ <1 (i) 


Eq. (i), 


i 
CRETE SEN Tae ee 


x? >2x4+3 
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x? -2x-3>0 
(x —3)(x+1)>0 
x<=Lorx>3 


3) 
xe|—--,-1 
2 


CaseIl 2x+3>1 5 x>-1 


Eq. (i), x? <2x +3 

(x -—3)(x+1)<0-1<x<3 
> x E(-1,3] 
Eq. (i), x#0 


3 
Eggs. (ii), (iii) and tw, xe(-3,3] Ut 1, 0} 
(ii) log, (x’ —5x +6) <1 
For Eq. (i) to be defined 2x > 0 and2x #1 
1 
So, eo VaR 
and x*° —5x+6>0=>x<2orx>3 
1 
Case I ee Ske on 
From Eq. (i), logy, (x? —5x + 6) <1 
x* -5x+6<2x 
x’? -7x+5>0 
(x —6)(x-1)>0 


x<lorx>6 


From Eqs. (iii), (iv) and (ii) 


1 
Case II am 


From Eq. (i), log, (x* —5x +6) <1 


=> x? -5x +6 <2x 
= x? —-7x+6<0 
=> 1<x<6 


From Eqs. (ii), (v) and (vi), 
x E(1, 2) UGB, 6) 


From Eqs. (A) and (B), x € [0 -| U(1, 2) U3, 6) 


(iii) log, (2 — x) < logy). (x + 1) 
From Eq. (i) to be defined2-x>0 = x <2 
and x+1>05x>-1 
So, x €(-1, 2) 
Now, from Eq. (i), log, (2 — x) + log, (x + 1) <0 
(2-—x)(x+1)<1 
(x -2)(x+1)+1>0 


x?-x-24+1>0 


x? -x-1>0 
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(i) 


...(ii) 


...(iii) 


(i) 
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1-5 
=> x < 

2 

14+ V5 
or x> 2 


From Eqs. (ii) and (iii), 


. 8) (Ss 
2 


2 
(iv) log 2 (x+2)<1 


From Eq. (i) to be defined, x+2>0=5x>-2 
and x ER, x#0andx #1 


CaseI x €(-1,1) ~ {0} 
Eq. (i), (x +2) > x? 


x? -x-2<0 


(x —2)(x+1)<0 


x-1<x<2 
From Eqs. (ii), (iii) and (A), 


x €(-1, 0) U(0, 1) 


Case II x €(— », — 1) U(I, ») 
Eq. (i), x+2<x° 
x? -x-2>0 
x<—1o0rx>2 
From Eqs. (iv), (v) and (A), 


x €(-—2,-1) U2, &) 


From Eqs. (B) and (C), 


vel-2 hw GE x)a{-10 


(v) 3O83V%—1 < gloes(t- 6) 4.3 


From Eq. (i) to be defined 
x-1>0 5 x>1 
and x-6>0 > x>6 
From Eqs. (ii) and (iii), x >6 
Eq. (i), 4x — 1 —(x -6)-3 <0 
y¥x-1-x+3<0 
x —1 <(x-3)x-1<(x-3) 


x°+9-6x-xt+1>0 


x -7x+10>0 
(x —5)(x -2)>0 
x<2orx>5 
From Eqs. (iv) and (v), x >6 
(vi) logy) (8x — 1)? < logy), (x +5)” 


From Eq. (i) to be defined x # - x#-5 


Eq. (i), (8x —1)° >(x +5)’ 


(x-1-—x-5)@6x-1+x+5)>0 
(2x —6) (4x + 4)>0 
(x -3)(x+1)>0 


| 


x<-lorx>3 


From Eqs. (ii) and (iii), 


x €(— 9, —5) U(—5, — 1) UB, -) 


...(iii) 


...(ii) 


...(i) 
...(ii) 


...(iii) 


(vii) logyx+2 logto x 


From Eq. (i), x>0 
log?, x + logy, x -220 
(1019 x — 2) (logiyx + 1) 20 
logiy x S$—1or log; x 22 


I 
x <— or x 2100 
10 


From Eqs. (ii) and (iii), 
1 

xeE [0 <| U[100, ee) 
10 


or x €(0, 1071] U[107, -) 


(viii) logy) (x” —2x —2) <0 


(ix) 


x’ —2x-2>0 

x? -2x+1-3>0 

(x —1)* — (v3) >0 

[x -(1 + V3)] [x -(1 - v3)] > 0 
x €(—~, 1 — V3) U(1 + V3, ©) 

x? -2x-2<1 

x? —2x-3<0 

(x -—3)(x+1) <0 

-1<x<3 

From Eqs. (ii) and (iii), we get 

x€[-1,1- 3) U(. + V3, 3] 


lo [2-2] >2 
Sx Fi 


From Eq. (i), 


3 
From Eq. (i) to be defined x > 0, x #1, 2x — r >0 


3 
x>OQx41*>= 
8 
; 3 
From Eq. (i), log, (2x - 3) >2 


Case I 0<x<1 


3 
2x--—-<x 
4 


8x —3—4x? <0 
4x" —8x+3>0 
4x” —6x —2x +3>0 
(2x —1) (2x —3)>0 


1 3 
x<—orx>— 
2 2 


From Eqs. (ii), (iii) and (iv), 


CaseII x>1 
: 3 2 
Eq. (i) > aE ee 
8x —3 > 4x? 


4x? —-8x +3 <0 


...(iii) 


(i) 


...(ii) 


...(iii) 


(i) 


...(iii) 


1 3 
=X SS 
2 2 


From Eqs. (ii), (vi) and (vii), we get 


(43) 


From Eqs. (v) and (viii), we get 


(x) logiy3 x < logy/2 x (x > 0) 


=> log; x > log, x 
log x _ log x 
log3 log 2 
inne e328?) <9 
log 2 log 3 
=> log x<0 => x<1 
So, x €(0,1) 


(xi) logar 43 x” < logs, 4 3 (2x + 3) 


From Eq. (i) to be defined, 
2x+3>0 
3 
x>-2 
2 
2x+3#41 
x#-1 
x € R- {0} 
From Eq. (i), logo, 43 x? <1 


3 
Casel 0<2x+3<1 > ee 


From Eq. (ii), logo, + 3 x? <1 


=> x? >2x4+3 = x?-2x-3>0 
> (x —3)(x+1)>0 
=> x<=—Lorx>3 


From Eqs. (A), (iii) and (iv), x € (- =. - 7 


Casell If 2x+3>1 > x>-1 
logar43.X° <1 
x? <2x +3 

x’ -2x-3<0 

(x —3)(x+1)<0 

> -1<x<3 

So, Eqs. (A), (v) and (vi), x € (— 1, 3) 
From Eqs. (B) and (C), 


(xii) log} x + 3 log, x = 5 Bava 16 


log; ee log, 1620 


logS x +3 log, x-420 
(log, x + 4) (log,x —1)20 


...(vii) 


...(viii) 


...(A) 


...(ii) 


...(iii) 


...(vi) 


if) 
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1 
log,x <-—4orlog,x21 > Ae 


or x22 
From Eq. (i), x>0 


From Eqs. (ii) and (iii), xe (0, +] & [2, e) 


(xiii) (x? + x41)" <1 


Taking logarithm on both sides, then 
x log (x? + x+1)<0 
x+xt+1>0VxeER 
Casel_ If x>0 
Then, log (x? + x+1)<0 
x +x4+1<1 
=> x(x+1)<0 
=> -1<x<0 
From Eqs. (i) and (ii), x € © 
Case ll If x <0 
Then, log (x? +x+1)>0 
=> x°+x4+1>1 
> x(x+1)>0 
é x €(— 2, —1) U(0, ») 
From Eqs. (iii) and (iv), we get 
x €(— 0, —-1) 


: 1 
(xiv) log .,,2 Ej 2< > 


(xv) x 


2<(3x? +1)? 
3x° +1>1,V x ER) 
4<3x° +1 
3x" >3 
x? >1 
x<-lorx>l1 
> x E(— 9, —1) U(I, ©) 


(log jg x )? -3log,, +1 > 1000 


From Eq. (i) to be defined, x > 0 and x #1 
Let logyyx=y = x=10" 


From Eq. (i), 107" ~3¥#D 5 193 


=> y 3 3y? by =3>0 

=> y'(y-3)+1(y-3)>0 

=> (vy -3)(* +1) >0 

=> y>3 

> logiy x >3 

=> x > 1000 

> x € (1000, co) 
(xvi) log, {14 + log,(x? — 64)} <2 


14 + log,(x? — 64) $16 
log, (x? — 64) <2 
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...(ii) 


...(iii) 


...(i) 


...(ii) 


...(iii) 


...(i) 


(i) 
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(xvii) log, (9 —2*) <10 
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x” — 64 < 36 
x’ $100 
-10<x<10 
From Eq. (i), x? —64>0 
> x<-—8orx>8 


From Eqs. (ii) and (iii), 
x €[-10, —8) U(8, 10] 
log 46 (3-x) 


From Eq. (i) to be defined, 
9-2*>0 => 9>2* 


> 2° <9 => x<log,9 
3-x>0 > x<3 

Then, x<3 

From Eq. (i), logs (9 — 2*) <3 - x 

=> 9-2* <2°"* 

> 9-2* -8-2* <0 

=> (2*)? -92% +820 

= (2* -8)(2* -1) 20 

=> 2“ <1or2* >8 

> x<0orx23 


From Eqs. (ii) and (iii), x <0 => x E(- ~~, 0] 


(xviii) log, (# = *) >0 
Pe 


From inequation (a), a>1 


2x+3 
By Eq. (i), tS 
x 
= 
— >0 
x= 0 
3 
> a 


3 
From Eq. (i), log, (2 + >| 20 
x 
3 
2+—21 
x 


oF F 56 


x 
x —(-3) 


x-0 


20 


x<-30rx20 
From Eqs. (ii) and (iii), 
x<-30rx>0 
> x €(—0, —3] U(0,°r) 
From inequation in (b), 0<a<1 


2x+3 
From Eq. (i), as <1 


AS 
=> x <0 
x 
” > -3<x<0 
an > x €[-3, 0] 
o 3 
ty From Eqs. (ii) and (v), we get x € - 3,- ;| 
(xix) 1+ log, (x —1) S$ log(,—1) 4 
From Eq. (i) to be defined, x -1>0=x>1 
fi) and x-141 > x#2 
By Eq. (i), 1 + log, (x — 1) $2 log(,—1) 2 
Let log, (x —1) =A, then 
ieaes 
nN 
(i) = MthH2 oo 
ii 7 s 
= (A+2)A=-) 24 
Xr 
+ ~ 
= Gf D 0) = { 
> AS<-20r0<A<1 
> log, (x-1)<-2 
(iii) or 0<log,(x-1)<1 
=> x-1S27 or2°<x-1<2' 
e) 
(i) > ga, ee 
From Eqs. (ii) and (iii), we get 
x €(2,3] 
(xx) logs. 44 x” S logs, 44 (2x + 3) 
4 
From Eq. (i) to be defined, 5x + 4>0=>x>- = 
3 
5x+441 > ae 
2x+3>0>x> 3 
e Pe Pana 
...(ii) 3 
and x €(— ©, co) — {0} 
4 3 3 
= f Jul 0} 00%) 
5 5 5 
From Eq. (i), logs, 4 4 x < logs, 44 (2x + 3) 
2 
x 
logs, 44 ——— £0 
B5x44 ae 
Case 1 0<5x+4<1 
> = < 2 
a a eyes, 
...(iii) 5 5 
2 
i From Eq. (ili), 21 
...(iv) q- ( Nga 3 


...(ii) 


...(iii) 


...(ii) 


(x —3)(x + 1) a 
eee 
wee] 
2 
_3 
2 + + 
7 -A\_-/3 
xe(- 3-1] U [3, ©) .(v) 
From Eqs. (ii), (iv) and (v), x € ..(vi) 
Case II 5x+4>1 > x>-2 ...(vii) 
2 
From Eq. (iii), me <1 
(x —3)(x + 1) 24 
oa 
go) a= 
2 
=> x< sor xe| 1,3] ...(viii) 
From Eqs. (ii), (vii) and (viii), 
re(- 2,-3) U[=-1, 0) U(0, 3] ...(ix) 


74, Given equation is 


log, (ax)'* + log, (ax 


x iG 
+ (be (=) + log, (<) =a_...(i) 


1 
—./1+ log,a+1+ log, x 
V5 af x a 


yl? 


1 
+ —Jlog, x-1+log,a-l=a 
re 


log, x + : +2+ flog,x+ : -2=./5a 
log, x log, x 
1 1 
log, x] + ————] + |. log, x] - ————] = V5a...(ii) 
| yl loga x| y[loga x] 
Let |log,x| =y [y 2 0] 
1 1 ae 
y+ +l|y-—|=~5a (iii) 
y y 
1 


1 
Casel x >a>1Eq. (iii) Sy +—+ y-—= 5a 
y y 


=> 2y = 5a 


2,/\log, x| = V5a 
V5 
yllog. x =~ a 


75. 


76. 


Chap 04 Logarithms and Their Properties 


CaselIl 1<x<a 


By Eq. (iii), y+ a2 yt 
y 


Given equation, 


log, (x” + 15a?) — log, (a — 2) = log, ~ 
a 
Eq. (i) is defined, ifa -2>0=>a>2 
8ax Se 
a-2 
By Eq. (ii), a>2 
So, ax > 0, then x > 0 
Eq. (i) for x=9a>0 
2 2 
ing. (x° + 15a =e 8ax 
(a — 2) a-2 
x? + 15a” =8ax 
(x —3a)(x —5a) =0 
x =3a andx =5a 
For a=3,x=9andx=15 
> x =15 fora =3 
Given that, 
log, (logs x) + logy), (logi3y) = 0 
=> ; log, log; x — ; log,(— log, y) =0 
> * log, los =0 
2 — log; y 
=> _ logs x =1 
logs y 
> log; x =— log; y 
=> log; x = log, 2) 
y 
1 
=> x= 
y 
: 2 2 17 
Also, given that, x+y = = 
xe + - ~ 
x 4 
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...(i) 
...(ii) 


...(iii) 


...(i) 
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pete? [by Eq. (i) x > 0, y > 0] 
x 2 
x+—=2+ . 
x 2 
1 
x =2or— 
2 
For these values of x, y = ; or 2 [by Eq. (ii)] 
77. log,, 4x + logy, 16x =4 ..(i) 
From Eq. (i) is defined for x > 0, x # . x# : ...(ii) 
a log 4x = log 16x aig 
log 2x log 4x 


2 log 2 + log x 4 log 2+ log x _, 


log2+logx 2log2+ log x 
On dividing by log 2, then 
2+ log,x 4+ log,x _ j 
1+log,x 2+ log,x 


Let log, x =A, then 
2+ AP +t A (4+ay=4(1 + ay2ta) 


> 2 +948 = 422 +1248 
= 27 +3A=0 
ey eee 
2 
3 
=> loge = 0 ga eS 


x =2° x= 273? 
or x=H=1,x= g32 
78. Given equation, 


log,54 + log, 16 = log j5 x — logs. ; ..-(i) 
Eq. (i) holds, if x > 0, x #1 
From Eq. (i), 
2 
1+ log,9 + 4 log, 2 =2 log, x — log, ; 
2 
1+ log,9 + loge. + 4log, 2-2 log,x =0 
2+ 4log,2-—2 log,x=0 
(log, x)’ — log, x -2=0 
log, x =2or log,x =-1 


1 
x=4orx=- 


uuu dv 


i) 


1 9 
Sum of the values of x satisfy Eq. (i) = 4 + 5 
1 
Product of the values of x satisfy Eq. (i) = 4 x 5 =2 


79. Let logale + 2)°+3=logy(4— x)’ + log, (x + 6)° ...(i) 


Eq. (i) holds, if4—-x>Oandx+0>0,x+2>0 


ie., -2<x<4 ..(ii) 
From Eq. (i), 


3 1 1 
x2x- lo x+2)|+3=-x3log.,(4-x 
2 9 Zo |( | 2 Sal ) 
+5 x3 logs (x +6) 


=> log, (x + 2) + 2 = log, (4 — x) + log, (x + 6) 
log, {4 (x + 2)} = log. {(4 — x) (x + 6)} 


iv 


> 4(x+2)=(4-x)(x+6) 
4x+8=—x° -2x +24 
x° +6x-16=0 
(x + 8)(x -2)=0 
ne x=-8x=2 ...(iii) 
From Eqs. (ii) and (iii), we get x =2 
1 
80. tog, (°° +4) logs + 1) = 108). (=e) (i) 
8 
Eq. (i) defined, for 4* + 1 > 0 which is true for all x € R. 
log, [4(4* + 1)]-log,(4* + 1) = log 5 V8 =3 
[2 + log, (4* + 1)] log, (4* + 1) =3 
Let log,(4" +1)=y 
(y+ 2)y=3 
y*? +2y -3=0 
(y+ 3)\(y-1)=0 
y=lory=-3 
*. log, (4° +1)=1 or log, (4% +1)=-3 
4*+1=2 or 4152 
x x 1 
4°=1 or 4 =--1 
8 
7 ‘ree : 
x=0 or 4° =- 5 which is not possible. 
ae x=0 
81. 2° * V7 =256 
=> grt tay a98 
> vx + Jy =8 wild) 
Also, given that, logy) ./xy — logio ; =1 ..(ii) 
which is defined, xy > 0 
So, Eq. (ii) = logio./xy = logyo [10 x | 
=> Vxy =15 
> xy =225 ...(iii) 


From Eq. (i), x + y + 2/xy =64 
x+y =64-30 
x+y =34 
xy =225 
After solving, we get x =9 or x = 25, then y =25 ory =9 
Hence, solutions are (9, 25) and (25, 9). 


From Eq. (iii), 


82. 


83. 


Given, log, y = log, (xy — 2) (i) 
Eq. (i) defined for y > 0 and xy —-2>0 ...(ii) 
xy >0 (iii) 
From Eqs. (ii) and (ili) > y>0,x>0 
By Eq. (i), ya yxy - 
y?—xy +2=0 (iv) 
y(x—-y)=2 ...(v) 


Also given that, 


log, x? + log; (x-y)=1 ...(vi) 
which is defined for x € R— {0}andx-—y>0 
> x>y 
By Eq. (vi), x(x-y) =35 x? xy =3 (vii) 
and x(x—-y)=3 (viii) 
Form Eqs. (iv) and (vii), y? +2=x'?-3 
x? -y? =5 ...(ix) 
On dividing Eq. (v) by Eq. (viii), 
y 2 2x 
ro ie ") 
From Eqs. (ix) and (x), 
x=3andy =2 
Given that, 
2 logiya (x45) >= logya,5 9+ log jexs 2 ...(i) 
By Eq. (i), x +5 >0=x>-5 
x+541 5 x#-4 
So, €(—5, — 4) U(- 4, ~) (ii) 


Now, by Eq. (i) 


2 9 -—2 
— lo +5 x log; 9-2 log,,52>0 
-2 &2 (x +5) Fi (=) 3 Sx45 


— log, (x +5) + 3-2 log.,52>0 


— log, (x + 5) - ————__ +3 >0 (iii 
So ( ) fogntees) (iii) 
Now, let log, (x + 5) = y, then Eq. (iii) becomes 
re 
y 
=— 2 =— 
> ee ie eee 
y 
*_3y +2 
= ps 
y 
~ (y=2)(y=1) 
y 
+ + 
= 0 1 = 2 


y<Oorl<y<2 
log, (x + 5) <Oor1 < log, (x +5) <2 
x+5<lor2<x+5<4 
x<-4 


Vuduy 


...(iv) 


or -3<x<-1 ..(v) 


84. 
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From Eqs. (ii), (iv) and (v), 

€(—5, — 4) U(-3, -1) 
logs (Vx + |Vx -1|) = logs (4Vx -3 + 4|Vx -1)) ...(i) 
From Eq. (i) is defined, if x = 0 
then logs (Vx + |V¥x —1|) = log, (4Vx -3+ 4|V/x -1)) 
= = AVx +|Vx -1))=4Vx -3 + 4|vx -1| 
=> 3 -2Vx =2|Vx -1 
On squaring both sides, then 

9+ 4x -12Vx =4x+ 4-4/x 


=> sVx =5 
_ 25 
64 


5\2 
85. (log, x)* -— ce =) — 20 log,x + 148 <0 


86. 


From Eq. (i), x > 0 
= (log, x)* —(5 log, x — 2)’ — 20 log, x + 148 <0 ...(i) 
(log, x)* — 25 log} x — 4 + 20 log, x — 20 logy x + 148 <0 
(log, x)* —25log3 x + 144 <0 


{(log, x)? ~ 16} {(log, x)* - 9} <0 
9 <(log, x)” <16 
3<log,x<4 or —4<log,x <-3 
8<x<16 ..(ii) 
or = <x< . ...(iii) 
16 8 
According to the question in Eq. (i) holds, for x € (a, b) 
where a,b EN 
So, from Eq. (ii), a = 8, b = 16 


ab (a + b) =8 X 16(8 + 16) 
= 144 x 24 = 3456 


(log; 33x) + (log, 3x) ) log; x? 
+ [se Es + og.32| log;x° =2 (i) 


Eq. (i) is defined for x > 0, x #1 


From Eq, 0), AB (1+ logsx +1 + log,3)3 logs x 


+ Ae (log; x —1+ log,3 —1)3 log;x 
1 ul 
=2_ || logsx + +2} + || logyx + -2 
log; x log; x 


= 2,/[log ,3| 


1 1 
=> ,/|log3x| + ——— + ],/|log; x| - ————— = 2 | log, 3 
y[logs >| y| logs x| 
(ii) 
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88. -. 


89. 


Textbook of Algebra 


1 
Case I If x = 3, ./log3 x — >0 
log; x 
2,/log; x =2./log,. 3 


1 
(log; x)’ =1=9x=30r-,sox=3 


Case II If 1 < x <3, ¢ =2,Jlog,. 3 
log; x 


=> log; x-log,3 =1 
=> 1=1 
which is true, for all x € (1, 3]. 
So, x € (1, 3] 


P =Number of natural numbers, whose logarithms to the base 
10 have characteristic p. 
Let ‘x’ represent the natural number, ice. 
x=AX10? [A= ,- O° Os ...] 
So, P = Number of natural numbers which have (p + 1) digits 
=9-10? -1+1=9-10? 
Q =Number of natural numbers which have (q) digits. 
Q=9-1097' -14+1=9-1097! 
So, log P — logio Q = logio(9- 10") — logyo(9- 107 ~’) 
= (logio9 + p) — (logio9 + q —1) 
=p-qtl 


a = log; log, 2 
> 3° = log,2 
3“ = log, 3 
Now, 12ers 22) 
=> ae 


0<-k+3% <1 
=> 0<-k+log,3<1 
=> 0>k—-log,3>-1 
=> log,3 -1<k <log,3 
ce k=1 
x)? = Gy) 
Taking log with base e on both sides, then 
In2(In2+ In x) =In3(In3+Iny) ...(i) 


and gmx sony 


90. 


91. 


Taking log with base e on both sides, then 
In x-n3=Iny-In2 
From Eqs. (i) and (ii), we get 
In x-In3 
In 2 (In 2 + In x) = In3} In3 + ———— 
(In 3)’ 
In2 


> ina ina} (In 3)” — (In 2)”) 


inx=-In2=In(4) 


ae | a | a ee 
e = 12 CO 
3,/2 3/2 3,/2 34/2 


1 
=> S=——,/4-S 
3V2 
or (V2 S)? =4-S 
=> 188°+5-4=0 
> (9S — 4)(25+1)=0 
4 98 -4=0 [28 +1# 0] 
-2 
or s-4-(2} 
9 2 
=> log3;2S =-2=6 + logs. S$ =6 -2=4 


Hence, 


6< te ay | eae ey eee | ee: 
rMB32 | 3 32 3/2 3V2 °° 


(3/4)° =1/4 
Taking log with base 2 
> x(log,3—2) = —2 
(oe 
2-log,3 1-log,3 
and taking log with base 3 
> x(1—log3 4) = —2log32 
_ 2log,2 
~ 2log32-1 
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In everyday life, we need to know about the number of ways of doing certain work from given number of available 
options. For example, Three persons A,B and C are applying for a job in which only one post is vacant. Clearly, vacant 
post can be filled either by A or B or Ci.e., total number of ways doing this work is three. 


Again, let two persons A and B are to be seated in a row, then only two possible ways of arrangement is AB or BA.In 
two arrangements, persons are same but their order is different. Thus, in arranging things, order of things is important. 


Session 1 


Fundamental Principle of Counting, Factorial Notation 


Fundamental Principle 
of Counting 


(i) Multiplication Principle 
If an operation can be performed in ‘m’ different ways, 
following which a second operation can be performed in ‘n’ 
different ways, then the two operations in succession can be 
performed in m x n ways. This can be extended to any finite 
number of operations. 

Note For AND-'x' (multiply) 


Example 1. A hall has 12 gates. In how many ways 
can a man enter the hall through one gate and come 
out through a different gate? 


Sol. Since, there are 12 ways of entering into the hall. After 
entering into the hall, the man come out through a differ- 
ent gate in 11 ways. 


Hence, by the fundamental principle of multiplication, total 
number of ways is 12 x 11 = 132 ways. 


Example 2. There are three stations A, B and C, five 
routes for going from station A to station B and four 
routes for going from station B to station C. Find the 
number of different ways through which a person can 
go from A to C via B. 


Sol. Since, there are five routes for going from A to B. So, 
there are four routes for going from B to C. 


SS 
B 


Hence, by the fundamental principle of multiplication, total 
number of different ways 
=5x4 
= 20 ways 


[i.e., A to B and then B to C | 


(ii) Addition Principle 
If an operation can be performed in ‘m’ different ways and 
another operation, which is independent of the first 
operation, can be performed in ‘n’ different ways. Then, 
either of the two operations can be performed in (m +n) 
ways. This can be extended to any finite number of 
mutually exclusive operation. 

Note ForOR- ‘+’ (Addition) 


Example 3. There are 25 students in a class in which 
15 boys and 10 girls. The class teacher select either a 
boy or a girl for monitor of the class. In how many 
ways the class teacher can make this selection? 
Sol. Since, there are 15 ways to select a boy, so there are 10 
ways to select a girl. 


Hence, by the fundamental principle of addition, either a 
boy or a girl can be performed in 15 + 10 = 25 ways. 


Example 4. There are 4 students for Physics, 6 
students for Chemistry and 7 students for Mathematics 
gold medal. In how many ways one of these gold 
medals be awarded? 

Sol. The Physics, Chemistry and Mathematics student’s gold 
medal can be awarded in 4, 6 and 7 ways, respectively. 
Hence, by the fundamental principle of addition, number 
ways of awarding one of the three gold medals. 

=4+6+7 =17 ways. 


Factorial Notation 


Let n be a positive integer. Then, the continued product of 
first ‘n’ natural numbers is called factorial n, to be denoted 
by n!ornie., n!=n(n—1)(n—2)...3-2-1 

Note When nis negative or a fraction, n!is not defined. 


Some Important Properties 
(i) n!=n(n—-1)!=n(n-1)(n—-2)! 
(ii) 0! =1!=1 

(iii) ina lia 


(iv) = a 


(2n —1)] 


“= n(n —1)(n— 2)...(r +1) [r<n] 


n! 
(n—r)! 

w+ =, 
n! (n+1)! (n+2)! 

(vii) If x! 
orx =ly=0 


[r<n] 


(v) 


=n(n-1)(n-2)...(n—r+1) 


then A =(n+2)? 


=y!=j]x=yorx=0,y=1 


Example 5. Find n, if (n+2)!= 60x (n—1)!. 
ol. «(n+ 2)! =(n + 2)(n + 1)n(n — 1)! 
(n + 2)! 
(n - 1)! 
> 60 =(n + 2)(n + 1)n 
> 5x 4x3=(n+2)x(n+1)xn 


=> =(n+2)(n+1)n 


[given] 
n=3 


n 
Example 6. Evaluate >: rxrl. 


r=1 


Sol. We have, py. xrl= 


r=1 


Yr +1) = Yirt 1l—r! 


=(n+1)!-1! 
[ putr =nin(r +1)! andr =1isr!] 
=(n+1)!-1 


n 
Example 7. Find the remainder when yr! is divided 
rel 
by 15, if n= 5. 
Sol. Let 
N= Prl=1!4 214314 414514 6!47!4...4+n! 
r=1 
=(1!+2!4+3!4+ 4) +(5!4+6!4+7! 4+... +n!) 
= 334+(5!+6!+7!+...+n!) 
N _ 33, OL +6l+7!+...+ a!) 
15 15 15 


3 
=2+—+Integer  [as5!,6!,... are divisible by 15] 
15 


3 
= — + Integer 
15 


Hence, remainder is 3. 
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Exponent of prime p in n! 


Exponent of prime p in n! is denoted by E,(n!), where p is 
prime number and nis a natural number. The last integer 


amongst 1, 2, 3, ...,(m—1), n which is divisible by p is "hp 
Pp 


where [-] denotes the greatest integer function. 
E,(n!)=E,(1-2-3...(m—1)-n) 


n 
=E, pap Spine] p 


[because the remaining natural numbers from 1 to n are 


not divisible by p] 
-|2]+2,(1-2-3...2) ...(i) 
p Pp 


n 
Now, the last integer amongs 1, 2, 3, ..., | which is 
Pp 


Lp’ 


E,(n!)= lag if 2p, 3p... 13 i 
LP 
[because the remaining natural numbers from 1 to a 
E,(n!) -|*] + ~ +E, 
P P pe 
Similarly, we get 


soo eel 


where, s is the largest natural number such that 


p <n<p 


Note Number of zeroes at the end of n! = 


divisible by pis| — |= 


ce Pols 


| Now, from Eq. (i), we get 


not divisible by p] 


s+1 


E,(n!). 


Example 8. Find the exponent of 3 in 100! . 


Sol. In terms of prime factors 100! can be written as 2-3" -5°-77 .., 


Now, b= E;(100!) 


7 BE : Fapeduboue 


=334+114+34+1+0+...= 48 


Hence, exponent of 3 is 48. 
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Aliter 
100!=1x2x3x4xX5xX...X 98X99 x 100 

=(1xX2x4x5X7xX... x98 X 100) 
(3X6X9X... X96 X99) 

=kx3¥%(1x2x3xX... X32 X 33) 

=[k1x2x4x5x... 31x 32)] 
(3X6X9X... X30 X 33) 

=3%k, x3(1x2x3x...x 10X11) 


=3" [k,(1x2%4x5X...% 10x 11)](3X 6X9) 
=k, x3“ x34 x2=k, x3” 


Hence, exponent of 3 in 100! is 48. 


Example 9. Prove that 33! is divisible by 2° and 
what is the largest integer n such that 33! is divisible 
by 2"? 
Sol. In terms of prime factors, 33! can be written as 
ae ee ey eee 


wo nem) 


=16 +8+4+24+1+0+... 
=31 


Hence, the exponent of 2 in 33! is 31. Now, 33! is divisible 
by 2”! which is also divisible by 2””. 
.. Largest value of n is 31. 


Example 10. Find the number of zeroes at the end 
of 100!. 
Sol. In terms of prime factors, 100! can be written as 


2.3? .5°.74 


100 100 100 100 100 100 
Now, E1000) =| eaueaueauedues 
2 2 2 ‘2 2 v 
=50+25+12 +6 +3+1=97 
100 100 
and E,(100!) =} ——| +] — 
5 52 
=20+4=24 


100! = 297 .3?.574.77 | = 273.3.(2 x 5)*4.77 
So" soy 7 us. 
Hence, number of zeroes at the end of 100! is 24. 
or Exponent of 10 in 100! = min (97, 24) = 24. 
Aliter 
Number of zeroes at the end of 100! 


= E,(100!)= fa + = + 


=20+4+0+...=24 


Example 11. For how many positive integral values of 


n does n! end with precisely 25 zeroes? 
Sol. :.. Number of zeroes at the end of n! = 25 [given] 


> E;(x!) = 25 


lal Le|--* 


It’s easy to see that n = 105 is the smallest satisfactory value 
of n. The next four values of n will also work (i.e., n = 106, 
107, 108, 109). Hence, the answer is 5. 


Example 12. Find the exponent of 80 in 180!. 
Sol. -- 80=2' x5 


180 180 180 180 
z,(180) =| ea +] +] "| 
2 2 2 2 
180 180 180 
sales (aad Coca ef 
2 2 2 
=90+ 454+22+114+54+2+1=176 


and E,(180!) = = di E + EJ — 


52 
=36+74+1+4+0+... 
= 44 


| 176 
Now, exponent of 16 in 180! is “) = 44, where [-] denotes the 


greatest integer function. Hence, the exponent of 80 in 180! is 44. 
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| Exercise for Session 1 


1. There are three routes: air, rail and road for going from Chennai to Hyderabad. But from Hyderabad to 
Vikarabad, there are two routes, rail and road. The number of routes from Chennai to Vikarabad via 
Hyderabad is 
(a) 4 (b) 5 (c) 6 (d)7 

2. There are 6 books on Mathematics, 4 books on Physics and 5 books on Chemistry in a book shop. The 
number of ways can a student purchase either a book on Mathematics or a book on Chemistry, is 
(a) 10 (b) 11 (c) 9 (d) 15 

3. Ifa, b and c are three consecutive positive integers such thata <b <cand uw + 4 = 7 , the value of V/A is 

a! ! cl 
(a)a (b)b (c)c (dja+b+ec 
4. \fn!,3xntand (n + 1)! are in GP, thenn!,5xn!and(n + 1)! are in 
(a) AP (b) GP (c) HP (d) AGP 
n 
5. Sum of the series )(r? + 1) ris 
r=1 
(a) (n+ 1)! (b) (n+ 2)!-1 (c)n-(n+ 1)! (d)n-(n+ 2)! 

6. If15!=2%.3°.57.7°.11°.13°, the value ofa —B+ y-&5+0—d is 
(a) 4 (b) 6 (c) 8 (d) 10 

7. The number of naughts standing at the end of 125! is 
(a) 29 (b) 30 (c) 31 (d) 32 

8. The exponent of 12 in 100! is 
(a) 24 (b) 25 (c) 47 (d) 48 

9. The number 24! is divisible by 
(a) 64 (b) 24° (c) 12! (d) 48° 

10. The last non-zero digit in 20! is 
(a) 2 (b) 4 (c) 6 (d) 8 
11. The number of prime numbers among the numbers 105! + 2,105! + 3,105!+ 4,...,105!+ 104 


and 105!+ 105 is 
(a) 31 (b) 32 (c) 33 (d) None of these 


Session 2 


Divisibility Test, Principle of Inclusion and Exclusion, 


Permutation 


Divisibility Test 
In decimal system all numbers are formed by the digits 0, 


1, 2, 3,...,9. If abcd eis a five-digit number in decimal 
system, then we can write that. 


abcde=10'-a +10°-b+10° -c+10-d te. 


Number a bc d e will be divisible 
(1) by 2, ife is divisible by 2. 
(2) by 4, if2d +e is divisible by 4. 
(3) by 8, if 4c +2d + ¢ is divisible by 8. 
) 


t 


(4) by 2’, ifnumber formed by last t digits is divisible by 2‘. 


For example, Number 820101280 is divisible by 2° 
because 01280 is divisible by 2°. 

(5) by 5, ife =Oor 5. 

(6) by 5’, if number formed by last t digits is 
divisible by 5’. 
For example, Number 1128375 is divisible by 5° 
because 375 is divisible by 5°. 

(7) by 3, ifa+b+c+d+e(sum of digits) is divisible 
by 3. 

(8) by 9, ifa+b+c+d +e is divisible by 9. 


(9) by 6, ife=evenanda+b+c+d+eis divisible by 3. 


(10) by 18, if e= even anda+b+c+d+e is divisible 
by 9. 

(11) by 7, if abcd — 2e is divisible by 7. 
For example, Number 6552 is divisible by 7 because 
655 —2 X2 =651=93 X7 is divisible by 7. 


(12) by 11,if at+tct+e - b+d 
— — uw 
Sum of digits at Sum of digits 
odd places at even places 


is divisible by 11. 
For example, Number 15222163 is divisible by 11 


because 
(1+2+2+6)-(5+2+1+3) =0is divisible by 11. 


(13) by 13, if abcd + 4e is divisible by 13. 


For example, Number 1638 is divisible by 13 because 
163 +48 =195 =15 X13 is divisible by 13. 


Principle of Inclusion 
and Exclusion 


1. If Aand B are finite sets, from the Venn diagram (i), it 
is clear that 


(i) 
n(A U B) =n(A) +n(B) —n(A7 B) 
and n(A’ 7 B’)=n(U) —n(AU B) 


2. If A, Band Care three finite sets, then from the Venn 
diagram (ii), it is clear that 


(ii 
n(AU BUC) =n(A) +n(B) +n(C)-—n(AN B) 
—n(BAC)-n(C ON A)+n(ANBONC) 
and n(A’ 7 B’ NC’)=n(U) -n(AUBUC) 
Note If A,A,A3, ..., 4, are finite sets, then 


NMA VAYV..U A) = EMA) — EAA 1 A) + EWA OA A) = 
wet (-1)" EN( Ay NAT... OA) 


and nA, a Aon... NA) =NU)- MA VU AU...U A). 


Example 13. Find the number of positive integers 
from 1 to 1000, which are divisible by atleast 2, 3 or 5. 
Sol. Let A, be the set of positive integers from 1 to 1000, 


which is divisible by k. Obviously, we have to find 
n(A, U A; U A;). If [- ] denotes the greatest integer 
function, then 


n(A,)= ba = [500] = 500 


n(A3)= ra = [333.33] = 333 
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n(As) = ra = [200] = 200 Note 
5 (i) The number of permutations of n different things taken all at 
1000 atime =P, =n! 
A, \ A;)=|—— | = |166.67 | = 166 
n( 2 3) 6 [ ] (ii "PB =1,°R=nand "P,_,="P, =n! 
wey AD orn = _ n-2 

n(Ay A Ag) = [20%] = [ose] = 00 ae a A) 
A = n(n—1)(n—2)("~3P_4)=... 

mAs oAs)=| oe] = 100] = 100 iy pean, 

dnlA A A 1000 (v. "F =(n-1r+1) 
ia) ia) = =139.331| = 33 a 
and n(A, 3 5) 30 [ | 7 


From Principle of Inclusion and Exclusion 
n(A, U As U As) =n(Az) + n(A3) + n(As) 
—n(A, 0 A;) 


Example 14. if °°P.,¢ : °'P,43 =30800:1, find 'P,. 


*°P 46 30800 


=n(A3 As) —n(Ay 0 As) + n(Ay 0 Az 0 As) Bal WME: <ieg | 
= 500 + 333 + 200 — 166 — 66 — 100 + 33 = 734 54 p adie 
Hence, the number of positive integers from 1 to 1000, = (56)(55)— Se [from note (iii) ] 
which are divisible by atleast 2, 3 or 5 is 734. r+3 1 
Note i 
The number of positive integers from 1 to 1000, which are not = =A =10 
divisible by 2,3 0r5 isn(4 AA aA). Pras 
VMAs AA’30A'5)=NU)-—n(A UA UA) [here , n(U) =1000] => 54-(r+4)+1=10 [from note (v)] 
= 1000 — 734 = 266 peat 


"P, = “'P, = 41-40 = 1640 


Permutation 


Each of the different arrangements which can be made by Example 15. If OD = 
taking some or all of a number of things is called a 
permutation. In permutation, order of the arrangement is 


11(n-1 
Min=) n+3p find n. 


OPP ay - 1 = 1) 


important. Sol. We have, n+3p 2 
4)” +3 P _ 
Important Results _, (nt lias 4) m-1_WM=1) gon note (ii) 
1. The number of permutations of n different Fn a 
things, taking r at a time is denoted by " P, or (n+5)(n+4) _ 11(n—1) omnia 
P(n,r) or A (n, r), then (n+3-—n+1) 2 
"Pp. =n(n-1)(n-2)...(n—r+1) => (n + 5)(n + 4) = 22(n — 1) 
5 = n® —13n + 42=0 
_r)! 
(n—r)! = (n —6)(n —7) =0 
where, née N,reW and 0<r <n. & n=6,7 


Proof LHS = " P. = Number of ways of filling up r 
a aa Example 16. if "*"P, =90 and "~"P, = 30, find the 


vacant places simultaneously from n different things 
values of m and n. 


| | 2 Sol. -- m+"D =90=10x9 =P, 
nways (n-1) ways (n-2) ways (n-r-+1) ways aa m+n=10 ..-(i) 
=n(n—1)(n—2)...(n—r +1) and ™—"p =30=6x5= °P, 
_n(n—1)(n=2)...(n=r +1) X(n =r) m-n=6 (ii) 
' (n—r)! From Eqs. (i) and (ii), we get 


=a 


m=8andn=2. 
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Example 17. Find the value of r, if 
(i) "PB =990 

(ii) Ps +5. 2p, =P. 

(il) “PB 4: eg HT 


Sol. (i). 'P =990=11x10x9 ="'P, 
r=3 
(ii) 8p. 4+5-8P, = °P. 
8 
P. 
=> 5p, a +5 = Pp. 
Py 


> 8P, (8-5+1+5)=°P [from note (v)] 


=> 9. 8p, = °P 
> 9p, = °P. [from note (iii)] 
r=5 


(iii) Py: Py = 11:52 


x Pray _ Ut 
"ige “92 
22-21- Pp _, 11 


(19 —r)-(20-r)-(21-r)-"P_, 52 
[from note (iii) and (iv)] 
= (21-—1r)-(20—r)-(19 —r) =52x2x21 
=14X13x12 
r=7 


Example 18. Prove that 
"Py + 2+ 7Pa + 3- Pg bt ie Py So Pay 1 
Sol. LHS = 'P, +2-7P, +3-°P,+..+n-"P, 


= Sr R= Vir +1)- 0} "2 


r=1 r=1 


= V(r +1)-'B -"P)} 


r=1 


= ji "RB .1-"B) 


r=1 


— n+l Ip —ntl 
= hain h= Feel 


[from note (iii)] 


= RHS 


Example 19. Determine the number of permutations 
of the letters of the word ‘SIMPLETON’ taken all at 
a time. 
Sol. There are 9 letters in the word ‘SIMPLETON’ and all the 
9 letters are different. Hence, the number of permutations 
taking all the letters at a time 


= °P, =9! = 362880 


Note Total number of letters in English alphabet = 26 

(i) Number of vowels = 5 

ie, A, E,1,0,U 

(ii) W and Y an half vowels. 

(iii) Number of consonants = 21 

i.e.,B,C,D,F,G,..,Y,Z 

(iv) Words which contains all vowels are 

EDUCATION, EQUATION, ... 

(iv) Words which do not contains any vowels are 
SKY, FLY, TRY, ... 


[strong vowels] 
[weak vowels] 
[except vowels] 


Example 20. How many different signals can be 
given using any number of flags from 4 flags of 
different colours? 


Sol. The signals can be made by using one or more flags at a 


time. Hence, by the fundamental principle of addition, the 
total number of signals 


= “P+ *P,+*P, + *P, 
=44+(4x3)+(4x3x2)+(4x3x2x1) 
=44+12+24+ 24=64 


Example 21. Find the total number of 9-digit 
numbers which have all different digits. 
Sol. Number of digits are 10 (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) 
Total number of 9-digit numbers = '° P, 


Out of these, the number of numbers having zero at the 
first place = ° P, 


Hence, required number of numbers = '’P, — °P, 
=10X °P, — °P,=9 x °PR 
9! 
=9x—=9x9! 
1! 
Note Total number of ndigit numbers (1< n< 10), 
which have all different digits = '°P, — °P,_, 


Example 22. A 5-digit number divisible by 3 is to be 
formed using the numbers 0, 1, 2, 3, 4 and 5 without 
repetition. Find total number of ways in which this can 
be done. 


Sol. A number will be divisible by 3, if sum of the digits in 
number be divisible by 3. 


Here,0+1+2+3+4+5=15, which is divisible by 3. 
Therefore, the digit that can be left out, while the sum still 
is multiple of 3, is either 0 or 3. 


If 0 left out 
Then, possible numbers = °P; = 5! = 120 


If 3 left out 
Then, possible numbers = °P; —*P, =5! — 4! = 120 — 24 = 96 


Hence, required total numbers = 120 + 96 = 216 


Example 23. A 5-digit number is formed by the digits 
1, 2, 3, 4, 5 without repetition. Find the number of the 
numbers, thus formed divisible by 4. 
Sol. Let a 5-digit number be abcde. 
It will be divisible by 4, if 2d + e is divisible by 4. 
=> 2d + eis divisible by 4 __.-. e must be even. 


Even 
=> 2 ¢ + ‘| is divisible by 4 


—— 
Should be even 


Then, e =2,d =1,3,5 
Total four cases 
ande= 4,d=2 


.. Required number of ways = 4 x 3! = 24 
os 


Number of ways 
filling abc after filling de. 
Aliter A number will be divisible by 4, if the last two digits 


of the number is divisible by 4, then for divisible by 4, last 
two digits 12 or 24 or 32 or 52 


3! ways +I 4ways ——— 


Hence, the number formed is divisible by 4 = 3! x 4 = 24. 


Example 24. Find the number of permutations of 
letters abc de f g taken all together if neither ‘beg’ 


nor ‘cad’ pattern appear. 
Sol. The total number of permutations without any restriction is 7! 
n(U) =7! = 5040 
Let n(A) be the number of permutations in which ‘beg’ 
pattern always appears 
begacdf 
ees; n(A) =5! = 120 
and let n(B) be the number of permutations in which ‘cad’ 
pattern always appears 
cadbef g 
ie., n(B) = 5! = 120 
Now, n (A M B) = Number of permutations in which ‘beg’ 
and ‘cad’ pattern appear 
begcadf 
ie., n(A O B)=3!=6 
Hence, the number of permutations in which ‘beg’ and ‘cad’ 
patterns do not appear is n(A’ A B’). 
or n(A’ Om B’)=n(U)—n(AU B) 
=n(U)-—[n(A)+n(B)-n(A 2 B)] 
= 5040 -120-—120+6= 4806 
2. The number of permutations of n things taken all 
at a time, pare alike of one kind, q are alike of 
second kind and r are alike of a third kind and 


the restn —(p+q+r)are all different is - 
piqir! 
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Proof Let the required number of permutations be x . 
Since, p different things can be arranged among 
themselves in p! ways, therefore if we replace p 
identical things by p different things, which are also 
different from the rest of things, the number of 
permutations will become x x p! 


Again, if we replace q identical things by q different 
things, the number of permutations will become 
(xx p!)xq! 
Again, if we replace r identical things by r different 
things, the number of permutations will become 
(x x p!xq!) xr!. Now, all the n things are different 
and therefore, number of permutations should be n! . 
Thus, x x p!xq!xr!=n! 

n! 


C= 
piqtr! 


Remark 


The above theorem can be extended further i.e. if there are 
nthings taken all at a time, p, are alike of one kind, (> are alike of 
second kind,p, are alike of third kind, ..., p, are alike of rth kind 


such that p; + Po + P3+...+ p, =n, the number of permutations 
| 


of these nthings is a 


D1! Po! Pgl... Dr! 


Example 25.How many words can be formed with 
the letters of the word ‘ARIHANT’ by rearranging them? 
Sol. Here, total letters 7, in which 2A’s but the rest are 


; 7! 
different. Hence, the number of words formed = a 2520 
2! 


Example 26. Find the number of permutations of the 
letters of the words ‘DADDY DID A DEADLY DEED’. 


Sol. Here, total letters 19, in which 9D’s, 3A’s, 2Y’s, 3E’s and 


rest occur only once. 
19! 


.. Required number of permutations = ————____ 
9! x3! x 2! x3! 
Example 27. How many words can be formed with 
the letters of the words 
(i) HIGH SCHOOL and 
(ii) INTERMEDIATE by rearranging them? 
Sol. (i) Here, total letters are 10, in which 3H’s and 20’s, but 


the rest are different. Hence, the number of words 


10! 
formed = —— 
3! 2! 


(ii) Here, total letters are 12, in which 2I’s, 2T’s and 3E’s 
but the rest are different. Hence, the number of words 
12! 


2!2! 3! 
High School = 10 th class = Total number of letters are 10 


Intermediate = 12 th class = Total number of letters 


formed = Note [For Remember] 


are 12 
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3. The number of permutations of n different 
things taken r at a time when each thing may be 
repeated any number of times is n’. 


Proof Since, the number of permutations of n 
different things taken r at a time = Number of ways in 
which r blank places can be filled by n different 
things. 
Clearly, the first place can be filled in n ways. Since, 
each thing may be repeated, the second place can be 
filled in n ways. Similarly, each of the 3rd, 4th,..., rth 
place can be filled in n ways. 
By multiplication principle, the number of 
permutations of n different things taken r at a time 
when each thing may be repeated any number of 
times 

=nxXnXnxX...xr factors 


=n’ 


Corollary When r =n 


ie., the number of permutations of n different things, 
taken all at a time, when each thing may be repeated 
any number of times in each arrangements is n”. 


Example 31. In how many ways can 4 prizes be distributed 
among 5 students, if no student gets all the prizes? 
Sol. The number of ways in which the 4 prizes can be given 

away to the 5 students, if a student can get any number 
of prizes = 5* = 625. 
Again, the number of ways in which a student gets all the 4 
prizes = 5, since there are 5 students and any one of them 
may get all the four prizes. 
Therefore, the required number of ways in which a student 
does not get all the prizes = 625 — 5 = 620. 


Example 32. Find the number of n-digit numbers, which 
contain the digits 2 and 7, but not the digits 0, 1, 8, 9. 
Sol. The total number without any restrictions containing 
digits 2, 3, 4,5, 6, 7 is n(U)=6". 
The total number of numbers that contain 3, 4, 5, 6, 7 is 
n(A)=5". 
The total number of numbers that contain 2, 3, 4, 5, 6 is 
n(B)=5". 
The total number of numbers that contain 3, 4, 5, 6 is 
n(A m B)= 4". 
The total number of numbers that do not contain digits 2 
and 7 isn(A U B) 
Le, n(A U B)=n(A)+n(B)- n(A - B) 


Example 28. A child has four pockets and three =e a = a Seba" 
marbles. In how many ways can the child put the Hence, the total number of numbers that contain 2 and 7 is 


marbles in its pockets? n(A’ B’) 


Sol. The first marble can be put into the pocket in 4 ways, so Pe NE e219 Ie 


can the second. Thus, the number of ways in which the 


child can pul thesiebine 4 Ma he ee wave Example 33. Show that the total number of 


permutations of n different things taken not more than 


Example 29. There are m men and n monkeys rat a time, when each thing may be repeated any 
nin —1 
(n>m). If a man have any number of monkeys. In how raumber or amnesic ( ) 
many ways may every monkey have a master? (n—1) 
Sol. The first monkey can select his master by m ways and Sol. Given, total different things =n 


after that the second monkey can select his master again 


: The number of permutations of n things taken one at a time 
by m ways, so can the third and so on. 


= "P, =n, nowif we taken two at a time (repetition is 
All monkeys can select master = m X mX m... upton 


factors =(m)" ways allowed), then first place can be filled by n ways and second 
place can again be filled in n ways. 
Example 30. How many four digit numbers can be .. The number of permutations of n things taken two at a time 
formed by using the digits 1, 2, 3, 4, 5, 6, 7, if atleast ="Px"R=nxXn=n? 
one digit is repeated ? 
Sol. The numbers that can be formed when repetition of digits 
is allowed are 7* = 2401. 


Similarly, the number of permutations of n things taken 


three at a time = n° 


The numbers that can be formed when all the digits are The number of permutations of n things taken r at a 


jin ogt aus Fi 7 _ 
distinct when repetition is not allowed are ‘ P, = 840. time = n”. Hence, the total number of permutations 
Therefore, the numbers that can be formed when atleast =n+tn-+nt+...¢tn' 
one digit is repeated = 7* — ’P, n(n’ —1) 


oe [sum of r terms of a GP] 
= 2401 — 840 = 1561 (n —1) 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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Exercise for Session 2 


If "Ps; =20- "P3, then n equals 

(a) 4 (b) 8 (c) 6 (d)7 
If °P. +5. °P, ="P. , thenn +r equals 

(a) 13 (b) 14 (c) 15 (d) 16 


m 
If '"* "P, =56 and ”~"P, =24, then 3 equals 
"P, 


(a) 20 (b) 40 “ee _ 
fp 20+ tg : 2n-1p =7:10, then "P3 equals 
(a) 60 (b) 24 ci oe 


In a train, five seats are vacant, the number of ways three passengers can sit, is 

(a) 10 (b) 20 (c) 30 (d) 60 

If a denotes the number of permutations of x + 2 things taken all at a time, b the number of permutations of x 
things taken 11 at a time andc the number of permutations of (x — 11) things taken all at a time such that 

a = 182 be, the value of x is 

(a) 10 (b) 12 (c) 15 (d) 18 

The number of nine non-zero digits such that all the digits in the first four places are less than the digit in the 
middle and all the digits in the last four places are greater than that in the middle, is 

(a) 48 (b) 7560 (c) 10080 (d) 576 

Total number of words that can be formed using all letters of the word ‘DIPESH’ that neither begins with ‘I’ nor 
ends with ‘D’ is equal to 

(a) 504 (b) 480 (c) 624 (d) 696 

The number of all five digit numbers which are divisible by 4 that can be formed from the digits 0, 1, 2, 3, 4 
(without repetition), is 

(a) 36 (b) 30 (c) 34 (d) None of these 


The number of words can be formed with the letters of the word ‘MATHEMATICS’ by rearranging them, is 


11! 11! 11! 

peu ae ae | 

51 ©) 2! () 513121 et 

Six identical coins are arranged in a row. The number of ways in which the number of tails is equal to the 
number of heads, is 

(a) 9 (b) 20 (c) 40 (d) 120 

A train time table must be compiled for various days of the week so that two trains twice a day depart for three 
days, one train daily for two days and three trains once a day for two days. How many different time tables can 
be compiled? 

(a) 140 (b) 210 (c) 133 (d) 72 

Five persons entered the lift cabin on the ground floor of an 8 floor house. Suppose each of them can leave 
the cabin independently at any floor beginning with the first. The total number of ways in which each of the five 
persons can leave the cabin at any one of the floor, is 

(a) 5” (b) 7° (c) 35 (d) 2520 


Four die are rolled. The number of ways in which atleast one die shows 3, is 

(a) 625 (b) 671 (c) 1256 (d) 1296 

The number of 4-digit numbers that can be made with the digits 1, 2, 3, 4 and 5 in which atleast two digits are 
identical, is 

(a) 4° - 5! (b) 505 (c) 600 (d) 120 


There are unlimited number of identical balls of three different colours. How many arrangements of atmost 7 
balls in a row can be made by using them? 
(a) 2187 (b) 343 (c) 399 (d) 3279 


Session 3 


Number of Permutations Under Certain Conditions, 
Circular Permutations, Restricted Circular Permutations 


Number of Permutations 
Under Certain Conditions 


(i) Number of permutations of n different things, taken r 
at a time, when a particular thing is to be always 


. . * — 1 
included in each arrangement, isr-”"~ P._, 


Corollary Number of permutations of n different 
things, taken r at a time, when p particular things is 
to be always included in each arrangement, is 


pir-@a1)” * Bs 


(ii) Number of permutations of n different things, taken r 
at a time, when a particular thing is never taken in 
each arrangement, is 

n-1 P, . 


(iii) Number of permutations of n different things, taken 
all at a time, when m specified things always come 
together, is 

m!xX(n—m+1)! 

(iv) Number of permutations of n different things, taken 
all at a time, when m specified things never come 
together, is 


n!—m!xX(n-—m+1)! 


Example 34. How many permutations can be made 
out of the letters of the word ‘TRIANGLE’ ? How many 
of these will begin with T and end with E ? 
Sol. The word ‘TRIANGLE’ has eight different letters, which 
can be arranged themselves in 8! ways. 
“. Total number of permutations = 8! = 40320 
Again, when T is fixed at the first place and E at the last 
place, the remaining six can be arranged themselves in 
6! ways. 
.. The number of permutations which begin with T and end with 
E =6! =720. 


Example 35. In how many ways can the letters of 
the word ‘INSURANCE’ be arranged, so that the vowels 
are never separate? 


Sol. The word ‘INSURANCE’ has nine different letters, 
combine the vowels into one bracket as (IUAE) and treat- 
ing them as one letter we have six letters viz. 


(IUAE) NS RNC and these can be arranged among 


6! 
themselves in a ways and four vowels within the bracket 


can be arranged themselves in 4 ! ways. 


6! 
“. Required number of words = ai x 4!= 8640 


Example 36. How many words can be formed with 
the letters of the word ‘PATALIPUTRA’ without 
changing the relative positions of vowels and 
consonants? 


Sol. The word ‘PATALIPUTRA’ has eleven letters, in which 
2P’s, 3A’s, 2T’s, 1L, 1U, 1R and 11. Vowels are AAIUA 


5! 
These vowels can be arranged themselves in Ta 20 ways. 
3! 


The consonants are PTLPTR these consonants can be 


arranged themselves in = 180 ways 
2 


2! 


.. Required number of words 
= 20 X 180 = 3600 ways. 


Example 37. Find the number of permutations 
that can be had from the letters of the 
word ‘OMEGA’ 

(i) O and A occuping end places. 

(ii) E being always in the middle. 

(iii) Vowels occuping odd places. 

(iv) Vowels being never together. 

Sol. There are five letters in the word ‘OMEGA’. 
(i) When O and A occuping end places 
ie., MEG (OA) 


the first three letters (M, E, G) can be arranged 
themselves by 3!=6 ways and last two letters (O, A) 
can be arranged themselves by 2! = 2 ways. 


.. Total number of such words 


=6X2=12 ways. 


(ii) When E is the fixed in the middle, then there are four 
places left to be filled by four remaining letters O, M, 
G and A and this can be done in 4 ! ways. 


“. Total number of such words = 4 ! = 24 ways. 
(iii) Three vowels (O, E, A) can be arranged in the odd 
places in3! ways (1st, 3rd and 5th) and the two 


consonants (M, G) can be arranged in the even places 
in 2! ways (2nd and 4th) 


.. Total number of such words 
=3!x2!=12 ways. 
(iv) Total number of words = 5! = 120 


Combine the vowels into one bracket as (OEA) and 
treating them as one letter, we have 


(OEA), M, G and these can be arranged themselves in 
3! ways and three vowels with in the bracket can be 
arranged themselves in 3! ways. 


«. Number of ways when vowels come together 
=3!x3!=36 ways. 

Hence, number of ways when vowels being 

never together = 120 — 36 = 84 ways. 


Circular Permutations 


(i) Arrangements round a circular table 


Consider five persons A, B,C, D and E on the 
circumference of a circular table in order which has no 
head now, shifting A, B,C, D and E one position in 
anti-clockwise direction we will get arragements as 
follows 


E D C 
A D Ee Cc D B 
B Cc A B E A 
(i) ) (ii) 
B A 
Cc A B E 
D E C D 


(iv) (v) 


We see that, if 5 persons are sitting at a round table, they 
can be shifted five times and five different arrangements. 
Thus, obtained will be the same, because anti-clockwise 
order of A, B,C, D and E does not change. 


But if A, B,C, D and E are sitting in a row and they are 
shifted in such an order that the last occupies the place of 
first, then the five arrangements will be different. Thus, if 
there are 5 things, then for each circular arrangement 
number of linear arrangements is 5. 
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Similarly, ifn different things are arranged along a circle 
for each circular arrangement number of linear 
arrangements is n. 

Therefore, the number of linear arrangements of n 
different things = n x number of circular arrangements of 
n different things 


(ii) Arrangements of beads or flowers 
(all different) around a circular 
necklace or garland 


Consider five beads A, B,C, D and E in a necklace or five 
flowers A, B,C, D and E in a garland, etc. If the necklace or 
garland on the left is turned over, we obtain the 
arrangement on the right i.e. anti-clockwise and clockwise 
order of arrangement is not different we will get 
arrangements as follows: 

We see that arrangements in figures are not different. 


Flip to right 


Then, the number of circular permutations of n different 
things taken all at a time is —(n —1)!, if clockwise and 


anti-clockwise orders are inten as not different. 


Example 38. Find the number of ways in which 12 
different beads can be arranged to form a necklace. 


Sol. 12 different beads can be arranged among themselves in a 
circular order in (12 — 1)! =11! ways. Now, in the case of 
necklace, there is no distinction between clockwise and 
anti-clockwise arrangements. So, the required number of 


1 
arrangements = —(11!). 
2 


Example 39. Consider 21 different pearls on a 
necklace. How many ways can the pearls be placed in 
on this necklace such that 3 specific pearls always 
remain together? 
Sol. After fixing the places of three pearls, treating 3 specific 
pearls = 1 unit. So, we have now 
18 pearls + 1 unit=19 and the number of arrangement will 
be (19 —1)!=18! 
Also, the number of ways of 3 pearls can be arranged 
between themselves is 3! = 6. 


Since, there is no distinction between the clockwise and 
anti-clockwise arrangements. 


1 
So, the required number of arrangements = —-18!-6 = 3(18!). 
2 
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Restricted Circular 
Permutations 


Case I If clockwise and anti-clockwise orders are taken as 
different, then the number of circular permutations of n 
different things taken r at a time. 


ee n! 


r “7 (n—r)! 


Note For checking correctness of formula, put r = n, then we get 
(n-1)! [result (5) (i)] 


Example 40. In how many ways can 24 persons be 
seated round a table, if there are 13 sets ? 


Sol. In case of circular table, the clockwise and anti-clockwise 
orders are different, the required number of circular 


ot Dis 24! 
permutations = ———= ——_., 
13 13x 11! 


= n!=n xX number of circular arrangements of n 
different things 
= Number of circular arrangements of n different things 


! 
=" =(n-1)! 
n 


Hence, the number of circular permutations of n different 
things taken all at a time is (n — 1)!, if clockwise and 
anti-clockwise orders are taken as different. 


Example 41. Find the number of ways in which three 
Americans, two British, one Chinese, one Dutch and 
one Egyptian can sit on a round table so that persons 
of the same nationality are separated. 


Sol. The total number of persons without any restrictions is 
n(U)=(8-1)! 
=7!=5040 
When, three Americans (A, Aj, A3) are sit together, 
n(A)=5! x3! 
= 720 
When, two British (B,, B,) are sit together 
n(B) = 6! x 2! 
= 1440 


When, three Americans (A,, A,, A;) and two British (B,, B,) 
are sit together n(A M B) = 4! x3! x 2! = 288 


n(A U B)=n(A)+nB)—n(A 2 B) 
= 720 + 1440 — 288= 1872 


Hence, n(AM B’)=n(U)—n(A VU B) 
= 5040 — 1872 
= 3168 


Example 42. In how many different ways can five 
boys and five girls form a circle such that the boys and 
girls alternate? 


Sol. After fixing up one boy on the table, the remaining can 
be arranged in 4! ways but boys and girls are to alternate. 
There will be 5 places, one place each between two boys 
these five places can be filled by 5 girls in 5! ways. 


B, 


Bs 


By 
Bs 


Hence, by the principle of multiplication, the required 
number of ways = 4! x 5! = 2880. 


Example 43. 20 persons were invited to a party. In 
how many ways can they and the host be seated at a 
circular table ? In how many of these ways will two 
particular persons be seated on either side of the host? 
Sol. I Part Total persons on the circular table 
= 20 guest + 1 host = 21 
They can be seated in (21 — 1)! = 20! ways. 


II Part After fixing the places of three persons 
(1 host + 2 persons). 


Treating (1 host + 2 persons) = 1 unit, so we have now 
{(remaining 18 persons + 1 unit) = 19} and the number of 
arrangement will be (19 — 1)! = 18! also these two particular 


persons can be seated on either side of the host in 2! ways. 


Hence, the number of ways of seating 21 persons on the 
circular table such that two particular persons be seated on 
either side of the host = 18! x 2!=2x 18! 


Case II If clockwise and anti-clockwise orders are taken as 
not different, then the number of circular permutations of n 
n 
Pol n! 


different things taken r at a time = : 
2r_— 2r (n-r)! 


Note 
For checking correctness of formula put r = n, then we get 


ot [result (5) (ii)] 
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Example 44. How many necklace of 12 beads each can be made from 18 beads of various colours? 


Sol. In the case of necklace, there is no distinction between the clockwise and anti-clockwise arrangements, the required 
number of circular permutations. 


10. 


11. 


_ "By 18. _ 18x17 x 16x 15% 14K 15! 119 x13! 
okie G1x2d OX OXK Axa XD K TH 24 2 


Exercise for Session 3 


How many words can be formed from the letters of the word ‘COURTESY’ whose first letter is C and the last 
letter is Y ? 
(a) 6! (b) 8! (c) 2(6)! (d) 2(7)! 


The number of words that can be made by writing down the letters of the word ‘CALCULATE’ such that each 
word starts and ends with a consonant, is 


3 5 
(a) 5 (7)! (b) 2(7)! (c) 5 (7)! (d) 3(7)! 
The number of words can be formed from the letters of the word ‘MAXIMUM’, if two consonants cannot occur 
together, is 
(a) 4! (b) 31x 4! 
Al 
| ki 
(c) 3! (d) al 


All the letters of the word ‘EAMCET’ are arranged in all possible ways. The number of such arrangements in 
which two vowels are not adjacent to each other, is 

(a) 54 (b) 72 

(c) 114 (d) 360 


How many words can be made from the letters of the word ‘DELHI’, if L comes in the middle in every word? 
(a) 6 (b) 12 (c) 24 (d) 60 


In how many ways can 5 boys and 3 girls sit in a row so that no two girls are sit together? 
(a) 5!x 3! (b) 4P; x 5! (c) °P3 x 5! (d) °P, x 3! 


There are n numbered seats around a round table. Total number of ways in whichn, (n, <n) persons can sit 
around the round table, is equal to 
(a) "Ch, (b) "Pr, (c) "C 


In how many ways can 7 men and 7 women can be seated around a round table such that no two women can 
sit together? 


(a) 7! (b) 7!x 6! (c) (6!) (d) (7!) 


The number of ways that 8 beads of different colours be string as a necklace, is 
(a) 2520 (b) 2880 (c) 4320 (d) 5040 


If 11 members of a committee sit at a round table so that the President and secretary always sit together, then 
the number of arrangements, is 
(a) 9! x2 (b) 10! (c) 10!x 2 (d) 11! 


In how many ways can 15 members of a council sit along a circular table, when the secretary is to sit on one 
side of the Chairman and the deputy secretary on the other side? 
(a) 12!x 2 (b) 24 (c) 15!x 2 (d) 30 


Session 4 


Combination, Restricted Combinations 


Combination 


Each of the different groups or selections which can be 
made by some or all of a number of given things without 
reference to the order of the things in each group is called 
a combination. 


Important Result 


(1) The number of combinations of n different 
things taken r at a time is denoted by "C,. or 


C(n,r) or (=| 


Then, 


r! 
_n(n-VY(1—2)..a-r+) 


sve N andrew 
r(r-1)(r-2)...2-1 


Proof Let the number of combinations of n different 
things takenr atatime be "C,. 
Now, each combination consists of r different things and 


these r things can be arranged among themselves in r! 
ways. 


Thus, for one combination of r different things, the 
number of arrangements is r!. 


Hence, for "C, combinations, number of arrangements is 


rix "Cc, ..-(i) 
But number of permutations of n different things taken r at 
atime is ” P,. ...(ii) 


From Eqs. (i) and (ii), we get 


! 
tee) a 
(n—-r)! 
n!} 
"C, =———.,reWandneN 
r!(n—r)! 


Note the following facts: 


(i) "C, is a natural number 


(ii) "C, =0,ifr>n 
(iii) “Go = "Cy = 1, "Cy Ean 
(iv) "P. ="C,,ifr=0or 1 
(v) "C= "Cyn ifr > 
(vi) If"C, ="C, >x=yorxty=n 
(il) "Cg Se [Pascal’s rule] 
een no y»- 
(vill) Ce OC 
r 
(ix) n-"~'C,_, =(n—r+1):"C,_, 


Tel 


n 
(xi) (a) Ifnis even, "C, is greatest for r= . 


n-1 n+l 
(b) Ifnis odd, "C, is greatest fr ge 5 


(xii) "Cy + "Cy + "Cy +...+ °C, =2” 
(xiii) "Co + "Cy +"Cqt... 

="0, 4", "Cn 4? 
(ay 64g aero OE eases a 
ey) "CC, °C, 4, 4 rr, a 


2n-1 _ 2n 
+ Cy ~ Chat 


Example 45. if °C; ='°C,43, find 'C, . 


Sol. We have, °C3, = °C, 43 
> 3r=r+3 
or 3r +r+3=15 
=> 2r =3o0r 4r =12 
3 
=> r=-orr=3 
2 


3 
but r € W, so that r 4 — 
2 


r=3 


Then, "C,=%C,=°C,=3 


Example 46. If "C. = "Cy, find n. 
Sol. We have, "Cy ="C7 >n= 9+7 [9 #7] 


n=16 


Example 47. Prove that 


he eC )=(27] 
us ("Joo(" }+(.1,] 


=" Cp $2" C2" Cees 


=("C, + "Cp a) +("C, 1 + "C,-2) 


="tic 4™tic _ ="? 
n+2 
-( = Ras 
‘ 
Example 48. If °"C;:" C3 =11:1, find the value of n. 
Sol. We have, 
28 Oe: "Cy = 1121 
2n 
- Cy _ 11 
Or 1 
2n(2n — 1)(2n — 2) 
= 12369 4 = CO 
n(n — 1)(n — 2) (n — 2) 
1-2-3 
> 8n -—4=11n — 22 => 3n=18 
n=6 


Example 49. If "*'c,,,:°C,: °'C,_; =11:6:3, 
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n 
=> ~=2 
r 
> n= 2r ..-(ii) 
On solving Eqs. (i) and (ii), we get n = 10 andr =5. 
Example 50. If °C,_, = 36,"C, =84 and 
* Cri = 126; tind 


*G 84 
Sol. Here, ae 
* Cal 36 
n-rt+1 7 "C. n-rt+1 
> eS 2 
r 3 i Came r 
=> 3n—-3r+3=7r 
> 10r —3n =3 (i) 
and Citta B= (rt+1)+1_ 126 7 "Cy,  n-rt+1 
en (r +1) 84 ie Come r 
near 3 
=> == 
r+1 2 
> 2n—2r=3r+3 
> 5r-2n=-—3 
or 10r-—4n=-6 ..-(ii) 


On subtracting Eq. (ii) from Eq. (i), we get 
n=9 
From Eq. (i), we get 
10r —-27=3 => 10r =30 
r=3 


Example 51. Prove that product of r consecutive 
positive integers is divisible by r! . 
Sol. Let r consecutive positive integers be (m), 
(m+ 1),(m+2),...,(m+r-—1), where me N. 


*, Product = m(m+1)(m+2)...(m+r-1) 
find the values of n and r. _ (m-1)! m(m+1)(m+2)...(m+r—-1) 
nt+1 
C m-—1)! 
Sol. Here, — Sr+i il ( ) 
2G. 6 _(m+r—1)! _r!-(m+r—1)! 
- ned "G. 1 ne af nig (m — 1)! r!(m—1)! 
r+1 "C, 6 ee ) [.'™*"~'C. is natural number] 
n+1_ 11 pill ATT 
=> = 25 
r+1 6 which is divisible by r!. 
> 6n+6=11r+11 
= Cpadies i) Example 52. Evaluate 
n 47 50-j 56 -k 
A C6 oy. oth Cie 
ais Gee 3 j=o0 k=0 
n-1 = = 
es n Cr-1 _ 6 te oF enig Sol. We have, “”” +e ee “ye cee 
r PO Cis, 3 r Lae 
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3 5 
="c, fe yc ae b Wala or [<n "C, ="Cy_7] 
k=0 


j=0 


en +#( Cs + wore 2C, + C3) 


CO Ce Cyd Cpe? Cat Cy + Cs) 


a OE al Pe aon ne 2 Cyt Gee Cy 


#7? Cy PC, Ca Ca oe, 


("Cy oe VOsy4: 2Cs fi "Cy fs MG. 4: wer 


+ Ca Ca + MU Ca ch PCa Cg 


BC PCs ae Cs ae Cae Cat auch Cg 


Oe fs A Cat ot OC, 


Cy at Ge = C; 


Example 53. Prove that the greatest value of 
nC (0<r<an\is "C, (for is ren), 


2n n 
Gor Wire have, C, _ 2-rt+i = C, on-r+l1 
coe r "Cena r 


— 2(n-r)+(r +1) _ 1+2(n—r)+1 


if r 


1 


one. 
ano 


> S1 [for1< r< n] 


rod 
au nam Gn 

On putting r =1, 2, 3, ..., n, 
then °" Cos 7" Cy "Cy SCs secy "Cu < CS 
On combining all inequalities, we get 
= Ce Ce Cpe Ce 2 Se r 
but 2"C, = °"C, _ ,, it follows that 

ae ere < ome < NC a < sf Cnn Sued one < mG, 


Hence, the greatest value of ?"C, is ?"C,,. 


Example 54. Thirty six games were played in a 
football tournament with each team playing once 
against each other. How many teams were there? 
Sol. Let the number of teams be n. 
Then number of matches to be played is "C, = 36 
: 9x8 4 
= are aie 


= n=9 


Restricted Combinations 


(i) The number of selections (combinations) of r objects 
out of n different objects, when 


(a) k particular things are always included= "~ as 6s aa hes 
(b) k particular things are never included = "~* C,. 


(ii) The number of combinations of r things out of n 
different things, such that k particular things are not 
together in any selection = "C, —"~* C,_; 


(iii) The number of combinations of n different objects 
taking r at a time when, p particular objects are 
always included and q particular objects are always 
excluded = ""?7 C,_, 


Note 
(i) The number of selections of r consecutive things out of 
nthings inarow=n-r+1. 


(ii) The number of selections of r consecutive things out of 
nifr<n 


nthings along acircle= 3 ' 
1ifr=n 


Example 55. In how many ways can a cricket, eleven 
players by chosen out of a batch 15 players, if 
(i) a particular is always chosen. 
(ii) a particular player is never chosen? 
Sol. 


(i) Since, particular player is always chosen. It means 
that 11 — 1= 10 players are selected out of the 
remaining 15 — 1= 14 players. 

-. Required number of ways = “*C,) = “C, 
_ 14-13-12-11 
1:2:3-4 


= 1001 


(ii) Since, particular player is never chosen. It means that 
11 players are selected out of the remaining 15 — 1= 14 
players. 

-- Required number of ways = “*C,, = “C3 
_ 14-13-12 _ 
1*243 
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Example 56. How many different selections of 6 
books can be made from 11 different books, if 

(i) two particular books are always selected. 

(ii) two particular books are never selected? 

Sol. (i) Since, two particular books are always selected. It 
means that 6 — 2= 4 books are selected out of the 
remaining 11 — 2 = 9 books. 

9857-6 | 

1:2-3-4 


126. 


-. Required number of ways = °C, 


(ii) Since, two particular books are never selected. It 
means that 6 books are selected out of the remaining 
11-—2=9 books. 


. Required number of ways = ’C, 
9-8-7 


9 
=" C.. = 
O feg ag 


= 84. 


Example 57. A person tries to form as many different 
parties as he can, out of his 20 friends. Each party 
should consist of the same number. How many friends 
should be invited at a time? In how many of these 
parties would the same friends be found? 


Sol. Let the person invite r number of friends at a time. Then, 
the number of parties are 20 C, , which is maximum, 
when r = 10. 


If a particular friend will be found in p parties, then p is the 
number of combinations out of 20 in which this particular 
friend must be included. Therefore, we have to select 9 
more from 19 remaining friends. 


Hence, p = °C, 
(2) The number of ways (or combinations) of n 
different things selecting atleast one of them is 
2” —1. This can also be stated as the total 
number of combinations of n different things. 
Proof For each things, there are two possibilities, whether 
it is selected or not selected. 


Hence, the total number of ways is given by total 
possibilities of all the things which is equal to 
2x2x2x...xn factors = 2” 
But, this includes one case in which nothing is selected. 
Hence, the total number of ways of selecting one or more 
of n different things =2" —1 
Aliter Number of ways of selecting one, two, three, ..., 1 
things from n different things are 
"C1, "Cx, "C3,...,"C,, respectively. 
Hence, the total number of ways or selecting atleast one 
thing is 
"Cy +"C, + "C3 +...+ "C, 
=("Cyo t "Cy + "°C, +...+7C,)-— "Cy =2”" -1 


Example 58. Mohan has 8 friends, in how many 
ways he invite one or more of them to dinner? 


Sol. Mohan select one or more than one of his 8 friends. So, 
required number of ways 


8c, + 8c. + °C, +... + 2C, 


= 28 —1=255. 
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Example 59. A question paper consists of two 
sections having respectively, 3 and 5 questions. The 
following note is given on the paper “It is not 
necessory to attempt all the questions one question 
from each section is compulsory”. In how many 
ways can a candidate select the questions? 


Sol. Here, we have two sections A and B (say), the section A 
has 3 questions and section B has 5 questions and one 
question from each section is compulsory, according to 
the given direction. 

.. Number of ways selecting one or more than one question 
from section A is2° —1=7 


and number of ways selecting one or more than one 
question from section B is 2 °-1=31 


Hence, by the principle of multiplication, the required 
number of ways in which a candidate can select the 
questions 


=7X31=217. 


Example 60. A student is allowed to select atleast 
one and atmost n books from a collection of (2n+ 1) 
books. If the total number of ways in which he can 
select books is 63, find the value of n. 

Sol. Given, student select atleast one and atmost n books from 
a collection of (2n + 1) books. It means that he select one 
book or two books or three books or ... or n books. 
Hence, by the given hypothesis. 


2nt+1 2n+1 


at Ca 1g tec Cr S63° 6) 


1 


Also, the sum of binomial coefficients, is 


antiga a C4 eam eae ePIC: a 
2nt+1 
oe Cog 
=(141)7?"*1=2?"7? 


=> ss ae PaO) (alana Ole BD ETO Pace tie | Cx) 


+ ENG eqn ee a Cr-r] 


=> 142x634+1=27"*!=5128=27"*! 
=> 27 =27"*1_57=2n4+1 
n=s 


Example 61. There are three books of Physics, four 
of Chemistry and five of Mathematics. How many 
different collections can be made such that each 
collection consists of 


(i) one book of each subject, 
(ii) atleast one book of each subject, 
(iii) atleast one book of Mathematics. 
Sol. (i) °C, x *C, x °C, =3x4x5=60 
(ii) (22 — 1) x (24 — 1) x (2 —1)=7 x 15 x 31 = 3255 


(iii) (2° — 1) x 2’ = 31 x 128 = 3968 
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| Exercise for Session 4 


1. If 8C,_¢ =*°C3, , 4, the value of ris 


(a) 6 (b) 8 (c) 10 (d) 12 
2y We Oe 4 ol Oe + "Ce 1S "Ca the valueofn'is 
(a) 18 (b) 20 (c) 22 (d) 24 
3. If °C... = "Cig , the value of n is 
(a) 7 (b) 10 (c) 13 (d) None of these 
4. if *°"C, + *: 52-'C, is equal to 
r=1 
(a)*"G, (b) °*C, (c) °C, (d) None of these 
5. If"C3 + "C, >"*'C, then 
(a)n>6 (b)n<6 (c)n>7 (d)n<7 
6. The Solution set of °C, _,>2.'°C, is 
(a) {1, 2, 3} (b) {4, 5, 6} (c) {8, 9, 10} (d) {9, 10, 11} 
7. \f?"Cy: "Cz =9:2 and "C, =10, thenr is equal to 
(a) 2 (b) 3 (c) 4 (d) 5 
8. If ?"C3:"C. = 44:3, for which of the following value ofr, the value of "C, will be 15. 
(a)r=3 (b)r=4 (c)r=5 (d)r=6 
9. If"C,="C,_,and "P, = "P. , 4, the value of n is 
(a) 2 (b) 3 (c) 4 (d) 5 
10. If "P, =840, "C, =35, the value of n is 
(a) 1 (b) 3 (c) 5 (d)7 
11. \f "Ps + °C, > =14n, the value of n is 
(a) 5 (b) 6 (c) 8 (d) 10 


12. There are 12 volleyball players in all in a college, out of which a team of 9 players is to be formed. If the captain 
always remains the same, in how many ways can the team be formed ? 
(a) 36 (b) 99 (c) 108 (d) 165 

13. In how many ways a team of 11 players can be formed out of 25 players, if 6 out of them are always to be 
included and 5 are always to be excluded 


(a) 2002 (b) 2008 (c) 2020 (d) 8002 
14. Amanhas 10 friends. In how many ways he can invite one or more of them to a party? 
(a) 10! (b) 2'° (c) 10!- 1 (d) 2'° - 1 


15. In an examination, there are three multiple choice questions and each question has four choices. Number of 
ways in which a student can fail to get all answers correct, is 
(a) 11 (b) 12 (c) 27 (d) 63 

16. Inan election, the number of candidates is 1 greater than the persons to be elected . If a voter can vote in 
254 ways, the number of candidates is 
(a) 6 (b) 7 (c)8 (d) 10 

17. The number of groups that can be made from 5 different green balls, 4 different blue balls and 3 different red 
balls, if atleast one green and one blue ball is to be included 
(a) 3700 (b) 3720 (c) 4340 (d) None of these 


18. A person is permitted to select atleast one and atmostn coins from a collection of (2n + 1) distinct coins. If the 


total number of ways in which he can select coins is 255, thenn equals 
(a) 4 (b) 8 (c) 16 (d) 32 


Session 5 


Combinations from Identical Objects 


Combinations from 
Identical Objects 


(i) The number of combinations of n identical objects 
taking r objects (r <n) at a time = 1. 

(ii) The number of combinations of zero or more objects 
from n identical objects =n +1. 

(iii) The total number of combinations of atleast one out 
of a, +a, +a3 +...+a, objects, where a, are alike of 
one kind, a, are alike of second kind, a, are alike of 
third kind, ..., a, are alike of nth kind 


=(a, +1) (a, +1) (a3 +1)... (a, +1)-1 


Example 62. How many selections of atleast one red 
ball from a bag containing 4 red balls and 5 black 
balls, balls of the same colour being identical? 


Sol. Number of selections of atleast one red ball from 4 identi- 
cal red balls = 4 


Number of selections of any number of black balls from 5 
identical black balls 


=5+1=6 
.. Required number of selections of balls 
=4xX6=24 


Example 63. There are p copies each of n different 
books. Find the number of ways in which a non-empty 
selection can be made from them. 
Sol. Since, copies of the same book are identical. 
.. Number of selections of any number of copies of a book 
is p + 1. Similarly, in the case for each book. 
Therefore, total number of selections is (p + 1)”. 
But this includes a selection, which is empty ie., zero copy 
of each book. Excluding this, the required number of 
non-empty selections is (p + 1)" — 1. 


Example 64. There are 4 oranges, 5 apples and 
6 mangoes in a fruit basket and all fruits of the same 
kind are identical. In how many ways can a person make 
a selection of fruits from among the fruits in the basket? 
Sol. Zero or more oranges can be selected out of 4 identical 
oranges = 4+1=5 ways. 
Similarly, for apples number of selection = 5 + 1 = 6 ways 
and mangoes can be selected in 6 + 1=7 ways. 


.. The total number of selections when all the three kinds of 
fruits are selected =5 x 6X7 = 210 


But, in one of these selection number of each kind of fruit is 
zero and hence this selection must be excluded. 


“. Required number = 210 — 1 = 209 


Combinations when both Identical 
and Distinct Objects are Present 


The number of combinations (selections) of one or more 
objects out of a, +a, +a3 +...+a, objects, where a, 
are alike of one kind, a, are alike of second kind, a; are 
alike of third kind, ..., a,,are alike of nth kind and k 
are distinct. 
={(a, +1) (a, +1) (a3 +1) ++ (a, + Df 
(Co + *C, + *C, +...4"C,)=1 


=(a, +1) (a, +1)(a, +1) +...+(a, +1)2* -1 


Example 65. Find the number of ways in which one 
or more letters can be selected from the letters 
AAAAA BBBB CCC DD EFG. 
Sol. Here, 5A’s are alike, 4 B’s are alike, 3C’s are alike, 2D’s 
are alike and E, F, G are different. 

.. Total number of combinations 
=(5+1)(44+1)(34+1)(2+1)27-1 
=6-5-4-3-8-1 
= 2879 
[excluding the case, when no letter is selected] 

Explanation Selection from (AAAAA) can be made by 6 


ways such include no A, include one A, include two A, 
include three A, include four A, include five A. Similarly, 
selections from (BBBB) can be made in 5 ways, selections 
from (CCC) can be made in 4 ways, selections from (DD) 
can be made in 3 ways and from E, F, G can be made in 
2X 2X 2 ways. 


Number of Divisors of NV 
Every natural number N can always be put in the form 


a > a a 
N=p,'-p.? ps3? ie Py. WORE D 6 PoP sancdR are 
distinct primes and 1,0, ,Q13,...,0, € W. 
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(i) The total number of divisors of N including 1 and N 

=(O, +1) (@, +1) (G3 +1)...(&;, +1) 

(ii) The total number of divisors of N excluding 1 and N 

=(O, +1) (@, +1) (M3 +1)...(4, +1) -2 

(iii) The total number of divisors of N excluding either 1 
or N=(G, +1) (G2 +1)(@3 +1)...(4, +1)-1 

(iv) Sum of all divisors=(p? + pi +pi +p; +...+p,") 

(pz + p2 + po + p2 +...+p2?)... 


(pp +P, + Pi + Pp +--+ Pp") 


7 age" | ip 
1- py 1—p2 
(v) Sum of proper divisors (excluding 1 and the 


expression itself) 


= Sum of all divisors —(N +1) 


Oo, +1 


1—p, 
1— px 


(vi) The number of even divisors of N are possible only if 
Pp =2, otherwise there is no even divisor. 


.. Required number of even divisors 
=OL, (A, +1) (3 +1) +...+(O, +1) 
(vii) The number of odd divisors of N 
CaselI If p, =2, the number of odd divisors 


Case II If p, #2, the number of odd divisors 
=(Q, +1) (@, +1) (@3 +1)...(@, +1) 


(viii) The number of ways in which N can be resolved as a 
product of two factors 


[ 


1 if Nis nota 
5 +1) (O64 1 Anp Ds perfect square 
if Nisa 


1 
—{(Gy FI) (Oy +1) (Kp +1) +1}, 
2 perfect square 


(ix) The number of ways in which a composite number N 
can be resolved into two factors which are relatively 
prime ( or coprime) to each other is equal to 2”, 
where n is the number of different factors (or different 
primes) in N. 


Example 66. Find the number of proper factors of 


the number 38808. Also, find sum of all these divisors. 
Sol. The number 38808 = 2° -3”-77 -11 


Hence, the total number of proper factors (excluding 1 and 
itself i.e., 38808) 


=(3+1)(2+1)(2+1)(1+1)-2 
=72-—2=70 
And _ sum of all these divisors (proper) 
= (2° +2) +2? + 23) (3° +3' 437) 
(7° +7' +77) (11° + 11') — 1— 38808 
= (15) (13) (57) (12) — 38809 
= 133380 — 38809 
= 94571 


Example 67. Find the number of even proper divisors 
of the number 1008. 


Sol. «: 1008 = 2* x 3° x7! 
*, Required number of even proper divisors 


= Total number of selections of atleast one 2 and 
any number of 3’s or 7’s. 


=4x(2+1)x(14+1)-1=23 


Example 68. Find the number of odd proper divisors 
of the number 35700. Also, find sum of the odd 
proper divisors. 
Sol. «: 35700 = 2” x 3' x5" x7" x17" 
.. Required number of odd proper divisors 
= Total number of selections of zero 2 and any 
number of 3’s or 5’s or 
7’s or 17’s 
=(14+1)(2+1)(1+1)(141)-1=23 
. The sum of odd proper divisors 
= (3° +3')(5° +51 +57) (7° +7')(17° +7')-1 
=4x31x8x18-1 
= 17856 — 1=17855 


Example 69. If N = 10800, find the 


(i) the number of divisors of the form 
4m+2,7mew. 
(ii) the number of divisors which are multiple of 10. 


(iii) the number of divisors which are multiple of 15. 
Sol. We have, N = 10800 = 2* x 3° x 5° 
(i) (4m + 2) = 2(2m + 1), in any divisor of the form 
4m + 2, 2 should be exactly 1. 
So, the number of divisors of the form 
(4m +2)=1x(341)x (2+ 1)=1X4X3=12 
(ii) 
= Total number of selections of atleast one 2 and one 
5 from 2, 2, 2, 2, 3, 3, 3,5,5 


The required number of proper divisors 


=4x(3+1)x2=32 


(iii) ... The required number of proper divisors 


= Total number of selections of atleast one 3 and one 
5 from 2, 2, 2, 2, 3, 3, 3,5,5 


=(4+1)x3x2=30 


Example 70. Find the number of divisors of the 
number N=2°-3°-57-7°-9") which are 
perfect square. 
Sol. N =2°-3°.57.7?.9" 
= 93.35.57.79.3% 
= 93.327.57.79 
For perfect square of N, each prime factor must occur even 
number of times. 
2 can be taken in 2 ways (i.e., 2° or 2”) 
3 can be taken in 14 ways (ie., 3° or 3” or 3* or 3° or 3° or 
3° or 3” or 34 or 3° or 3° or 3” or 3” or 3” or 3°°) 
5 can taken in 4 ways (i.e.,5° or 5° or 5‘ or 5°) 
and 7 can taken in 5 ways 
(ie., 7° or 7? or 7* or7* or7°® or7®) 
Hence, total divisors which are perfect squares 
=2x14x4x5=560 


Example 71. In how many ways the number 10800 
can be resolved as a product of two factors? 
Sol. Let N = 10800 = 24x 3° x5° 


Here, N is not a perfect square [. power of 3 is odd] 


Hence, the number of ways = AG + 1)(3+1)(2+1)=30 


Example 72. In how many ways the number 18900 
can be split in two factors which are relatively prime 
(or coprime)? 
Sol. Let N = 18900 = 2° -3° -5°-7' 
Relatively prime or coprime Two numbers not neces- 
sarily prime are said to be relatively prime or coprime, if 


their HCF (highest common factor) is one as 2, 3, 5, 7 are 
relatively prime numbers. 


n=4 _ [number of different primes in N] 


Hence, number of ways in which a composite number N 
can be resolved into two factors which are relatively 
prime or coprime = et, 


Division of Objects Into Groups 


(a) Division of Objects Into Groups of Unequal Size 
Theorem Number of ways in which (m+n) 


distinct objects can be divided into two unequal 
sek sacte ie St)! 

groups containing m and n objects is race 
m!n! 
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Proof The number of ways in which (m + n) distinct 
objects are divided into two groups of the size m and n 


= The number of ways m objects are selected out of 
(m +n) objects to form one of the groups, which can 
be done in "*"C,,, ways. The other group of n objects 
is formed by the remaining n objects. 


(Tree diagram) 


= ™mtno ae _ (m+n) 


m!n! 


Corollary I The number of ways to distribute (m + n) 


distinct objects among 2 persons in the groups 
containing m and n objects 


= (Number of ways to divide) x (Number of groups) 
_ (m+n) 


x2! 
m!n! 


Corollary I The number of ways in which (m+n + p) 


distinct objects can be divided into three unequal 
groups containing m, n and p objects, is 


(Tree diagram) 


eee hae p _(mt+n+p)! 
a m!n! p! 

Corollary III The number of ways to distribute 

(m+n-+ p) distinct objects among 3 persons in the 


groups containing m, n and p objects 


= (Number of ways to divide) x (Number of groups) 
+n+p)! 

_(mtntp)!.,, 

m!n! p! 

Corollary IV The number of ways in which 

(x, +x. +x3 +-+:+x,,) distinct objects can be 

divided into n unequal groups containing x,, 

Xy,X3,...,X, objects, is 
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(Tree diagram) 


(x, +X, +x_4+--+x,)! 


X1!X_g!x5!---x,! 


Corollary V The number of ways to distribute 

(xy +x. +x3+...+x,) distinct objects among n 
persons in the groups containing x,;, X2,...,Xp 
objects 

= (Number of ways to divide) x (Number of groups) 


(x, +x, +x,+...4+%x,)! 
= xn! 


X1!xq!x3!...x,! 
(b) Division of Objects Into Groups of Equal Size 


The number of ways in which mn distinct objects can 
be divided equally into m groups, each containing n 
objects and 

(i) If order of groups is not important is. 


[ome 
(n!)™ m! 


(ii) If order of groups is important is. 


mn)! 1 mn)! 
nen) x — wae! y 
(n!)™  m! aly” 
Note Division of 141n objects into 6 groups of 2n, 2n, 2n, 2n, 3n, 3n, 


(141)! 
diets (2n)! (2n)! (2n)! (2)! (3n)! (3n)! 


_ (14n) xe! 
412 ((2n)!)* (3m)? 4 12 
Now, the distribution ways of these 6 groups among 6 persons is 
(14n)! “3 1 (Z (14n)! “45 
[(2n))I* (3m)? 412 [(2n)* [(3n) 1]? 


Example 73. In how many ways can a pack of 52 
cards be 
(i) distributed equally among four players in order? 
(ii) divided into four groups of 13 cards each? 
(iii) divided into four sets, three of them having 17 cards 
each and fourth just one card? 


Sol. (i) Here, order of group is important, then the numbers 
of ways in which 52 different cards can be divided 
equally into 4 players is 


O ¢ by © 


(Tree diagram) 


52! , 52! 


x 4!= 
4! (13!)* (13!)* 


Aliter Each player will get 13 cards. Now, first player can 
be given 13 cards out of 52 cards in **C,,; ways. Second 
player can be given 13 cards out of remaining 39 cards (i.e., 
52—13=39)in * C,, ways. Third player can be given 13 
cards out of remaining 26 cards (i.e., 39 — 13 = 26)in *°C,, 
ways and fourth player can be given 13 cards out of 
remaining 13 cards (i.e., 26 — 13 = 13) in °C, ways. 
Hence, required number of ways 
= 804 x Cis x Cis X BC 
52! 39! 26! 52! 


13!39! 13126! 13!13! (13!)* 


(ii) Here, order of group is not important, then the 
number of ways in which 52 different cards can be 
divided equally into 4 groups is 


O ¢ by © 


(Tree diagram) 


52! 
4! (13!)" 

Aliter Each group will get 13 cards. Now, first group can be 
given 13 cards out of 52 cards in al ways. Second group 
can be given 13 cards out of remaining 39 cards (i.e., 
52 — 13 =39) in *’C,, ways. Third group can be given 13 
cards out of remaining 26 cards 
(i.e., 39 — 13 = 26) in *°C,, ways and fourth group can be 
given 13 cards out of remaining 13 cards (i.e., 26 — 13 = 13) 
in C,, ways. But the all (four) groups can be interchanged 
in 4! ways. Hence, the required number of ways 

= Cys X Cys X “Cys X Cis xs 

52! 39! 26! 1 52! 

x x x1x—= 

13139! 13126! 13! 13! 4! (131)'4! 


(iii) First, we divide 52 cards into two sets which contains 
1 and 51 cards respectively, is 


52! 


1!51! 


Now, 51 cards can be divided equally in three sets each 
contains 17 cards (here order of sets is not important) 
51! 


in ——— w 
3! (17!) 


ays. 


Hence, the required number of ways 
52! 51! 


= x 
151! 3.1(171)° 

_ 52! 52 
1131(17)> — (17!)33! 


Aliter First set can be given 17 cards out of 52 cards in 
°°C,,. Second set can be given 17 cards out of remaining 35 
cards (i.e., 52 — 17 = 35) in *C,7. Third set can be given 17 
cards out of remaining 18 cards (i.e., 35 — 17 = 18) in *C,, 
and fourth set can be given 1 card out of 1 card in 'C,. But 
the first three sets can interchanged in 3! ways. Hence, the 


total number of ways for the required distribution 
1 
= "C1, x ®Cy x BC x Cx 2! 
3 


1_ (52)! 
3! (171)? 3! 


52! 35! 18! 1 
x x x1x 
17!35! 17!1! «17118! 


Example 74. In how many ways can 12 different balls 
be divided between 2 boys, one receiving 5 and the 
other 7 balls? Also, in how many ways can these 12 balls 
be divided into groups of 5, 4 and 3 balls, respectively? 


Sol. I Part Here, order is important, then the number of ways 
in which 12 different balls can be divided between two 
boys which contains 
5 and 7 balls respectively, is 


(Tree diagram) 


12! _ 12-11-10-9-8-7! 


= x 2! 2 = 1584 
(5-4-3-2-1)7! 


5!7! 


Aliter First boy can be given 5 balls out of 12 balls in "Cs. 


Second boy can be given 7 balls out of 7 balls (ie., 
12 —5 =7) but there order is important boys interchange by 
(2 types), then required number of ways 


12! 
="C, x 7C, x 2!=—— x 1x2! 
5!7! 


383 


Chap 05 Permutations and Combinations 


— 12!X2_ 12-11-10-9-8-7!-2 
5!x7! 5:4-3-2-1-7! 


= 1584. 


II Part Here, order is not important, then the number of 
ways in which 12 different balls can be divided into three 
groups of 5,4 and 3 balls respectively, is 


12! 12-11-10-9-8-7-6:5! 
5! 413! 5!-4-3-2-1-3-2-1 


(Tree diagram) 


= 27720 


Aliter First group can be given 5 balls out of 12 balls in 
”C, ways. Second group can be given 4 balls out of 
remaining 7 balls (12 — 5 =7) in ’C, and 3 balls can be 


given out of remaining 3 balls in *C3. 


Hence, the required number of ways (here order of groups 
are not important) 


="c,x’7C,x 3C, 


57! 


413! 


12! 7! 
x 


ia! 
51413! 


Example 75. In how many ways can 16 different 
books be distributed among three students A,B, C so 
that B gets 1 more than A and C gets 2 more than B ? 
Sol. Let A gets n books, then B gets n +1 and C gets n+3. 
Now,n +(n+1)+(n+3)=16 
> 3n = 12 


n=4 


(Tree diagram) 


= A, B,C gets 4, 5 and 7 books, respectively. 


Hence, the total number of ways for the required 
distribution 


16! 
~ 4t5t7! 
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Example 76. In how many ways can 9 different The number of division ways for tree diagrams (i), (ii) and 
books be distributed among three students if each Myers 
receives atleast 2 books? . ie ; oid aa x —, respectively. 
Sol. If each receives atleast 2 books, then the division as C2" (Bly, at ahaha (3!) a 
shown by tree diagrams Hence, the total number of ways of distribution of these 


G (2) (2) groups among 3 students is 
9! 1 9! 9! 1 
+ x 3! 


x + x 
(21)? (5!) 2! 2t3t4a! (3yy> 3! 


= 11508 


(2) (2) (5) (2) GB) (4) (3) (3) (3) = [378 + 1260 + 280] x 6 


10. 


| Exercise for Session 5 


There are 3 oranges, 5 apples and 6 mangoes in a fruit basket (all fruits of same kind are identical). Number of 
ways in which fruits can be selected from the basket, is 

(a) 124 (b) 125 (c) 167 (d) 168 

In a city no two persons have identical set of teeth and there is no person without a tooth. Also, no person has 
more than 32 teeth. If we disguard the shape and size of tooth and consider only the positioning of the teeth, 
the maximum population of the city is 


(a) 2°? (b) (32)? — 1 (c) 2°? -1 (d) 2°" 


Ifa, a2 @3,...,4n41 be(n + 1) different prime numbers, then the number of different factors (other than 1) of 


aq" 2-3, ..., Ans 1i8 


(a)m+1 (b) (m+ 12” (c)m-2" + 1 (d) None of these 
Number of proper factors of 2400 is equal to 

(a) 34 (b) 35 

(c) 36 (d) 37 

The sum of the divisors of 2°-3* 5? is 

(a) 3?-7'-14 (b) 37-71-1%-31 

(c) 3- 7-11-31 (d) None of these 

The number of proper divisors of 2° -67-21', V p,q,r EN, is 
(a)(p+q+1)(qtrt+1)(r+ 1) (b)(p+q+NQqer+N(rt+1-2 
(c)(p+q)Q+r)r-2 (d)(p +9) @+ryjr 

The number of odd proper divisors of 3° .69-15',V p,q,r EN, is 

(a)(p + Na+ D+ )-2 (b) (p+ Nt Dirt 1-1 

(c) (p+ qt+r+N(r+ 1-2 (d)(p+qtr+i)(r+ 1-1 


The number of proper divisors of 1800, which are also divisible by 10, is 
(a) 18 (b) 27 (c) 34 (d) 43 


Total number of divisors of 480 that are of the form 4n + 2, n =0, is equal to 

(a) 2 (b) 3 (c) 4 (d)5 
Total number of divisors of N =2°-3*-5"'°.7® that are of the form 4n + 2, n >1, is equal to 
(a) 54 (b) 55 (c) 384 (d) 385 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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Total number of divisors of N =3°-5 “7° that are of the form 4n + 1,n >Ois equal to 


(a) 15 (b) 30 (c) 120 (d) 240 
Number of ways in which 12 different books can be distributed equally among 3 persons, is 
12! 12! 12! 12! 
a b c d 
as Oe ae ay 


Number of ways in which 12 different things can be distributed in 3 groups, is 


12! 12! 12! 12! 
a b c d 
: ane 31(4!)° rE (31) 
Number of ways in which 12 different things can be distributed in 5 sets of 2, 2, 2, 3, 3, things is 
(a) 12! (b) 1215! (c) 12! (d) 1215! 
(3!)? (21) (31)? (21)° (3!)° (2!) (31)? (21) 


385 


Number of ways in which 12 different things can be divided among five persons so that they can get 2, 2, 2, 3, 


3 things respectively, is 


(a) 


The total number of ways in which 2n persons can be divided into n couples, is 
(a) 2n! (b) 2n! (c) 2n! 
(nl? (2n!)" nl (ant) 


n different toys have to be distributed among n children. Total number of ways in which these toys can be 


distributed so that exactly one child gets no toy, is equal to 
(a) n! (b)n!"C, (c) (n- 1)!"C, (d)n!""'c, 


In how many ways can 8 different books be distributed among 3 students if each receives atleast 2 books? 


(a) 490 (b) 980 (c) 2940 (d) 5880 


12! 7 1215! ' 12! 4 1215! 
(31)? (2!)° (31)? (2!)° (31)? (2! (31)? (2!)" 


(d) None of these 


Session 6 


Arrangement in Groups, Multinomial Theorem, 


Multiplying Synthetically 


Arrangement in Groups 


(a) The number of ways in which n different things 


can be arranged into r different groups is 
r(r+1)(r+2)...(r+n—1)orn!""'C,_, 
according as blank groups are or are not admissible. 
Proof 


(i) Let n letters a,, az, a3,...,a, be written in a row 
in any order. All the arrangements of the letters 
in r, groups, blank groups being admissible, can 
be obtained thus, place among the letters (r — 1) 
marks of partition and arrange the (n+ r — 1) 
things (consisting of letters and marks) in all 
possible orders. Since, (r — 1) of the things are 
alike, the number of different arrangements is 
a. Neen 

(r—1)! 

(ii) All the arrangements of the letters in r groups, 
none of the groups being blank, can be obtained 
as follows: 

(I) Arrange the letters in all possible orders. This can be 
done in n! ways. 

(II) In every such arrangement, place (r — 1) marks of 
partition in (r —1) out of the (n — 1) spaces between 


the letters. This can be done in "~'C,_, ways. 


F . =4 
Hence, the required number is n!-"~°C,_;. 


Example 77. In how many ways 5 different balls can 
be arranged into 3 different boxes so that no box 
remains empty? 

Sol. The required number of ways = 5!-°~'C3_, =5!-*C, 


4-3 
= 20) (£2) = 720 


Aliter 

Each box must contain atleast one ball, since no box 
remains empty. Boxes can have balls in the following 
systems 


Box I/}| Il Box I| 1 | MW 


a 


Number of | 1 | 1 3 |Or |Number of 2 2 
balls balls 


All 5 balls can be arranged by 5! ways and boxes can be 
3! 
arranged in each system by of 


3! 3! 
Hence, required number of ways = 5! x a 5! x ai 
2! 2! 


= 120 3+120x3=720 
(b) The number of ways in which n different things 
can be distributed into r different groups is 
r”™— Cy (r _ 1)"+"C, (r _ 2)” =r iy "Coz 


Or 
y(-1)? -"C, -(r- p)" 
p=o0 

Or 


Coefficient of x” inn'(e* —1)’. 
Here, blank groups are not allowed. 
Proof In any distribution, denote the groups by 
£15 £25 &35--» &, and consider the distributions in 
which blanks are allowed. 
The total number of these is r”. 
The number in which g, is blank, is(r —1)”. 
Therefore, the number in which g, is not blank, is 
r" —(r—1)" 
of these last, the number in which gy is blank, is 
a a has 
Therefore, the number in which g;, g, are not blank, is 
r” —2(r—1)" +(r—2)" 
of these last, the number in which g; is blank, is 
(r —1)" —2(r—2)" +(r—-3)" 
Therefore, the number in which g,, g2, g3 are not 
blank, is 
r" —3(r—1)" +3(r—2)" —(r—-3)" 
This process can be continued as far as we like and it 


is obvious that the coefficients are formed as ina 
binomial expansion. 


Hence, the number of distributions in which no one 
of x assigned groups is blank, is 


r” — *C\(r — 1)" + *Cy(r — 2)" —... + (-1)*(r — x)" 


when x =r, then 
r” —"C,(r—-1)" +"C,(r—2)" -...4+(-1)"71 © "C4 
(r —(r —1))" +(-1)" -'C,(r -r)” 
Or 

r” —"C,(r-1)" +"C,(r—2)" —...+(-1)"71-'C,_; 

Aliter 

By Principle of Inclusion and Exclusion 

Let A; denotes the set of distribution of things, if ith 

group gets nothing. Then, n(A; ) =(r — 1)" 

[as n things can be distributed among (r — 1) groups 

in(r —1)” ways] 

Then, n(A; 1 A; ) represents number of distribution 

ways in which groups i and j get no object. Then, 
n(A; NA;)=(r—-2)" 

Also, n(A; 0A; A Ay) =(r -3)" 


This process can be continued, then the required 
number is 


n(A;’ Ay’... A,’ ) 
=n(U)—-n(A; UA, U...UA,) 
=r" -{ ¥ nf(A,)- ¥ n(A; Aj) 

+)'n(A, VA; OA;)... 
+(-1)"¥ n(Ay NA, A...94,)} 

=r” —{"C,(r-1)" —'C,(r-2)" 
+ °C3(r—3)" —..4(-1)" -'C,_,} 

=r” —'C,(r—-1)" + "C,(r—-2)" 
—'C,(r—3)" +...4(-1)""* -"C,_, +1 


Note Coefficient of x" ine = a 
Example 78. In how many ways 5 different balls can be 
distributed into 3 boxes so that no box remains empty? 
Sol. The required number of ways 
= 3° — °C,(3 - 1)° + °C,(3- 2)° - °C3(3 - 3) 
= 243-96 +3-0= 150 
Or 
Coefficient of x ° in 5!(e* — 1)° 


3x 


= Coefficient of x° in 5!(e°* — 3e°* + 3e* — 1) 


3° 2 1 
-s( -—3x —+4+3x 
5! 5! 5! 


J-°-a9 +3=200- 9649-150 


Aliter 


Each box must contain atleast one ball, since number box 
remains empty. Boxes can have balls in the following 
systems 
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Box I | |W 


Number of | 1 1 3 | Or 
balls 


Box I | |i 


PR 
Le) 
bo 


Number of 
balls 


The number of ways to distribute the balls in I system 
= ?C; x “6, x 7G, 

.. The total number of ways to distribute 1, 1,3 balls to the boxes 
270) 6 “Ck Os x == 5x 4x1 3=60 


and the number of ways to distribute the balls in II system 
=°C,x 4*C, x 7C, 

. The total number of ways to distribute 1, 2, 2 balls to the 
boxes 3! 
cae le Me Be a Be x 

2! 
=5X6X1x3=90 
“. The required number of ways = 60 + 90 = 150 


Example 79. In how many ways can 5 different 
books be tied up in three bundles? 


1 
Sol. The required number of ways = —(3° —°C,-2° + °C, -1°) 


Example 80. If n(A)=5 and n(8) = 3, find number 
of onto mappings from A to B. 


Sol. We know that in onto mapping, each image must be 


assigned atleast one pre-image. 


This is equivalent to number of ways in which 5 different 
balls (pre-images) can be distributed in 3 different boxes 
(images), if no box remains empty. The total number of 
onto mappings from A to B 


=3° — 3C,(3-1)° + 3C,(3 — 2)° 
= 243-96 + 3= 150 


(c) The number of ways in which n identical things 
can be distributed into r different groups is 


n+r-1 n-1 
Cpns or C,-1 


According, as blank groups are or are not 
admissible. 

Proof 

If blank groups are not allowed Any such 
distribution can be effected as follows: place the n 
things in a row and put marks of partition in a 
selection of (r — 1) out of the (n — 1) spaces between 
them. This can be done in" 'C,_,. 


If blank groups are allowed The number of 
distribution is the same as that of (n +r) things of the 
same sort into r groups with no blank groups. For 
such a distribution can be effected thus, put one of the 
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(n +r) things into each of the r groups and distribute 
the remaining n things into r groups, blank lots being 
allowed. Hence, the required number is "*"~'C, _,. 


Aliter The number of distribution of n identical 
things into r different groups is the coefficient of x” 
in(l+x +x? +...+00)" orin(x +x? +x° +...+00)" 
according as blank groups are or are not allowed. 
These expressions are respectively equal to 

(1-—x)” and x’(1-x)” 


Hence, coefficient of x” in two expressions are 


+r-1 -1 F 
nvr~"C,-; and "~"C,_,, respectively. 


Example 81. In how many ways 5 identical balls can 
be distributed into 3 different boxes so that no box 
remains empty? 

Sol. The required number of ways = °~'C,_, = *C, = — =6 


Aliter Each box must contain atleast one ball, since no 
box remains empty. Boxes can have balls in the following 


Hence, total number of Sols = *°**7'C,_, 


23-22-21 
a= =1771 
1:2-3 


(ii) Since, x+y+z+w=20 (i) 
Here, x2Ly21,z21w21 
or x-120,y—-120,z-120,w-120 
Let Saka 1 SS KS Xa 
nay LS yaeutt 
yZHz-1 > z=27z,4+1 
w,=w-1 > w=w,tl 


Then, from Eq. (i), we get 

x, +1t+y,+14+2,+1+w,+1=20 
=> xX, +y, + 2+ w, = 16 
and x,20,y,20,z,20,w,20 


Hence, total number of Solutions = '°*47'C,_, 
_ 19-18-17 


19 
= 
eT 88 


= 57-17 = 969 


Aliter 
Part (ii) °° x+y+z+w=20 
x21,y21,z21,w21 
Hence, total number of solutions 
=%-19, = %C,=969 


systems. 
Box I/O ll Box I/ 0 | w 
Number 1 3 Or |Number of| 1 | 2 2 
of balls balls 


Example 84. How many integral solutions are there 
tox+y+z+t=29, when x2>1,y>1,z2>3andt=0? 
Sol. Since, x +y+z+t=29 (i) 


Here, balls are identical but boxes are different the number 
of combinations will be 1 in each systems. 


3! 3! 
Required number of ways = 1 x “i 1x = 3+3=6 
2! 2 


Example 82. Four boys picked up 30 mangoes. In 
how many ways can they divide them, if all mangoes 
be identical? 


Sol. Clearly, 30 mangoes can be distributed among 4 boys such 
that each boy can receive any number of mangoes. 


Hence, total number of ways = *°*47'C,_, 


33-32-31 
=e = 5456 
1:2-3 


Example 83. Find the positive number of solutions of 
x+ y+z+w =20 under the following conditions 


(i) Zero value of x, y, z and w are included. 
(ii) Zero values are excluded. 
Sol. (i) Since, x +y+z+w =20 


Here, x20, y20,z20,w20 


The number of Sols of the given equation in this case 
is same as the number of ways of distributing 20 
things among 4 different groups. 


and x,y,z, t are integers 
x21,y22,z723,t20 
=> x-120,y-—220,z-320,t20 


Let x,=x-1x,=y-2x3=z-3 
orx=x,+1ly=x,+2,z= x3 +3and then x, 20, x, 20, 
x3,20,t20 
From Eq. (i), we get 

xX, t1t+x,+24+%x3,4+3+t=29 
=> x,t xX, +%x3,4+t=23 
Hence, total number of solutions = **47'C,_, 


_ 64 _ 26+25-24 


en = 2600 
1-2+3 
Aliter 
xty+z+t=29 ..-(i) 

and x21y-121,z2-221,¢+121 
Let xH=x,y=y—-124,=2-2t,=t+1 
or x=xX,y=Hy,t1z=z7z,+2t=t,-1 
and then x24y,21,2%,21,t,21 
From Eq. (i), x} ty, +1+2,+2+t,-1=29 
=> xX, +y, +2, +t, = 27 


Hence, total number of solutions = 7” ~ 'Cy-1= 20G. 


_ 26-25-24 
1-2-3 


= 2600 


Example 85. How many integral Solutions are there 
to the system of equations x; + X2+X3+X4+X5 =20 
and x; + X7 =15, when x; >0? 


Sol. We have, x,+x,+%x3;+x,+x5 =20 ..-(i) 
and xX, + x, =15 ...(ii) 
Then, from Eqs. (i) and (ii), we get two equations 

X3+x,+x5=5 ..- (iii) 
X,+X2=15 (iv) 


and given x, 20, x, 20,x320,x,20and x, 20 


Then, number of solutions of Eq. (iii) 
a teig. ae, 
7-6 
=" =21 
1-2 
and number of solutions of Eq. (iv) 
=B+2-10, = 8c 216 
Hence, total number of solutions of the given system of 
equations 
= 21 X 16= 336 


Example 86. Find the number of non-negative 
integral solutions of 3x+ y+z=24. 


Sol. We have, 
3x +y+z=24 and given x20, y20,z20 
Let x=k 
ytz=24-3k ...(i) 
Here, 24> 24 -3k>0[. x20] 


Hence, 0< k <8 
The total number of integral solutions of Eq. (i) is 


lea oe — She = 25 —Sk 


Hence, the total number of Sols of the original equation 
8 8 8 
= }'(25-3k)=25 P'1-3 Vk 
k=0 k=0 k=0 


8-9 
= 25-9 —3-—— = 225-108 = 117 

(d) The number of ways in which n identical things 
can be distributed into r groups so that no group 
contains less than | things and more than m 
things (1 < m) is coefficient of x"~" in the 
expansion of (1— x” ~'*')"(1—x)™. 
Proof Required number of ways 


= Coefficient of x" in the expansion of 


1+1 1+2 
x 


(xb tai th 4 Soba y 


[.. no group contains less than / things and 
more than m things, here r groups] 
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= Coefficient of x” in the expansion of 
x" tx4ex? t.4x™ !) 


= Coefficient of x"~"" in the expansion of 
(4+x4x? 4...42"-'7 


= Coefficient of x"~"" in the expansion of 


poo 
(1— x) 


[sum of m—1+1terms of GP] 
= Coefficient of x"~" in the expansion of 
G< gy ae) 


Example 87. In how many ways can three persons, 
each throwing a single dice once, make a sum of 15 ? 


So/. Number on the faces of the dice are 1, 2, 3, 4, 5, 6 (least 
number 1, greatest number 6) 


Here, 1=1,m=6,r =3andn=15 


-1x3; 
in the 


. Required number of ways = Coefficient of x’” 
: 6\3 -3 
expansion of (1 — x”)°’(1— x) 
= Coefficient of x” in the expansion of 
(1—3x° +3x?)(1+ °C, x + 4C, x? +...+ 8C5x% +... 
AG et  ) 
="“¢c,,=3% °C, +3= "Cc, =3x °C, 43 


=91-84+3=10 


Example 88. In how many ways in which an 
examiner can assign 30 marks to 8 questions, giving 
not less than 2 marks to any question. 


Sol. If examiner given marks any seven question 2 (each) 
marks, then marks on remaining questions given by 
examiner = —7 X 2+ 30= 16 


If x; are the marks assigned to ith question, then 
Xp tx, +x, +...+ xX, =30and2< x; < 16 
for i = 1, 2, 3,..., 8. 


Here, 1 =2,m=16,r =8andn = 30 


“. Required number of ways 


= Coefficient of x °°~7* 8 


in the expansion of 

(1 — x19-2 #8 — xy 
= Coefficient of x"* in the expansion of 

(xe? P(e BC xe 7Ca x? tact MO gx +2) 


= Coefficient of x"* in the expansion of 
(1+ 2Cyx + Cox? +... + MCyyx™* +...) 


_, 2 _ 21 
= "Cy = "Cz 


Note Coefficient of x’ in the expansion of (1-—x)" is "*7'C,. 
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(e) If a group has n things in which p are identical, 
then the number of ways of selecting r things 
from a group is 

>. "“?C, or y "PC, ,according asr < por 

r=0 

r2p. 


r=r-p 


Example 89. A bag has contains 23 balls in which 7 
are identical. Then, find the number of ways of 
selecting 12 balls from bag. 

Sol. Here, n = 23, p=7,r =12 (r>p) 


12 
*, Required number of selections = y a OF 
r=5 


=O. + C64 Cn + Cy + Cy + Cig + C1 + Crp 
=("Cs ate *C6)+ (°C, oh Cs) + (Cy a *Ci9) 
(Cg eC) 


= NG. 4s iC. fe VG 4 Ge [ nC a i Gea = nat] 


17 17 7 17 be 

= "Cy + "Co + “Ci + Cyn ie 
7 7 17 7 

=(% Cy + Cig) + Co + Cro) 

=", +¥c,, =", + 8c, 


Derangements Any change in the order of the things in 
a group is called a derangement. 


Or 


When ‘n’ things are to be placed at ‘n’ specific places but 
none of them is placed on its specified position, then we 
say that the ‘n’ things are deranged. 


Or 


Assume 41, a2, 43,.., 4, be n distinct things such that their 
positions are fixed in a row. If we now rearrange dj, dp, 
a3,..,4, in such a way that no one occupy its original 
position, then such an arrangement is called a 
derangement. 


Consider ‘7’ letters and ‘n’ corresponding envelops. The 
number of ways in which letters can be placed in the 
envelopes (one letter in each envelope) so that no letter is 
placed in correct envelope is 


m3 43 een" 7 
1! 2! 3) n! 
Proof n letters are denoted by 1, 2, 3,.., n. Let A; denote 
the set of distribution of letters in envelopes (one letter in 

each envelop) so that the 
ith letter is placed in the corresponding envelope, then 


n(A;)=1x(n-1)! 


['. the remaining (n — 1) letters can be placed in (n — 1) 
envelopes is (n—1)! ] 
andn(A; 7 A;)=1X1x(n—2)! [i and j can be placed in 
their corresponding envelopes and remaining (n — 2) 
letters can be placed in (n — 2) envelopes in (n — 2)! way] 


Also, n(A; NA; ON Ay) =1X1X1xX(n-3)! 
Hence, the required number is 
n(Ay’ MN Ay’y AA3/A... 0A,’ ) 
=n(U)—-n(A,; UA, VA; U...UA,) 
=n!-{) n(A;) - ¥ (A; 0 A;) 
+) n(A; VA; NA,) -..+(-1)" 
\in(Ay VA, OAg 9... A,) 
=n!—{"C, x(n-1)!-—"C, x(n—-2)! 
+"C3 x(n—3)!—...+(-1)""> x "C, x1} 
eee n(n — 1) 
=nl—- = 
1! 2! 


4 An —1(n—2) . 
3! 


x(n—-2)! 


(n—3)!—...4+(-1)"7? «| 


Maha Short Cut Method 
1 1 1 —1)” 
+—- ee a 
1! 2! 3! n! 
Then, D, +; =(n+1)D, +(-1)"*',VxeEN 
and D,,, =n(D,+D,-1),VxEN - {1} 
D, =0 
For n=1, from result I 

D, =2D, +(-1)* =0+1=1 


If Dy =a t- 


where 


For n=2, from result I 
D, =3D, +(-1)° =3 x1-1=2 
For n=3, from result I 
D,=4D, +(-1)* =4x241=9 
For n= 4, from result I 
Ds =5D, +(-1)° =5 x9-1=44 
For n=5, from result I 
D, =6D; +(-1)° =6 X 44+1=265 
Note D, =0, D, = 1, D; =2, D, =9, D; = 44, Dg = 265 [Remember] 


Remark 

lf rthings goes to wrong place out of nthings, then (n — r) things 
goes to original place (here r <n). 

lf D, =Number of ways, if all nthings goes to wrong places. 

and D, =Number of ways, ifr things goes to wrong places. 

If r goes to wrong places out of n, then(n—r) goes to correct 
places. 


Then, De= "Cp D; 
where, Der 1 , Vi Te sel v4) 
i! 2! 3 r! 
n 
lf atleast p things goes to wrong places, then D, = > i Onmere B) 


r=p 


Example 90. A person writes letters to six friends 
and addresses the corresponding envelopes. In how 
many ways can the letters be placed in the envelopes 
so that (i) atleast two of them are in the wrong 
envelopes. (ii) all the letters are in the wrong 
envelopes. 


Sol. (i) The number of ways in which atleast two of them in 
the wrong envelopes 


= 5 S,..0, 


ie ei C5 MDesk °C, 5D OC; 

x Ds + °Cy X Dg 
=15D, +20D;+15D,+6D;+D, [from note] 
=15x14+2024+15x9+6*X 44+ 265 
=719 

(ii) The number of ways in which all letters be placed in 
wrong envelopes = D, = 265 [from note] 
Aliter 


(i) The number of all the possible ways of putting 6 
letters into 6 envelopes is 6!. 
Number of ways to place all letters correctly into 
corresponding envelopes = 1 
and number of ways to place one letter in the wrong 
envelope and other 5 letters in the write envelope =0 
[. It is not possible that only one letter goes in the 
wrong envelope, when if 5 letters goes in the right 
envelope, then remaining one letter also goes in the 
write envelope] 
Hence, number of ways to place atleast two letters 
goes in the wrong envelopes 

=6!-0-—1=6!—-1 =720 -1=719 

(ii) The number of ways 1 letter in 1 address envelope, so 

that one letter is in wrong envelope =0 (i) 


[because it is not possible that only one letter goes in 
the wrong envelope] 
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The number of ways to put 2 letters in 2 
addressed envelopes so that all are in wrong 
envelopes 


= The number of ways without restriction — The 
number of ways in which all are in correct envelopes 
— The number of ways in which 1 letter is in the 
correct envelope 

=2!-1-0=2-1 

=1 ...(ii) [from Eq. (i)] 
The number of ways to put 3 letters in 3 
addressed envelopes so that all are in wrong 
envelopes 


= The number of ways without restriction — The 
number of ways in which all are in correct envelopes 
— The number of ways in which 1 letter is in the 
correct envelope — The number of ways in which 2 
letter are in correct envelope 


=3!-1- °C, x1-0 [from Eqs. (i) and (ii)] 
=2 
[ °C; means that select one envelope to put the letter 
correctly] 


The number of ways to put 4 letters in 4 
addressed envelopes so that all are in wrong 
envelopes 

= The number of ways without restriction — The 
number of ways in which all are in correct envelopes 
— The number of ways in which 1 letter is in the 
correct envelope — The number of ways in which 2 
letters are in correct envelopes — The number of ways 
in which 3 letters are in correct envelopes 


=4!-1-— *C, X2=*C, x1— *C, x0 
[from Egs. (i), (ii) and (iii)] 
=24-1-8-6-0=9 ...(iv) 
The number of ways to put 5 letters in 5 
addressed envelopes so that all are in wrong 
envelopes 
=The number of ways without restriction — The 
number of ways in which all are in correct envelopes — 
The number of ways in which 1 letter is in the correct 
envelopes — The number of ways in which 2 letters are 
in correct envelopes — The number of ways in which 3 
letters are in correct envelopes — The number of ways 
in which 4 letters are in correct envelopes 
=5!=1=°C, ¥9="C, K2 = "Cs K1= "Cy KO 
[from Egs. (i), (ii), (iii) and (iv)] 
=120-1-45-20-10-0= 44 
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The number of ways to put 6 letters in 6 addressed 
envelopes so that all are in wrong envelopes 
= The number of ways without restriction — The 
number of ways in which all are in correct envelopes 
— The number of ways in which 1 letter is in the 
correct envelope — The number of ways in which 2 
letters are in correct envelopes — The number of ways 
in which 3 letters are in correct envelopes — The 
number of ways in which 4 letters are in correct 
envelopes — The number of ways in which 5 letters 
are in correct envelopes. 
=6!-1- °C, x 44- °C, x9— °C, x2 
= "6, 81= °C. 80 

[from Egg. (i), (ii), (iii), (iv) and (v)] 

=720 — 1-264 —135 — 40 — 15 =720 — 455 = 265 


Multinomial Theorem 


(i) If there are / objects of one kind, m objects of second 
kind, n objects of third kind and so on, then the 
number of ways of choosing r objects out of these 
objects (i.e.,1+m+n-+...) is the coefficient of x" in 
the expansion of 
(14¢x¢x7 4x3 4.tx/ lt xtx7 +...42™) 

(ltxtx?+...4x") 


Further, if one object of each kind is to be included, 
then the number of ways of choosing r objects out of 
these objects (i.e.,1+m+n-+...) is the coefficient of 
x” in the expansion of 
(xtx2txo4.tx! (x tx% 4x3 4...427) 
(xtx* tx? $04 x")... 

(ii) If there are / objects of one kind, m objects of second 
kind, n objects of third kind and so on, then the 
number of possible arrangements/permutations of r 
objects out of these objects (i.e.,/+m+n+...) is the 
coefficient of x" in the expansion of 


2 I 2 m 
x x x x x x 
ros + t...+ |» + t...+ 
1! 2! I! 1! 2! m! 


x x 
ee ey AR le 
1! 2! n!} 


Different Cases of 
Multinomial Theorem 


CaseI If upper limit of a variable is more than or 
equal to the sum required, then the upper limit of 
that variable can be taken as infinite. 


Example 91. In how many ways the sum of upper 
faces of four distinct die can be five? 


Sol. Here, the number of required ways will be equal to the 
number of solutions of x, + x. +x; +x, =5ie,1< x; <6 
for i= 1, 2, 3, 4. 
Since, upper limit is 6, which is greater than required 
sum, so upper limit taken as infiite. So, number of Sols is 
equal to coefficient of «° in the expansion of 
(1+a%+07 +... +00)! 


= Coefficient of @° in the expansion of (1 — 0)“ 
= Coefficient of a in the expansion of 
(1+ *Cy + °C,0? +...) 
8-7-6 
ag NO 56 


8 8 
=8@ 26 
° aan ee 


Case II If the upper limit of a variable is less than 
the sum required and the lower limit of all variables 
is non-negative, then the upper limit of that variable 
is that given in the problem. 


Example 92. In an examination, the maximum 
marks each of three papers is 50 and the maximum 
mark for the fourth paper is 100. Find the number 
of ways in which the candidate can score 60% 
marks in aggregate. 


Sol. Aggregate of marks = 50 x 3+ 100 = 250 
60 

“. 60% of the aggregate = — x 250 = 150 
100 


Let the marks scored by the candidate in four papers be x,, 
X,X3 and x4. Here, the number of required ways will be 
equal to the number of Sols of x, + x. + x3 + x4=150ie., 
O< xy, x2, x3 $50 and0< x4 < 100. 


Since, the upper limit is 100 < required sum (150). 


The number of solutions of the equation is equal to 


150 


coefficient of” in the expansion of 


(°° +0' +07 4+...40” (a +03 +07 4+...4+01) 


150 


= Coefficient of @” in the expansion of 


(1 _ a (4 _ oe \(1 = a)? 


150 


= Coefficient of a” in the expansion of 


(1 — 3007? + 3007) — (1 + *Cyar + PCa? +... +00) 


150 


= Coefficient of a” in the expansion of 


2)(1 + “Cyn + PC, a7 +... +00) 


(1-307! — 0"! + 3a 
= 30,6, — 3x Ogg — Cay + 3X Cap 
= 130, 3x 10, °C, 43x IC, 


= 110556 


Very Important Trick 

On multiplying py + pja+ p, @? + p30? +...+ ppQ” 

by (1+), we get 

Po +(Po + P1)&+(p1 + Po) Q” +( py + p3)Q° +... 
+(Pn—2 + Pn-1)0" ' +(Pa-1+ Pn )@” + po” ® 


i.e., we just add coefficient of «” with coefficient of a’ ~' 


1 


(i.e., previous term) to get coefficient &” in product. 
Now, coefficient of a” = p,_; + p, 

On multiplying py + piQ+ p, a? + p30? +...4+ p,0” by 
(1+0+07) 

we get, Po + (Po + P1)O+(Po + Pi + Pe) a” 


+(p, + po + p3)Q? +(po + ps + p4)a* +... 


ie., to find coefficient of %’ in product and add this with 2 
preceding coefficients. 


Now, coefficient of &” = p,_» + p,_-1 +p, 
Similarly, in product of py + p,@+ p, a” +...with 
(1+0+0? +0°), the coefficient of %” in product will be 


Pr-3 + Pr-2+ Pr-1+ Pr 


3 preceding coefficients 


and in product of py +p, + p, a” +... with 
(140+? +a° +0*), the coefficient of &” in product 
will be p,— 4 + pr-3 + Pr-2 + pry + py 


4 preceding coefficients 


Finally, in product of po + py + p2 @” +... with 
(1+a+a° +a° +... tuptoc), the coefficient of a” in 
product will be py +p; + po +...+p,-1 +), 


all preceding coefficients 


Example 93. Find the coefficient of «° in the 
product (1+a+0°)(1+a@+a7?)(1+a+a7+a°*) 


(14 a) (1+ &) (14a). 
Sol. The given product can be written as 


(1+ata7)\1itat+a*)\1tat+oa? +a7)(1+0)° 


or(1+Q4+Q7)\1+04+07)\(1+04+07 +03) 
(1+ 30 + 307 +0°) 


Multiplying Synthetically 
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... on multiplying by 1+. + a” + a° — To each coefficient 
add 3 preceding coefficients 


1 4 7. 8 7 4 1 


...on multiplying by 1+ +a” — To each coefficient add 2 


preceding coefficients. 


1 5 12 19 22 19 12 


...on multiplying by 1+ a +” — To each coefficient add 2 


preceding coefficients. 


Be) 


Hence, required coefficient is 53. 


| Example 94. Find the number of different 
selections of 5 letters which can be made from 
5A’s, 4B ’s, 3C’s, 2D’s and 1E 
Sol. All selections of 5 letters are given by 5th degree terms in 
(1+ A+A*+A?+A‘*+A°)\(1+ B+ B’ + B’ + B*) 
(14+C+cC*4+C?*)(1+ D+D’)(1+ £) 
*. Number of 5 letter selections 
= Coefficient of a in(l1+a+a’+a°>+a*+a°) 
(1+ata?+o>+oa*)\1tat+oa’ +a%) 
(1+0+07)(1+ 0) 


Multiplying synthetically 


1 =} 6 10 14 17 
See -----x1+a+0? 

1 4 10 19 30 41... 

woo 2222-22-52 2-5-2222 ------ X14 0 

1 i) 14 29 49 71 


Hence, required coefficient is 71. 


Example 95. Find the number of combinations and 
permutations of 4 letters taken from the word 
EXAMINATION. 
Sol. There are 11 letters 
A, A, N,N, X MT, O. 
Then, number of combinations 
= coefficient of x* in(1+ x + x?)3(1+ x)? 
['. 2A’s, 21 ’s, 2N’s, 1E, 1X, 1M, 1T and 10] 


= Coefficient of x* in {(1 + x)? + x° +3(1+ x)? x? 
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+ 3(1+ x)x*\1+ x) A x A O 
= Coefficient of x! i 7*6 
OCMICISD EOE As ten .. Number of selections = *C,; x 7C, =3 x —— =63 
{(1 + x)® + x°(1 + x)? +3x7(1 + x)’+ 3x4(1+ x)*} ; 1x2 
7-6: . and number of permutations = 63 -— = 756 
256, 4043-7 6,4¢e 98" 4g. 8 egeroeee es : 2! 
1-2-3-4 1-2 From Case I, II and III 


= 136 


; The required number of combinations = 70 +3 +63 = 136 
and number of permutations 


: and number of permutations = 1680 + 18 + 756 = 2454 


3 5 
= Coefficient of x* in af ee _ (1 + *| Note Number of combinations and permutations of 4 letters 
i 2! u taken from the word MATHEMATICS are 136 and 2454 
respectively, as like of EXAMINATION, 


3 
2 

= Coefficient of x* in af +x+ = (1+ x) 
2 


. 2 Number of Solutions with the 
cee als Help of Multinomial Theorem 


x 3 3 
fa +xy+ = 5 +x)Px?t qe + oo +x! Casel if the equation 


_ hs O+2B+3y+...¢q0=n ..-(i) 
= Coefficient of x* in 
4 A ' (a) If zero included, the number of solution of Eq. (i) 

afa +x) + at +x) + Pane +x)" + rane + o'| = Coefficient of x" in(1t+x +x? +...) 


(tx7 txts. jdtxr $x° 4.0)... 
37 3 87:65 37:6, 3 
=a1ftcy +o? C, + | m2 +2 + (1+x? +x74 +...) 


4 1:2:3-4 21:2 4 
=8-7-6-5 + 6(3:7-6) + 6-3 = 1680 + 756 + 18= 2454 = Coefficient oon in , 
-1 -1 -1 -1 
Aliter There are 11 letters: (=a) (ae Cea y salto") 
A,A,L1,N,N,E, X M,T,O (b) If zero excluded, then the number of solutions of Eq. (i) 

The following cases arise: = Coefficient of x” in (x + xr exit... .) 
CaseI All letters different The required number of (x? +x4 4x 4...xr tx° +x? 4...) 
choosing 4 different letters from 8 different (A, I, N, E, X, (xd +72 +...) 


M, T, O) types of the letters 


pee ee a eae 
8-7-6°5 
85C,= =70 


= Coefficient of x” in x 


are ae (i<x") Q=x7)7 0-0!) 
and number of permutations = *P, =8-7-6-5=1680 a”) 
= Coefficient of a ij 
Case II Two alike of one type and two alike of ene ore ° . i ” a ~ 
another type This must be 2A’s, 2I’s or 2I’s, 2N’s, or (=a) Us) =a") alt=") 


2N’s, 2A’s. 
Example 96. Find the number of non-negative 


. 1 = 3 _ 
“. Number of selections = “C, =3 integral solutions of x; + x, +X3+4x, =20. 


For example, [for arrangements] Sol. Number of non-negative integral solutions of the 
A nm I | I given equation 
= Coefficient of x7” in(1— x) (1 — x) (1 — x) — xt) 
4! : 20 « -3 4)- 
and number of permutations =3- PTT 18 = Coefficient of x*" in(1— x) *(1- x*)™ 


= Coefficient of x7” in(1+ °C; + *Cyx* + °C3x? + °Cyx* 
Case III Two alike and two different This must be 
2A’s or 21's or 2N’s 


and for each case 7 different letters. 
For example, for 2A’s, 7 differents’s are I, N, E, X, M, T, O 


6 10 14 18 22 
For example, [for arrangements] Sie Gg Cg Oks Cas 


baw Max” teat MCigac! 4d Bex te. 
+ Cag to. A+ xt + 8 tx? + 9 + x +...) 


=1+ °C, + Ce + Cs + a Ore + een 


6°5 10-9 (as Ge 22-21 
=1+ + + + + 

1-2 1-2 1-2 1-2 1-2 
=14+154+ 45+ 91+ 153 + 231 = 536 


Example 97. Find the number of positive unequal 
integral solutions of the equation x+ y+z+w =20. 
Sol. We have, xty+zt+w=20 (i) 
Assume x < y< z< w. Here, x,y,z,w21 
Now, let x =x, y—-x=%X2,z-y=x3andw-z=x, 
X= X,YHXjp+xX_,Z= xX, + x, + xz and 
WH=X, +X, +x, +X4 
From Eq. (i), 4x, + 3x2 + 2x3 + x4 = 20 
Then, x), X2,X3,X4 21 
4x, +3x, +2x3 + x, = 20 ... (ii) 
:. Number of positive integral solutions of Eq. (ii) 
= Coefficient of x*°~'° in 
da)" d= d= da) 
= Coefficient of x’ in 
(aes =e yaa =a)" 
= Coefficient of x’° in(1+ x4 + x8 4+ x! +...) 
K(1+ x2 + x +07 + x? +01) x 
(Qt x72 4xt tx ot x8 tM glyx(txtx?tx3 tx? 
tx exe txt exe tx? tx 4...) 
= Coefficient of x’ in 
(1+ x2 4xo tx? txt tx’ + xl 4 x8) 
K(x txt exo 4 xP t eM txt x? +x? 
txt xr t xo tx? + x8 4 x? + x") 
[neglecting higher powers] 
= Coefficient of x’ in 
(Lt xr txt exo te xr ge xt xi gx tx 4x72 + x° 
$8 tt x ttt 8 e894 7 + x? + x? 
+ xP gx txt x? txt xte xP t xo 4 x? 
+ x° +x? 4x") [neglecting higher powers] 
=(416i41414 14114141 414744 
reese os Se See ce ees eer. 


But x, y, z and w can be arranged in * P, = 4! = 24 


Hence, required number of Sols = (23)(24) = 552 


Example 98. In how many ways can 15 identical 
blankets be distribted among six beggars such that 
everyone gets atleast one blanket and two particular 
beggars get equal blankets and another three 
particular beggars get equal blankets. 
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Sol. The number of ways of distributing blankets is equal to 
the number of solutions of the equation 3x + 2y + z= 15, 
where x 21, y21, z= 1 which is equal to coefficient 
of @° in 
(a +0°+0° +a" +a) +...) 

x(a +0*+0°+0% +0 +07 +044...) 
x(a+a7 +034...4+0) 4...) 
= Coefficient of @ in(1+ a? + a° +0’) 
x(14+07 +07 +0° +0°) 
x(t a+? +o03+at+a° +0° +07 +0° + 0°) 
[neglecting higher powers] 
= Coefficient of a? in(1+a* +a4+a°+a% +03 
t+a+o’ t+a°+a°t+a%+a’?)x(ltat+oa? 
a +a*+a°+a°+a0’ +0°+a") 
[neglecting higher powers] 
=1414+14+14+14+141414+14+14+14+1=12 

Case II If the inequation 

Xp +X, txg4+...+X_ Sn (i) 
[when the required sum is not fixed] 

In this case, we introduce a dummy variable x, , ,. 

So that, 

Xp txXg tX3t+...+Xm t$Xm41 =M, 
Xm41 20 (ii) 


Here, the number of Sols of Eqs. (i) and (ii) will be same. 


Example 99. Find the number of positive integral 
solutions of the inequation 3x+ y+z< 30. 
Sol. Let dummy variable w, then 
38x t+y+z+w=30,w20 ..-(i) 


Now, leta=x-1,b=y-1,c=z-1,d=w, then 
3a+b+c+d=25, where a, b,c,d>0 


-. Number of positive integral solutions of Eq. (i) 


ii) 


= Number of non-negative integral solutions of Eq. (ii) 
= Coefficient of a” in(1+a? +a° +...) 


(ita+a?+...) 
= Coefficient of w” in(1+a° +a° +...)(1-a)° 
= Coefficient of a”? in 
(1ta%+0°+...)(1+ 2Cyr + *Cr0? +...) 
= Cos + Coy + Cig + Cg + ?Cyz + Cy + PCy 


+ °C. °C 


es fe a OF fe G5 + Cs fe a OF fs “Cs aa "Gs 

# °Cy +30 
= 351+ 276+ 2104+ 153+ 105+ 66+ 364+ 15+3=1215 
Aliter 
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From Eq. (ii), 3a + b+ c + d = 25, where a, b,c,d=0 
Clearly, 0< a<8 ifa=k, then 
b+c+d=25-3k 


Hence, number of non-negative integral solutions of 
Eq. (iii) is 


...(iii) 


W-3k+3-1O, | = -3kO, = (27 — 3k)(26 — 3k) 


2 


7 50k — 53k + 234) 
Therefore, required number is 
8 
2 )" (Gk? — 53k + 234) 


k=0 
3). (sx2x7) (x2) ] 
sig (S828) | 263.|>"* | oe45e 0) 1215 

2/ 6 2 | 


Example 100. In how many ways can we get a sum 
of atmost 15 by throwing six distinct dice ? 


Sol. Let x,, x2 , x3, X4, Xx; and x, be the number that appears 
on the six dice. 
The number of ways = Number of solutions of the inequation 
Xp +X. + X34 xX4t+X5 + X_ S15 
Introducing a dummy variable x,(x7 = 0), the inequation 
becomes an equation 
X,txXgt xz, 4+Xg+xX5+X64+X7=15 
Here, 1< x; <6 fori =1, 2,3, 4,5,6 and x, =0. 
Therefore, number of solutions 
= Coefficient of x in(x + x? +x? +x44x°4+x°)® 
X(l+xtx7 4+...) 
= Coefficient of x° in(1— x°)°(1— x)? 
= Coefficient of x° in(1—6x°)(1+ ’C,x + °C, x? +...) 
[neglecting higher powers] 
=*C,-6x °C3 = °C. -6x °C3 
= 5005-504 = 4501 
Case III If the inequation 
Xy,+Xgt¢x34+...+xX, 2n 
[when the values of x,, Xp,..., x, are restricted] 
In this case first find the number of solutions of 


X, +X, +x3+...+x, Sn-—1and then subtract it 
from the total number of solutions. 


Example 101. In how many ways can we get a sum 
greater than 15 by throwing six distinct dice? 
Sol. Let x,, x2, x3, X4, X5 and x, be the number that appears 
on the six dice. 
The number of ways = Number of solutions of the 
inequation 
X,t xX, +x, 4+xX4t+xX5+xX,>15 
Here, 1< x; $< 6,i=1, 2, 3, 4,5, 6 


Total number of cases = 6° = 2° x 3° = 64 X 729 = 46656 
and number of ways to get the sum less than or equal to 15, 
which is 4501 [from Example 100] 


Hence, the number of ways to get a sum greater than 15 is 
46656 — 4501 = 42155 


Case IV If the equation 

CM KGanc®y, SO 
where (,, %,, %3,...are natural numbers. 
In this case number of positive integral solutions 
(x1, X2,%X3,...,X,) are 


eS ie OO a iy 


Example 102. Find the total number of positive 
integral solutions for (x, y,z) such that xyz = 24. 
Sol. xyz =24=2' x3} 
Hence, total number of positive integral solutions 
=(2t? 4634)? 16,4) 
= °C, x 3C, =30 
Aliter 
xyz =24=2? x3} 
Now, consider three boxes x, y, z. 
3 can be put in any of the three boxes. 
Also, 2, 2, 2 can be distributed in the three boxes in 
3*3-10, _, = °C, =10 ways. Hence, the total number of 


positive integral solutions = the number of distributions 
which is given by 3 x 10 = 30. 


Geometrical Problems 


a) If there are n points in a plane out of these points no 
P Pp Pp 
three are in the same line except m points which are 
collinear, then 
(i) Total number of different lines obtained by 
joining these n points is "C, —'"C, +1 
(ii) Total number of different triangles formed by 
joining these n points is "C3, — "C3 
(iii) Total number of different quadrilateral formed 
by joining these n points is 
"Ca —(™C3 7 Cy + Cg -"Co) 


Example 103. There are 10 points in a plane out of 
these points no three are in the same straight line 
except 4 points which are collinear. How many 
(i) straight lines (ii) trian-gles 
(iii) quadrilateral, by joining them? 
Sol. 


(i) Required number of straight lines 


10:9 4:3 
1-2 1:2 


22°C, =46, 415 +1=45-6+1=40 


(ii) Required number of triangles 


10-:9-8 
=I a tie 
1-2-3 


— 4C,=120- 4 =116 


(iii) Required number of quadrilaterals 
= Oy CO C52 "Ci + 20a Cy) 
10-9-8-7 _ 

{22:34 


(*¢,-°C, +11) 


= 210-(4 X6+ 1) =210- 25= 185 
(b) If there are n points in a plane out of these points no 
any three are collinear, then 
(i) Total points of intersection of the lines joining 
these n points = ?C,, where p= "C, 


(ii) If n points are the vertices of a polygon, then 


—3 
total number of diagonals = "C, —n= a) 


Example 104. How many number of points of 


intersection of n straight lines, if n satisfies 
11(n—1) 


n+5 n+3 
n+ = x Pa 2 
11(n-1 
Sol. We have, m5D = sc so Tp 
+5)! 11(n-1 +3)! 
” (n+5)!_1(m-1), (n +3) 
4! 2 3! 
“5 +4 11(n-1 
_ (n+5)(n+4)_1(n-1) 
4 2 
=> n’ —13n + 42=0 > (n—-6)(n—7)=0 
= n=6orn=7 


The number of points of intersection of lines is °C, or ’C 


=15or 21 


Example 105. The interior angles of a regular 
polygon measure 150° each. Then, find the number of 
diagonals of the polygon. 

Sol. Each exterior angle = 30° 


T 
60° 360X — 
.. Number of sides = = 180 — 49 
30° Tv 
30 x —— 
180 


. Number of diagonals = ’C, — 12 = 66 — 12 =54 


Example 106. In a polygon the number of diagonals is 
77. Find the number of sides of the polygon. 


Sol. Let number of sides of the polygon =n, then "C, —n =77 
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n(n 1) _ n(n—3) 14X11 


2 


n=77 > 


we get, n=14 

(c) n straight lines are drawn in a plane such that no two 
of them are parallel and no three of them are 
concurrent. Then, number of parts into which these 


lines divides the plane is equal to 


Pv ye cles) 
k=1 2 
Example 107. If n lines are drawn in a plane such 
that no two of them are parallel and no three of them 
are concurrent, such that these lines divide the plane 
in 67 parts, then find number of different points at 
which these lines will cut. 


Sol. Given number of straight lines = n, then 


n 2 
+n+2 
1+ Pk=67 = 27" * 267 
2 
k=1 


=> nn +n-132=0 => (n+12)(n—-11)=0 
n=11n#-12 


Hence, required number of points = "C, = ''C, = 


=55 
(d) If m parallel lines in a plane are intersected by a 
family of other n parallel lines. Then, total number of 
parallelograms so formed 
mn(m— 1)(n—1) 


= "Cy" Coie, 
2° C2 Fi 


Example 108. Find number of rectangles in a chess 
board, which are not a square. 


Sol. Number of rectangles = °C, x °C, = (36)? = 1296 
Number of squares =8X8+7X7+6X6+...+41X1 
= 204 
. Required number = 1296 — 204 = 1092 
123 45 6 7 8 9 


AON oOonABR WD 


9 


Square can be formed as follows : 


To form the smallest square, select any two consecutive 
lines from the given (here 9) vertical and horizontal lines. 
This can be done in 8 x 8 ways (1-2, 2-3, 3-4, ..., 8-9) 
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Again, to form the square consists of four small squares, 
select the lines as follows (1-3, 2-4, 3-5,..., 7-9) from both 
vertical and horizontal lines, thus 7 x 7 squares are 
obtained. Proceed in the same way) 

Note If n parallel lines are intersected by another n parallel lines, 


then number of rhombus = y(n 1)? == Y a =U 


(e) Number of Rectangles and Squares 


(i) Number of rectangles of any size in a square of 


n 
nxnis y r? and number of squares of any 


r=1 
size 1s > r’. 
r=1 
(ii) In a rectangle of n x p(n < p) number of 


rectangles of any size is “in +1)(p+1) and 


number of squares of any size is 
n 


yi (n+1-r)(p+1-r). 


r=1 


Example 109. Find the number of rectangles 
excluding squares from a rectangle of size 9 x 6. 
Sol. Here, n = 6 and p =9 


.. Number of rectangles excluding square 


on -y -r =F 
= 6+)O+1) y¥i7 - r) (10-1) 


r=1 
6 
=945— \°(70 - 177 +r?) = 945 — 154 =791 
r=1 
(f) If there are n rows, first row has, squares, 2nd row 

has , squares, 3rd row has @3 squares, ... and nth 
row has @,, squares. If we have to filled up the 
squares with B X, such that each row has atleast 
one X. The number of ways = Coefficient of x B in 


("Cet % Cy x? 2+ ena 


x Cet Ce? 44 eC) 


CIC ak Ce” ic PC et) x 


oC Oye + Cy? ae Cy xe) 


Example 110. Six x ’s have to be placed in the 
squares of the figure below, such that each row 
contains atleast one X. In how many different ways 
can this be done? 


Sol. The required number of ways 


= Coefficient of x° in(?C\x + °C, x*)(4C\x + 4C, x? 
+ 4C3x? + 4Cyx*) (2 Cyx + ?Cyx?) 
= Coefficient of x* in (2+ x)’ (4+6x + 4x* + x?) 
= Coefficient of x?in(4 + 4x + x”) (44+ 6x + 4x? + x3) 
=4+16+6 
= 26 
Aliter 
In the given figure there are 8 squares and we have to place 


6X’s this can be done in 


8-7 
"Ce = °C, = — = 28 ways 
1:2 


But these include the possibility that either headed row or 
lowest row may not have any X. These two possibilities are 
to be excluded. 


+. Required number of ways = 28 — 2 = 26 


Example 111. In how many ways the letters of the 
word DIPESH can be placed in the squares of the 
adjoining figure so that no row remains empty? 


Sol. If all letters are same, then number of ways 


= Coefficient of x° in (°C,x + 3Cy.x* + 2C3x°)* (C\x)* 
= Coefficient of x in(3 + 3x + x”)? 
= Coefficient of x in(3 + 3x)? 
[neglecting higher degree term] 
=27~x °C,=81 
But in DIPESH all letters are different. 


.. Required number of ways = 81 x 6! 


10. 


11. 


12. 


13. 


14. 


15. 
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| Exercise for Session 6 


If number of ways in which 7 different balls can be distributed into 4 different boxes, so that no box remains 
empty is 100 J, the value of A is 
(a) 18 (b) 108 (c) 1008 (d) 10008 


If number of ways in which 7 different balls can be distributed into 4 boxes, so that no box remains empty is 
48 i, the value of A is 
(a) 231 (b) 331 (c) 431 (d) 531 


If number of ways in which 7 identical balls can be distributed into 4 boxes, so that no box remains empty is4A, 
the value of A is 


(a) 5 (b) 7 (c) 9 (d) 11 

Number of non-negative integral solutions of the equationa + b +c =6is 

(a) 28 (b) 32 (c) 36 (d) 56 

Number of integral solutions ofa + b +c =0,a >—-5,b >—-5andc=-5, is 

(a) 272 (b) 136 (c) 240 (d) 120 

If a, band c are integers anda >1.b6 >2 andc =3.Ifa+b +c =15, the number of possible solutions of the 
equation is 

(a) 55 (b) 66 (c) 45 (d) None of these 


Number of integral solutions of 2x + y + z =10(x 20, y 20, Z=0)is 
(a) 18 (b) 27 (c) 36 (d) 51 
A person writes letters to six friends and addresses the corresponding envelopes. Let x be the number of ways 


so that atleast two of the letters are in wrong envelopes and y be the number of ways so that all the letters are 
in wrong envelopes. Then, x — y is equal to 


(a) 719 (b) 265 (c) 454 (d) None of these 


A person goes for an examination in which there are four papers with a maximum ofm marks from each paper. 
The number of ways in which one can get2m marks, is 

(a) 2™3¢, (b) (=) (m+ 1) (2m? + 4+ 4) 

(c) [S}m + 1) (2m? + 4m + 3) (d) None of these 

The number of selections of four letters from the letters of the word ASSASSINATION, is 

(a) 72 (b) 71 (c) 66 (d) 52 

The number of positive integral solutions of 2x, + 3x2 + 4x3 + 5x4 =285, is 

(a) 20 (b) 22 (c) 23 (d) None of these 

If a,b, and c are positive integers such that a + b + c <8, the number of possible values of the ordered triplet ( 
a,b,c )is 

(a) 84 (b) 56 (c) 83 (d) None of these 


The total number of positive integral solutions of 15 < x; + Xz + x3 <20 is equal to 

(a) 685 (b) 785 (c) 1125 (d) None of these 
The total number of integral solutions for (x, y,z) such that xyz = 24, is 

(a) 36 (b) 90 (c) 120 (d) None of these 


There are 12 points in a plane in which 6 are collinear. Number of different straight lines that can be drawn by 
joining them, is 
(a) 51 (b) 52 (c) 132 (d) 18 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


4 points out of 11 points in a plane are collinear. Number of different triangles that can be drawn by joining 
them, is 

(a) 165 (b) 161 (c) 152 (d) 159 

The number of triangles that can be formed with 10 points as vertices, n of them being collinear, is 110. Then, n 


IS 
(a) 3 (b) 4 (c) 5 (d) 6 


ABCD is a convex quadrilateral. 3, 4, 5 and 6 points are marked on the sides AB, BC, CD and DA, respectively. 
The number of triangles with vertices on different sides, is 
(a) 270 (b) 220 (c) 282 (d) None of these 


There are 10 points in a plane of which no three points are collinear and 4 points are concyclic. The number of 
different circles that can be drawn through atleast 3 points of these points, is 
(a) 116 (b) 120 (c) 117 (d) None of these 


4 points out of 8 points in a plane are collinear. Number of different quadrilateral that can be formed by joining 
them, is 
(a) 56 (b) 60 (c) 76 (d) 53 


There are 2n points in a plane in whichm are collinear (n >m >4). Number of quadrilateral formed by joining 
these lines 
(a) is equal to 2"C, — C, (b) is greater than 2"C, — "Cy 


(c) is less than 2"C, -— "Cy (d) None of these 


In a polygon the number of diagonals is 54. The number of sides of the polygon, is 
(a) 10 (b) 12 (c) 9 (d) None of these 


In a polygon no three diagonals are concurrent. If the total number of points of intersection of diagonals interior 
to the polygon be 70, then the number of diagonals of the polygon, is 
(a) 20 (b) 28 (c) 8 (d) None of these 


n lines are drawn in a plane such that no two of them are parallel and no three of them are concurrent. The 


number of different points at which these lines will cut, is 
n-1 

(a) k (b) n(n = 1) (c) n? (d) None of these 
k=1 


Six straight lines are drawn in a plane such that no two lines are parallel and no three lines are concurrent. Then, 
the number of parts into which these lines divide the plane, is 

(a) 15 (b) 22 (c) 29 (d) 36 

A parallelogram is cut by two sets of m lines parallel to its sides. The number of parallelogram thus formed, is 
(a) (C2)? (b) (7 1G)? (6) (?*405)7 (d) None of these 


The number of rectangles excluding squares from a rectangle of size 11x 8 is 48, then the value of A is 
(a) 13 (b) 23 (c) 43 (d) 53 


The number of ways the letters of the word PERSON can be placed in the squares of the figure shown so that 
no row remains empty, is 


(a) 24x 6! (b) 26x 6! (c) 26x 7! (d) 27x 7! 


Session 7 
Rank in a Dictionary, Gap Method 


Rank in a Dictionary 


The dictionary format means words are arranged in 
alphabetical order. 


Following Examples will help you learn how to find the 
rank in the dictionary. 


Example 112. If the letters of the word are arranged 
as in dictionary, find the rank of the following words. 


(i) RAJU (ii) UMANG 
(iii) AIRTEL 
Sol. (i) Ina dictionary, the letters in alphabetical order are 


(ii) 


(iii) 


A,J,R,U 
The first word is AJRU. 


Number of words beginning with A = Number of 
ways arranging J, R, U=3!=6 
Number of words beginning with J = 3! =6 
The next word begin with R and it is RAJU. 
. Number of words before RAJU = 12 
. Rank of word RAJU = 13 


The letters in alphabetical order are A, G, M, N, U 


. The first word is AGMNU 

Number of words beginning with A = 4! = 24 
Number of words beginning with G = 4! = 24 
Number of words beginning with M = 4! = 24 
Number of words beginning with N = 4! = 24 
Number of words beginning with UA = 3! =6 
Number of words beginning with UG = 3! =6 
Number of words beginning with UMAG = 1!=1 
Number of words beginning with UMANG = 1 

-. Rank of the word 

UMANG = 24 + 24+ 244+24+6+6+1+1=110 


The letters in alphabetical order are A, E, I, L, R, T 

*. The first word is AEILRT 

Number of words beginning with AE = 4! = 24 
Number of words beginning with AIE = 3! =6 
Number of words beginning with AIL = 3! =6 
Number of words beginning with AIRE = 2! = 2 
Number of words beginning with AIRL = 2! = 2 
Number of words beginning with AIRTEL = 1 

“. Rank of the word AIRTEL= 24+6+6+2+2+1= 41 


Example 113. If letters of the word are arranged as in 
dictionary, find the rank of the following words. 


(i) INDIA 


(ii) SURITI (iii) DOCOMO 

(i) The letters in alphabetical order are A, D, 1, I, N 
*. The first word is ADIIN a 

Number of words beginning with A = ae =12 


! 
Number of words beginning with D = a =12 


Number of words beginning with IA = 3! =6 
Number of words beginning with ID = 3! =6 
Number of words beginning with II = 3!=6 
Number of words beginning with INA = 2! =2 
Number of words beginning with INDA =1!=1 
Number of words beginning with INDIA = 1 
. Rank of the word INDIA 
=12+12+6+6+64+2+4+1+1= 46 
(ii) The letters in alphabetical order are I, I, R, S, T, U 
:. The first word is IRSTU 
Number of words beginning with I= 5! = 120 
! 


Number of words beginning with R = ~ = 60 


Number of words beginning with SI = 4! = 24 
! 
Number of words beginning with SR = er =12 


! 
Number of words beginning with ST = = =12 


Number of words beginning with SUI = 3! =6 
Number of words beginning with SURII=1!=1 
Number of words beginning with SURITI = 1 
-. Rank of the word SURITI 
= 120+ 60+ 24 +124+12+6+1+1= 236 
(iii) The letters in alphabetical order are C, D, M, O, O, O 
*. The first word is CODMOOO 


! 
Number of words beginning with C = ~ = 20 


! 
Number of words beginning with DC = = =4 


! 
Number of words beginning with DM = 7 =4 


! 
Number of words beginning with DOCM = - =1 


Number of words beginning with DOCOMO = 1 
“. Rank of the word DOCOMO = 20+ 44+ 4+1+1=30 
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Gap Method 


[when particular objects are 
never together] 


Example 114. There are 10 candidates for an 
examination out of which 4 are appearing in 
Mathematics and remaining 6 are appearing in 
different subjects. In how many ways can they be 
seated in a row so that no two Mathematics 
candidates are together? 
Sol. In this method first arrange the remaining candidates 
Here, remaining candidates = 6 
x0x0x0X0x0x0x 
x: Places available for Mathematics candidates 
0: Places for others 


Remaining candidates can be arranged in 6! ways. There 
are seven places available for Mathematics candidates so 
that no two Mathematics candidates are together. Now, 
four candidates can be placed in these seven places 

in" P, ways. 


Hence, the total number of ways = 6! x ’P, = 720 x 840 
= 604800 


Example 115. In how many ways can 7 plus (+) and 5 


minus (—) signs be arranged in a row so that no two 
minus (—) signs are together? 


Example 117. Find the number of ways in which 5 
girls and 5 boys can be arranged in a row, if boys and 
girls are alternate. 


Sol. First five girls can be arranged in 5! ways 


le, XGXGXGXGXG or GXGxXGXGXGx 


Now, if girls and boys are alternate, then boys can occupy 
places with ‘ x’ as shows above. 


Hence, total number of arrangements is 
5'x5!145!x5!=2x(5!)" 
Use of Set Theory 


A set is well defined collection of distinct objects. 


Subset 


If every element of a set A is also an element of a set B, 
then A is called the subset B, we write 


ACBS {xeA>xeE B} 
Union 
The union of two sets A and Bis the set of all those 
elements which are either in A or in B or in both. This set is 
denoted by AU Bor A+B. 
Symbolically, AU B= {x:xe Aor xe B} 
Intersection 
The intersection of two sets A and Bis the set of all 


elements which are common in A and B. This set is denoted 
by AM Bor AB. 


Symbolically, AA B={x:xeA and xe B} 


Sol. In this method, first arrange the plus (+) signs. 


Here, minus (—) signs = 5 
0+0+0+0+0+0+0+0 


We can put minus (—) sign in any of the 8 places in the 
above arrangement i.e., we have to select 5 places out of 8 
which can be done is °C; ways = °C; ways = 56 ways. 


Example 116. Find the number of ways in which 5 


girls and 5 boys can be arranged in a row, if no two 
boys are together. 


Sol. In this example, there is no condition for arranging the 


girls. Now, 5 girls can be arranged in 5! ways. 
xGXGXGXGXGXx 


When girls are arranged, six gaps are generated as shown 
above with ‘x’. 


Now, boys must occupy the places with ‘x’ marked, so that 
no two boys are together. 


Therefore, five boys can be arranged in these six gaps in 


op. ways. 


Hence, total number of arrangement is 5! x °Ps. 


Example 118. A is a set containing n elements. A 
subset P, of A is chosen. The set A is reconstructed 
by replacing the elements of P,. Next, a subset P, of 
A is chosen and again the set is reconstructed by 
replacing the elements of P, . In this way m (> 1) 
subsets P,,P ,...,P,, of A are chosen. Find the 
number of ways of choosing P,,P ,...,P,,, so that 
(i) RAP APS A... OP, =O 
(ii) R UP) UPs U..UP, =A 
Sol. Let A = {a,, a), a3, ..., A} 
(i) For each a; (1S iS n), we have either ae P; or 
a, € P; (1S j<m).ie., there are 2” choices in which 
a;(1S< i< n) may belong to the P;’s. 
Out of these, there is only one choice, in which a; € P; 
for all j = 1, 2,..., m which is not favourable for 
ROAR OPO... P, to be o. Thus, 
a €PR OP, O... P, in(2” — 1) ways. Since, there 
are n elements in the set A, the total number of 


choices is (2” — 1)”. 
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(ii) There is exactly one choice, in which, a; € P; for all Example 120. Find the sum of the digits in the unit's 
j =1,2,3,...,m which is not favourable for place of all numbers formed with the help of 3, 4, 5, 6 
RUPUP U...U P, to be equal to A. Thus, a; can taken all at a time. 
belong to R U P, U Ps UV... U Pp, in (2” — 1) ways. Sol. Sum of the digits in the unit’s place 
Since, there are n elements in the set A, the number of =(4-1)!(3+44+5+6)=6x 18= 108 
ways in which P, U P, U P; U...U Fy, can be equal to (ii) The sum of all digit numbers that can be formed using 
Ais(2” — 1)". the digits a), a2, ..., a, (repetition of digits not allowed) 

(10" = 1) 


Example 119. A is a set containing n elements. A i el 


subset P of A is chosen. The set A is reconstructed 


by " eplacing the elements of P. A subset of A is numbers that can be formed using the digits 1, 2, 3, 
again chosen. Find the number of ways of choosing 4 and 5 (repetition of digits not allowed) 
P and Q, so that 10° — 3 


Example 121. Find the sum of all five digit 


: Sol. Required sum =(5-1)!(1+2+3+4+5) 
(i) PQ contains exactly r elements. 


7 = 24-15-11111 = 3999960 
(ii) P ~Q contains exactly 2 elements. 


Aliter 
(iii) PAQ=o Since, one of the numbers formed with the 5 digits a, b,c, d 
Sol. Let A = {a;, a, a3,..., dy} and eis10‘a+10°b+10’c +10d +e; 
(i) Ther elements in P and Q such that P M Q can be Hence, 10a will occur altogether in 4 ! ways similarly each 
chosen out of n is "C, ways a general element of A of 10*b, 10*c, 10°, 10*e will occur in 4 ! ways. 


must satisfy one of the following possibilities [here, 
general element be a,(1< i< n)] 
(i) a, € Panda; €Q 
(ii) a, € Panda; €Q 
(iaeradecd 10°-b+10°-c+10°-d+10-e+a 


Hence, if all the numbers formed with the digits be written 
one below the other, thus 


10*-a+10°-b+107-c+10-d+e 


(iv) a; ¢ Panda, €Q 10°-c +10°-d+10°-e+10-a+b 
Let a, dz,....4.€ PAQ 

There is only one choice each of them (i.e., (i) choice) 
and three choices (ii), (iii) and (iv) for each of 10*-e + 10°-a+10°-b+10-c+d 
remaining (n — r) elements. 


10*-d+10°-e +10°-a+10-b+c 


Hence, the required sum 


“as _an-r 
Hence, number of ways of remaining elements = 3 Beis eee ee (104 din? 4g? ated. 1) 
Hence, number of ways in which P J Q contains 


=4! = 
eae prlenene =" at 4!x(1+24+3+4 4 +5) (11111) = 3999960 


(i) Put r =2, then "C, x 3"~? Difference between Permutation and Combination 
(iii) Put r = 0, then "Cy x 3” = 3” Problems of permutations Problems of combinations 
1. Arrangements Selections, choose 


Sum of digits 
Standing in a line, seated in a row | Distributed group is formed 


(i) The sum of the digits in the unit’s place of all numbers Problemson digits Bimeaiine 
formed with the help of a, a,...,a, taken all at a time 
is (n—1)!(a, +a, +...+a,) 


(repetition of digits not allowed) 


ie |) 99 BS 


Problems on letters from a word | Geometrical problems 
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Exercise for Session 7 


1. The letters of the word “DELHI” are arranged in all possible ways as in a dictionary, the rank of the word 


“DELHI” is 
(a) 4 (b) 5 
(c) 6 (d)7 


2. The letters of the word “KANPUR” are arranged in all possible ways as in a dictionary, the rank of the word 
“KANPUR?” from last is 


(a) 121 (b) 122 
(c) 598 (d) 599 
3. The letters of the word “MUMBAI” are arranged in all possible ways as in a dictionary, the rank of the word 
“MUMBAI” is 
(a) 297 (b) 295 
(c) 299 (d) 301 


4. The letters of the word “CHENNAI” are arranged in all possible ways as in a dictionary, then rank of the word 
“CHENNAI” from last is 
(a) 2016 (b) 2017 
(c) 2018 (d) 2019 


5. If all permutations of the letters of the word “AGAIN” are arranged as in a dictionary, then 50th word is 
(a) NAAGI (b) NAGAI 
(c) NAAIG (d) NAIAG 


Shortcuts and Important Results to Remember 


When two dice are thrown, the number of ways of getting 
a total r (sum of numbers on upper faces), is 


(Vries 27 
(ii) 13-1, if8<r<12 


When three dice are thrown, the number of ways of 
getting a total r (sum of numbers on upper faces), is 


(i) "Cs, if Bsr <8 
(ii) 25, ifr =9 

(iii) 27, ifr =10,11 

(iv) 25, ifr =12 

(v) *°-'Cy, if 18 <r <18 


The product of k consecutive positive integers is divisible 
by k!. 


4 Number of zeroes inn!=E;(n!) 


5 nstraight lines are drawn in the plane such that no two 


10 


lines are parallel and no three lines are concurrent. Then, 
the number of parts into which these lines divides the 


; (n? +n +2) 
plane is equal to gis 


"C, is divisible by n only, ifn is a prime number 
(i<r<n-1). 
The number of diagonals in n-gon (n sides closed 


polygon) is el 


In n-gon no three diagonals are concurrent, then the total 
number of points of intersection of diagonals interior to 
the polygon is "Cy. 


Consider a polygon of n sides, then number of triangles in 
which no side is common with that of the polygon are 


anin=4)(n 8) 


If m parallel lines in a plane are intersected by a family of 
other rn parallel lines. The total number of parallelograms 
mn(m—1)(n —1) 


so formed = "Co -"Co = r 


11 


12 


13 


Highest power of prime pin "C, , since 
n! 


(r! 
and Hp {(n —r)!} = 
Then, HCC, )=a-(B +7) 


Highest power of prime pin "P. , since 
n! 
(n-r)! 
IFHo (9 =A, Ap {(n —r) 1} =p. Then, Hp (Ph )=A —p 


"Pp = 


If there are n rows. Ist row has m squares, IInd row has Ms 
squares, Illrd row has m3 squares and so on. If we placed 
X X’s in the squares such that each row contains atleast 
one X. Then the number of ways = Coefficient of x* in 


COKE Ca x? ct Cy x) 
x (™C\x +°Cp x? + ™Cgx? +...4 Cy x7) x 


(Ox +™Cg x? +... MC X™ YX... 


feted Se yen 
xX yon 
=> (x —n)(y—n)=n? 
X=N+A, 
nape 
1 


where A is divisor of n°. 


Then, number of integral solutions (x, y) is equal to 
number of divisors of n°. 


Ifn =3,n? =9=37, the equation has 3 solutions. 
(x, y) = (4, 12), (6 6), (12, 4) 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


Ex. 1 Number of words of 4 letters that can be formed 
with the letters of the word IIT JEE, is 
(a) 42 (b) 82 (c) 102 (d) 142 
Sol. (c) There are 6 letters _I, I, E, E, T, J 
The following cases arise: 
Case I All letters are different 
*P,=4!=24 
Case II Two alike and two different 
“Cec, x a7 
2! 


Case III Two alike of one kind and two alike of another 
kind 4! 


Hence, number of words = 24 + 72+ 6 = 102 
Aliter 


Number of words = Coefficient of x* in 
2 
2 
ufrs mare _ (1+ x) 
1! 2! 


= Coefficient of x* in 6[(1+ x)? +1}°(1+ x) 
= Coefficient of x* in 6[(1 + x)° + 2(1+ x)! +(1+ x)*] 
= 6[ °C, +2-7 Cy + 0] =6(15 + 2) = 102 


>» Ex. 2 Let y be element of the set A = {1, 2, 3, 5, 6, 10, 15, 
30} and x,, X,, X, be integers such that x,x, x, =y, the 
number of positive integral solutions of x,XX3 =Y, is 

(a) 27 (b) 64 (c) 81 (d) 256 
Sol. (b) Number of solutions of the given equations is the same 
as the number of solutions of the equation 


X1 X_ X3 X4=30=2X3X5 
Here, x, is infact a dummy variable. 
If x, x, x,= 15, then x,= 2 and if x,x,. x,=5, then x,=6, etc. 
Thus, XX XyX4=2X3X5 
Each of 2,3 and 5 will be factor of exactly one of x,, x, X3, 
x, in 4 ways. 


. Required number = 4° = 64 


» Ex. 3 The number of positive integer solutions of 
a+b+c=60, where a is a factor of b and c, is 
(a) 184 (b) 200 (c) 144 (d) 270 


Sol. (c) «ais a factor of b and c = a divides 60 


ae a= 1, 2, 3, 4, 5, 6, 10, 12, 15, 30 [a #60] 
and b= ma,c = na, whenm,n2=>1 
a+b+c=60 ” 
=> a+mat+na=60 > m+n=(2-1] 
a 


i —-1-1 60 
-. Number of solutions = ¢ C,_,=|—-2 


Hence, total number of solutions for all values of a 
=58+ 28+ 184+134+104+8+44+34+2+0= 144 


Ex. 4 The number of times the digit 3 will be written 
when listing the integers from 1 to 1000, is 
(a) 269 (b) 271 (c) 300 (d) 302 


Sol. (c) Since, 3 does not occur in 1000. So, we have to count 
the number of times 3 occurs, when we list the integers 
from 1 to 999. 


Any number between 1 and 999 is of the form xyz, where 
OS x, y,z89. 


Let us first count the number in which 3 occurs exactly 
once. Since, 3 can occur at one place in 8 ways, there are 
°C, x 9 x 9 = 243 such numbers. Next 3 can occur in exactly 
two places in *C, x 9 = 27 such numbers. Lastly, 3 can 


occur in all three digits in one number only. Hence, the 
number of times, 3 occurs is 1 X 243+ 2x 27+ 3x 1= 300 


» Ex. 5 Number of points having position vector 
ai + bj + ck, where a, b,c € {1, 2,3, 4,5} such that 2° +3° +5° 
is divisible by 4, is 
(a) 70 (b) 140 
(c) 210 (d) 280 
Sol. (a) *- 2° +3? +5° =2° + (4-1) +(441) 
= 2" + 4k + (-1)’ + (1° 
= 274 4k+(-1) +1 
I. a= 1, b = even, c = any number 
II. a # 1, b= odd, c = any number 
.. Required number of ways =1X2x5+4x3xX5=70 
['.. even numbers = 2, 4; odd numbers = 1, 3,5 and any 


numbers = 1, 2, 3, 4, 5] 


Ex. 6 Number of positive unequal integral solutions of 
the equation x +y + z=12 is 
(a) 21 (b) 42 (c) 63 (d) 84 
Sol. (b) We have, x +y+z=12 (i) 


Assume x < y< z. Here, x, y,z21 


“. Solutions of Eq. (i) are 
(1, 2, 9), (1, 3, 8), (1, 4 7), (1, 5, 6), (2, 3, 7), (2, 4, 6) and (3, 4, 5). 
Number of positive integral solutions of Eq. (i) = 7 but 
x, y, z can be arranged in 3! = 6 
Hence, required number of solutions = 7 x 6 = 42 
Aliter 
Letx=Q,y-x=B,z-y=y 
.x=y=at+P,z=at+B+y 
From Eq. (i), 3a + 2B + y =12;0,8, y21 
.. Number of positive integral solutions of Eq. (i) 
= Coefficient of A” in 
(AP +A +19 +A +...) 
(2+ AT HAS HAR + AO 4A? 4+...) 
(A+M +02 4..4 2%) 
= Coefficient of A° in(1+ A? +A°)(1+A% +04 419) 
(1+ XN +A +A3 +04 415 44°) 
= Coefficient of A° in(1+ a7 +A54+1°4+27 42° +A°) 
X(Lt+ N+ ++ AP 40? +15) 
=14+14+14+14+14+1+1=7 
but x,y, z can be arranged in 3! = 6 
Hence, required number of solutions = 7 x 6 = 42 


Ex. 7 12 boys and 2 girls are to be seated in a row such 
that there are atleast 3 boys between the 2 girls. The number 
of ways this can be done is i X12!, the value of X is 

(a) 55 (b) 110 (c) 20 (d) 45 
Sol. (b) Let P= Number of ways, 12 boys and 2 girls are 
seated in a row 
=14!=14 x 13 x 12! = 182 x 12! 
P, = Number of ways, the girls can sit together 
=(14 —2+1)x 2! x 12! = 26 x 12! 
P, = Number of ways, one boy sits between the girls 
=(14 —3+1)x 2! x 12! =24 x 12! 
P, = Number of ways, two boys sit between the girls 
=(14-—4+1)x 2! x 12! = 22x 12! 
.. Required number of ways = (182 — 26 — 24 — 22) x 12! 
=110x12!=A x 12! [given] 
A = 110 


Ex. 8 A is a set containing n elements. A subset P of A is 
chosen. The set A is reconstructed by replacing the elements 
of P. A subset Q of A is again chosen, the number of ways of 
choosing so that(P U Q) is a proper subset of A, is 

(a) 3” (b) 4” (c)4" — 2" (d) 4" —3" 
Sol. (d) Let A = {a, ay, dy,...,.a,} 
a general element of A must satisfy one of the following 
possibilities. 
[here, general element be a,(1< i< n)] 
(i)a,€ P,a,EQ (ii) a, € P,a,; EQ 
(iii) a; € P,a; € Q (iv) a, € P,a,; €Q 
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Therefore, for one element a; of A, we have four choices (i), 
(ii), (iii) and (iv). 
.. Total number of cases for all elements = 4” 


and for one element a, of A, such that a, € P U Q, we have 
three choices (i), (ii) and (iii). 


.. Number of cases for all elements belong to PU Q = 3” 


Hence, number of ways in which atleast one element of A 
does not belong to 


PUQ=4"-3". 


Ex. 9 Let N be a natural number. If its first digit (from the 
N 
left) is deleted, it gets reduced to oe The sum of all the digits 


of N is 
(a) 14 (b) 17 
(c) 23 (d) 29 
Sol. (a) Let N =a, a, _, G,_» ... 3 A, Gay 
=a) +10a,+10’a, +...+10" 7a, ,+10"a,  ...(i) 


Then, —=4,_, 4, 9 @,_3 «.- Az A, A, dy 
29 


n—2 n—-1 
a,-2+10° “a,_, 


= a) + 10a, + 10a, +... +10 
or N=29(a)+10a,+10°a, +... 
+10"-7a,_,+10"~'a,_,) ...(ii) 
From Eqs. (i) and (ii), we get 
10" -a, = 28(a, + 10a, + 10a, +...+ 10" *a,_,) 
= 28 divides 10"-a, >a, =7,n>2=5° =a, + 10a, 


The required N is 725 or 7250 or 72500, etc. 
.. The sum of the digits is 14. 


Ex. 10 If the number of ways of selecting n cards out of 
unlimited number of cards bearing the number 0, 9, 3, so that 
they cannot be used to write the number 903 is 93, then n is 


equal to 
(a) 3 (b) 4 
(c) 5 (d) 6 


Sol. (c) We cannot write 903. 
If in the selection of n cards, we get either 
(9 or 3), (9 or 0), (0 or 3), (only 0), (only 3) or (only 9). 
For (9 or 3) can be selected = 2 x 2x 2X... x n factors = 2” 
Similarly, (9 or 0) or (0 or 3) can be selected = 2" 


In the above selection (only 0) or (only 3) or (only 9) is 
repeated twice. 


“. Total ways = 2” + 2” +2" —3=93 
=> 3-2" =96 => 2" =32=2° 


n=5 


JEE Type Solved Examples : 


More than One Correct Option Type Questions 


= This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
more than one may be correct. 


Ex. 11 Ina plane, there are two families of lines 
y=xt+r,y=-—x-+4r, where r € {0,1, 2, 3, 4}. The number of 
squares of diagonals of the length 2 formed by the lines is 


3 
(a) 9 (b) 16 (5 "Cr (d) 5c, + *Py 
Sol. (a, c) There are two sets of five parallel lines at equal 
distances. Clearly, lines like |,, 1,, m, and m, form a square 
whose diagonal’s length is 2. 


“. The number of required squares = 3 X 3=9 = = Cy 
[ choices are (1, 1,), (1), l,) and (1,, 1, ) for one set, etc.] 


Ex. 12 Number of ways in which three numbers in AP 
can be selected from, 2, 3,...,n, is 


2 

(a) (7 = ‘ ,ifniseven (b) a2) , if nis even 
2 4 
_ 

QV iio: ta) an D enicedd 


Sol. (b, c) If a, b, c are in AP, then a+c=2b 
aand c both are odd or both are even. 
CaseI Ifnis even 
Let n = 2m in which m are even and m are odd numbers. 


. Number of ways = "C, + "C,=2-"C, =2- m(m — 1) 


- “(3 -1)= n(n — 2) 
2\2 4 
Case II If nis odd 
Let n = 2m + 1in which mare even and m+ 1 are odd numbers. 
. Number of ways = "C, + "*"C, 
Z m(m—1) | (m+1)m _ — (n—1)° 
2 2 4 


[nn = 2m] 


[nn =2m +1] 


Ex. 13 Ifn objects are arranged in a row, then number of 
ways of selecting three of these objects so that no two of 
them are next to each other, is 


Grr, 
() (n — 2)(n — 3)(n — 4) 


(b) eal oe Ae ao 


(d)"C, 


Sol. (a, b, c) Let a, be the number of objects to the left of the 
first object chosen, a, be the number of objects between 
the first and the second, a, be the number of objects 
between the second and the third and a, be the number of 
objects to the right of the third object. Then, 


dy, a, 20anda,a,21 


© ° © 
ag—>+ ay a+ ao >< a3 


also. a) +a,+a,+a,=n-3 
Let a=a),+1,b=a, +1, then a2 1, b21such that 
a+a+a,t+b=n-1 
The total number of positive integral solutions of this 
equation is"MIC, = "2c, = "30, 4 ™3¢, 
_ (n—2)(n — 3)(n — 4) 
1-2-3 
» Ex. 14 Given that the divisors of n=3? -5'-7" are of the 
form 4X +1, X 20. Then, 


(a)p+risalwayseven (b)p+q+ris even or odd 


(c)q can be any integer (d) if p is even, then r is odd 


Sol. (a, b, c) 
a 3? =(4-1)? = 4A, 4+(-1)?, 
57 =(44+1)) =4A,4+1 
and 7’ =(8-1) =8A, +(-1) 


Hence, both p andr must be odd or both must be even. Thus, 
p +ris always even. Also, p + q +rcan be odd or even. 


Ex. 15 Number of ways in which 15 identical coins can be 
put into 6 different bags 


(a) is coefficient of x" in x°(1+ x + x? +... 0)°, if no bag 
remains empty 


(b) is coefficient of x’ in(1— x)° 

(c) is same as number of the integral solutions of 
atb+c+d+t+e+f=15 

(d) is same as number of non-negative integral solutions of 


oe =15 
i=1 


Sol. (a, b, d) Let bags be x,, xy, x3, x4, x, and x,, then 
Xt Xgtx,+Xg+x54+ x, = 15. 
. For no bags remains empty, number of ways 
= Coefficient of x’? in(x'+ x? + x? +... 0)° 


= Coefficient of x! in x°(1+ x + x? +... 0)° 


= Coefficient of x’ in(1— x)° 


In option (c), it is not mentioned that solution is positive integral. 


JEE Type Solved Examples : 
Passage Based Questions 


= This section contains 3 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 16 to 18) 


All the letters of the word ‘AGAIN’ be arranged and the 
words thus formed are known as ‘Simple Words’. Further 
two new types of words are defined as follows: 

(i) Smart word: All the letters of the word ‘AGAIN’ are 
being used, but vowels can be repeated as many times 
as we need. 

(ii) Dull word: All the letters of the word ‘AGAIN’ are 
being used, but consonants can be repeated as many 
times as we need. 


16. If a vowel appears in between two similar letters, the 
number of simple words is 


(a) 12 (b) 6 (c) 36 (d) 14 
17. Number of 7 letter smart words is 
(a) 1500  (b)1050 (c)1005 ~— (d) 150 


18. Number of 7 letter dull words in which no two vowels 
are together, is 


(a) 402 (b) 420 (c) 840 (d) 42 
Sol. 
16. (b) 
N | ALA | G 
*. Required number of simple words = 3! = 6 
17. (b) 
A G A I N A A 
it I 
A I 


.. Number of 7 letter smart words 
7! 7! 7! 
=—+ + 
4! 2:3! 3!2! 


= 210+ 420+ 420 = 1050 


18. (b) Now, 3 vowels A, I, A are to be placed in the five 
available places. 


{x Nx Gx Nx Nx 
OR 

x Nx Gx Gx Gx 

| OR 

[x Nx Gx Gx Nx 
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Hence, required number of ways 


3! 4! 4! 4! 
=a Oe < “| +— + 
3! 3! at 2! 


= 30(4 + 4+ 6)= 420 


Passage II (Ex. Nos. 19 to 21) 


Consider a polygon of sides ‘n’ which satisfies the equation 
3- "Py = OP 


19. Rajdhani express travelling from Delhi to Mumbai 
has n stations enroute. Number of ways in which a 
train can be stopped at 3 stations if no two of the 
stopping stations are consecutive, is 
(a) 20 (b) 35 (c) 56 (d) 84 


20. Number of quadrilaterals that can be formed using the 
vertices of a polygon of sides ‘n’ if exactly 1 side of the 
quadrilateral is common with side of the n-gon, is 
(a) 96 (b) 100 (c) 150 (d) 156 


21. Number of quadrilaterals that can be made using the 
vertices of the polygon of sides ‘n’ if exactly two 
adjacent sides of the quadrilateral are common to the 
sides of the n-gon, is 
(a) 50 (b) 60 (c) 70 

Sol. -. a Se 
It is clear that n 2 6. 

. 3-n(n —1)(n — 2)(n — 3) =(n — 1)(n — 2)(n — 3) 

(n — 4)(n — 5) 
=> (n-1)(n—2)(n —3)(n* — 12n + 20) =0 
> (n — 1)(n — 2)(n — 3)(n — 10)(n — 2) =0 
: n=10,n 41,2,3 
> n=10 

19. (d) Let ay be the number of stations to the left of the 


station I chosen, a, be the number of stations between the 
station I and station II, a, be the number of stations 
between the station II and station III and a, be the 
number of stations to the right of the third station. Then, 


(d) 80 


[n= 6] 


dy, a, 2 0anda,a,21 
Also, ay +a,+ a, +a,=n+1-3 
Let a=a,+1,b=a, +1, then a, b> 1 such that 
at+a+a,t+b=n 
. Required number of ways=""'C,_,= ’C,_ [here, n = 10] 
= 84 
20. (c) Number of quadrilaterals of which exactly one side is 
the side of the n-gon 


Sn%' "OC, =10% °C, = 150 [m= 10] 


410 = Textbook of Algebra 


21, (a) Number of quadrilaterals of which exactly two adjacent 
sides of the quadrilateral are common to the sides of the 
n-gon 

=nx"°Cj=n(n—5)=10X5 [n= 10] 


= 50 
Passage III 


(Ex. Nos. 22 to 23) 
Consider the number N = 2016. 


22. Number of cyphers at the end of “Cy, is 


(a) 0 (b) 1 
(c)2 (d) 3 
23. Sum of all even divisors of the number N is 
(a) 6552 (b) 6448 
(c) 6048 (d) 5733 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 
(both inclusive). 


18 18 18 20 
Ex. 24 Je }+( }-[ - 
r-2 r—-1 r 13 


number of values of r are 
fo 


18 
Sol. (7) We have, [ _ i} .° _ ijt We 


It means that ss Oe 9 t2: re 4.4 

= (C,_2 + ®C,_.) + (7C,_4 + ie aes, 
= 9¢ +c >, 

=> 200 > 200, 

or 0 > 2%, 
= 7Sr<13 


r =7, 8,9, 10, 11, 12, 13 


Hence, the number of values of r are 7. 


(2016)! 
[(1008)!}° 
_ [2016] [2016] [2016] [2016] 
E;(2016!) l ‘bale: ig Vb ee 
= 403 + 80+ 16+3=502 
[1008] [1008] [1008] [1008] 


is 


= 201+ 40+8+1= 250 


Hence, the number of cyphers at the end of 7°"? C993 


= 502 — 250 — 250 =2 
23. (b)-: N=2016=2°-3?-7! 


+, Sum of all even divisors of the number N 


=(2+2? +23 +24 +2°)(1+3437)(1+7')= 6448 


® Ex. 25 IfX be the number of 3-digit numbers are of the 


form xyz with x <y,z<y and x £0, the value oa is 


Sol. (8) Since, x21, then y>2 [ex<y] 
If y =n, then x takes values form 1 to n — 1 and z can take 
the values from 0 to n — 1 (i.e., n values). 


Thus, for each values of y(2< y <9), x and z take n(n — 1) 
values. 


Hence, the 3-digit numbers are of the form xyz 


= Yintn-1)= phe [. atn =1,n(n-1)=0] 


n=l n=l 
919 +1)(18 +1) 9(9 +1) 
6 7 2 
= 285 — 45 
=240=A [given] 
~ 


30 


JEE Type Solved Examples : 
Matching Type Questions 
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= This section contains 2 examples. Examples 26 and 27 have four statements (A, B and C) given in Column I and four 
statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more 


statement(s) given in Column II. 


© Ex. 26 
Column | Column II 
(A) |The sum of the factors of 8! which are odd | (p) | 384 
and are the form3A + 2,4 €N, is 
(B) |The number of divisors of n = 27 -3°-5° (q) | 240 
which are the form 4A + 1,4 EN, is 
(C) Total number of divisors of (r) 11 
n=2°-34.5'°.7° which are the form 
4X +2, 1, is 
(D) | Total number of divisors of n =3°-5’-7° (s)| 40 
which are the form 4A + 1, A > 0, is 
Sol. (A)> 5 (B) > 5(C)> p (D)> q 


(A) Here, 8! = 2’ -3*-5'-7! 


So, the factors may be 1, 5, 7, 35 of which 5 and 
35 are of the form 3A + 2. 


.. Sum is 40. 


(B) Number of odd numbers = (5 + 1)(3 + 1) = 24 


Required number = 12, but 1 is included. 


.. Required number of numbers = 12 — 1 = 11 of 
the form 4A + 1. 


(C) Here, 44 + 2=2(2A +1) 


.. Total divisors = 1-5-11-7 —1=384 


['.. one is subtracted because there will be case 
when selected powers of 3, 5 and 7 are zero] 


(D) Here, any positive integer power of 5 will be in 
the form of 44 +1when even powers of 3 and 
7 will be in the form of 44 + 1 and odd powers of 


3 and 7 will be in the form of 4A — 1. 
. Required divisors = 8(3-5 + 3-5) = 240 


© Ex. 27 
Column I Column II 
(A) | Four dice (six faced) are rolled. The number of (p) | 210 
possible outcomes in which atleast one die shows 
2,18 
(B) | Let A be the set of 4-digit numbers a,a,a,a,, where | (q) 480 
a, >a, >a, >a,. Then, n(A) is equal to 
(C) | The total number 3-digit numbers, the sum of (r) | 671 
whose digits is even, is equal to 
(D) | The number of 4-digit numbers that can be formed | (s) | 450 
from the digits 0, 1, 2, 3, 4, 5, 6, 7, so that each 
number contains digit 1, is 
Sol. (A)> 5 (B)> p(C)> s (D)> gq 
(A) The number of possible outcomes with 2 on atleast one die 


(B) 


(C) 


(D) 


= The total number of outcomes with 2 on atleast one die 
= (The total number of — outcomes) — (The number of 
outcomes in which 2 does not appear on any dice) 

= 6' —5* = 1296 — 625 =671 


Any selection of four digits from the 10 digits 0, 1, 2, 3,..., 9 
givesone number. So, the required number of numbers 
is Cy ie. 210. 


Let the number be n = pqr. Since, p + q +r is even, p can 
be filled in 9 ways and q can be filled in 10 ways. 

r can be filled in number of ways depending upon what is 
the sum of p and q. 

If (p + q) is odd, then r can be filled with any one of five 
odd digits. 

If (p + q) is even, then r can be filled with any one of five 
even digits. 

In any case, r can be filled in five ways. 

Hence, total number of numbers is 9 x 10 X 5 = 450 


After fixing 1 at one position out of 4 places, 3 places can 
be filled by ’ P, ways. But for some numbers whose fourth 


digit is zero, such type of ways is ° P,. Therefore, total 


number of ways is ’ P, — °P, = 480 
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JEE Type Solved Examples : 
Statement | and II Type Questions 


= Directions Example numbers 28 and 29 are 
Assertion-Reason type examples. Each of these examples 
contains two statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


Ex. 28 Statement-1 Number of rectangles on a chess- 
board is °C, **C,,. 
Statement-2 To form a rectangle, we have to select any two 
of the horizontal lines and any two of the vertical lines. 


Sol. (d) In a chessboard, there are 9 horizontal lines and 9 
vertical lines. 


.. Number of rectangles of any size are °C, x °C. 


Hence, Statement-1 is false and Statement-2 is true. 


Subjective Type Examples 


= In this section, there are 17 subjective solved examples. 
Ex. 30 Solve the inequality 
= = 5 
oad Oe aaa er = As <0,xEN. 
Sol. We have, *"C,-—*"'C, -2* 7A, <0 


is (x-1)(x=2)(x—3)(x-4) (x—1)(4—2)(x-3) 
1:2:3-4 12:3, 


~2.(x-2(x-3)< 0 
& (x-1)(x —2)(x—-3)(x- 4)—- 4(x -1)(x —2)(x -3) 

—30(x —2)(x -3)<0 
= (x-2)(x -—3){(x -1)(x — 4)- 4(x -1)-30}< 0 


+ + + 
-2N_= 2 3 ih 


= (x—2)(x—3){x? —9x—22}<0 
= (x-2)(x-3)(x+2)(x-11)<0 


Ex. 29 Statement-1 If f : {a,,a5,43,44,a;}—> 


{41,4 ,43,a,,a5}, f is onto and f(x) # x for each 


x € {d,,4),43,44,a5}, is equal to 44. 


Statement-2 The number of derangement for n objects is 


1 1 1 1 
=120)}---+ - 
2 6 24 120 


=6-20+5-1 
=65-21 
= 44 


Hence, Statement-1 is true, Statement-2 is true and 


Statement-2 is a correct explanation for Statement-1. 


From wavy curve method 

x € (—2,2) U (3,11) 

xeN 

x =1,4,5, 6, 7, 8, 9, 10 ...(i) 


but 


From inequality, 
x-124,x-123,x-222 
or x25,x24,x24 


x25 


Hence, 


..-(ii) 
From Eqs. (i) and (ii), solutions of the inequality are 
x =5, 6, 7, 8, 9, 10. 


Ex. 31 Find the sum of the series 
(17 +1114 (27 +1) 2!4+(3? +1) 3!4..4(n? +1)n! 
Sol. Let S, = (17 +1)1!+ (2? +1)2!+ (37 +1)3!4+...4(n? + 1)n! 
-, nthterm T, =(n? +1)n! 
= {(n+1)(n+2)—3(n +1) +2}n! 


T, =(n+2)!—3(n +1)!+ 2n! 


Putting n = 1, 2, 3, 4,...,0 
Then, T, =3!—3-2!+2-1! 
T, = 4!-3-3!4+2-2! 
T, =5!-3-4!42-3! 
T, =6!-3-5!4+2-4! 
T,,-1 =(n+1)!—3n!+2(n-1)! 
T, =(n+2)!—3(n+1)!4 2n! 
SST 42, +7, 4.47, 
=(n+2)!—2(n +1)! 
=(n+2)(n+1)!—2(n+1)! 
=(n+1)\(n+2-2) 
=n(n+1)! 


[the rest cancel out] 


Ex. 32 Find the negative terms of the sequence 


2 —?, 143 
Po42 AP, 
Sol. We have, 
7_ ie _ 143 
: P42 4P, 


ae (n+4)(n+3)(n+2)(n+1) 143 
. (n+2)! An! 


_ (n+ 4)(nt+3)(n+2)(n+1) 143 
(n+2)(n+1)n! 4n! 


_(n+4)(n+3) 143 _ (4n* +28n—95) 


n! 4n! 4n! 


* x, is negative 
(4n* +28n —95) 
————- <0 
4n! 
which is true for n = 1,2. 


63 23 . 
Hence, x, = -— and x, = -— are two negative terms. 


Ex. 33 How many integers between 1 and 1000000 have 
the sum of the digits equal to 18? 


Sol. Integers between 1 and 1000000 will be 1, 2, 3, 4, 5 or 6 
digits and given sum of digits = 18 


Thus, we need to obtain the number of solutions of the 
equation 


XE eA Ke ey Ee, HK 18 ..-(i) 
where, 0< x; <9,i=1,2,3, 4,5,6 
Therefore, the number of solutions of Eq. (i), will be 


= Coefficient of x!8 in(x° + x! + x? +. x? +...4 x’)® 
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6 
= Coefficient of x'* in a=) 
1 = 
= Coefficient of x! in(1— x"°)®(1-— x) ® 
= Coefficient of x’® in (1 — 6x"°)(1+ °C,x + "Cx? +... 
+ BCgx8 +..+ BC x? +...) 
= 3C,, -63C, = 3C; -6-8C, 


_ 23+22-21-20-19 6 13-12-11-10-9 
1:2:3-4-5 1:2:3-4°5 


= 33649 — 7722 = 25927 


Ex. 34 How many different car licence plates can be 
constructed, if the licences contain three letters of the 
English alphabet followed by a three digit number, 

(i) if repetition are allowed? 
(ii) if repetition are not allowed? 
Sol. (i) Total letters = 26 (i.e., A, B,C,..., X,Y, Z) 
and total digit number = 10 (i.e., 0, 1, 2, ..., 9) 


If three letters on plate is represented by, then first 
place can be filled = 26 


Second place can again be filled = 26 
['. repetition are allowed] 


and third place can again be filled = 26 


Hence, three letters can be filled = 26 x 26 x 26 
= (26)? ways 
and three digit numbers on plate by 999 ways 
(i.e., 001, 002, ..., 999) 
Hence, by the principle of multiplication, the required 
number of ways = (26)°(999) ways 
(ii) Here, three letters out of 26 can be filled = *°P, 
['. repetition are not allowed] 
and three digit can be filled out of 10 = '°P, 
[‘. repetition are not allowed] 


Hence, required number of ways = (7° P;) (7° P,) ways. 


Ex. 35 A man has 7 relatives, 4 of them are ladies and 3 
gentlemen, has wife, has also 7 relatives, 3 of them are ladies 
and 4 are gentlemen. In how many ways can they invite a 
dinner party of 3 ladies and 3 gentlemen so that there are 
3 of them man’s relatives and 3 of the wife’s relatives? 
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Sol. The four possible ways of inviting 3 ladies and 3 gentle- 
men for the party with the help of the following table : 


Man’s relatives Wife’s relatives 
a 3 3 4 Number of ways 
Ladies |Gentlemen| Ladies Gentlemen 
4 3 3 4 
0 3 3 0 Cy X C3 X “C3 X “Cy = 1 
: : : i *C, x 3C, x 3c, x *C, =144 
2 . : 7 “Cc, x 3c, x °C, x *C, = 324 
3 ° 0 3 40, x 3C, x 5C, x 4C, = 16 


.. Required number of ways to invite = 1+ 144 + 324+ 16 
= 485 


© Ex. 36 A team of ten is to be formed from 6 male doctors 
and 10 nurses of whom 5 are male and 5 are female. In how 
many ways can this be done, if the team must have atleast 4 
doctors and atleast 4 nurses with atleast 2 male nurses and 
atleast 2 female nurses? 


Sol. 
6 5 Male 5 Female Number of ways of 
Doctors nurses nurses selection 

4 4 2 8Op KOC; XC, = 750 

4 3 3 °C, x °C, x PC, = 1500 

4 2 4 °C, 7G, * °C, S750 

5 3 2 °Cs x °C3 x °C, = 600 

5 2 3 °Cs x °Cy x C3 = 600 

6 2 2 on x "CG; x "G; = 100 


-. Total ways = 4300 


® Ex. 37 A number of four different digits is formed with 
the help of the digits 1,2,3,4,5,6,7 in all possible ways. 
(i) How many such numbers can be formed? 
(ii) How many of these are even? 
(iii) How many of these are exactly divisible by 4? 
(iv) How many of these are exactly divisible by 25? 
Sol. Here total digit = 7 and no two of which are alike 
(i) Required number of ways = Taking 4 out of 7 
='P,=7X6xX5xX4= 840 
(ii) For even number last digit must be 2 or 4 or 6. Now 
the remaining three first places on the left of 4-digit 


numbers are to be fillled from the remaining 6-digits 
and this can be done in 


°P, =6-5-4=120 ways 


and last digit can be filled in 3 ways. 


. By the principle of multiplication, the required 
number of ways 
= 1203 = 360 

(iii) For the number exactly divisible by 4, then last two 
digit must be divisible by 4, the last two digits are viz., 
12, 16, 24, 32, 36, 52, 56, 64, 72, 76. Total 10 ways. 
Now, the remaining two first places on the left of 
4-digit numbers are to be filled from the remaining 
5-digits and this can be done in ° P, = 20 ways. 


Hence, by the principle of multiplication, the required 
number of ways 
= 20x10 = 200 

(iv) For the number exactly divisible by 25, then last two 
digit must be divisible by 25, the last two digits are 
viz., 25, 75. Total 2 ways. 
Now, the remaining two first places on the left of 
4-digit number are to be filled from the remaining 
5-digits and this can be done in ° P, = 20 ways. 


Hence, by the principle of multiplication, the required 
number of ways 


= 20x2= 40 


® Ex. 38 India and South Africa play One Day Interna- 
tional Series until one team wins 4 matches. No match ends 
in a draw. Find in how many ways the series can be won? 


Sol. Taking I for India and S for South Africa. We can arrange 
I and S to show the wins for India and South Africa, 
respectively. 


For example. , ISSSS means first match is won by India which 
is followed by 4 wins by South Africa. This is one way in 
which series can be won. 


Suppose, South Africa wins the series, then last match is 
always won by South Africa. 


Wins of | Wins of S Number of ways 
(i) 0 4 1 
(ii) 1 4 al 2 
3! 

iii 5! 

(iii) 2 4 -10 
213! 

i 6! 

(iv) 3 4 = 
313! 


. Total number of ways = 35 

In the same number of ways, India can win the series. 

“. Total number of ways in which the series can be won 
=35x2=70 


Ex. 39 Let n andk be positive integers such that 
k(k +1) _. : 
n= aye Find the number of solutions (x,,X,...,X,)s 
X, 21,X) 22,...,x, 2k all 
integers satisfying x, +X. +...+X, =n. 
Sol. We have, x, + x) +...4x, =n ..-(i) 
Now, let y, = x, -1, yp =X. -2...Y, = Xp —k 
y, 20, y. 20,....y, 20 
On substituting the values x,,x,,...,.x, in terms of y,,V»,....Vj 
in Eq. (i), we get 
y,t1t+y,t+2t+..ty,+k=n 
=> ytyot.ty, =n—-(14+24+3+..+k) 


k(k +1) 
2 


= A (say) (ii) 


yy + Yo +. Vp =n- 


The number of non-negative integral solutions of the Eq. 
(ii) is 

_(k+A-1)! 

~ Al(k—1)! 


_ k+A-1 
= A 


_ K{k+1) 


where, A=n 


Ex. 40 Find the number of all whole numbers formed on 
the screen of a calculator which can be recognised as 
numbers with (unique) correct digits when they are read 
inverted. The greatest number formed on its screen is 999999. 


Sol. The number can use digits 0, 1, 2, 5, 6, 8 and 9 because 
they can be recognised as digits when they are see 
inverted. 


A number can’t begin with ,therefore all numbers having 
at unit’s digit should no be counted. (when those numbers 
will be read inverted they will begin with). 


No. of digits Total numbers 
1 7 
2 6° = 36 
3 6X7X6 =252 
4 6X7? x6 =1764 
5 6X7° X6 = 12348 
6 6X7 X6 = 86436 

Total = 100843 


Ex. 41 How many different numbers which are smaller 
than 2 x10° and are divisible by 3, can be written by means 
of the digits 0, 1 and 2? 
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Sol. 12, 21 ... 122222222 are form the required numbers we can 
assume all of them to be nine digit in the form 
,,Q,Q3,44,5,g,7,ag,a, and can use 0 for a,;a, and ay and 
Ay 4,4, and a,... and so on to get 8-digit, 7-digit, 6-digit 
numbers etc. a, can assume one of the 2 values of 0 or 1. 
y,3,44,A5,A¢,d7,dg can assume any of 3 values 0, 1, 2. 


The number for which 

a, = a, = A, = Ay = As = A, = A, = Ag = A, = 0 must be 
eleminated. The sum of first 8-digits Le., a,+a,+..+a, can 
be in the form of 3n — 2 or 3n —1 or 3n. 


In each case a, can be chosen from 0,1,2 in only 1 way so 
that the sum of all 9-digits in equal to 3n. 


Total numbers = 2x3’ X 1-1 = 4374-1 = 4373. 


Ex. 42 There are n straight lines in a plane such that n, of 


them are parallel in one direction, n, are parallel in different 
direction and so on, n, are parallel in another direction such 
thatn, +n, +...+n, =n. Also, no three of the given lines 
meet at a point. Prove that the total number of points of 
intersection ts 


Sol. Total number of points of intersection when no two of n 
given lines are parallel and no three of them are concur- 
rent, is "C,. But it is given that there are k sets of 


Ny, Ny, N3,...,m, parallel lines such that no line in one set is 
parallel to line in another set. 


Hence, total number of points of intersection 
="65 = (Cy. + Oy Fact Cy) 


= nad {ain n(n, =1) 
: P 


-1 
+ ny. (My ) 
2 2 2 


= nf nd a mg) = (ty 4 my Fant) 
n(n-1) ile 2 | 
ari iia 


Ex. 43 There are p intermediate stations on a railway line 
from one terminus to another. In how many ways a train can 
stop at 3 of these interediate stations, if no two of these stop- 
ping stations are to be consecutive? 


Sol. A 


B 


S; Sp S3 Sn-1 Sn Sp vi Sp = Sp 


Let there be p intermediate stations between two terminus 
stations A and Bas shown above. 


Textbook of Algebra 


Number of ways the train can stop in three intermediate 
stations = °C, 


These are comprised of two exclusive cases viz. 

(i) atleast two stations are consecutive. 

(ii) now two of which is consecutive. 

Now, there are (p — 1) pairs of consecutive intermediate 
stations. 


In order to get a station trio in which atleast two stations 
are consecutive, each pair can be associated with a third 
station in (p — 2) ways. Hence, total number of ways in 
which 3 stations consisting of atleast two consecutive 
stations, can be chosen in (p — 1) (p — 2) ways. Among 
these, each triplet of consecutive stations occur twice. 


For example , the pair (S,,, S,, _,) when combined with S, , , 
and the pair (S,, 5, , ,) when combined with S, _, gives the 
same triplet and is counted twice. So, the number of three 

consecutive stations trio should be subtracted. 


Now, number of these three consecutive stations trio is 

(p — 2). 

Hence, the number of ways the triplet of stations consisting 
of atleast two consecutive stations can be chosen in 


= {(p — 1)(p —2)-(p —2)} ways 
= (p — 2) ways 


Therefore, number of ways the train can stop in three 
consecutive stations 


PG. -(p —2)%= p(p ae — 2) 
G =p=6p412|_ = 2)? = 79 4:10) 
6 


| 6 


_ (P ~2)(p —3)(P — 4) _ p- 20 
ee : 


—(p—2) 


(p — 2) 


Ex. 44 How many different 7-digit numbers are there and 


sum of whose digits is even? 


Sol. Let us consider 10 successive 7-digit numbers 


G,4,030,a,d, 0, 
G,4,03,0,0,d, 1, 
Ay0,0304A,A, 2, 
Q)4,0,04A5a, 9 
where, a,, d,, 23,4, a; and a, are some digits. We see that 


half of these 10 numbers, i.e. 5 numbers have an even sum 
of digits. 


The first digit a, can assume 9 different values and each of 
the digits a,, a3, a4, a; and a, can assume 10 different 
values. 


The last digit a, can assume only 5 different values of 
which the sum of all digits is even. 


. There are 9 X 10° x 5 = 45 x 10°, 7-digit numbers the sum 


of whose digits is even. 


Ex. 45 There are 2n guests at a dinner party. Supposing 
that the master and mistress of the house have fixed seats 
opposite one another and that there are two specified guests 
who must not be placed next to one another. Find the 
number of ways in which the company can be placed. 


Sol. Let the M and M’ represent seats of the master and 
mistress respectively and let a,, a,, a3,...,@, represent the 
2n seats. 


n 


Let the guests who must not be placed next to one another 


be called P and Q. 


Now, put P at a, and Q at any position, other than a,, say at 
a,, then remaining (2n — 2) guests can be arranged in the 
remaining (2n — 2) positions in (2n — 2)! ways. Hence, there 
will be altogether (2n — 2) (2n — 2)! arrangements of the 
guests, when P is at a,. 


The same number of arrangements when P is at a, ora, ,, 
or a,,,. Thus, for these positions (a,, a,, d, 4 1, 4), ) of P, there 
are altogether 4 (2n — 2) (2n — 2)! ways. ...(i) 


If P is at a,, then there are altogether (2n — 3) positions for 
Q. Hence, there will be altogether (2n — 3) (2n — 2)! 
arrangements of the guests, when P is at a,. 


The same number of arrangements can be made when P is 
at any other position excepting the four positions 
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Hence, for these (2n — 4) positions of P, there will be 
altogether 
(2n — 4) (2n — 3) (2n — 2)! arrangements of the guests __...(ii) 
Hence, from Egg. (i) and (ii), the total number of ways of 
arranging the guests 
= 4 (2n — 2) (2n — 2)! + (2n — 4) (2n — 3) (2n — 2)! 
=(4n? — 6n + 4)(2n — 2)! 


Ex. 46 Find the number of triangles whose angular points are 
at the angular points of a given polygon of n sides, but none of 
whose sides are the sides of the polygon. 

Sol. A polygon of n sides has n angular points. Number of 
triangles formed from these n angular points = "C,. 
These are comprised of two exclusive cases viz. 

(i) atleast one side of the triangle is a side of the polygon. 
(ii) no side of the triangle is a side of the polygon. 


Let AB be one side of the polygon. If each angular point of 
the remaining (n — 2) points are joined with A and B, we get 
a triangle with one side AB. 
. Number of triangles of which AB is one side = (n — 2) 
Likewise, number of triangles of which BC is one side 
=(n — 2) and of which atleast one side is the side of the 
polygon = n(n — 2). 
Out of these triangle, some are counted twice. For example , 
the triangle when C is joined with AB is AABC, is taken 
when AB is taken as one side. Again triangle formed when 
A is joined with BC is counted when BC is taken as one 
side. 
Number of such triangles = n 
So, the number of triangles of which one side is the side of 
the triangle 

=n(n—-2)-—n =n(n-3) 
Hence, the total number of required triangles 


="Cy~n(n—3)=—n(n— 4)(n~3) 


Ex. 47 Prove that(n!)! is divisible by(n!)"~!. 


Sol. First we show that the product of p consecutive positive 


integers is divisible by p!. Let the p consecutive integers 
be m,m+1,m-+2,...,m-+ p—1. Then, 
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a4) 
niente peg 2 
(m-—1)! 
a_i tp 
(m—1)) p' 
_ pymtp-i 
pt P C, 
Since, a oe is an integer. 
m+p-lo _ m(m+1)(m+2)...(m+ p-—1) 
P 


p! 
Now, (n !)! is the product of the positive integers from 1 to 


n!. We write the integers from 1 to n! is(n — 1)! rows as 
follows: 


1 2 3 n 
n+1 n+2 n+3 = 2n 
2n+1 2n+2 2n+3 3n 

ni—n+1|n!—-n+2| n!-n+3 ses n! 


Each of these (n — 1)! rows contain n consecutive positive 
integers. The product of the consecutive integers in each 
row is divisible by n!. Thus, the product of all the integers 


from 1 to n is divisible by (n !)"~, 


Permutations and Combinations Exercise 1: 
Single Option Correct Type Questions 


= This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct 


1. A lady gives a dinner party to 5 guests to be selected 
from nine friends. The number of ways of forming the 
party of 5, given that two of the friends will not attend 
the party together, is 
(a) 56 (b) 126 (c) 91 (d) None of these 


2. If a, b,c and d are odd natural numbers such that 
a+b+c+d=20, the number of values of the ordered 
quadruplet (a, b, c, d) is 
(a) 165 (b) 455 (c) 310 (d) None of these 


3. If =LCM of 8!, 10! and 12! and h = HCF of 8!, 10! and 
12!, then - is equal to 


(a) 132 (b) 11800 
(c) 11880 (d) None of these 


4. The number of positive integers satisfying the inequality 
WEES Ag =". se 10018 
(a) 9 (b) 8 
(c) 5 (d) None of these 


5. The number of ways in which a score of 11 can be made 
from a through by three persons, each throwing a single 
die once, is 
(a) 45 (b) 18 (c) 27 (d) 68 


6. The number of positive integers with the property that 
they can be expressed as the sum of the cubes of 2 
positive integers in two different ways is 
(a) 1 (b) 100 (c) infinite  (d) 0 


7. Inaplane there are 37 straight lines, of which 13 pass 
through the point A and 11 pass through the point B. 
Besides, no three lines pass through one point, no line 
passes through both points A and Band no two are parallel, 
the number of intersection points the lines have, is 
(a) 535 (b) 601 (c) 728 (d) 963 


8. If adenotes the number of permutations of x + 2 things 


taken all at a time, b the number of permutations of x 
things taken 11 at a time and c the number of 
permutations of x — 11 things taken all at a time such 
that a = 182bc, the value of x is 
(a) 15 (b) 12 (c) 10 (d) 18 

9, The number of numbers less than 1000 that can be 
formed out of the digits 0, 1, 2, 3, 4 and 5, no digit being 


repeated, is 
(a) 130 (b) 131 (c) 156 (d) 158 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


If the permutations of a, b, c, d and e taken all together 
are written down in alphabetical order as in dictionary 
and numbered, the rank of the permutation debac is 
(a) 90 (b) 91 (c) 92 (d) 93 


On a railway there are 20 stations. The number of 
different tickets required in order that it may be possible 
to travel from every station to every station, is 

(a) 210 (b) 225 (c) 196 (d) 105 


A set containing n elements. A subset P of A is chosen. 
The set A is reconstructed by replacing the element of P. 
A subset Q of A is again chosen the number of ways of 
choosing P and Q, so that PQ = 9, is 

(a) 2” — "C, (b) 2” (c) 2” -1 (d) 3” 


The straight lines I,, I,, 1, are parallel and lie in the 


same plane. A total number of m points on I, ;n points 
on I, ;k points on I, the maximum number of triangles 
formed with vertices at these points is 


(a) *@*2**C, (b) +" * 46,0, = "Cy ="C; 
(c) "C3 + "C3 + *C; (d) None of these 
Let A be a set of n(> 3) distinct elements. The number of 


triplets (x, y, z) of the set A in which atleast two 
coordinates are equal to 


(a) "Ps (b) cM — "Ps 

(c) 3n” —2n (d) 3n*(n —1) 

The total number of five-digit numbers of different 
digits in which the digit in the middle is the largest, is 
(a) 27-37-77 (b) 23 -3-77 

(c) 27-33 -7? (d) 2°-3?-7? 

The total number of words that can be formed using all 


letters of the word ‘RITESH’ that neither begins with I 
nor ends with R, is 


(a) 504 (b) 480 
(c) 600 (d) 720 
A man has three friends. The number of ways he can 


invite one friend everyday for dinner on six successive 
nights, so that no friend is invited more than three 
times, is 

(a) 360 (b) 420 (c) 170 (d) 510 

The number of three digit numbers of the form xyz such 
that x<y,z< yand x £0, is 

(a) 240 (b) 244 (c) 276 (d) 285 


The letters of the word ‘MEERUT’ are arranged in all 
possible ways as in a dictionary, then the rank of the 
word ‘MEERUT?’ is 

(a) 119 (b) 120 (c) 121 (d) 122 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


= This section contains 10 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 


The number of ways in which 10 candidates A,, A,,..., 
Ao can be ranked so that A , is always above A y, is 

! 
(a) 10! (b) ~ 


(c) 9! (d) None of these 


Let A be the set of four digit numbers a,a, a3;a,, where 
a, >a, > a3 > a4, then n(A) is 

(a) 126 (b) 84 

(c) 210 (d) None of these 


The number of distinct rational numbers x such that 
0<x<1and x=, where p,q {1, 2,3, 4, 5, 6} is 
q 


(a) 15 (b) 13 (c) 12 (d) 11 


The total number of integral solutions of xyz = 24 is 
(a) 30 (b) 36 (c) 90 (d) 120 


If ABCD is a convex quadrilateral with 3, 4, 5 and 6 
points, marked on sides AB, BC, CD and DA respectively, 
then the number of triangles with vertices on different 
sides, is 
(a) 220 (b) 270 (c) 282 (d) 342 

The number of ways can a team of six horses be selected 
out of a stud of 16, so that there shall always be three 
out of A, B, C, D, E, F but never AD, BE or CF together, is 
(a) 720 (b) 840 (c) 960 (d) 1260 

The number of polynomials of the form 

x? tax? + bx +c that are divisible by x? +1, where a, 
b,c €{1, 2, 3, 4,5, 6, 7, 8, 9, 10}, is 


(a) 10 (b) 15 (c) 5 (d) 8 
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27. Let x1, X2, X3, ... Xz be the divisors of positive integer 


28. 


29. 


30. 


‘nv (including 1 and x). If x, +x. +...+. x, =75, then 
k 


Wt 
y — is equal to 


i=1*i 
k? 75 n° 75 
(a) 75 (b) 7 (c) 75 (d) a. 


The total number of functions ‘f ’ from the set {1, 2, 3} 
into the set {1, 2, 3, 4, 5} such that f(i)< f(j), Vi< j, is 
(a) 35 (b) 30 (c) 50 (d) 60 

Ten persons numbered 1, 2, 3, ..., 10 play a chess 
tournament, each player playing against every player 
exactly one game. It is known that no game ends ina 
draw. Let w,, w2, w3,.... Wyo be the number of games 
won by player 1, 2, 3, ..., 10 respectively and 1,, 15, I3, ..., 
L,) be the number of games lost by the players 1, 2, 3, ..., 
10 respectively, then 
(a) Xw? =81 - E17 

(c) Xw? = =I? 


(b) Nw? =814 LI? 
(d) None of these 


In the next world cup of cricket there will be 12 teams, 
divided equally in two groups. Teams of each group will 
play a match against each other. From each group 3 top 
teams will qualify for the next round. In this round each 
team will play against others once. 

Four top teams of this round will qualify for the semi- final 
round, where each team will play against the others once. 
Two top teams of this round will go to the final round, 
where they will play the best of three matches. The 
minimum number of matches in the next world cup will be 
(a) 54 (b) 53 (c) 38 (d) 37 


Permutations and Combinations Exercise 2: 
More than One Correct Option Type Questions 


which MORE THAN ONE may be correct. 


31. 


32. 


33, 


If 300! = 3” x an integer, then 

(a) m= 148 (b) m = 150 

(c) It is equivalent to number of n in 150! = 2" * x an integer 
(a) m="C, 


If 102! = 2% -3° 57.7. then 

(a)a=98 (b)P=2y+1(c)a=2B  (d)2y=36 

The number of ways of choosing triplet (x, y, z) such 
that z= max {x, y}and x, y,z€ {1,2,3,...,n,n + 1}, is 


(a) "*1C3 + nt+ "C3 (b) n(n + 1)(2n + 1) 


6 
(c) 17 +2743? 4+...4n? (d)a("*?C,)-—"*'C, 


34, 


35. 


Let n be 4-digit integer in which all the digits are 
different. If x is the number of odd integers and y is the 
number of even integers, then 

(b)x>y 

(d)| x—y|=56 


(a)x<y 
(c) x + y = 4500 


Let S= {1, 2, 3,..., n}. If X denotes the set of all subsets of 


S containing exactly two elements, then the value of 


3 (min. A) is given by 


Aex 
(a) _ (b) "C3 

n(n* —1) n(n* —3n + 2) 
as a 
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36. 


37. 


38. 
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Let p = 2520, x = number of divisors of p which are 


multiple of 6, y = number of divisors of p which are 
multiple of 9, then 


(a) x =12 (b) x =24 (c) y =12 


If N denotes the number of ways of selecting r objects 


(d) y =16 


out of n distinct objects (r = n) with unlimited repetition 
but with each object included atleast once in selection, 
then N is 


Cia ome O'S, 
(c) "Cy -4 "Gs 
There are three teams x, x + 1and y childrens and total 


number of childrens in the teams is 24. If two childrens 
of the same team do not fight,then 
(a) maximum number of fights is 190 


39. 


40. 


(b) maximum number of fights is 191 
(c) maximum number of fights occur when x =7 
(d) maximum number of fights occur when x = 8 


Let N denotes the number of ways in which 3n letters 
can be selected from 2n A’s, 2nB’s and 2nC’s. Then, 
(a)3|(N-1) 

(b) n| (N-1) 

(c)(n +1) | (N-1) 

(d) 3n(n + 1) |(N -1) 


Ifa=x,x.x,; andB=y,y.y, are two 3-digit numbers, 


then the number of pairs of & and can be formed so 
that a can be subtracted from 8 without borrowing, is 
(a) 2! 10! x 10! (b) (45)(55)* 

(c)37-5°-11? (d) 136125 


Permutations and Combinations Exercise 3 : 


Passage Based Questions 


= This section contains 5 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I (Q. Nos. 41 to 43) 


Consider the word W = TERRORIST. 


41. 


42. 


43. 


Number of four letter words that can be made using 
only the letters from the word W, if each word must 
contains atleast one vowel, is 


(a) 588 (b) 504 (c) 294 (d) 600 

Number of arrangements of the word W, if no two R’s 
are together, is 

(a) 11460 — (b) 10400 

(c) 12600 — (d) 9860 

Number of arrangements of the word W, if R’s as well as 


T’s are separated, is 


(a) 9860 (b) 1080 (c) 10200 — (d) 11400 


Passage II (Q. Nos. 44 to 46) 


Different words are formed by arranging the letters of the 
word ‘SUCCESS’. 


44. 


45. 


The number of words in which C’s are together but S’s 
are separated, is 

(a) 120 (b) 96 

(c) 24 (d) 420 

The number of words in which no two C’s and no two 
S’s are together, is 

(a) 120 (b) 96 

(c) 24 (d) 180 


46. 


The number of words in which the consonants appear in 
alphabetic order, is 
(a) 42 (b) 40 


(c) 420 (d) 480 


Passage III (Q. Nos. 47 to 49) 


Different words are being formed by arranging the letters 
of the word ‘ARRANGE’. 


47. 


48. 


49. 


The number of words in which the two R’s are not 
together, is 

(a) 1260 (b) 960 

(c) 900 (d) 600 

The number of words in which neither two R’s nor two 
A’s come together, is 

(a) 1260 (b) 900 

(c) 660 (d) 240 

The rank of the word ‘ARRANGE’ in the dictionary is 
(a) 340 (b) 341 (c) 342 (d) 343 


Passage IV (Q. Nos. 50 to 52) 


Let S(n) denotes the number of ordered pairs (x, y) 


1 1 1 
satisfying —-+—=— Vx, y,neN. 
n 


50. 


51. 


x oy 
S (10) equals 
(a) 3 (b) 6 (c) 9 (d) 12 
S(6) + S(7) equals 
(a) S(3) + S(4) (b) S(5) + S) (c) S(8) + S(9) (d) S(1) + S(11) 
10 
f y S(r) equals 
r=1 
(a) 47 (b) 48 (c) 49 (d) 50 


Passage V (Q. Nos. 53 to 55) 


Let f (n) denotes the number of different ways, the positive 
integer ncan be expressed as the sum of the I’s and 2’s. 
For example, f (4)=5 


1.€., 


53. 


4=14+14+1+4+1 
=14142=14241=24+141=24+2 
The value of f{f(6)} is 
(a) 376 (b) 377 (c) 321 (d) 370 


54. 


99. 
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The number of solutions of the equation f(n) =n, where 
ne Nis 

(a) 1 (b) 2 (c) 3 (d) 4 

In a stage show, f(4) superstars and f(3) junior artists 


participate. Each one is going to present one item, then 
the number of ways the sequence of items can be 
planned, if no two junior artists present their items 
consecutively, is 
(a) 144 (b) 360 


(c) 4320 (d) 14400 


Permutations and Combinations Exercise 4: 


Single Integer Answer Type Questions 


= This section contains 10 questions. The answer to each question is a single digit integer, ranging from 
0 to 9 (both inclusive). 


56. 


57. 
58. 


59. 


60. 


61. 


The ten’s digit of 1!+2!+3!+...+971!is 
The exponent of 7 in 1° Cx, is 


Let P, denotes the number of ways in which three people 


can be selected out of people sitting in a row, in two of 
them are consecutive. If P, ,, — P, = 15, the value of nis 


If the letters of the word are arranged as in a dictionary. 
mand n are the rank of the words BULBUL and NANNU 
respectively, then the value of m — 4n is 


An n-digit number is a positive number with exactly n 
digits. Nine hundred distinct n-digit numbers are to be 
formed using only the three digits 2, 5 and 7. The 
smallest value of n for which this is possible, is 

If a, b, c are three natural numbers in AP such that 


a+b+c=21and if possible number of ordered triplet 
(a, b,c) is A, then the vlaue of (A — 5) is 


62. 


63. 


64. 


65. 


If 2A is the number of ways of selecting 3 member 
subset of {1, 2, 3, ..., 29}, so that the numbers form 

of a GP with integer common ratio, then the value of 
X is 

In a certain test, there are n questions. In this test, Qe 
students gave wrong answers to atleast k questions, 
where k = 1, 2, 3, ..., 2. If the total number of wrong 
answers given is 127, then the value of n is 


k 


A 7-digit number made up of all distinct digits 8, 7, 6, 4, 
2, x and y, is divisible by 3. The, possible number of 
ordered pair (x, y) is 


There are five points A, B, C, D and E. No three points 
are collinear and no four are concyclic. If the line AB 
intersects of the circles drawn throught the five points. 
The number of points of intersection on the line apart 
from A and Bis 


Permutations and Combinations Exercise 5: 


Matching Type Questions 


= This section contains 5 questions. Questions 66 to 70 have four statements (A, B, C and D) given in Column I and 
four statements (p, q, r and s) in Column ITI. Any given statement in Column I can have correct matching with one 
or more statement(s) given in Column II. 


66. 


Column I Column II 
(A) "4c .,—-"*3C, =15 (n+ 2), then n equals (p) 19 
(B) 11-" P, =20-"~* P,, thenn equals (q) 27 
(C) "Cy =11-" Cy, then n equals (r) 16 
(D) m2c.:"72p, =57: 16, thenn equals (s) 6 
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68. 
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Column I Column II 


Number of increasing permutations of 
m symbols are there from the n set 
numbers (a,, a,, ...,d,), where the 
order among the numbers, is given by 
A < Ay <3 <...< Ay 1 < Gy is 


(A) (p) n™ 


(B) | There are m men and n monkeys. 
Number of ways in which every 
monkey has a master, if a man can 


have any number of monkeys is 


(q) "Ch 


(C) | Number of ways in whichr red balls | (r) 
and (m — 1) green balls can be 

arranged in a line, so that no two red 
balls are together is (balls of the same 


colour are alike) 


nC 


(D) | Number of ways in which ‘m’ 
different toys can be distributed in n 
children, if every child may received 


any number of toys is 


Column I Column II 


Number of straight lines joining any two of 
10 points of which four point are collinear is 


(A) (p) 30 


(B) 


Maximum number of points of intersec- 
tion of 10 straight lines in the plane is 


(q) 60 


(C) 


Maximum number of points of intersection | (r) 40 
of 6 circles in the plane is 


(D) 


Maximum number of points of intersection | (s) 45 
of 6 parabolas is 


69. Consider a 6 x 6 chessboard. Then, match the following 


70. 


columns. 
Column I Column II 
(A) | Number of rectangles is (p). | Cs 
(B) | Number of squares is (q) | 441 
(C) | Number of ways three squares can be | (r) | 91 
selected, if they are not in same row 
or column is 
(D) | In how many ways eleven ‘+’ sign (s) | 2400 
can be arranged in the squares, if no 
row remains empty 


5 balls are to be placed in 3 boxes. Each box can hold all 
the 5 balls. Number of ways in which the balls can be 
placed so that no box remain empty, if 


Column I Column II 
(A) balls are identical but boxes are (p) 2 
different 
(B) | balls are different but boxes are (q) 25 
identical 
(C) | balls as well as boxes are identical (r) 50 
(D) | balls as well as boxes are identical (s) 6 
but boxes kept in a row 


) Permutations and Combinations Exercise 6: 
Statement | and II Type Questions 


= Directions (Q. Nos. 71 to 82) are Assertion-Reason 
type questions. Each of these questions contains two 
statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these questions also has four alternative 
choices, only one of which is the correct answer. You 
have to select the correct choice as given below. 


(a) 
(b) 


(c) 
(d) 


71. 


Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


Statement] is true, Statement-2 is false 
Statement-1 is false, Statement-2 is true 


Statement-1 The smallest positive integer n such that 
n! can be expressed as a product of n-3 consecutive 
integers, is 6. 


72. 


73. 


74, 


Statement-2 Product of three consecutive integers is 


divisible by 6. 


Statement-1 A number of four different digits is 
formed with the help of the digits 1, 2, 3, 4, 5, 6, 7 in all 
possible ways. The number of ways which are exactly 
divisible by 4 is 200. 


Statement-2 A number divisible by 4, if units place 
digit is also divisible by 4. 

Statement-1 The number of divisors of 10! is 280. 
Statement-2 10! =2? -37-5’ -7°, where p,q,r,se€ N. 
Statement-1 Number of permutations of ‘n’ dissimilar 
things taken ‘nv’ at a time is nl. 


Statement-2 If n(A)=n(B)=n, then the total number 
of functions from A to Bare n!. 


75. 


76. 


77. 


78. 


Statement-1 If N the number of positive integral 
solutions of x; x2 x3 x4 =770, then N is divisible by 4 
distinct prime numbers. 


Statement-2 Prime numbers are 2, 3, 5, 7, 11, 13,.... 


Statement-1 The total number of ways in which three 
distinct numbers in AP, can be selected from the set {1, 
2, 3, ..., 21}, is equal to 100. 

Statement-2 Ifa,b,c are in AP, thena+c =2b. 


Statement-1 The number of even divisors of the 
numbers N = 12600 is 54. 
Statement-2 0, 2, 4, 6, 8, ... are even integers. 


Statement-1 A 5-digit number divisible by 3 is to be 
formed using the digits 0, 1, 2, 3, 4, 5 and 6 without 
repetition, then the total number of ways this can be done is 
216. 


Statement-2A number is divisible by 3, if sum of its 
digits is divisible by 3. 


79. 


80. 


81. 


82. 
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Statement-1 The sum of the digits in the ten’s place of 
all numbers formed with the help of 3, 4, 5, 6 taken all at 
a time is 108. 

Statement-2 The sum of the digits in the ten’s places = 
The sum of the digits is the units’s place. 

Statement-1 There are p= 8 points in space no four of 
which are in the same with exception of q = 3 points 
which are in the same plane, then the number of planes 
each containing three points is? C; — 7C3. 

Statement-2 
unique plane. 


3 non-collinear points always determine 


The highest power of 3 in *° Cyy is 4. 
If p is any prime number, then power of 


. . n n n 
pinn! is equal to} —| +} —_] + = +..., where [-] 


P| |p’! Lp 


denotes the greatest integer function. 


Statement-1 
Statement-2 


Statement-1 A convex quindecagon has 90 diagonals. 


Statement-2 Number of diagonals in a polygon is 
n 
C2 —n. 


Permutations and Combinations Exercise 7 : 


Subjective Type Questions 


= In this section, there are 17 subjective questions. 


83. 


84. 
85. 


86. 
87. 


88. 


89. 


90. 


Given that "C,,_, +3” Cy—r41 +3. 


is ONE a Ch-r43=  C,. Find x 


Solve the equation 3**'C, + P,x =4* Ay, xEN. 

How many positive terms are there in the sequence (x, ) 
195 "A 
ifx, = = 2 


a ne N? 
4P, Phat 


n 


Prove that ""C,+""C4>"C; ifn>7. 


In how many ways can a mixed doubles game in tennis 
be arranged from 5 married couples, if no husband and 
wife play in the same game? 


In how many ways, we can choose two teams of mixed 
double for a tennis tournament from four couples such 
that if any couple participates, then it is in the same 
team? 


A family consists of a grandfather, 5 sons and daughters 
and 8 grand child. They are to be seated in a row for 
dinner. The grand children wish to occupy the 4 seats at 
each end and the grandfather refuses to have a grand 
child on either side of him. In how many ways can the 
family be made to sit? 


A tea party is arranged for 16 people along two sides of 
a large table with 8 chairs on each side. Four men sit on 
one particular side and two on the other side. In how 
many ways can they be seated? 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


Every man who has lived on earth has made a certain 
number of handshakes. Prove that the number of men 
who have made an odd number of handshakes is even. 
A train is going from Cambridge to London stops at nine 
intermediate stations. Six persons enter the train during 
the journey with six different tickets. How many 
different sets of tickets they have had? 


n different things are arranged around a circle. In how 
many ways can 3 objects be selected when no two of the 
selected objects are consecutive? 

A boat ’s crew consists of 8 men, 3 of whom can only 
row on one side and 2 only on the other. Find the 
number of ways in which the crew can be arranged. 

In how many different ways can a set A of 3n elements 
be partitioned into 3 subsets of equal number of 
elements ? (The subsets P,Q, R form a partition if 
PUQUR=A,PHR=6,QONR=06,RAP=9.) 

A square of n units by n units is divided into n* squares 
each of area 1 sq unit. Find the number of ways in which 
4 points (out of (n+ 1)” vertices of the squares) can be 
chosen so that they form the vertices of a square. 

How many sets of 2 and 3 (different) numbers can be 
formed by using numbers between 0 and 180 (both 
including) so that 60 is their average? 


There are n straight lines in a plane, no two of which are 
parallel and no three passes through the same point. Their 
point of intersection are joined. Show that the number of 


1) (n — 2) (n — 3). 


: : 1 
fresh lines thus introduced, is — n(n 
8 
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99. 6 balls marked as 1, 2, 3, 4, 5 and 6 are kept in a box. 
Two players A and B start to take out 1 ball at a time 
from the box one after another without replacing the 
ball till the game is over. The number marked on the ball 
is added each time to the previous sum to get the sum of 
numbers marked on the balls taken out. 


If this sum is even, then 1 point is given to the player. 
The first player to get 2 points is declared winner. At the 
start of the game, the sum is 0. If A starts to take out the 
ball, find the number of ways in which the game can be 
won. 


Permutations and Combinations Exercise 8 : 
Questions Asked in Previous 13 Year's Exam 


= This section contains questions asked in IIT-JEE, 
ATEEE, JEE Main & JEE Advanced from year 2005 
to year 2017. 


100. There is a rectangular sheet of dimension 
(2m — 1) x (2n — 1), (where m> 0, n> 0). It has been 
divided into square of unit area by drawing line 
perpendicular to the sides. Find the number of rectangles 


having sides of odd unit length. [IIT-JEE 2005, 3M] 
2m -1 
2n-1 
(a)(m+n+1) (b) mn(m + 1)(n + 1) 
(arr: (d) m’n? 


101. If the letters of the word SACHIN arranged in all 
possible ways and these words are written out as in 
dictionary, then the word SACHIN appears at series 


number [AIEEE 2005, 3M] 
(a) 603 (b) 602 (c) 601 (d) 600 

102. If r, s, t are prime numbers and », q are the positive 
integers such that LCM of p,q is r°t*s’, then the 
number of ordered pair (p, q) is [IIT-JEE 2006, 3M] 
(a) 252 (b) 254 (c) 225 (d) 224 


103. At an election, a voter may vote for any number of 
candidates, not greater than number to be elected. There 
are 10 candidates and 4 are to be selected. If a voter 
votes for atleast one candidate, then number of ways in 


which he can vote, is [AIEEE 2006, 4.5M] 
(a) 5040 (b) 6210 
(c) 385 (d) 1110 


104. The letters of the word COCHIN are permuted and all 
the permutations are arranged in an alphabetical order 
as in English dictionary. The number of words that 
appear before the word COHIN is [IIT-JEE 2007, 3M] 
(a) 360 (b) 192 
(c) 96 (d) 48 


105. 


106. 


107. 


108. 


The set S = {1, 2,3,..., 12} to be partitioned into three sets 


A, B, C of equal size. Thus, 
AUBUC=S, ANB=BNC=ANC= ob. The 


number of ways to partition S, is [AIEEE 2007, 3M] 
12! 12! 
a) 
31(4!)3 31(3!)4 
12! 12! 
(c) —| (d) —> 
(4!) (3!) 


Consider all possible permutations of the letters of the 
word ENDEANOEL. Match the statements/ expressions 
in Column I with the statements/ expressions in 


Column II. [IIT-JEE 2008, 6M] 
Column I Column II 
(A) The number of permutations (p) 5! 


containing the word ENDEA is 


(B) The number of permutations in (q) 2x5! 
which the letters E occurs in the 
first and the last positions, is 


(C) The number of permutations in (r) 7x5! 
which none of the letters D, L, N 
occurs in the last five positions, is 


(D) The number of permutations in (s) 21 x5! 
which the letters A, E, O occur only 
in odd positions, is 


How many different words can be formed by Jumbling 
the letters in the word MISSISSIPPI in which no two S’s 


are adjacent? [AIEEE 2008, 3M] 
(a)6-7°C, (b) 6-8-7 Cy 
(c)7-° Cy 3 C4 (d)8-° C4 7 C4 


In a shop, there are five types of ice-creams available. A 
child buys six ice-creams. [AIEEE 2008, 3M] 
Statement-1 The number of different ways the child 
can buy the six ice-creams is '? C4. 


Statement-2 The number of different ways the child 
can buy six ice-creams is equal to the number of 


different ways to arranging 6A’s and 4B’s in a row. 
[AIEEE 2008, 3M] 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 

(c) Statement-1 true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


109. The number of 7-digit integers, with sum of the digits 
equal to10 and formed by using the digits 1, 2 and 3 
only, is [IIT-JEE 2009, 3M] 
(a) 55 (b) 66 (c) 77 (d) 88 


110. From 6 different novels and 3 different dictionaries, 4 
novels and 1 dictionary are to be selected and arranged 
in a row ona shelf so that the dictionary is always in the 
middle. Then, the number of such arrangements is 

[AIEEE 2009, 4M] 
(a) atleast 1000 
(b) less than 500 
(c) atleast 500 but less than 750 
(d) atleast 750 but less than 1000 

111. There are two urns. Urn A has 3 distinct red balls and 
urn Bhas 9 distinct blue balls. From each urn, two balls 
are taken out at random and then transferred to the 
other. The number of ways in which this can be done, is 

[AIEEE 2010, 4M] 
(a) 36 (b) 66 (c) 108 (d) 3 

112. Statement-1 The number of ways distributing 10 
identical balls in 4 distinct boxes such that no box is 
empty, is °C3. 


Statement-2 The number of ways of choosing any 3 

places from 9 different places is *C5 [AIEEE 2011, 4M] 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


113. There are 10 points in a plane, out of these 6 are 
collinear. If N is the number of triangles formed by 


joining these points, then [AIEEE 2011, 4M] 
(a) N >190 (b) N < 100 
(c) 100 < N <140 (d) 140 < N <190 


114. The total number of ways in which 5 balls of different 
colours can be distributed among 3 persons, so that each 
person gets atleast one ball is [IIT-JEE 2012, 3M] 
(a) 75 (b) 150 (c) 210 (d) 243 


= Directions (Q. Nos. 115 to 116) Let a, denotes the 
number of all n-digits positive integer formed by the 
digits 0, 1 or both such that no consecutive digits in 
them are 0. Let b, be the number of such n-digit 
integers ending with digit 1 and c, be the number of 
such n digits integers ending with digit 0. 
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115. The value of bg, is [lIT-JEE 2012, 3+3M] 
(a) 7 (b) 8 (c) 9 (d) 11 

116. Which of the following is correct? 
(a) a7 = a5 + a5 (b) C17 #6 + G5 
(c) yy # De + Ce (d) ay7 = G7 + Bye 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


Assuming the balls to be identical except for difference 
in colours, the number of ways in which one or more 
balls can be selected from 10 white, 9 green and 7 black 
balls, is [AIEEE 2012, 4M] 
(a) 630 (b) 879 (c) 880 (d) 629 


Let T,, be the number of all possible triangles formed 


by joining vertices of an n-sided regular polygon. If 
Tn +1 — In = 10, the value of n is [JEE Main 2013, 4M] 
(a) 5 (b) 10 (c) 8 (d) 7 


Consider the set of eight vectors 
V=l[a i + bj +c k: a,b,c € {—1,1}] .Three non-coplanar 
vectors can be chosen from V in 2? ways, then pis 

[JEE Advanced 2013, 4M] 


Let n, <n, <n3<n4 <n, be positive integers such that 


ny +n, +n3+n4+ns5 = 20, the number of such distinct 
arrangements (11, ,N3,N4,Ms5 ) is 
[JEE Advanced 2014, 3M] 


For n2 2 be an integer. Take n distinct points on a circle 
and join each pair of points by a line segment. Colour 
the line segment joining every pair of adjacent points by 
blue and the rest by red. If the number of red and blue 
line segments are equal, the value of n is 

[JEE Advanced 2014, 3M] 


Six cards and six envelopes are numbered 1,2,3, 4,5,6 and 


cards are to be placed in envelopes, so that each 

envelope contains exactly one card and no card is placed 

in the envelope bearing the same number and moreover 

the card numbered 1 is always placed in envelope 

numbered 2. Then the number of ways it can be done, is 
[JEE Advanced 2014, 3M] 

(a) 264 (b) 265 

(c) 53 (d) 67 

The number of integers greater than 6000 that can be 

formed using the digits 3,5,6,7 and 8 without repetition, 


is [JEE Main 2015, 4M] 
(a) 120 (b) 72 
(c) 216 (d) 192 


Let n be the number of ways in which 5 boys and 5 girls 
can stand in a queue in such away that all the girls stand 
consecutively in the queue. Let m be the number of ways 
in which 5 boys and 5 girls can stand in a queue in such 
a way that exactly four girls stand consecutively in the 


m., 
queue, the value of — is 
n [JEE Advanced 2015, 3M] 
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125. 


126. 


Textbook of Algebra 


If all the words (with or without meaning having five 
letters, formed using the letters of the word SMALL and 
arranged as in a dictionary, then the position of the 
word SMALL is [JEE Main 2016, 4M] 


(a) 59th (b) 52nd —(c) 58th (d) 46th 


A debate club consists of 6 girls and 4 boys. A team of 4 
members is to be selected from this club including the 
selection of a captain (from among these 4 members) for 


the team. If the team has to include at most one boy, 
then the number of ways of selecting the team is 


[JEE Advanced 2016, 3M] 


127. 


(a) 380 
(c) 260 


(b) 320 
(d) 95 


A man X has 7 friends, 4 of them are ladies and 3 are 
men. His wife Y also has 7 friends, 3 of them are ladies 
and 4 are men. Assume X and Y have no common 
friends. Then the total number of ways in which X and Y 
together can throw a party inviting 3 ladies and 3 men, 
so that 3 friends of each of X and Y are in this party, is 


[JEE Main 2017, 4M] 


Answers 


Exercise for Session 1 


l(c) 2. (b) 3. (c) 4. (a) 5. (c) 6. (b) 
7.(c) 8c) 9. (b) 10.(b) 11. (d) 
Exercise for Session 2 
1.(b) 2. (c) 3. (c) 4. (d) 5. (d) 6. (b) 
7.(d) — 8.(a) 9. (b) 10.(c)  11.(b) 12. (b) 
13.(b) 14. (b) 15. (b) 16. (d) 
Exercise for Session 3 
1. (a) 2. (c) 3. (a) 4. (b) 5. (c) 6. (c) 
7.(b) 8. (b) 9. (a) 10.(a) 11. (a) 
Exercise for Session 4 
1.(d) 2. (b) 3. (d) 4. (c) 5. (a) 6. (c) 
7.(a) 8. (b) 9. (b) 10.(d) - 11.(a)— 12. (d) 
13.(a) 14. (d) 15. (d) 16.(c) 17.(b) 18. (a) 
Exercise for Session 5 
l(c) 2. (c) 3. (d) 4. (a) 5. (b) 6. (b) 
7.(d) 8. (a) 9. (c) 10.(c)  11.(d) 12. (a) 
13.(b) 14. (c) 15. (d) 16.(c) 17.(b) 18. (c) 
Exercise for Session 6 
1. (c) 2. (c) 3. (a) 4. (a) 5. (b) 6. (a) 
7.(c) 8c) 9. (c) 10.(a)  11.(d) 12. (b) 
13.(a) 14. (c) 15. (b) 16.(b)  17.(c) 18. (d) 
19.(c) 20. (d) 21. (c) 22.(b) 23.(a) 24. (a) 
25.(b) 26. (c) 27. (c) 28. (b) 
Exercise for Session 7 
1.(b) 2(d) 3. (a) 4. (c) 5. (c) 


(a) 484 (b) 485 
(c) 468 (d) 469 
Chapter Exercises 
1. (c) 2. (a) 3. (c) 4. (b) 5. (c) 6. (c) 
7. (a) 8. (b) 9. (b) 10. (d) 11.(a) =: 12. (d) 
13.(b) 14. (b) 15. (c) 16. (a) 17.(d) 18. (c) 
19.(d) 20. (b) 21. (c) 22. (d) 23.(d) 24. (d) 
25.(c) 26. (a) 27. (d) 28. (a) 29.(c) 30. (b) 
31. (a,c) 32. (a,b,c,d) 33. (a,b,c,d) 34. (a,d) 35. (a, c) 
36. (b,d) 37. (a,c)  38.(b,c) 39. (a,b,c,d) 40. (b,c,d) 
41.(a) 42. (c) 43. (c) 44. (c) 45.(b) 46. (a) 
47.(c) 48. (c) 49. (c) 50. (c) 51.(c)  52.(b) 
53.(b) 54. (c) 55. (d) 56. (1) 57.(0) 58. (8) 
59.(3) 60. (7) 61. (8) 62. (6) 63.(7) 64. (8) 
65.(8) 66. (A) > (q); (B) > @); (C) > (s); (D) > (p) 
67. (A) > (); (B) > (s); (©) > (q); (D) > ©) 
68. (A) > (); (B) > (s); (©) > (); (D) > (@) 
69. (A) > (s); (B) > @); (©) > (s); (D) > () 
70. (A) — (s); (B) > (q); (©) > (p); (D) > (s) 
71.(b) 72. (c) 73. (d) 74. (c) 75.(d) 76. (b) 
77.(b) 78. (d) 79. (a) 80. (d) 81.(d) 82. (a) 
83.x=n+ 3 84.x=3 85.4 87. 60 88. 42 
89. 11520 90. °P,x 8P, x10! 92. “Cc; 
93. n(n—4)(n—5) 94.1728 95. (3n)! 96. n(n +1) 
6 6(n!)° 2 
97. 4530 99. 96 100.(d) 101.(c) 102. (d) 
103.(c) 104.(c) 105. (c) 
106. (A) > (p); (B) > (s); (C) > (a); (D) > (@) 
107.(c) 108.(a)  109.(c) 110.(a) 111.(c) 112. (a) 
113.(b) 114.(b) 115. (b) ‘116. (a)_—«117.(b)_-118. (a) 
119.(5) 120.(7) 121. (5) 122. (c)_—«:123.(d)_—«124. (5) 
125.(c) 126.(a) 127. (b) 


Solutions 


1. 


2. 


9. 
10. 


90. — 9-20, = °C, — "Cy 
= 126 —35 =91 
Leta =2x -1,b=2y —1,c=2z-1,d =2w-1 


where, x,y,z,weEeN 
Then, a+b+c+d=20 
> x+yt+zt+we=l2 


. Number of ordered quadruplet = '°~'C, _; 


an. 0 
="s = 165 
2-3 
1 =LCM of 8!, 10! and 12! = 12! 
and h = HCF of 8!, 10! and 12! =8! 
1 12! 
— =— =12-11-10-9 =11880 
h 8! 
n+1 aig AC 29100 
Ss *8*1C,— "16, $100 
+1 =] +1 
(n+ 1)nn=1)_ (21M 95 
6 
> n(n + 1)(n — 4) 600 


It is true for n = 2, 3, 4, 5, 6, 7, 8, 9 
Coefficient of x"! in(x + x7 + x2 + x4 + x° + x®)? 


= Coefficient of x* in 


= Coefficient of x* in(1 — x°)*(1 — x)? 
= Coefficient of x* in (1 —3x°)(1 + 3C\x +...) 
="C, —3 x 4C, = 45 —18 =27 

"Cy, n € N, infinite numbers. 


+: 13 lines pass through A and 11 lines pass through B. 
.. Number of intersection points 


ah On OP OMe ay, ['. two points A andB ] 


=535 
a =182bc 
> (x + 2)!=182 x *P, x(x—-11)! 
> (x + 2)!=182 x x! 
=> (x+2)(x+1)=14x13 
> x+1=13 
x=12 


6+5X54+5X5x4=131 


The letters in alphabetical order are abcde 


a— 4!=24 db > 3!=6 


11. 


12. 


13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 


21. 


b> 4!=24 dc > 3!=6 

ca 4!=24 dea 2!=2 

da — 3!=6 debac> 1 
«. The rank of debac = 24 + 244+ 244+64+6+6+4+24+1=93 


Number of different tickets 
=20+19+4+18 417 +...+34+2412=210 


Let A = {aj, dg, 43, ..., Gn} 


(@ij)a,e¢P,a4,€Q  (ii)a,eP,a,¢Q 
(iii) a € P,ajeQ = (iv) a, € P,a, €Q, where1 <i<n 
“ PAQ=0 [cases in favour 3 ice., (ii), (iii), (iv)] 


. Required number of ways = 3" 
Total points on all three lines =m+n+k 
.. Maximum number of triangles = "*"**C, — ™C, — "C3 — *C, 


Required number of triplets = Total number of triplets without 
restrictions — Number of triplets with all different coordinates 
3 n 
=n —"P, 
Let middle largest digit be r, then digits available for remaining 
four places are 0, 1, 2, 3,..., r-1. 
Number of ways filling remaining four places 
9 9 
= LCP, -''P)= L(r-1)x"""P, 
r=4 r=4 
=3x°PR+4x‘4PR+5x°P, 
+6X °P,+7X7P,+8x §P, 
=5292=27 +9757" 
Required number of words = 6! —5!—5!+ 4!=504 


Let x, y, z be the friends and a, b, c denote the case when x is 
invited a times, y is invited b times and z is invited c times. 
Now, we have the following possibilities (a, b, c) = (1, 2, 3) or (2, 
2, 2) or (3, 3, 0) [grouping of 6 days of week] 
Hence, the total number of ways 

6! 6! 3! 6! 3! 

x3!4 + x 

1!2!3! 3!3!0! 2! 


14 —_ x — 4 
2!2!2! 3! 
= 360 + 90 + 60 =510 


If y =n, then x takes values from 1 to n — 1 andz can take 


values from 0 to n (ie., (n + 1) values). Thus, for each value of 
y(2<y <9), x and z take (n — 1)(n + 1) values. 


Hence, the 3-digit numbers are of the form xyz 


= Seeders ¥ (n® - 1) =276 
x=2 2 


x= 


The letters in alphabetical order are EEMRTU 


E—5!=120 
MEERTU > 1! =1 
MEERUT > 1 


Rank of MEERUT = 120 + 1+ 1=122 


The candidates can be ranked in 10! ways. In half of these 
ways, A, is above A, and in another half, A, is above Aj. So, 


! 
required number of ways = tot 
2 


Any selection of four digits from the ten digits 0, 1, 2, 3, ..., 9 
gives one number. 


So, the required number of numbers = '°C, = 210 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


Textbook of Algebra 


As 0 < x <1, we have p <q 


The number of rational numbers =5 + 4+3+2+1=15 


When p, g have a common factor, we get some rational 
numbers which are not different from those already counted. 


2234 
There are 4 such numbers —, —, — — 
4666 


.. The required number of rational numbers = 15 — 4 =11 


We have, 
24=2X3xX4=2xX2x6 
=1x6x4=1x3x8 
=1xX2x12=1xX1x24 


The number of positive integral solutions of xyz = 24 is 


3! 3! 
+3!4+3!43!4 
2! 2! 


and number of integral solutions having two negative 
factors is °C, x 30 =90. 


314 = 30 


Hence, number of integral solutions = 30 + 90 = 120 
Total number of triangles = Number of triangles with vertices 
on sides [(AB, BC, CD) + (AB, BC, DA) + (AB, CD, DA) 
+ (BC, CD, DA)] 

="6,.«K*C, °C, + 7G, x4, x 8G, + 7°G, KC, ¥ °C 

eA SOPHO YC, 
= 60 + 72 + 90 + 120 = 342 
* 16 horses = 10 horses + (A, B, C, D, E, F) 
.. The number of ways = '°C; x (Number of ways of choosing 
out of A, B, C, D, E, F, so that AD, BE and CF are not together) 

= "°C; x (One from each of pairs AD, BE, CF) 


= "c, x *C, x 7C, x 7C, = 960 


We have, P+ai?+bitc=0 
and (-i)* + a(-i)? + W(-i)+ c= 
> (c-—a)+(b-1)i=0 
and (c—a)-i(b-1) =0 
> b=1,a=c 


Thus, total number of such polynomials = °C, = 10 


k 
2% 


as a a 1 je 75 
3 a a a = 
AX M & Xp n n 
[as LCM of 34, Xp, X3, ..., Xj is n] 
Let ‘1’ be associated with ‘r’, r € {1, 2, 3, 4, 5}, then ‘2’ can be 


associated with r, r + 1,... ,5. Let ‘2’ be associated with ‘7 then 
3 can be associated with j, j + 1,...,5. Thus, required number 
of functions 


ay ConC 2) 


r=1 


5 (5 
y. | 6-/ 
r=1 j=r 
Clearly, each player will play 9 games. 
Cc, = 45 
Lh =45 


Total number of games = 


Clearly, w; + J =9 and Lw; = 


30. 


31. 


32. -. 


33. 


34. 


35. 


36. - 


i > w, =81-18)4+1° 
=> Lwe =E 81-180 44277 
=81x10-18x 454+ LI? =I? 


=> w; =9- 


The number of matches in the first round = °C, + °C, =30 


The number of matches in the next round = °C, =15 

and the number of matches in the semi-final round = *C, =6 

.. The required number of matches = 30 + 15+ 6 + 2 =53 

[. for ‘best of three’ atleast two matches are played] 
[300] [300] , [300] , [300] [300] 
eure sarees 


=100+ 334+114+3+1=148 
m= 148 


E;(300!) = 


[150 | 


and E,(150!) =e) 


[150 
[2 


— | 
— 
nN 
N 
| ee 


2 
=75+374+18+9+4+2+1=146 


n —2=146 
=> n= 148 
E,(102!) = 98, E(102!) = 49, 
E,(102!) = 24 and E,(102!) = 16 
. & =98, B= 49, y=24 and & = 16 
Triplets with 


(i)x=y<z (ii) x<y <z 


(iii) y<x<z 
can be chosen in "*'C,,"*'C;,"*1C3 ways. 


EN Op AC ce ies OFS as Ge aa OF 


=2("*t?c,)—"**C, 
_ n(n+ 1)(2n + 1) 
6 


When x is odd 

Unit’s place filled by 1, 3, 5, 7, 9. 
x=8X8X7X5 =2240 

When x is even 

Unit’s place filled by 0, 2, 4, 6, 8. 
y=8X8X7X44+9X8X7 X1=2296 


> x <yand|x—y|=56 
minA 
Aéex 
n-1 
Lre—n=nDr- Er 
n(n—1)n (n—1)n(2n —1) 
2 6 
(n+1):n-(n=1) pe _ mn? -1) 
1-23 6 
 p = 2520 =2°.37.5'.7! 
=6+2" 357 =O. 27-5" +7 
=(2+ 1) +1) +1) + 1) =24 
and y=(84+1)1+1)0+1)=16. 


37. 


38. 


39. 


40. 


41. 


42. 


My + Xt xg 4+...4x%,=7, Vx, 21, (1 SiSsn) 
Total number of such solutions ="~'C,_, ="~'C,_, 
wxtxt+1+y=24 
=> y =23-2x 
Let N = Total number of fights subject to the condition that 
any two children of one team do not fight. 
N= ™C, —(*C, + **"Cy + "Cy) 
= 40, -(*C, + **10,4 3-*¢,) 
=23 -3x° + 45x 
dN 


—=0-—6x+ 45 
dx 


dN 
For maximum or minimum, put os =0 > x=75 
Xx 
=> x=7 [x eT] 
d’N 
as 0 
dx 
-. N will be maximum when x =7 
N =23 —3(7)° + 45x7=191 


and 

“x+yt+z=3n 

=> N=Coefficient ofa” in(l+a+a7+...+0 
= Coefficient of a” in(l —a"*!)R(1 — 
= Coefficient of a in(l-30"*") (1 4 
= 3n + ee grr (Caan 
= **2C, -3"*1C, =3n? +3n41 

*, N-1=3n(n+1) 

Since, & can be subtracted from B without borrowing, if y; = x;, 

for i = 1, 2, 3. 

Let x, =A 

Ifi =1, then A =1, 2, 3,...,9 


and if i =2 and 3, then A = 0, 1, 2,3,...,9 
Hence, total number of ways of choosing the pair a, 8 


2 
9 9 
= | yi a0-A) Ee - ») = (45)(55)° 
r=1 r=0 


There are 9 letters 
T,T,R,R,RE,O,LS 
X =Number of four lettered words (no restriction) 


= Coefficient of x* in 


x x? x x? x? 
4!}14+—+ 1+—4 + (14 
1! 2! 1! 2!) 3! 


ut = Number of four lettered words (no vowels) 


x)* =626 


= Coefficient of x* in 


x x? x x x? 
4!}14+—+ 1+—4 + (14 
1! 2! 1! 2!) 3! 


“. Required ways (atleast one vowel) = 626 — 38 = 588 
xTxExOxIlxSxTx 
There are 7 available places for RRR. 


6! 
. Required ways = ’ C; x . = 12600 


43. 


44, 


45. 


46. 


47. 


48. 


49. 
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xExTTxOxIxS~x 
Number of ways having TT together and RRR separated 
= °C; x5! = 2400 
Hence, number of arrangements of the word W, if R’s as well 
as T’s are separated = 12600 — 2400 = 10200 
xUxCCxEx 
Hence, required number of ways = *C; x3! = 24 
xUxCcCxCxEx 
There are five available places for three SSS. 
. Total number of ways no two S’s together = °C; x mT = 120 


Hence, number of words having CC separated and SSS 
separated = 120 — 24 = 96 


7! 
Total number of ways = Sia = 420 


Consonants in SUCCESS are S, C, C, S, S 5! 


Number of ways arranging consonants = aia =10 


Hence, number of words in which consonants appear in 


420 
alphabetic order = ar = 42 


xA x AxNxGxEx 

Hence, required number of ways = °C, x : =900 

The number of ways in which two A’s are together 

ie, x AAxNx Gx E~ is °Cy X 4!=240 

Hence, number of ways in which neither two R’s no two A’s 
come together = 900 — 240 = 660 

The letters in alphabetical order are AAEGNRR 


5! 
AA-> i > 4!=24 


5! 
AE “oO > 4!=24 


5! 
AG a > 41=24 


5! 
AN-> mice > 4!=24 


ARRAE > 2! =2 
ARRANEG > 1 
“. Rank in dictionary 
= 60 + 60 + 60 + 60 4 


ARRAG > 2! =2 
ARRANGE —> 1 


244+ 244+ 24+ 244+24+2+1+4+1=342 


= Sol. (Q. Nos. 50-52) 


50. -. 


n)(y 


x yi on 


n 
x=nt+A,y=nt+— 
- nN 


so saiutss 2 
where, A is divisor of n°. 


The number of integral solutions (x ,y) is equal to the number 
of divisors of n’. 


Ifn =3,n’ =9 = 3”, then the equation has 3 solutions. 
(x, y) =(4, 12), (6, 6), (12, 4) 

10° = 27-5? 
S(10) =3 X3 =9 
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57. 


52. 


53. 


54. 


55. 


56. 


57. °. 


58. 


59. 
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6 = 92 13? 
=> 5(6)=3X3=9and7? => S(7)=3 
Ef S(6) + S(7) =12 
Also, 37 =2° 
=> S(8) =7 and9? =34 > $9) =5 


» 8(8) + S(9) =12 

=> (6) + S(7) =S(8) + S(9) =12 

1° > S(1) = 1,2? > S(2) =3,3 > S(3) =3, 

4? -» 24 - $(4) =5,5" > S(5) =3, S(6) =9 
S(7) =3, S(8) =7, S(9) =5 and S(10) =9 


[from above] 


ys") = S(1) + S(2) + S(3) + S(4) + S(5) 
ted 5(6) + S(7) + S(8) + S(9) + S(10) 
=143434+54349434+74+549=48 
sf (6) = Co + PC, + *Cy + 2C, = 13 
2. FLFO)} = f3) =PCy + OC, + NCy + C3 +°Cy + 805 + 7Ce 
=14+12 +554 120+ 126+ 56+ 7 =377 
“2 fl) = "Cy =1, f@) = Cy + 'C, =2, FB) = °Cy + 7C, =3, 
f(4) =5 [given] 
and f(5) = °C) + *C, + °C, =8 
Thus, we say that f(n) >nforn = 4,5, 6,... 
Hence, number of solutions for f(n) =n is 3. 


+ 


Number of superstars = f(4) =5 
and number of junior artists = f(3) =3 
xS, XS. x S3 XS, xS5 Xx [S, for superstars] 


Required number of ways = °C; x 5! x 3! = 14400 


For n = 10, the number of zeros in n! > 2 


1!4+ 2!43!4 414...4+97!=...13 
Ten’s digit = 1 
100! 
C= ; 
(50!) 
100 100 
E,(100!) =! 7 | + [ P |-+2=16 


50] [50] _ 


and £,(90) =| > + Fal 7+1=8 


o. E,in(' Coy) =16 -2 x8 =0 
C=" (C= 05 

=> n=8 ee ee OF 

For BULBUL, the letters in alphabetical order are BBLLUU 


4! 
BB aia =6 BULBLU > 1 


4! 
BL aie 1 


3! 
BU > — =39 

2! 
‘ m=6+4+124+34+1+1=23 
For NANNU 


The letters in alphabetical order are ANNNU 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


4! 
fT gy Se oe 1 


n=4+1=5 
Hence, m — 4n = 23 — 20 =3 
Each of the n digits can be anyone of the three 2, 5 or 7. 


.. The number of n-digit numbers is 3”. 


> 3” > 900 

=> n=7, 8,9... 

Hence, smallest value of n is 7. 
a+b+c=2153b=21>5b)=7 [.a+c=2b] 
> a+b+c=21>a+c=14 

> MEP GH "C. =13 


Hence, A —-5=13-5=8 
2X =Number of selecting 3 member subsets of {1, 2, 3, ..., 29} 
which are in 
GP with common ratio (2 or 3 or 4 or 5). 
[29] [29] [29], [29] 
~ (2? |" 37)" Lae)” | 
=7+34+1+1=12 
Ar =6 

The number of students answering exactly i(1 <i <n —1) 
—2"~'~! The number of students 


answering all n questions wrongly is 2°. 


n-i 


questions wrongly is 2 


Hence, the total number of wrong answers 
n=1 
ye — 2} 4 (2°) = 127 
i=l 


sort on 24 om-3 4 4 ol 4 2° = 127 


=> 2" ~1=127 
=> 2” =128 =2’ 
n=7 


The sum of digits is divisible by 3. 

ie,8+7+64+4+2+x+yor27+ x+y is divisible by 3 
. x + y must be divisible by 3. 

Then, possible ordered pairs are 

(0, 3), (3, 0), (1, 5), (5, 1), (0, 9), (9, 0), (3, 9). (9, 3) 

.. Number of ordered pairs = 8 


Number of circles through ACD, ACE, ADE intersect the line 
AB =3 and 


Number of circles through BCD, BCE, BDE intersect the line 
AB =3 and 


Number of circles through CDE intersects the line AB = 2 
Hence, number of points of intersection =3+3+2=8 
(A)? *G,51=" °C, =15(0 4 2) 


= WES og PO 2 POG 2 15ig £9) 
> ** C41 =15(n + 2) 
=> "* 3c, =15(n + 2) 
=> |, 


2 


(B) 11-"P, =20."~"P, 


=> 11.n(n—-1)(n —2)(n — 3) = 20(n — 2)(n —3)(n — 4)(n — 5) 
=> 1in(n — 1) = 20(n — 4)(n —5) [on #2, 3] 
> 9n? —169n + 400 = 0 
25 
n=16 => oars 
(C) "AC, =11: "GC, 
ci 2n(2n—1)(2n—2) _ 11-n(n—1)(n—2) 
T2223: 1-2-3 
n=6 
n+2 
Cy 5 
(D)"**C,:"~?P, = 57:16 => 5 eel 
""“P, 16 
_, (n+2) n+1 (n) (n-1) "~?C, _ 57 
8 7 6 5 ""P 16 
=> (n + 2)(n + 1) n(n — 1) =21-20-19-18 
n=19 


67. (A) 2" ="C, 
m! 


(B) Required ways=mxmxXmx...Xm=m" 
ntimes 
(C)X GxGxGxGx...xGxX 
Here, number of gaps for red balls =m —-1+1=m 
Required ways = "C, 
nxnxnx...Xn Hi 


(D) Required ways = - =n 
m times 


68. (A) Required lines = "°C, — *C, +1 = 40 


(B) Maximum number of points = '°C, = 45 
(C) Maximum number of points = °C, x2 = 30 


(D) Maximum number of points =°C, x 4 = 60 


69. (A) Number of rectangles = ’C, x’C, = 441 


[select two vertical and two horizontal lines] 
(B) Number of squares = 1” + 27 +3°+ 47 +57 +67=91 


(C) First square can be selected in 36 ways, second square 
can be selected in (36 —6 —5) =25 ways and third 
square can be selected in (25 —5 — 4) = 16 ways. 


. Required ways = 36 x 25 x 15 = 2400 
(D) aq + a, + a3 + ag +. a5 + a, =11 
where, 4), d, 43, @4, 45, Ag, 21 


.. Required ways = ™ AC. 4 = OC. 


70. (A) or Required ways 
3! 3! 
=1x1x1x—+1x1x1x—=6 
2! 2! 
(B) or Required ways 
_ aX 7C,*'G | *Cy x 7Ca x'G = 
2 ) 2 
(C) or Required ways =1X1xX1+1x1Xx1=2 
(D) or Required ways =3 + 3 =6 


71. 


72. 


73. 


74. 


73. 


76. 


ae 


78. 


79. 


80. 
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Statement-1 is True 


‘* 6!=720 =8x9X10 ie., Product of 6-3 =3 consecutive 
integers and Statement-2 is also true, but Statement-2 is not a 
correct explanation for Statement-1 


For the number exactly divisible by 4, then last two digits must 
be divisible by 4, the last two digits are 12, 16, 24, 32, 36, 52, 56, 
64, 72, 76. Total 10 ways. 


Now, the remaining two first places on the left of 4 digit 
numbers are to be filled from remaining 5 digits and this can 
be done in °P, = 20 ways. 
. Required number of ways = 20 x 10 = 200 
Hence, Statement-1 is true and Statement-2 is false. 
"210! = 28.34 .5°.7! 
.. Total number of divisors 

=(8+ 1)(44+1)(2+1)(1 +1) =270 
Hence, Statement-1 is false and Statement-2 is true. 
* Number of permutations of n dissimilar things taken n at a 
time ="P, =n! 
.. Statement-1 is true and Statement-2 is false. 

[. number of function = n”] 

"SX X_X3Xq =2°5°7-11 
Each of 2, 5, 7, 11 can assign in 4 ways. 
. Required number of solutions = 4x 4x 4x4= 4* =2° = 256 
Hence, Statement-1 is false and Statement-2 is true. 
“a+c=2b 


i.e., sum of two numbers is even, then both numbers are even 
or odd. In {1,2,3, 4,...,21}, 11 numbers are odd and 10 numbers 
are even. 


Then, total number of ways =""C,+"°C, =55 + 45 = 100 
Hence, both statements are true but Statement-2 is not a 
correct explanation for Statement-1. 

": N =12600 =2°-3?-5?-7! 

.. Number of even divisors =3-(2+1)-(24+1)-(1+1) =54 
Both statements are true but Statement-2 is not a correct 


explanation for Statement-1. 


We know that a number is divisible by 3, if the sum of its digits 
is divisible by 3. Now, out of 0, 1, 2, 3, 4, 5, 6 if we take 1,2,4,5,6 
or 1,2,3,4,5 or 0,3,4,5,6 or 0,2,3,4,6 or 0,1,3,5,6 or 0,1,2,4,5 or 
0,1,2,3,6 


Total number of ways = 2 x °P; +5 X(°Ps—*P,) 
= 240 + 480 
=720 
Statement-1 is false, Statement-2 is true. 
The sum of the digits in the ten’s place 
= The sum of the digits in the unit’s place 
=(4—1)(3+ 4+5+6)=108 
Both statements are true and Statement-2 is a correct 
explanation for Statement-1. 
Number of planes each containing three points 
=?C,-1C,+1 


Statement-1 is false and Statement-2 is always true. 
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50! 

10!40! 

sot) =| 501, [50], [50], [50] 
La )"Lb9 Pe Lay 


Tush. a I .= 22 
E,(40!) = [40] [40] [40], 
c a Lo J" La7 "La 


=13+4+1+0=18 
[10] [10], [10], _ 
“La JLo |PLazyh rere" 


Hence, highest power of 3 in °°C,) = 22—(18+ 4) = 0 


81. -- "Co= 


and E(10!) 


Statement-1 is false, Statement-2 is true. 


82. Number of diagonals in quindecagon ="°C, —15 = 105-15=90 
Both statements are true and Statement-2 is a correct 
explanation for Statement-1. 

83. We have, "C,_, +3"Cy-r1 +3” Capp ot"Cn-r43= Cy 
S (Cat Cyrt) + AC Cy pa F" Cnr.) HO Cry oF" Cures) = Cy 
= aes Ne te le Ore a Sere ="C, 
eS CC Cea) at Gea) =*C, 
= iad "Care gt™ gclmne 268 
aa = Cau= 
= m3C 0 [-"C.="C, 4] 
Hence, x=n+3 

84. We have, 3°*1Cy + Pye x =47Ay 
eS BE gio eae 

1:2 
= 3x°4+3x+ 4x =8x"—8x 
Se 5x°-15x =0 
Se 5x(x—3) =0 
x#0 [x EN] 
Hence, x =3 is the solution of the given equation. 
85. We have, x, = hs mAs 
4F, Pasa 
— 195 (n+3)(n+2)(n+1) 
"Aen! (n+1)! 
195 (n+3)(n+2) 
4-n! n! 
_ 195-4n*—20n-24 _ 171—4n? —20n 
4-n! 4-n! 
x, is positive. 
171—4n? —20n 
4-n! os 
> 4n? + 20n-171 <0 


which is true for n = 1,2,3,4 
Hence, the given sequence (x,,) has 4 positive terms. 
86. We have, aan GPa ages CF OF erercj2"c] 


n n 
eS Cy>"Cs 


87. 


88. 


89. 


90. 


91. 


n! n! 
= > 
4\(n—4)! 3!(n—3)! 
1 
~ an—4)! (n—3)(n—4)! [- m! = m(m—1)!] 
eS n-3>4on>7 


Now, let sides of game be A and B. Given 5 married couples, 
i.e., 5 husbands and 5 wives. Now 2 husbands for two sides A 


and B be selected out of 5=°C, = 10 ways. 

After choosing the two husbands their wives are to be 

excluded (since no husband and wife play in the same game). 

So, we are to choose 2 wives out of remaining 5 —2 =3 wives 
e., °C, =3 ways. Again two wives can interchange their sides 

Aand B in2! 

By the principle of multiplication. 


= 2 ways. 


The required number of ways = 10 X3 X2 =60. 

Case I When no couple is chosen 

We can choose 2 men in *C, =6 ways and hence two teams 
can be formed in 2 x6 = 12 ways. 

Case II When only one couple is chosen 

A couple can be chosen in *C, = 4 ways and the other team can 
be chosen in °C,x’C, =6 ways. Hence, two teams can be 
formed in 4 X6 = 24 ways. 

Case III When two couples are chosen 

Then team can be chosen in *C, =6 ways. 


Hence, total ways = 12+ 24+ 6 = 42. 
The total number of seats 


= 1 grandfather +5 sons and daughters +8 grand children = 14 


The grand children with to occupy the 4 seats on either side of 
the table 4! ways = 24 ways 
and grandfather can occupy a seat in (5 —1) ways = 4 ways 
[Since 4 gaps between 5 sons and daughters] 

and the remaining seat can be occupied in 5! ways 

= 120 ways [5 seats for sons and daughters] 
Hence, required number of ways, By the principle of 
multiplication law = 24 x 4X 120 = 11520 


There are 8 chairs on each side of the table. Let sides be 
represented by A and B. Let four persons sit on side A, then 
number of ways arranging 4 persons on 8 chairs on side 

A = ®P, and then two persons sit on side B, then number of 
ways arranging 2 persons on 8 chairs on side B = *P, and 
arranging the remaining 10 persons in remaining 10 chairs in 
10! ways. 

Hence, the total number of ways in which the persons can be 
8!-8!10! 


x §P, x 10!= 
4!6! 


arranged = ®*P, 


The total number of handshake participations by all men what 
so ever is an even number, which is twice the number of 
handshakes. 

The sum of all participations by men having an even number 
of handshakes is an even number, which is the sum of several 
even numbers. 

The sum of all participations by men having an odd number of 
handshakes is an even number, which is an even number 
minus an even number. 


92. 


93 


94. 


The number of men having an odd number of handshakes 
must be even for the sum of the odd numbers of their 
participations be even. 


° © 2 & © 2 2 © 2 L 

S; So S3 Sq Ss Sg S7 Sg Sg 

For S,, 9 different tickets are available, one for each of the 

remaining 9 stations, similarly at S., 8 different tickets are 

available and so on. 

Thus, total number of different tickets 
=9+8+74+64+54+44+34+24+1=45 

So, the six different tickets must be any six of these 45 and 

there are evidently as many different sets of 6 tickets as there 

are combinations of 45 things taken 6 at a time. 


Hence, the required number = “°C. 


Let the object be denoted by a, ao, a3, ..., a, arranged in a circle, 
we have to select 3 objects so that no two of them are 
consecutive. For this, we first find the number of ways in 
which 2 or 3 objects are consecutive. Now, number of ways in 
which 2 or 3 objects are consecutive, is obtained as follows 
with a,. The number of such triples is 

AyAxA3, A\AxA4, AAzAs, ...5 AjA2An — 1. 

[Since, we have excluded a,a,a,, so it will be repeated again. If 
we start with a,, then we shall get triples : a,a,a,, a,a,a3] 


So, number of such triples when we start with a,, is (n — 3). 
Similarly, with a», a3, a4, ..., we shall get the numbers of triples 
that is (n — 3). 

But total number of triples is "C3. 


Hence, required number of ways = "C3 — n(n —3) 
_ n(n—1)(n—2) eo 
1-2-3 


"tn? —3n +2 —6n + 18] 
= Fn? ~9n + 20) = 7(n ~ 4) (n 5) 


Let the men P,Q, R,S,T,U,V,W and suppose P,Q, R remain only 
on one side and S,T on the other as represented in figure. 


a 
SF 


Then, since 4 men must row on each side, of the remaining 3, 

one must be placed on the side of P,Q, R and the other two on 

the side of S,T and this can evidently be done in 3 ways, for we 

can place any one of the three on the side of P,Q,R. 

Now, 3 ways of distributing the crew let us first consider one, 

say that in which U is on the side of P,Q, R as shown in figure. 
P Q R U 


S T V WwW 


Now, P,Q,R,U can be arranged in 4! ways and S,T,V,W can be 
arranged in 4! ways. Hence, total number of ways arranging 
the men = 4!x 4! =576 


Hence, the number of ways of arranging the crew 
=3 576 
= 1728 


95. 


96. 


97. 
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The required number of ways = The number of ways in which 
3n different things can be divided in 3 equal groups = The 


number of ways to distribute 3n different things equally among 


3n! 3n! 
three persons = ——, = 3 
3\(n!)° — 6(n!) 


Number of squares of area n” square units = 1° 


Number of squares of area(n—1)* square units = 2” 


Number of squares of area (n—2)” square units = 3” 


Number of squares of area 1” square units =n” 
2 Wn+1)(2n+1) 


Adding gives N, =1°+2?+3°+...4n ‘ 


When n is even 
2 


n . 2 
Number of squares of area — square units = 1 
2 


Number of squares of area square units = 3” 


(n-2)? 
2 


Number of squares of area 5 square units =(n—1)’ 


n(n—1)(n+ 1) 


Adding gives N, =1°+37+5°+..4(n—-1)’ = 


When n is odd 


=f)? 
Number of squares of area came square units = 27 
2 
(n— 3)° ‘ 2 
Number of squares of area square units = 4 
2 
(n-5)” F 2 
Number of squares of area ; square units =6 


2 
Number of squares of area a square units =(n—1)* 


Adding gives Ny =274-4°4+674..4(n-1)? = ee 2 


.. Total number of squares formed which can be obtained by 
taking 4 points out of (n+ 1)’ points = N, + N, 


_ nnt+1)2n+1) , nn—-1)(nt+1)_ n°(n+1) 
6 6 2 


(i) Set of 2 numbers 


+b 
Let a and b be 2 numbers . =60 >a+b=120 


aand b both cannot be equal to or greater than 60 

['.. 60 cannot be used twice] 
Let 0 <a <59and61 <b <120 
The total number of ways in which a can be chosen 

="C, =60 

The value of b depends on the value of a and there is 1 
value of b corresponding to 1 of a. 
.. Total number of sets having 2 numbers = 60 
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(ii) Set of 3 numbers 


Let a,b,c be the three numbers 


a+b+t+c 


Then, =60 >at+b+c=180 


CaseI Let 0 <a <59,0<b<59andc =60 


acan be chosen in “°C, = 60 ways 


b can be chosen in *C, =59 ways 
['. b cannot use the value of a] 
.. Number of ways in which a and b can be chosen 
= 60 X59 = 3540 


Now, 1 <a+b <117 and there is only one value of c for 1 
value of a+ b so thata+ b+c =180. 


.. Number of ways in which a,b,c can be chosen 


= 60 X59 = 3540 
Case II a=60 
b+c=120 
The number of ways in which b and c can assume values 
= 60 [from Eq. (i)] 


.. Number of ways in which a, b, c can be chosen = 60 
Case III 61 <a < 90,61 <b < 90 andc < 60 


- 30, 
a can assume values in “°C, = 30 ways 


+ 29 
b can assume values in ““C, = 29 ways 


The value of c depends on the value of a and b 


*. Number of ways in which a,b,c can be chosen 

= 30 x29 =870 
.. Total number of ways in which sets of 3 numbers can be 
chosen 

= 3540 + 60 + 870 = 4470 


.. Total number of ways in which sets of 2 and 3 numbers 
can be chosen 


= 4470 + 60 = 4530 


Let AB be any one of n straight lines and suppose it is 
intersected by some other straight line CD at P. 


>) 
A ° B 


Then, it is clear that AB contains (n — 1) of the points of 
intersection because it is intersected by the remaining (n — 1) 


(n — 1) straight lines in (n — 1) different points. So, the 
aggregate number of points contained in the n straight lines is 
n(n—1). But in making up this aggregate, each point has 
evidently been counted twice. For instance, the point P has 
been counted once among the points situated on AB and again 
among those 
on CD. 

: n(n—-1) 
Hence, the actual number of points = ———— 
Now, we have to find the number of new lines formed by 
joining these points. The number of new lines passing through 
P is evidently equal to the number of points lying outside the 
lines AB and CD for getting a new line joining P with each of 
these points only. 


Since, each of the lines AB and CD contained (n — 2) points 
besides the point P, the number of points situated on AB 
and CD 


=2(n-2)-1 
=(2n —3) 
“. The number of points outside AB and CD 
2 


The number of new lines passing through P and similarly 
through each other points. 


—(2n —-3) 


.. The aggregate number of new lines passing through the 


points Ln (n-1) {at = a »| 
2 2 


But in making up this aggregate, every new line is counted 
twice. For instance, if Q is one of the points outside AB and CD, 
the line PQ is counted once among the lines passing through P 
and again among these passing through Q. 


Hence, actual number of fresh lines introduced 
2 4 oD {ate (2n oh 
2| 2 2 | 


==n(n 1) (n -2)(n—3) 


99. Denoting A, B,, A, and B, for their taking out the ball, a chart is made to denote the winner. 


S. A, B, A, B, Number of ways 
No. 

1. Points Number on 1 Even (1 of 3) Even 1 Even 0 Odd (1 of 3)Odd = 20dd(1o0f2)Even *C,x*C,x?C,x*C, =36 
the ball Sum (1 of 2) Even 

2. Points Numberon -1Odd(1of3)Odd 1Odd 0 Even (1 of 3)Even 2Even(lof2)Even *C,x*°C,x°C,x°C,=36 
the ball Sum (1 of 2) Even 

3. Points Number on 1 Even (1 of 3)Even 2 Odd 0 Odd (1 of 3) Even 3C, x3, x °C, =18 
the ball Sum (1 of 3) Odd 

4. PointsNumberon 1 Even(1 of 3) Even 1Even 2 Even (1 of 1)Even 30, 7C, x'C, =6 


the ball Sum (1 of 2) Even 


.. Total number of ways in which the game can be won when A starts the game = 36 + 36 + 18 + 6 = 96 


100. 


101. 


102. 


103. 
104. 


105. 


106. 


107. 


108. 
109. 


Along horizontal side one unit can be taken in (2-1) ways 


and 3 unit side can be taken in (2m—3) ways. The number of 
ways of selecting a side horizontally is 


m 2 
(2m—-1+2m—-3+2m Steg ee er Mlk 


2m-1 


Similarly, the number of ways along vertical side is 
(2n-1+2n—-3+..454+34 1) = Fn iapen 


.. Total number of rectangles = m’n’” 


Words starting with A, C, H, I, N are each equals to 5! 
“. Total words =5 x5! =600 

The first word starting with S is SACHIN. 

.. SACHIN appears in dictionary at serial number 601. 
Required number of ordered pair (p,q) is 

(2x3—1)(2 x5 —-1)(2x3—-1)-1 = 224 

0, + Cot Cyt PCy =10+ 45 +1204 210 =385 


In a word COCHIN, the second place can be filled in *C, ways 


and the remaining four alphabets can be arranged in 4! ways in 
four different places. The next 97th word will be COCHIN. 


Hence, the number of words that appear before the word 
COCHIN is 96. 


12 different objects are to be divided into 3 groups of equal 
size, which are named as A, B and C. 


12! 
(4!)° 
(A) > (p);(B) > (s);(C) > (q);(D) > (a) 


(A) ENDEA, N, O,E,L are five different letters, then 
permutations =5!. 


Number of ways =""C, x °C, x*C, = 


(B) If E is in the first and last position, then permutations 
_7!_7x6x5! 


=— =—— =21x5! 
2! 2 
4! 
(C) For first four letters = a = 4x3 =12 and for last five 
5! 5! 5! 
letters = Tare then permutations = 12 x rs =2x5! 
5! 4! 
(D) For A, E and O= ai and for others = a 12, then 
, 51S! 
permutations = ah x12= ra X12 =2x5!. 
Other than S seven letters M,I,1,1, P,P, Ican be arranged in 


7! 7-6:5 
= =7°C, =7°C, 
2!4! 1:2 


Now, four S can be placed in 8 spaces in °C, ways. 


Hence, required number of ways =7- °C,-°C, 
Xt xX. + x3 + x4 +x5,=6 > "C= "C, 
Coefficient of x° in (x + x? + x°)’ 


= Coefficient of x° in(1+ x+ x?)’ 


110. 


111. 


112. 


113. 


114. 
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1-x? 


7 
) =(1-x*)"(1-x)" 


= Coefficient of x? in 
l=x 


=> Coefficient of x? in (1—7x°)(1+ "Cyx+ 8Cyx? + °Cyx?-+...) 


9°38-7 
"Cy 7 . -7=77 
Aliter 
The digits are 1, 1, 1, 1, 1, 2,3, or 1, 1,1, 1, 2, 2,2 
7! ! 
Hence, number of seven digit numbers formed = a + aa 
= 42+35=77 


4 novels can be selected from 6 novels in °C, ways. 1 
dictionary can be selected from 3 dictionaries in °C, ways. 

As the dictionary selected is fixed in the middle, the remaining 
4 novels can be arranged in 4! ways. 

.. The required number of ways of arrangement. 


=°C, x °C, x 4! = 1080 
Total number of ways =) x °C, °C, x °C) =3 X ie 


=3x9x4=108 
The number of ways of distributing 10 identical balls in 4 
different boxes such that no box is empty =""'C,_,=’C, 
Statement-1 is true. 
The number of ways of choosing any 3 places from 9 different 
places ="C, 
Statement-2 is true. 
Both statements are true but statement-2 is not a correct 
explanation for statement-1. 
Aliter Let a, b,c, d are the balls in four boxes, then 
a+b+c+d=10anda 21,b 21,c 21,d 2 1[. no box is empty] 


..Number of solutions = WAC = "Cy 


Number of triangles = '°C,—°C, 
10:9-8 6-5-4 
= = N=120—-20 => N=100 
DeDe3:. 1283: 
N £100 


‘. Each person gets atleast one ball. 


. 3 persons can have 5 balls in the following systems 


Person | Il Ill Person | ll Hl 


or 


No. of balls 1 1 3 No. of balls 1 2|2 


The number of ways to distribute the balls in first system 
=Cx'Qx°C, 
.. The total number of ways to distribute 1,1,3 balls to the 
3! 
persons =°C,x*C,x°C; x a = 60 
and the number of ways to distribute the balls in second 
system =°C, x “C, x °C, 
Hence, the total number of ways to distribute 1,2,2 balls to the 
3! 
persons =C,x*C)x’Cy x a =90 
.. The required number of ways = 60+ 90 = 150 
Aliter The required number of ways 
=3°C,(3 -1)°+°C,(3 -2)°°C,(3 -3)° 
= 243-96 +3—-0=150 
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115. 


116. 


117. 


118. -. 


119. 


120. 


Textbook of Algebra 


*" d, =number of all n-digit positive integers formed by the 
digits 0,1 or both such that no consecutive digits in them 
are zero. 

and b, =number of such n-digit integers ending with 1 

C, =number of such n-digit integers ending with 0. 

Clearly a, = by + Cn [' a, can end with 0 or 1] 

Also, 0b, =a,_, and Cn = An—2 

[. if last digit is 0, second last has to be 1] 

We get a, = 4,4 + @,2,n 23 


Also, a, =1, a, =2 


By the recurring formula a3 = a, + a, =3 

Ag =A3,+ a, =34+2= 

as =a4+a3=5+3= 
Also, by =a; =8 
By recurring formula, a,7 = a,¢ + a5 is correct. 
Also, C7 #Cio + Cys > a5 Fay + a3 [*.° Cy, = Gn-2] 
.. Incorrect. Similarly, other parts are also incorrect. 
Required number of ways 

=(10+1)(9 + 1)(7 + 1)—1=880-1 =879 


Tu -T, =10 3 ""C3"C, =10 => "C,+"C3—"C, =10 
20 5:4 
=> "C, =10 Cp > n=5 
2 1-2 
Given 8 vectors are (1,1,1),(—1,1,1),(1,—1,1),(1,1,-1), (-1,-1,1), 


(1,-1,—1), (-1,1,-1),(—1,—1,-1) there are 4 diagonals of a cube. 
Now, for 3 non-coplanar vectors first we select 3 groups of 
diagonals and its opposite in *C; = 4 ways. Then one vector 
from each group can be selected in 2 x2 x2 =8 ways. 
.. Total ways = 4x8 =32 =2° =2? 

Hence, p=5 


If m,72,n3,n4 take minimum values 1,2,3, 4 respectively, then ns 


(given) 


will be maximum 10. 


.. Corresponding to n; = 10, there is only one solution 


n, =1,ny =2,n, =3,n4 = 4 
Corresponding to n; = 9, we can have, 

n, =1,n2 =2,n3 =3,n4 =5 ie., one solution 
Corresponding to n, = 8, we can have, 

n, =1,n, =2,n3 =3,n, =6 
or n, =1,n, =2,n3, = 4,n, =5i.e., two solutions 


Corresponding to n; =7, we can have 


n, =1,n, =2,n, = 4,n, =6 
or nm =1, ng =3,n, =4,m4 =5 i.e., two solutions 
Corresponding to n; = 6, we can have 

n, = 2, ny =3,n3 =4,ng =5 ie., one solution 


Thus, there can be 7 solutions. 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


Number of adjacent lines = n 


—3 
Number of non-adjacent lines ="C, —n = ao 
=3: —5 
man = => ly a, or 5 
2 2 
But ne22S>n=5 


* Card numbered 1 is always placed in envelope numbered 2, 
we can consider two cases. 


Case I Card numbered 2 is placed in envelope numbered 1, 
then it is derangement of 4 objects, which can be done in 


Td 
a1 + + =9 ways 
4! 


1! 2! 3! 
Case II Card numbered 2 is not placed in envelope numbered 
1, then it is derangement of 5 objects, which can be done in 
aes ae 1 1 
5! 1 + + = 44 ways 
1! 2! 3! 4! 5! 
“. Total ways =9+ 44 =53 ways 


Four digit numbers can be arranged in 3 x 4!=72 ways and five 
digit numbers can be arranged in 5! = 120 ways 

“. Number of integers = 72 + 120 = 192 

n=5!x6! 

For m: 5 boys can stand in a row in5!, creating 6 alternate 
space for girls. A group of 4 girls can be selected in °C, ways. 
A group of 4 and single girl can be arranged at 2 places out of 
6 in °P, ways. Also, 4 girls can arrange themselves in 4! ways. 
m=5! x °P) x °C, X 4! =5!X30X5 x 4!=5!X6!X5 
m_5!X6!X5 _ 


n 5!x6! 


=> 


4! 4! 
Words starting with A, L,M= rr +4! a = 48 


3! 
Words starting with SA, SL = ry +3!1=9 


Rank of the word SMALL = 48+ 9+ 1 =58 


Either one boy will be selected or no boy will be selected. Also 
out of four members one captain is to be selected. 


. Required number of ways =(*C; x °C3+ °C,) x *C, 
=(4x20+15)x4=95 x 4 = 380 


4 4 
ra /\ 
4L 3M 3L 4M 
3 0 0 3 =*C,;x *C)x °C) x *C; = 16 
2 1 1 dc 27°08 Ge Gk O28 
1 2 2 t ="Ox ox x oS 
0 3 3 0 =*Cyx 3C,x °C; x *C) =1 
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Session 1 


Binomial Theorem for Positive Integral Index, 


Pascal's Triangle 


An algebraic expression consisting of two dissimilar terms 
with positive or negative sign between them is called a 
binomial expressions. 


a 
For example, x +, xa ; ba q 55 -x, 
x x x* 
2 1/3 . : 
(x* +1)°° - , etc., are called binomial 
(x° +1) 
expressions. 
Remarks 


1. An algebraic expression consisting of three dissimilar terms 
is called a trinomial. e.g. a+ 2b+ c,x —2y + 37,2a- 5 +, 


etc. are called the trinomials. 


2. In general, expressions consisting more than two dissimilar 
terms are known as multinomial expressions. 


Binomial Theorem for 
Positive Integral Index 


If x,ae€ Cand ne N, then 
(x +a)" ="Cy x"? a? 4 °C, x? 10' +9 a? a? +... 


ae i en xh a’ 


+t "Cy x a" + "C, x a” ...4) 
n 
or (x+a)"=)"C, ot 
r=0 


Hence, ” Cy,” C,," Cy,...,"C,, are called binomial coefficients. 


Remark 


r 


1. In each term, the degree is nand the coefficient of x” ~" a’ is 
equal to the number of ways 
can be arranged, which 
ae nl 
is given by ———___ = 

(n-r)lr! 


XX Xe KX AAA A 


(n —r) times r times 


n 
; 
| | | 
Ot fy 8 4 ay 8 
510! 411! 3! 2! 
| 
Ly eee ee 


For example, (x + a)° = 


= 9C) x9 + °C x4 at Grr at Gx? at GQ xd +°Ga 


n 
2. LetSa(x a= SG x a 
r=0 


Replacing r by n — r, we have 
n 
S=(x+ a)” = ph Seer es gi’ = er yh gre 
r=0 


2 


="G. aC ya ke + Cpa x ha Gx” 


Thus, replacing r by n— r, we are infact writing the binomial 
expansion in reverse order. 


Some Important Points 
1. Replacing a by (— a) in Eq. (i), we get 
(x -a)" = er x9 a° ma an xn} a: 
+ °C, ee? aw? - ot (-1)" "C, x" a” 


+...+(-1)" "C, x° a” ...(ii) 


or (x-a)"= ye 1)" "C, x" "al 
r=0 
2. On adding Eqs. (i) and (ii), we get 
(x +a)" +(x -—a)" =2{"C, x"~° a® 
+ "Cy xO a? 4 "Cy x8 * a* +...} 
=2 {Sum of terms at odd places} 
The last term is "C, a” or "C,_, xa" ', 
according as n is even or odd, respectively. 
3. On subtracting Eq. (ii) from Eq. (i), we get 
(x +a)" —(x-a)" =2{"C, x" a! 
e EC? Gg? 4 OC, cP Gs, } 
=2 {Sum of terms at even places} 
The last termis "C,,_, x a" ' or "C,, a”, 
according as n is even or odd, respectively. 
4. Replacing x by 1 and a by x in Eq. (i), we get 
(1+¢x)” ="Cy x9 + "C, x1 +"C, x? 
t..¢ "C, x" 4.04 "°C, 1 x77 
+"C, x" ...(iii) 


1 


or (1+x)" = > G aa 


r=0 


5. Replacing x by (— x) in Eq. (iii), we get 
(l—x)" ="C, x° —"C, x' +"C, x? 


—...+(-1)" "C, x" +...4"C,(-1)" x" 


or (1-x)" = DS Ge 1)" "C, x" 
r=0 


5 
Example 1. Expand [20- 5) by binomial theorem. 


Sol. Using binomial theorem, we get 


ae 53) soe een oa) 
(20-2) = °C, (2a) ( *) + °C,(2a) ( | 


2 
+ °C, (2a)°~? (-?) + °C, (2a)°~3 (-?} 


+ °C, cou *[- >) + °C, (2a)°~ (- ;) 


= °Co (2a) ~ °C, (2a)" G] + °C. (2a)’ G] 


~5C, (2a)? (?) + °C, (2a)! (3) ~ °C, (?) 


5 240a* , 720 a> 1080.” , 810a _ 243 
b b? b° bt b° 


3 


= 32a 


Example 2. Simplify 
(enbCa il eee die <1)", 


Sol. Let ,/(x* -1)=a 


Then, (x + a)° +(x -—a)® =2{°Cy x69 a® + °C, x8? a? 
+ °Cy x®~ 4 at + 8Cy x® 8 a5} 
= 2{x° + 15x*a + 15x7a* + a®} [from point (2)] 
=2{x° 4.154 (x? —1)4+ 15x? (x? — 1)? +(x? - 1)*} 
[Pe a=x? -1] 


= 2(32x° — 48x* + 18x * —1) 


Example 3. In the expansion of (x +a)", if sum of 
odd terms is P and sum of even terms is Q, prove that 
() P?-Q* s(x -a")? 
(ii) 4PQ =(x +a)" —(x-a)™" 
Sol. -: (x +a)" ="Cy x" 8a? "Cy xe" a "Cg x Ow 
os OW Gaile a ee I a OR aL 
=("Cy x” 4+ "Cy x 9-7 a? #" Cy x" * a" +...) 


4(°C, eta + 8Cy xO Fa 4 Coe Oe...) 
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= P + Q (given) (i) 
nn n-0 0 n n-1 1 ,n n-2 2 
and (x —a)" ="Co x a —"C,\x a+t+’Cyx a 
MC? 9 gtd WC et at 

=(" Cp xe? 4" Cex Ha? 4 "Cp x® tat #2.) 


7 a hu) 


...(ii) 


=("C, xt res "Ox x73 4" Cs x” 
= P — Q (given) 
(i) P?-Q? =(P + Q)(P-Q) 
=(x +a)" -(x- a)" 
=(x? —a’y [from Eqs. (i) and (ii)] 
a)" =[(x +a)" } —[(x-a)"P 
=P Oy = =Oy 
= 4PQ [from Eqs. (i) and (ii)] 


(ii) (x + a)?" —(x - 


Example 4. Show that (101)°° > (100)°° +(99)°°. 
Sol. Since, (101)*’ — (99)*° = (100 + 1)*° — (100 — 1)” 
=2£°C, (100) + °C, (100)*” + °C; (100)** +...} 
=2~x Cc, (100) +2 { °C, (100)*” + °C, (100)* +...} 


= (100)*° + (a positive number) > (100) 


Hence, (101)°°— (99) > (100) 
= (101)*° > (100)°" + (99)*° 
a 
Example 5. if a, = >’ ——, find the 
r=0 Ge 
ae 
value of }' ——- 
r=0 C, 


r 


i) 


n 
r 


Sol. Let P = y 
r=0 


Replacing r by (n — r) in Eq. (i), we get 


On adding Eqs. (i) and (ii), we get 


n 


on 1 . 
2P = b 7 =n >» ae = na, [given] 
r=0 r r=0 r 
n 
ss: 
nh 
Hence, Je 
r=0 C, 
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Properties of Binomial 
Expansion (x+ a)” 
(i) This expansion has (n + 1) terms. 
(ii) Since, "C, = "C,,_,, we have 
"Co="C, =1 
CoS "Co 5 =n 


Cpa Cos = 1) and so on. 


(iii) In any term, the suffix of C is equal to the index of a 
and the index of x =n — (suffix of C). 
(iv) In each term, sum of the indices of x anda is equal to n. 


Properties of Binomial Coefficient 


(i) "C, can also be represented by C (n, r) or "| 
r 


(ii) "C, = "C,, then either x =y orn=x +y. 
! 
So, "C, ="C,_, =—— — 
r!(n-r)! 
Gil) "C. + "C2, = "**C, 
wer n-rt+l1 
(iv) = 
i ore r 
n n a> 
(v) C, = “ieee 


r 


Pascal's Triangle 


Coefficients of binomial expansion can also be easily 
determined by Pascal’s triangle. 


(x + a)® 1 

(x + a)! 1 1 

(x + a)? 1 = 1 
(x + a)? 1 Ed A 1 
(x + a)* 1 ba aa 1 


\Y ee ee ee 


(x + a)? 1 5 10 10 1 


Pascal triangle gives the direct binomial coefficients. 
For example, 


(x +a)* =1-x%444-x? . 


-at+6-xa 


+4-xa>+1-a‘ 


=x'4+4x3at+6x7a°+4xa? +a‘ 


How to Construct a Pascal's Triangle 


F F ‘ , ‘ 3 
Binomial coefficients in the expansion of (x +a)” are 
1 3 3 1 


1 (1+3) (3+3) (3+1) 1 
Then, 1 4 6 4 1 


are the binomial coefficients in the expansion of (x +a)*. 


Example 6. Find the number of dissimilar terms 
in the expansion of (1— 3x+ 3x* — x *)*. 
(T=27)" 


Therefore, number of dissimilar terms in the expansion of 
(1—3x +3x” — x)? is 100. 


Sol. (1 -— 3x +3x? — x7)? = =(1- x)” 


, EG, 
Example 7. Find the value of Y) — 
r=1 pol 
‘Gale C, ~n-r+l1 
"ead FE 
a Re re 
ore 
pee = Yen-r += Yaty- Yr 
r= mG, . 1 r=1 r=1 


=(n +1) SinGeeet en) 


n(n+1)_n(n+1) 


2 


=(n+1)-n 


Example 8. Let C, stands for "C,, prove that 


(Co +C) (Cy + Co) (Ca 4+Cz3)...(Cp4 FC,) 
oT cence) 
nl 


Sol. LHS =(Cy + C,)(C; + C2) (C2 + C3)...(C,_-1 + Cy) 


=[[iGite)=]Je") 
=TI(*)"c [ete a2*%c,.| 
[lino TT Pcs 


r=1 


n n UE 
C, + C,-1= C,] 


= (n Si 1)" <(CoCiC2 oe Cc. 24) 


= eeV C, Cz... Cy -1)= RHS 
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Example 9. Find the sum of the series 1\" 3)" 7) 15)" 
ee 


- 1 3" 7 15” 

Y(- 1y "C,4—+ + + +... upto m terms}. 
= gr 2er 23r ot 

r=0 


+... upto m terms 
Sol. -. (1-— x)" = yv(- 1) "C, x" »-(i) 2 al 4 (2)" + (2)" 4: (2}" +... upto m terms 
- ne wa (OY (8Y L(Y 
Let Pe 2A 1) «(3 +(2} +2) © Y "| 
+ (2) +... upto m terms () - (3) 
Z| tu ; | 
; 1 


r 


Bs agi. I tie f 15) 
> c-(2) >a <-(3) tea) 


... upto m terms am (a" — 1) 


=| Exercise for Session 1 


10 
1. The value of S\r-'°C,-3"-(-2)"°~" is 
r=0 


(a) 10 (b) 20 (c) 30 (d) 300 


15 
2. The number of dissimilar terms in the expansion of{ x + a ex 4 = are 
x x 


(a) 61 (b) 121 (c) 255 (d) 16 
3. The expansion {x + (x° —1)"7} + {x —(x? -1)"7}5 is a polynomial of degree 
(a) 5 (b) 6 (c) 7 (d) 8 
4, (V2 +1)° -(v2 — 1)° is equal to 
(a) 101 (b) 70 V2 (c) 140 /2 (d) 120 V2 
5. The total number of dissimilar terms in the expansion of (x + a)'®° + (x —a)'©° after simplification will be 
(a) 202 (b) 51 
(c) 50 (d) 101 
6. The number of non-zero terms in the expansion of (1+ 3V2x)® + (1-3 V2x)°, is 
(a) 0 (b) 5 
(c) 9 (d) 10 
n 
7. li(i+xy= YC, x’, [1+ =) [14 2) (14 Oa Js equal to 
= Co C, Cy -1 
(a) 0 ) +1" 
(n - 1)! (n-1)! 
(n+ 1)" (n+ 1)"*4 
(c) Sa (d) ar ee 


8. if "*'C,,4:°C, :"~'C,_,=11:6:3, nr is equal to 
(a) 20 (b) 30 
(c) 0 (d) 50 


Session 2 


General Term, Middle Terms, Greatest Term, 


Trinomial Expansion 


General Term 


The term "C, x"~' a’ is the (r + 1) th term from 
beginning in the expansion of (x + a)”. It is usually called 
the general term and it is denoted by T, ,,. 


Le, T,4,="C, x" " a" 


Example 10.Find the 7th term in the expansion of 


1 13 
4x —-——]| . 
| 2Vx 
i 
Sol. Seventh term, T; = T;, 4, = °C, (4x) ° [- 
2Vx 
1 


13 7 rh 
= Ce. °4 a ae r 5 
2°>-x 


13 8 4 
So Ge 2 ox 


Example 11. Find the coefficient of x® in the 
0 


1 r 
x 


= Ge. 20 - ar (= 1)" es 


1 
; 1 
expansion of [< - | , 
x 


Sol. Here, T,.1= "°C, (x*)°~" (- 


= a Oe (- 1) , x2? - 3r ...(i) 

Now, in order to find out the coefficient of x®,20 — 3r must 

be 8. 

Le. 20 -—3r =8 

ri r=4 

Hence, putting r = 4 in Eq. (i), we get 
10:9°8-7 

Required coefficient = (— 1)* - °C, = = 210 
1:2:3°4 


Example 12. Find 
(i) the coefficient of x’ in the expansion of 


1 1 
2 — 
fore) 


(ii) the coefficient of x~’ in the expansion of 


1 11 
ax — —— , 
[ 3) 


Also, find the relation between a and b, so that these 
coefficients are equal. 


u 
Sol. (i) Here, T,,, = 'C, (ax’)'" (| 
bx 


(ii) 


ll-r 
1 a 22 - 3r 
ae One. “x 


b” 


(i) 


Now, in order to find out the coefficient of x’,22 — 3r 


must be 7, 
Le. 22-—3r =7 
r=5 


Hence, putting r = 5 in Eq. (i), we get 
6 


Required coefficient = 'C; . - 
R 
= 1 
Here, Tr+1 = "Cr (ax)" - (5) 
bx 
R 
= MC, (ay-8 ( ;) _yll-3R 
b 
( i)* 1c ia yll- 3R 
= Re 


Now, in order to find out the coefficient of x7’, 


11 —3R must be — 7. 


ii) 


Le. 11—-3R=-—7=> R=6. Hence, putting R = 6 in Eq. 


(ii), we get 
Required coefficient 
5 5 
(1/6 Wa .f Lip a nA on 
=(-- Mey CaNey-S [etc, ="C 


Also given, coefficient of x’ in 


uW ret 
1 = 1 
ax’ + = coefficient of x” 7 in (a - | 
bx 


x 


5 


a 
ale = ab=1 


6 

a 

= "Cs: 
b 


which is the required relation between a and b. 


Example 13. Find the term independent of x in the 


3 1)\° 
expansion of (; x7 = =| : 
2 


Qe 7 r 
Sol. Here, T, , , = °C, (3x*) (- +} 
2 3x 


eame 3 an 1) 18 - 3r ‘ 
=(-1) : c,-(2) () x (i) 


If this term is independent of x, then the index of x must be 
zero, ie.,18-3r=0 => r=6 

Therefore, (r + 1) th term, i.e., 7th term is independent of x 
and its value by putting r = 6 in Eq. (i) 


3 6 
3 1 1 

=(-1)°.°C,. : 226... 

(-1)°- "Cs (3) (] acer) 


9-8-7 7 


(1-2+3)2?-3% 18 


(o + 1)th Term From End in the 
Expansion of (x + a)” 
(p +1) th term from end in the expansion of (x + a)” 


=(p +1) th term from beginning in the expansion of (a + x)" 


Example 14. Find the 4th term from the end in the 


7 
, x? 2 
expansion of | —-— | . 
2 x 


2 


7 
3 
2 
Sol. 4th term from the end in the expansion of a 2) 
2 x 


= 4th term from beginning in the expansion of 


7 
2 et 
x? 2 
7-3 33 
2 
-"c,( 5) [=| 
x 2 


Example 15. Find the (n+1)th term from the end in 


tte 2 ox 


= 70x 
1-2-3 x® 23 


1 3n 
the expansion of [2x - | ; 
Xx 


3n 
Sol. (n + 1)th term from the end in the expansion of [2x - -) 
x 


=(n+1)th term from beginning in the expansion of 
il 
-—+2x 
x 
1 


3n-n 
=T.41="C, - 2) (2x)" = 3"C,, ae an 
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How to Find Free from Radical Terms or 
Rational Terms in the Expansion of 
(a!°+b"7)" va, be Prime Numbers 
First, find T,,, =%C, (a¥?)%~" (b"2)" 


T “ae res .Qi\-oe . pra 


r 


By inspection, putting the values of 0<r < N, when 
indices of a and b are integers. 


Remark 
1. If indices of aand bare positive integers. 
Then, free from radical terms = Terms which are integers 


«. Number of non-integral terms = Total terms — Number of 
integral terms 


2. If indices of aand 6 both are not positive integers. 

Then, free from radical terms = Rational terms — Integral 

erms 

3. Number of irrational terms = Total terms — Number of 
rational terms 


Example 16. Find the number of terms in the 


expansion of (4/9 + 9/8)°°° which are integers. 
Sol. Since, (4/9 “3 Sige = (94 ae giro) 00 = (a a a 


['. a, b € prime numbers] 


-- General term, T, 4, = Cc, (34?) ~" «(2 
500 —r 
= C13 2.9/2 


= 5C_ .g250—7/2 ori? 


Now, 0<r<500 
Forr =0, 2, 4, 6,8,..., 500, indices of 3 and 2 are positive 
integers. 


Hence, number of terms which are integers = 250+ 1 = 251 


Example 17. Find the sum of all rational terms in 
the expansion of (3'/° +.2'/3)'>, 


Sol. The general term in the expansion of (3° + 2"’*)'° is 
T i= 150 Geyer Mey 
(a r 


gh. 2 
='C..3 5.23 
Now, 0<rs<15 
Forr =0,15 
Rational terms are T) ,, and Tj; , ;. 
Then, Ty 41 = Co 3° 2° = 27 
and Teg Sys 3 2? S32 


+, Sum of all rational terms = 27 + 32 = 59 
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Example 18. Find the number of irrational terms in 
the expansion of (8/5 + 9/2)!0°, 
Sol. Since, (V5 + Ray = (548 + 2l/6 y100 
. General term, T, ‘i= 100 (51 i -—r (2'/ ay 
= 100 0 (5)0 —r)/8 care 


As, 2 and 5 are coprime. 


*. T, ., will be rational, if (100 — r) is a multiple of 8 and ris 
a multiple of 6. 

Also, 0<r<100 

Fo r = 0,6, 12, 18, ..., 96 

Now, 100 — r = 4,10, 16,..., 100 ...(i) 
and 100 — r = 0,8, 16, 24,..., 100 ...(ii) 


The common terms in Eqs. (i) and (ii) are 16, 40, 64 and 88. 
. r = 84, 60, 36, 12 gives rational terms. 


.. The number of irrational terms = 101 — 4 = 97 


Problems Regarding Three/Four 
Consecutive Terms or Coefficients 


(i) If consecutive coefficients are given 


In this case, divide consecutive coefficients pairwise, we 
get equations and then solve them. 


Example 19. Let n be a positive integer. If the 
coefficients of rth, (r+ 1)th and (r+ 2)th terms in the 
expansion of (1+ x)" are in AP, then find the 
relation between n and r. 

SOL “PST tag = "Cg 8 


+1 


L, 


r 


*. Coefficients of rth, (r + 1)th and (r + 2)th terms in the 
expansion of 
(1+ x)" are"C,_1,"C,,"Cp 44. 


+ Given, "C,_,,"C, ,"C,4, are in AP. 


_n r ae a r 
i= Cp, x and Th42=Tesnar = Chai X 


and n2rt+i1 
i nme "C 
rot 4,—"*" are also in AP. 
*C. aCe 
r n-r 
— ,1, are in AP. 
n-r+l1 reed 
r n-r n-2r+1 n-2r-1 
=> 1 = 1> = 
n-r+1 r+1 n-rt+l1 r+1 


=> nr-2r?+rt+n-2rt+1 


=n* -2nr—n-—nr+2r?+r+n-—2r-1 


— n?—4nr+4r?=n+2=> (n-2ry’=nt2 
Corollary! Forr =2,n =7 [.n 23] 
Corollary II For r =5,n =7, 14 [n= 6] 


Example 20. If a,b,c and d are any four 
consecutive coefficients in the expansion of (1+ x)", 
then prove that: 

(i) + = = 
a+b c+d b+c 


Z 
- ac 
(ii) > 
b+c (a+ b)(c+d) 
Sol. Let a, b,c and d be the coefficients of the r th, (r + 1)th, 


(r + 2)th and (r +3)th terms respectively, in the expansion 
of (1+ x)". Then, 


_ifx>0. 


_ pee) ra 
T, =T,141= C, 4 x 


a= "Crag (i) 
Teg =" Cx 
b="C, (ii) 
Tp42=Te+n41= i Sere ee 
C= TC. (iii) 
and fg = Tp2ay0= "Ca. x ** 
d= "Co 44 ...(iv) 


From Eqs. (i) and (ii), we get 
a+b="C,_,+ °C, ="*'C, 


aM tt ap -(*4), 
r=1 
r 


ar 
a+b n+1 


From Eqs. (ii) and (iii), we get 
b+c= "Cy + i One = NG ic 


-(*24)rc -(244)s 
r+1 r+1 
b r+1 


= ...(vi) 


b+c n+l 


From Eqs. (iii) and (iv), we get 
c+d= "Cp ac + "Chay = es er 


n+1)\, nt+1 
zi Cr+i= c 
r+2 r+2 
c _rt2 
ct+td n+l 


...(vii) 


From Eqs. (v), (vi) and (vii), we get 


# : and E are in AP. 
a+b b+e c+ 
(i) a ¥g c =4 b 
a+b ct+d b+e 
a c 2b 
or + 7 


a+b ct+d b+e 


(ii) AM > GM 


Goole 


as b . ac 
bt+e (a+ b)(c +d) 


Remembering Method 


a b 
: and 
a+b bt+ce c+d 


are in AP. 


(ii) If consecutive terms are given 


In this case, divide consecutive terms pairwise. i.e., If four 


consecutive terms are T.,T. 1, 7,42, 7,43. Then, find 
Ty 41 Ty +42 T+ 


Te Tay T, +2 
A, andA, by A, and solve. 


=> A,,A.,A3 (say). Then, divide A, by 


Example 21. If the 2nd, 3rd and 4th terms in the 
expansion of (x+ y)" are 240, 720 and 1080 


respectively, find x, y andn. 


Sol. Given, T, =T,,,="C,-x" "sy =240 (i) 
C= T.g¢= Ce” <p S70 ...(ii) 
and Ty, =T734,="C3-x"~?-y* =1080 ...(iii) 
On dividing Eq. (ii) by Eq. (i), we get 
MO nage ay” 720 
"Cex" hey 240 
> [AStt). 25 eae : ...(iv) 
2 x x n-il 
Also, dividing Eq. (iii) by Eq. (ii), we get 
tCaea” 7 sy 1080 
is OMe ial 720 
ee n-3 +1 ae 9 eC 
3 x 2 x 2(n-2) 
From Eqs. (iv) and (v), we get 
6 9 
n-1 2(n-2) 
> 12n-24=9n-9 
> 3n=15 
n=5 
‘ 3 : 
From Eq. (iv), we get y = ; x ...(vi) 


Chap 06 Binomial Theorem 445 
From Eqs. (i) and (vi), we get 


3 
°C,-x4-y=240 = 5-x*-> x = 240 
2 


x°=32=2? > x=2 


From Eq. (vi), we get y =3 
Hence, x =2,y=3andn=5 


Middle Terms 


The middle term depends upon the value of n. 
(i) When n is even The total number of terms in the 
expansion of (x +a)" is n + 1(odd). So, there is only 


one middle term, i.e., (Z + th term is the middle 
2 


term. It is given by Tyjo41 ="Cajp x” a”” 


(ii) When n is odd The total number of terms in the 
expansion of (x +a)” isn+1(even). So, there are 


two middle terms, i.e., Gan and [ ue * lh are 
2 2 


two middle terms. They are given by 
n+1 


= —n 2 2 
eS eg ="Ca-1°% 7a 
+1 ; 


2 2 
Casi °X “a 
2 


and Tn43 =Tn41 7 =" 
> () 


Example 22. Find the middle term in the 
12 
. ad 
expansion of (< + bx| 
x 
12 
Sol. The number of terms in the expansion of (: + be| is 13 


(odd), its middle term is (= + 7 th, ie., 7th term. 


6 
* Required term, T, =T, 4; =" Ce - (bx)° 
x 
=C, a° b® =924 a° b° 


Example 23.Find the middle term in the expansion 
3\9 
of [s - <) ; 
6 


9 
Sol. The number of terms in the expansion of [+s - =) is 
10 (even). So, there are two middle terms, . 


Le. (22) h and (22?) terms. They are given by T; 


and T,. 
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Example 24. Show that the middle term in the 
expansion of (1+ x)?” is 

1-3-5...(2n-1 
ee x" ,n being a positive integer. 
n! 


Sol. The number of terms in the expansion of (1+ x)?” is 
2n + 1 (odd), its middle term is (n + 1)th term. 


*, Required term = T,, , , 


= ha an! in _ (1:2:3-4...(2n-1)-2n) 
n!n! n!n! 
{1-3-5...(2n —1)} {2-4-6..2n} 
= x 
n!n! 


_ {1-3-5...(2m — 1}2" (1-2-3...) on 


n!n! 


_ {1-3-5 (2m = 1} 2" mtg _ 1-3-5. (2= 1) on on 


nin! n! 


Greatest Term 


IfT, and T,,, are the rth and (r + 1)th terms in the 
expansion of (x +a)", then 


Tha. is Ores ahaa 71 (=) a 
real 


=r+1 
T, "Cpa x" "ea 


r x 


Let numerically, T,,, be the greatest term in the above 
expansion. Then, 


T, —rt+1 
T,4, 2T, or Sg ee (I, 
T, r x 
[a may be + ve or - ve] 
+1 ; 
or pe (i) 


x 


[s+ 


a 


Now, on substituting values of n, x and a in Eq. (i), we get 
r<m+forrsm 

me Nand0<f <1 

In the first case, T,,, ,; is the greatest term, while in the 
second case, T,, andT,,, ,; are the greatest terms and both 
are equal (numerically). 

Shortcut Method 

To find the greatest term (numerically) in the expansion of 

(x +a)”. 


where, 


Now, (x +a)” =a" [+2] 
a 
~ (n+) 
Calculate od ee 
x 
ales, 


Case 1 If m€ Integer, then T,, and T,, , , are the greatest terms 
and both are equal (numerically). 
Case Il If m¢ Integer, then T,,,)4, is the greatest term, where 


[-]denotes the greatest integer function. 
Example 25. Find numerically the greatest term in 
the expansion of (2+ 3x)°, when x = 3/2. 


Sol. Let T,,.; be the greatest term in the expansion of 
(2+3x)’, we have 


ane =(?=28)/% 


(2="): 3| 90-9r 
_ ie |e 


Ty r 2 r 2 4r 
[se 3.2] 
T+ >41 
e 
90-9 
= eet 21 = 90213r 
4r 
90 12 
rs—=6— 
13 13 
12 
or r<6— 
13 


*, Maximum value of r is 6. 


So, greatest term = T, 4, = ’C, (2)’~ ° (3x)° 


9 
3 
Aliter Since, (2+ 3x)* =2” ( + =| 


3x 9 
(9 +1) = 10x — 
Now, m= = 4 [x =3/2] 
3x 9 
i410 =+1 
2 4 


90 12 
= — =6 — # Integer 
13 13 
.. The greatest term in the expansion is 


Thm]+1 = Ts +1in(2+3x)? 


= °C, (2)? § (3x)° = °C, +23 ie [x =3/2] 


9-8-7 37 7x3” 
1-2:3 2? 2 


Example 26. Find numerically the greatest term in 
the expansion of (3— 5x)", when x = = 


Sol. Let T,,, be the greatest term in the expansion of 


(3 —5x)'', we have 


ae aoe 
fie r 


_{12-r 1|_ 12-r 
PsP 
egg 5 Sy gs ay 

3r 
rss STS 2:3 
So, the greatest terms are T, ,,; and T3 ,;. 


..Greatest term (when r = 2)= Ty ,, = 'C, (3)? (— 5x)? 


[x =1/5] 


11-10 
= .3° - (1)? =55 x 3” 


exes 
ae [. x ] 


and greatest term (when r = 3) = T3 4, 


=| "C5 (3)* (— 5x)? [=] "Cs @)* (-1)° | be x = 1/5] 


1-2-3 
From above, we say that the values of both greatest terms 
are equal. 

Aliter 


u 
5 

Since, (3 — 5x)! =3" ( - =) 
3 


(414+1))-2~] 12x|-+ 
3 e| | 1| 
Now, m= = bs | 
ed ee ae 
3 
ay 
1 
-+1 
3 


Since, the greatest terms in the expansion are T; and T,. 
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. Greatest term (when r = 2) = ''C, (3)? (— 5x)* 
= "C2 (3)” (- 1)" 


11-10 
= —— .3° =55 x3? 
1-2 


and greatest term (when r = 3) = | 4c, (3)8 (— 5x)? | 
=| "cs (3)° (1) | 


_ 11-10-9 
1-2-3 


-38§ =55x3° 


Greatest Coefficient 


(i) Ifn is even, then greatest coefficient is "C,/» - 
(ii) Ifn is odd, then greatest coefficients are "C(,,_4)/2. and 


: Cin +1)/2° 


Example 27. Show that, if the greatest term in the 
expansion of (1+ x)*" has also the greatest coefficient, 


’ n n+1 
then x lies between —— and ——. 
n+1 n 


Sol. In the expansion of (1+ x)’", the middle term is 


(= + ies 
2 


iLe., (n + 1)th term, we know that from binomial expan- 
sion, middle term has greatest coefficient. 
[-* Terms 1), 135 T3503 Ips Tp pts Tq eas = | 


T, <Th41>Th+e 


= That "Cys x"  _ 2n-n4+1 
T IEC. ca tag n 
i Bway n+1 
=> —>lor co, ae | 
; n 
n 
or See ..-(i) 
d Th +2 Caan 2n —(n+1)+1 
an a . 
af By RC. x” n+1 
n 
hf + 
n+1 
T, n+ . 
=> Steet = -x<1lor x< ..(ii) 
Tyeict n+1 


From Eqs. (i) and (ii), we get 


n+1 n 


Corollary For n =5 


=< XS SS 
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Important Properties of 
the Binomial Coefficients 


In the binomial expansion of (1+ x)”. Let us denote the 
coefficients "Cy, "Cy, "Co,..., "Cyy.5 "Cp by Co, Cy, Co, 
wis C,,..+, Cy, respectively. 


(i) The coefficients of the terms equidistant from 
the beginning and the end are equal 


The (r + 1)th term from the beginning in the 
expansion of (1+ x)" is "C, x" - 

.. The coefficient of the (r + 1)th term from the 
beginning is "C, and the (r + 1)th term from the end 
in the expansion of (1+ x)” =(r +1) th term from the 
beginning in the expansion of (x +1)" = "C, x""" 

.. The coefficient of the (r + 1)th term from the end is 
aC 
Hence, the coefficients of (r + 1)th term from the 
beginning and the end are equal. 


re 


(ii) The sum of the binomial coefficients in the 
expansion of (1+ x)” 
(i+x)" = "Cy + "C, x+ "Cy x? + "C3 x? 
+..+ "C, x 


n 


Putting x =1, we get 
27 = "Cyt "C, + "Cy +...4+ "C, 
or Cy +C, +C, +...+C, =2" 


.. Sum of binomial coefficients = 2” 


(iii) The sum of the coefficients of the odd terms 
= The sum of the coefficients of the even terms 
 (1+x)" = "Cy + "C, x + "Cy x? + "C, x? 
t..4 "C, x" 
Putting x =— 1, we get 
0= "Co = "Cy + en = "Cs + "C4 = "Cs Pees 
or "C, + "C3 + "Cy t...= "Cot "Cot "Cat... 


Since, the sum of all the coefficients is 2”, therefore 
n 


eqs 2% = 
each side is equal to i.e. 2”. 
2 
Hence, C) #C3 +C, +...=Cy + Cy + Cy +...=2"— 


Remark 
1. In the expansion of (x -2y + 3z)”, putting x = y =z =1,then 
we get the sum of coefficients = (1-2 + 3)” =2", 
2. In the expansion of (1+ x + x°)", putting x = 1, we get the sum 
of coefficients = (1+ 1+ 1)" =3", 


Trinomial Expansion 
Forneé N,(itx+x7)" = yar 


= Ay tayX+Q,xX7 +...+0,X" $...+ Agy ..-(i) 
There are (2n + 1) terms. The middle coefficient is a, 
which is also the greatest. 

Aq = G2n» 4, = A2n-15++9 Ap = A2n-r 
The coefficients of (1+ x + x”)" for n=0, 1, 2, ... can be 


arranged in a triangle. 


j 
1 ap 4 
12 32 1 
13 676 31 
1 4 10/16 19/16 10 4| 1 


Vv 
15 15 30 45 51 45 30 15 5 1 


ie., The rows contains the coefficients for n = 0, 1, 2, 3,.... 


Each entry other than two entries at the ends is the sum of 
three entries above it. 
15=1+4+10,30=16+10+ 4, etc. 
Putting x =1and x =— 1in Eq. (i), we get 
do +a, +a, +a3 +...+4, =3" 

[sum of all coefficients] ...(ii) 
and dy —a@, +a, —43 +...+@y, =1 ...(iii) 
On adding Eqs. (ii) and (iii), we get 

Ay tay +A4 +... + Aon ao #1 
[sum of coefficients of even powers of x] 
On subtracting Eq. (ii) from Eq. (i), we get 
A, +43 +05 +...4+Aon-4 -7 3 


[sum of coefficients of odd powers of x] 


Putting x =i(,/— 1) in Eq. (i), we get 
Gy tG, ita if +ag0 tapi +457? +...40, 1 =i" 
> (dy —@, ta, —...) ti(a,-a3,+a,-...) =i 


(ay —a, +a, -...) +a, -—a,t+as-. 


x) 
nh 

mT .. nt .. { nt 

=| cos— +isin— | =cos| —— | + isin} —— 


On comparing real and imaginary parts, we get 


nt 
ay —@, + a4 —...=COS cs 


‘ nt 
and a; —a3 +45 —...=sin}| — 
2 
Putting x = w and «” (cube roots of unity) in Eq. (i), we get 
ay +a, W+a2 wo” +a, w° +a, wo’ +...=0 


..(iv) 


On adding Eqs. (ii), (iv) and (v) and then dividing by 3, we 
get 


and ay +4, @ +a, 0* +a, 0° +a, 0° +...=0 


a) ta, +a, +...=3" ' 
Note 
QQtatat..=@+atat..=3! 
(ii) J+ at art... =i {9 +14 200{)| 
4 2 
i 1 . (nt 
(ii) @a+atat... 37-14 2sir( } 
ata 9 i 5 
(iv) a + ag + ap +... = ifs" +1+ 2"* cost 
2n 2n 
VW) Mraqaans (vi) Y(-1)' ra sen 
fs ES] 


Example 28. Find the sum of coefficients in the 
expansion of the binomial (5p — 4q)", where nis a 
positive integer. 
Sol. Putting p = q =1 in (5p — 4q)", the required sum of coeffi- 
cients =(5- 4)" =1" =1 


Example 29. In the expansion of (37*/4 +. 3%/")", if 


the sum of binomial coefficients is 64 and the term 
with the greatest binomial coefficient exceeds the third 
by (n —1), find the value of x. 
Sol. Given sum of the binomial coefficients in the expansion of 
(3 x/4 ority = 64 


Then, putting a Fe = gene 


(1+1)"=64 => 2" =2° 
a n=6 
We know that, middle term has the greatest binomial 


coefficients. Here, n = 6 


.. Middle term = ( +1}eh term = 4th term = T, 


and given that Ty =(n -1)+T3 
> T341=(6-1)+ Toi 


= a (o77t) 3 on 14 \3 = 54 en (gt (3 sala 


=> 20-3°* =5+15-33*/? 
Let 33x/2 
20t7 =5+15t 


> 4t” -3t -1=0 
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=> (4t +1)(t —1)=0 
Pt. t¢ a ee TE 
5x 
—=0 or x=0 
2 


Example 30. Find the values of 


: 1 1 1 
(i) + + +... 
(n—1)! (n—3)!3! (n—5)!5! 
ay 1 1 1 
(ii) + + ++ 
12! 10!2! «gt! 12! 
Sol. (i) 1=1 


*, The given series can be written as 
1 1 1 
af P + as 
(n-1)!1! (n—3)!3! (n—5)!5! 


(i) 


* Sum of values of each terms in factorial are equal. 
ie.(n —1)+1=(n—-3)+3=(n—-5)+5=..=n 
From Eq. (i), 


1 n! n! n! 
+ ate AR ash 
n!|(n-1)!1!) (n-—3)!3! (n—5)!5! 


1 n n n aay 
=—("C, + "C3 +"°C, +...)= 
n! n!} 
(ii) O!=1 
.. The given series can be written as 
1 1 1 1 
+..4+ (ii) 
12!0! 10!2! 8! 4! 0! 12! 
* Sum of values of each terms in factorial are equal 
1:65, 12+0=10+2=84+4=..=12 
1 12! 12! 12! 12! 
From Eq. (ii), | + +... + —— 
12! | 121 0! 10!2! «8! 4! 0! 12! 
1 gl2-1 oll 
= —("C, + 7C, +7 Cyti.t @Cy)= a 
12! 12! 12! 


Example 31. Prove that the sum of the coefficients 
in the expansion of (1+ x — 3x7)?" 


is—1. 
Sol. Putting x =1in(1+x-3x 
coefficients = (1+ 1-3)" 


*)2163 the required sum of 


se 1)" = 


Example 32. If the sum of the coefficients in the 
expansion of (ax —2x+1)* is equal to the sum of 
the coefficients in the expansion of (x — ay)”, find the 
value of c. 


Sol. Given, sum of the coefficients in the expansion of 
(ax? — 2x +1) 


450 


40 
Example 33. If (1+ x — 2x)” = Sax, then find 


= Sum of the coefficients in the expansion of (x — ay) 
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35 40 
Putting x = 1, we get0 = Sa, 


Putting x = y = 1, we get sah 
35 35 
(a -1)” =(1-a@) or Ap + Q, + ay + a3t+ Ay +5 +...+ G39 + yo =0 _ ...(ii) 
= (a —1)° =-(oa -1)* Putting x = — 1 in Eq. (i), we get 
40 
35 
=~ 2(a - 1) =0 (- 2)? = Di(-1Y a 
> a—-1=0 ao 
a=1 OF dy — G + Gy — Ag+ Gy — ds +... — G39 + Ayy = 2” ... (iii) 


On subtracting Eq. (iii) from Eq. (ii), we get 
2[a, + a3 + ds +... + dy9]=—- 27° 


r=0 
_ _ 919 
the value Ofa, + d3+d5+...+ d3g. OF a + a3 +5 +... + A399 =— 2 
hob. ae Corollary On adding Eqs. (ii) and (iii) and then dividing by 
ona = r 
Sol. «. (l+x—2x")" = darx i) 2, we get dy + dy +d, +..+ Ay =2” 


10. 


r=0 


Exercise for Session 2 


If the rth term in the expansion of (1+ x" has its coefficient equal to that of the (r + 4)th term, then r is 
(a) 7 (b) 9 (c) 11 (d) 13 


n 
If the fourth term in the expansion of [px + 2) is >. then n+ pis equal to 
x 


9 11 13 15 
a) — b) — c) = d) — 
(a) 5 (b) - (c) 5 (d) 5 
n 
If in the expansion of{ #2 + 4 , the ratio of 7th term from the beginning to the 7th term from the end is x 
thenn is 
(a) 3 (b) 5 (c) 7 (d) 9 


The number of integral terms in the expansion of (57 + 78)'04 is 


(a) 128 (b) 129 (c) 130 (d) 131 
In the expansion of (73 + 11”°)®6', the number of terms free from radicals is 
(a) 715 (b) 725 (c) 730 (d) 750 


If the coefficients of three consecutive terms in the expansion of (1+ x)” are 165, 330 and 462 respectively, the 


value of n is 
(a) 7 (b) 9 (c) 11 (d) 13 


If the coefficients of 5th, 6th and 7th terms in the expansion of (1+ x)" are in AP, then n is equal to 
(a) 7 only (b) 14 only (c) 7 or 14 (d) None of these 


If the middle term in the expansion of{ x? + 4) is 924 x® the value of n is 

(a) 8 (b) 12 (c) 16 (d) 20 

If the sum of the binomial coefficients in the expansion of{ x? + 2) is 243, the term independentof x is equal to 
(a) 40 (b) 30 (c) 20 (d) 10 


In the expansion of (1+ x)(1+ x + ere Be ee ae x?") the sum of the coefficients is 
(a) 1 (b) 2n! (c) 2n!+1 (d) (2n + 1)! 


Session 3 
Two Important Theorems, 


Two Important Theorems 


Theorem 1 If (VP + Q)" =I + f, where Iandn are 
positive integers, n being odd and 0 < f <1, then 
show that (I+ f) f =k", where P—Q” =k>0 and 


VP-Q<1. 
Proof Given, /P -Q <1 0<(VP-Q)"<1 
Now, let (VP —Q)" = f’, where 0 < f’ <1 
Also 1+ f=(VP+Q)" ...(i) 
0<f<1 (ii) 
f’=(VP -Q)" ...(iii) 
and 0<f’<1 ...(iv) 


On subtracting Eq. (iii) from Eq. (i), we get 
I+ f — f’=(VP +Q)" -(WP -Q)" 
=2["C, (VP)""!-Q+ "C3 (VP)""*-Q? +...] 
[Since, n is odd, RHS contains even powers 


of VP, so RHS is an even integer] 
*. LHS is also an integer. 


= 2 (integer) = Even integer 


* J is an integer. 
*. (f — fis also an integer. 
= f-f'=0 [- 
72) 
From Eq. (v), J is an even integer and 
(I+ f) f=(+ f) f’=(VP +Q)" (WP - 9)" 
=(P—Q")" =k" 


or 


Remark 

If nis even integer, then (VP + Q)” + 
Since, LHS and / are integers. 

: (f + f) is also an integer. 


(VP-Q)"=/+f+f" 


— f+ fist [0 <(f +f) <2] 

= f=1-f 

Hence, (I+ f)(1-f) =(1+ f) f’ =P + Q)" (VP - Q)" 
=(P-Q?)" =k" 


Theorem 2 If (P + Jo)” =I+f, where I and n are 


positive integers and 0 < f <1, show that (I+ f) 
(1- f) =k", where P” -Q=k>Oand P- JQ <1. 


Q <1 
0<(P-JQ)" <1 


Proof Given, 


=laty=7 <1] 


Divisibility Problems 


Now, let (P—.JQ)" =f’, where0< f’ <1 

Also, 1+ f =(P+JQ)" ...(i) 
627 <1 ...(ii) 
f’=(P-JQ)” (iii) 

and 0<f’<1 ...(iv) 


On adding Eqs. (i) and (iii), we get 

I+ f+f’=(P+ JQ)" +(P-JQ)” 
=9[("C, PP 47G, 2" (Oy + "CP C0 4.0] 
= 2 (integer) = Even integer 


(Vv) 
[Since, RHS contains even power of JO; so RHS i is 


an even integer 
*. LHS is also an integer. ger] 


Tis an integer. 
= f +f’ is also an integer. 


ft fiat [r0<(f+f")<2] 
or fi=l-f 
From Eq. (v), J = even integer — 1= odd integer and 
(+ fa-fy=U+ fy f 


=(P +./Q)" (P- JQ)" =(P? -Q)" 


Example 34. Show that the integral part of 
(5+ 2/6)" is odd, where n is natural number. 


Sol. (5+ 2V6)" can be written as (5 + /24)" 


Now, let I+ f=(+24) adi) 
0<f<1 ...(ii) 
and let f’ =(5-—V24)" ...(iii) 
0<f’<1 (iv) 


On adding Eqs. (i) and (iii), we get 
T+f +f’ =(5+ ¥24y" +(5— 24) 
I+1=2p, 
V pe N =Even integer [from theorem 2] 
I =2p —1= Odd integer 


Example 35.Show that the integral part of 
(5/5 +11)°""" is even, where nEN. 


Sol. (5V5 + 11)°"*! can be written as (J125 + 11)*"*! 


Now, let I+ f =(V125 +11)?"*? ...(i) 
Oo<f<1 ...(ii) 
and let f’ = (125 - 11)""*? ...(iii) 


0<f’<1 ...(iv) 
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On subtracting Eq. (iii) from Eq. (i), we get 
af =f =Wis +1" =i" 
I+0=2p,V pe N=Even integer 
[from theorem 1] 


I = 2p = Even integer 


Example 36. Let R=(6 V6 +14)*"*! and f =R-[R], 
where [-] denotes the greatest integer function. Find 
the value of Rf,ne N. 


Sol. (6 V6 + 14)?" *! can be written as (/216 + 14)°"*! and 
given that f = R-[R] 


and R=(6 Vo + 14)?" *1=(/216 +14)?" 7} 
[R]+ f =(V216 +14)?"*! ...(i) 
Oo<f<1 ...(ii) 
Let f’ =(V216 - 14)°"*? (iii) 
0<f’<1 (iv) 


On subtracting Eq. (iii) from Eq. (i), we get 
[R] + f — f’ =(v216 + 14)?" *1 —(/216 — 14)?" *? 
[R]+0=2p,V pe N =Even integer [from theorem 1] 
fof tor fal 

Rf = Rf’ =(V216 + 14)°"*1 (/216 — 14)?" *? 


= (216 _ 196)?" +1 = (20)?" +1 


Now, 


Example 37. If (7+ 4/3)" =s+t, where nand s are 


positive integers and t is a proper fraction, show that 
(1-t)(s+t)=1 
Sol. (7 + 4V3)" can be written as (7 + 48)" 


s+t=(7+48)" ...(i) 

0<t<1 ...(ii) 

Now, let t’=(7 — 48)" ...(iii) 
0<t’<1 ...(iv) 


On adding Eqs. (i) and (iii), we get 
stttt’=(7 +48)" +(7 —/48) 
s+1=2p,V pe N =Even integer [from theorem 2] 
“ t+t’=1 or 1-t=t’ 
Then, (1-t)(s+t)=t’(s +t) =(7 — V48)" (7 + ¥48)" 
[from Eqs. (i) and (iii)] 
= (49 — 48)" =(1)" =1 


Example 38. If x =(8+ 3 7)", where nis a natural 
number, prove that the integral part of x is an odd 
integer and also show that x — x? + x[x]=1, where [-] 
denotes the greatest integer function. 
Sol. (8 + 3 V7)" can be written as (8 + /63)" 
a x=[x]+f 
or [x] + f =(8 + V63)" ...(i) 
0<f<1 ...(ii) 


f’ =(8— V63)" 
0<f’<1 
On adding Eqs. (i) and (iii), we get 
[x] + f + f’ =(8 + V63)" + (8 — V63)" 
[x]+1=2p, V p € N= Even integer 
[from theorem 2] 
[x]=2p —1= Odd integer 
ie., Integral part of x = Odd integer 


Now, let 


...(iii) 
...(iv) 


ft+f'=1 > 1-fe=f’ ..(v) 
LHS =x-x°+x[x] =x-—x(x—-[x])=x-<xf 
[. x =[x]+ f] 

=x(1-f)=x f’ [from Eq.(v)] 


= (8 + V63)" (8 — V3)" [from Eqs.(i) and (iii)] 
= (64 — 63)" =(1)” =1= RHS 


Remark 


Sometimes, students find it difficult to decide whether a problem 
is on addition or subtraction. Now, if x =[x] + fand0 <f’ <1 
and if [x] + 7 + f’= Integer. Then, addition and if 

[x] + f - f’ = Integer, the subtraction and values of (f +f’) and 

(f -— f)) are1and0, respectively. 


Divisibility Problems 
Type | 


(i) (x” — a") is divisible by (x - a), VneEN. 


(ii) (x” +a”) is divisible by (x + a), V ne Only odd 
natural numbers. 


Example 39. Show that 
19921998 1955'9°8_ 1938 9°84 190119"? is divisible by 1998. 
Sol. Here, n = 1998 (Even) 
*, Only result (i) applicable. 
Let P=1992'8 — 19551 — 1938198 + 190118 


= (1992199 — 195598) — (193898 — 1901!) 


divisible by (1992 — 1955) 
16.37 


*. Pis divisible by 37. 
Also, P = (1992'8 — 1938198) — (1955198 — 1901'*8) 


divisible by (1992 — 1938) divisible by (1955 — 1901) 
ie., 54 ie., 54 


*. Pis also divisible by 54. 
Hence, P is divisible by 37 x 54, ie., 1998. 


divisible by (1938 — 1901) 
ie. 37 


Example 40. Prove that 2222°°° + 55557" is 
divisible by 7. 
Sol. We have, 2222” + 555577 
= (2222°° os 4°95) Ee (5555777 _ 7 ee far? _ AP) ...(i) 


The number (2222° + 4°°°°) is divisible by 2222 + 4 
= 2226 =7 X 318, which is divisible by 7 and the number 
(5555°°** — 4°) is divisible by 


5555 — 4 =5551=7 x 793, which is divisible by 7 and the 
number 

(45555 _ — 1) = 4222 (6g _ 11111) jg 
divisible by 64 — 1 = 63 =7 x9, which is divisible by 7. 


42222 - 42222 (4% 


Therefore, each brackets of Eq. (i) are divisible by 7. Hence, 
2222 +5555” is divisible by 7. 


Type Il To show that an Expression 
is Divisible by An Integer 


Solution Process 
(i) Ifa, p,n and r are positive integers, first of all write 

ahh tr — gh" .q™ =(aP?)".q™ 

(ii) If we will show that the given expression is divisible 
by c. Then, expression a? = {1+(a? —1)}, if some 
power of (a? —1) has c asa factor. 
or a? ={2+(a? —2)}, if some power of (a? — 2) has c 
as a factor. 
ora? ={3+(a? —3)}, if some power of (a? —3) hasc 
as a factor. 


or a? ={k+(a? —k)}, if some power of (a? —k) has c 
as a factor. 


Example 41. If n is any positive integer, show 
that 2°°** —7n-8 is divisible by 49. 
Sol. Given expression 

= —7n-8=2"" .23-7n-8 
=8" -8—7n -8=8(1+7)" —7n-8 
=8(1+"C,-7+"Cy-7? +..+"C,-7")-7n-8 
=8+56n +8("Cy-77? +...4+"C, -7")—7n -8 
= 49n +8("Cy-77 +...4"C,°7") 
= 49 {n+8("Cyt+..+"C, +7" *)} 


g3n +3) 3n 


Hence, 2°" * ? —7n —8 is divisible by 49. 


Example 42. If 10" divides the number 101'°° —1, find 
the greatest value of n. 
Sol. We have, 101° —1=(1+ 100) -1 
=14+ 1c, -100+ °C, -1007 +... + 1°°Cio9 1001 — 1 
a Cette Cy2100 4, Cas 
= (100) (100) + °C, +1007 +... + Cig 100°? 
= (100)? [1+ °C, +... +1007] 
= 100° k, where k is a positive integer 
Therefore, 101° — 1 is divisible by 1007 ie., 10°. 


n=4 
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How to Find Remainder 
by Using Binomial Theorem 


If a, p,n and r are positive integers, then to find the 
remainder when a?" *" is divided by b, we adjust power of 
ato a?"*" which is very close to b, say with difference 1 
ie., b +1. Also, the remainder is always positive. When 
number of the type 5n — 2 is divided by 5, then we have 


5)5n—2(n 
5n 
ss 
We can write —-2=-2-3+3=-5+3 
5n-2 5n-54+3 3 
or — =n-1+ 
5 5 


Hence, the remainder is 3. 


Example 43. If 7'® is divided by 25, find the 


remainder. 
Soin. We have, 7’ = 7-7'” =7- (77)! =7 (49)! =7 (50— 1)" 
=7 [(50)"' — *C, (50) + *C, (50) -...-1] 
= 7 [(50)"" — **C, (50) + *C, (50)% -... + *Csy (50)] 


-7-18+18 
= 7 [50 ((50)° —* C,(50)*” +° C2(50)?—...4°" C59) ] — 25 + 18 
=7[50k]-—25+18, where k is an integer. 


= 25 [14k —1]+18=25p + 18 [where p is an integer] 
103 
8 ; } 
Now, —— = p + —. Hence, the remainder is 18. 
25 25 


Example 44. Find the remainder, when 5°" 
(24 times 5) is divided by 24. 


Sol. Here, 5 (23 times 5) is an odd natural number. 


Let5° | (23 times 5) =2m +1 


5 
Now, let x = 55 (24 times 5) =5°"*!=5-5™, where m is 
a natural number. 
x =5-(57)" =5(24 +1)” 
=5[™Cy (24)™ + ™C, (24) 71 4. + ™Cm —1 (24) +1) 
=5(24k + 1)=24 (5k) +5 


5 
~ 5k 42 
24 24 


Hence, the remainder is 5. 


Example 45. if 7 divides 322°”, then find the remainder. 
Solution. We have, 32 =2° 
3932 = (2° )? = 760 = (3 = 41° 
= 160, (3) — 1900, (3) 4 0,5 (3) 44 
= 3(399 — 160 (358 4 HO 4 
=3m+1, mel* 
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Now, 3222” = 39 3mt1 _ 95 (3m+1) _ olSm+5 


=? 23 (Sm +1) — 4(8yp"tt=4(7 oD aaa 
= 4[ a a (7 tt fe TEAC (7)°" + ieee OF (7p"—! 
+..+¢ MIC. (7) +1] 
4(7 ( sumed GON (Ae 4 EN (Gy ash sila OF amO 1] 
= 4[7k +1], where k is positive integer = 28k + 4 
332 4 


=4k+— 
7 7 


Hence, the remainder is 4. 


How to Find Last Digit, Last Two Digits, 
Last Three Digits, ... and so on. 


pnt+r 


Ifa, p,nandr are positive integers, thena is adjust of the 


form(10k + 1)”, where k and mare positive integers. For last 


digit, take 10 common. For last two digits, take 100 common, 
for last three digits, take 1000 common,... and so on. 


ie. (10k £1)" =(10k)” + ™C, (10k)™~! (+1) 
+ ™C, (10k)™~? (£1)? +...+ 
Cine OK) £1)" + ™C,, (0k) et) * Ged)” 
For last digit = 10A +(+1)” 
For last two digits = 100 + "C,, -; (10k) (+1)”~'+(41)” 
For last three digits = 1000V +” Cy-»(10k)?(41)" ? + Cn 4 
(10k) (+1)”~' +(4£1)” and so on where A,u, ve I. 


Example 46. Find the last two digits of 3°°°. 
Sol. We have, 3°" = (37)? = (9) = (10- 1)” 
= (10) = aulon (10)! 4 aes, (10)!°8 _ 200 (>. (10)!97 
$e + Cig (10)? — 2° Cyyy (10) + 1 
= 100 uw — 7°Cyo9 (10) + 1, where we I 
= 100p — °C, (10) +1 = 100 — 2000 +1 
= 100(u — 20) + 1= 100 p + 1, where p is an integer. 


Hence, the last two digits of 3*°° is 00 + 1=01. 


Example 47. If the number is 17~°, find the 
(i) last digit. (ii) last two digits. 
(iii) last three digits of 7. 
Sol. Since, 177° = (177)'8 = (289)'* = (290 —1)'8 
“177° = C, (290) * = 7*c, (290)'" + 7c, (290) 
— #8C, (290)! +... — 18 Cy95 (290)? + 18 Cy96 (290)? 


— 18C 57 (290) +1 


(i) For last digit 
172 = 290[ 8c, (290)27 — 8C,(290)'26 
+ *8C, (290) —... 8 Clay (1) 41 
= 290(k) + 1, where k is an integer. 
“. Last digit=0+1=1 
(ii) For last two digits, 
1725 = (290)? [ 8c, (290)!26 — 8c, (290)!25 + 


PBC, (290)'74 — ... + 8 Cio (1)] — 18 Coq (290) +1 


= 100 m — 8C,7 (290) + 1, where m is an integer. 
= 100 m — “8C, (290) + 1= 100 m — 128 x 290 + 1 
= 100 m — 128 x (300 — 10) +1 
= 100(m — 384) + 1281 
= 100n +1281, where n is an integer. 

“. Last two digits = 00 + 81=81 

(iii) For last three digits, 
17° = (290) [ 8c, (290)!25 — !8c, (290)!4 
+ 80, (290) —...-— 8 Cyo5 (1)] 


+ 80196 (290)? — 18 C197 (290) +1 
= 1000 m + 8Cy56 (290)? — 8C,5, (290) +1 
where, m is an integer 
= 1000 m + 8c, (290)" — 8c, (290) +1 


128) (12 
a 128 x 290 +1 


= 1000 m+ (290)" 


= 1000 m + (128) (127) (290) (145) — (128) (290) + 1 
= 1000 m + (128) (290) (127 x 145-1) +1 

= 1000 m + (128) (290) (18414) +1 

= 1000 m + 683527680 + 1 


= 1000 m + 683527000 + 680 + 1 
= 1000 (m + 683527) + 681 
.. Last three digits = 000 + 681 = 681 


Two Important Results 


n 
@2es(r+2) <3,n21neN 


n n n 
(ii) Ifn>6,then| =) <nt<(] 
3 2 


Example 48. Find the positive integer just greater 
than (1+ 0.0001)!00. 


10000 
Sol. (1+ 0.0001) =| 1+ 
10000 


(300)! . 


Chap 06 Binomial Theorem 455 


n i i | 
Welnsw thio (: r *] 24 REL WEN [Rel] Example 50. Find the greater number in 300! and 
n | 300 . 
Hence, positive integer just greater than (1+ 0.0001) ie 
aan Sol. Since, (100)! > 3! 
Example 49. Find the greater number is 100'°° and => (100) -(100) > 3 - (100) 
= (100)*°° > (300)/°° 

Sol. Using Result (ii), We know that, (=) <n! or (100)* > ¥300°” (i) 

Putting n = 300, we get Using result (ii), (| <n! 
(100)3° < (300) ! (i) 3 

But (100) < (100)3 ii) Putting n = 300, we get (100)*° < 300! ..(ii) 


From Eqs. (i) and (ii), we get 


=> 


Hence, the greater number is (300) ! . 


10. 


(100)'°° < (100)°”” < (300) ! 


(100)! < (300) ! = 


Exercise for Session 3 


From Eggs. (i) and (ii), we get 


(300° <(100)°" <300! 


300°" <300! 


Hence, the greater number is 300 !. 


If x =(7 + 4 V3)?” =[x]+ f, wheren €N and0 <f <1,then x (1—f) is equal to 


(a) 1 (b) 0 (c) -1 


If(5+2 V6)" =/4f; n,l EN and0O<f <1, then / equals 


1 1 


(a) —-f (b) f (c) 


Ifn >Ois an odd integer and x =(/2 + 1)", f =x —[x], then 
(a) anirrational number (b) anon-integer rational number (c) 


Integral part of (./2 + 1)° is 


co ha _! fF 
f 1+f 1-f 


(d) even integer 


1-f? 


is 


an odd number 


(a) 196 (b) 197 (c) 198 (d) 199 
(103)*° — (86)'® is divisible by 
(a) 7 (b) 13 (c) 17 (d) 23 
278 
Fractional part of — is 
31 
2 4 8 16 
a) — b) — Cc). = d) — 
@ 3 0) 3 Os iy 
The unit digit of 171989 + 111983 — 71988 is 
(a) 1 (b) 2 (c) 3 (d) 0 
The last two digits of the number (23)"* are 
(a) 01 (b) 03 (c) 09 (d) 27 
The last four digits of the number 3'”° are 
(a) 2001 (b) 3211 (c) 1231 (d) 0001 
The remainder when 237° is divided by 53 is 
(a) 17 (b) 21 (c) 30 (d) 47 


Session 4 


Use of Complex Numbers in Binomial Theorem, Multinomial 
Theorem, Use of Differentiation, Use of Integration, Binomial 
Inside Binomial, Sum of the Series 


Use of Complex Numbers 
in Binomial Theorem 


IfOe R,né Nandi=/-1, then 
(cos@ + isinO)" = "Cy (cos®)"~ ° (isin®)° 
+"C, (cos@)"~' (isin®)’ 
+ "C, (cos@)"~? (isin®@)? + "C3 (cos®)”"~? 
(isin®) * +... 
or cosn@ + isinnO =cos"6 +i: "C, (cos0)"' sin® 
—"C, (cos0)"~’ sin? 0 —i- "C3 (cos0)"~ * sin’? O +... 
On comparing real and imaginary parts, we get 


cos n@ =cos" @ — "C, (cos0)" * sin? @ 


—"C, (cos@)”"~* sin* 9 -... 


andsin nO = "C, (cos@)"~' sin® — "C, (cos®)"~ * sin* @ 


+ "C, (cos0)"~* sin’ @ -... 


Example 51. If (1+ x)” =Co+C;x+C, x? 
+C3x°+C,x‘+..., find the values of 
(i) Cy —-C,+Cy—-Cet... 
(ii) C; -Cz+C5—C7+... 
(iii) Co+Czt+Cet+... 
Sol. (1+ x)" =Co + Cyx+Cy x? +C3x° +C,x! 
+Cyxrt.. 
Putting x =i, where i = ./—1, then 
(1+ i)? =C)+C,it+C, 2? +C,24+C,i°+C,i +... 
et a. ee 
Also, (1 + i)" =| V2 +) 
La] 
= nie 


Tl bil nm)" 
cos — + isin — 
4 4 


=n 


ii) 


ni .. A 
cos —— + isin — 
4 4 


From Eqs. (i) and (ii), we get 
(Cy —C, + Cy —...) +i(Cy —C3 +C, -...) 
= 2? cog | | p98! gin | 
4 4 


On comparing real and imaginary parts, we get 


CO) =, 40c=..22""" tee (=| [part (i)] 


C=, 4Cp4..29")? sh (=) [part (ii)] 


We have, (1+ x)" =Cy +Cyx t+ Cox7+Czx°>+Cyx! 

+ Cex? Oe oa, 
Putting x = 1, @ (cube roots of unity) and adding, we get 
3( Co + C3 4+Ce+..)=2" +(14+ @)" +(1 +07)" 


= 2" +(— 0°)" +(—o)" = 2" +(—1)" (w”" + 0") 
4tin 2Tin 
=2" +(-1)"je 3 +e 3 


TT 
= 2" +(-1)"-e™ -2 cos (=) 
3 


m4 (= 19" -(-1)" -2cos | ™ 
=2" +(-1)"-(-1)" -2 (=) 


TT ™ 
=2" +(-1)*" -2 cos M l=2" +2cos|™ 
3 3 
1 Tt 
% Co t+Cygt+Cyt..= (2 +2 cos (= 
3 3 


Example 52. Find the value of 
Ca Cie Cae ae. 
Sol.: 4-0=8-4=..=4 


V4 oo, 
are 1,— 1,i,—i, we have 


.. Four roots of unity (1) 
(Gita) =O, Cet Ce Cae? fn 

Putting x = 1,— 1, i, — i and then adding, we get 

4(*"Cy + "Cy + °"Cg t+...) = 2" +04(1 41)" +1 - 1)" 


= 24" +(2i)°" + (- 2i)°" 


= 2!" 4.92" (_ 4)" 4.92" (_4" 
=o!" 4(-1).22n41 
4 Cy Ope C45, = 2" 4-1 2 
Remark 
lf(1+ x)” =Cy + Gx + Cox? + Gx 3s... + Cx", then 
(i) GG +. Oe+ ae + 2" 7cos( | 


7 _ 1 fon-1 4 on / 2g; (0% 
GHG HGH Gt 12 +2 sin 7} 


7 | -1 nt n/ 2 nt 
(iil) G+ G+ Go +... = —12" cos( 2] + 3 cos) 
ot Gt Qe :{ 4 F 


Multinomial Theorem 


If nis a positive integer and x1, X2,%3,...,X, € C, then 
n! 


(Oty !)(Oz !(ot3 1)... (x !) 


(xy +X. $x34+...+xX,)" =» 


hae ee eee a” 
where, 0, 0,03,...,0, are all non-negative integers 
such that, +0, +03 +...+0, =n. 


Remark 
The coefficient of x,°" + x5"? + x5 


3 x,°* in the expansion of 


n!| 
Ot, !) (Oy !) (0%!) ... (0%, |) 


(Xp + Xp t+ Xp $$ X,)” ce 


In Particular 


n! 


(a!) (BY) (vy!) 


(i) (atb+c)" =m a® b? cv such that 


a+B+y=n 
(ii) (at+bt+ct+d)" =m i a® bP ct gd 
(0) (B!) (v1) (84) 


such thata +B+y+6=n 


Example 53. Find the coefficient of a" b* c* d in 
the expansion of (a—b+c-d)". 
Sol. The coefficient of a*b’c’d in the expansion of 


! 
(a—b+c-d)” is(-  —— = 12600 


413!2!1! 
[powers of b and d are 3 and 1 ..(—1)*(—1) 


Example 54. Find the coefficient of a°b‘c ° in the 
expansion of (bc + ca+ab)°. 


Sol. In this case, write a°b*c > =(ab)* (bc)” (ca)* say 


3,45 ra + + 
abc? =a7™* bX .e Ft? 


=> zt+x=3,x+ty=4 
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ytz=5 
On adding all, we get 2(x +y+z)=12 
ne xt+y+z=6 
Then, x=1y=3,z=2 
Therefore, the coefficient of a*b*c° in the expansion of 


(be + ca + ab)° or the coefficient of (ab)! (be)* (ca)? in the 


. . 6! , 
expansion of (be +ca + ab)° is , Le. 60. 
1!3!2! 


Aliter 
Coefficient of a*b*c ° in the expansion of (be + ca + ab)° 


= Coefficient of a°b‘c ° in the 


6 
expansion of (abc ig * ae eS + “| 
a bc 


3 2 1 
= Coefficient of (4) (+) (2) in the expansion of 


a Cc 


Number of Distinct or Dissimilar 
Terms in the Multinomial Expansion 


Statement The number of distinct or dissimilar terms in 


the multinomial expansion of (x ; +x, +x3+...+x,)” 


is OE a 


Proof We have, (x, +x, +x 3 +...+x,)" 


», n!} Oy Qe Os OK 

= x 1 x 2 x 3 wate Xk 
(ty!) (2 (3 !)--- (x!) 

where, ;,0,03,...,0, are non-negative integers such 

that 


Oh, +O, 4+034+...+0, =n (i) 
Here, the number of terms in the expansion of 
(xy +x2 +x3+4...+x,)” 


= The number of non-negative integral solutions of the Eq. (i) 
n+k-1 
= Ce-1 


Example 55. Find the total number of distinct or 
dissimilar terms in the expansion of 
(xt y+z+w)" ,neN. 
Sol. The total number of distinct or dissimilar terms in the 
expansion of (x + y+z+w)" is 
_ (n+3)(n + 2)(n +1) 
1-2-3 


—n+4-1 _nt+3 
= Ca-1 Cs 


_ (n+1)(n + 2)(n +3) 
6 
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I. Aliter 
We know that, (x ty +z+w)" ={(x + y)+(z+w)}” 


n= 1 


=(x+y)+"C\ (x+y) (z+w) 

+ °C, (x+y)"~? (ztw)t..4"C, (z+w)" 
.. Number of terms in RHS 
Sd) eee se PAN) 


= >< (n-r+1)(r +1) 


=D (nti)tnr-r? =(n+1) 1+n Dre > r? 


(2 iim et neers) 
2 6 
_(n+1)(n+2)(n +3) 
6 
II. Aliter 
! 
(xt+y+ztwy=d a sey 2 yy 


ny!ng!ng!ng! 
where, 11, Ny, 1 3,N4 are non-negative integers subject to the 
condition n, +n, +n3g+ny=n 
Hence, number of the distinct terms 
= Coefficient of x” in(x® + x'+x74+..4x")4 


1x 


1- xttt 
= Coefficient of x” in] ————— 
= Coefficient of x” in(1— x"*')* (1—x) 4 
= Coefficient of x" in(1— x) * [ee x™ th > x”) 
(n + 3)(n + 2)(n +1) 
6 


ee —_n+3 = 
Ch C3 


Greatest Coefficient in 
Multinomial Expansion 


The greatest coefficient in the expansion of 
n! 


(q) "(q+)" 


(xy +X_ +xXgt...4+x,) , where q is 


the quotient and r is the remainder when n is divided by k ice. 


k)n(q 


Example 56. Find the greatest coefficient in the 
expansion of (a+b+c+d)” 


Sol. Here, n = 15 and k = 4 [. a, b,c, d are four terms] 


4) 15(3 
12 
3 
gq =3andr =3 
15! 
Hence, greatest coefficient = ———— 
(3!) (4!) 


Coefficient of x’ in 
Multinomial Expansion 


If nis a positive integer and a 1,4 9,4 3,..., 
coefficient of x” in the expansion of (a, +a, x +a, x° 


a, € C, then 


+.u.ta,x ®t) " is 
! 
nh. a," ne a," in, 
(0; !) (2 !) (O15 1)... (x !) 


where, 01,,0,,013,...,Q@, are non-negative integers such 

that, +O, +03 +...+0, =n 

and O, +203 4304 +...¢(kK-la, =r 
Example 57. Find the coefficient of x’ in the 
expansion of (1+ 3x —2x°)'”. 


Sol. Coefficient of x’ in the pansies of (1+ 3x — 2x3)” is 


- B Y 
=2 ee ("BF (-2) 
where, & +B + y =10andf + 3y =7 
The possible values of ~, 6 and y are given below 


an B Y 
3 7 0 
5 4 1 
7 1 2 


“. Coefficient of x7 


(1)? (3)’(-2)° te 7 (3)* (- 2)" 


~ 31710! 


Hy (3)! (- 2)" 


= 262440 — 204120 + 4320 = 62640 


Use of Differentiation 


This method applied only when the numericals occur as 
the product of the binomial coefficients, if 


(1+ x)" =Cy +Cyx4+Cox? +Cyx? +...4+C,x" 


Solution Process 


(i) If last term of the series leaving the plus or minus 
sign is m, then divide m by n. If q is the quotient and 
r is the remainder. 
Le. m=nq+r or n)m(q 
nq 
J 
Then, replace x by x 4 in the given series and 


multiplying both sides of the expression by x ". 


(ii) After this, differentiate both sides w.r.t. x and put 


x =1lor-—1or i(i=~—1), etc. According to the given 


series. 


(iii) If product of two numericals (or square of numericals) 


or three numericals (or cube of numericals), then 
differentiate twice or thrice. 


Example 58. If 
(1+ x)" =Co+Cyx+Cyx*+...+C,x", prove that 


CG, +2Cs + 3Ce4..4 nC, =o", 


Sol. Here, last term of C, + 2C, +3C3 +...+nC, is nC, ie. n 


and last term with positive sign. 


Then,n=n-1+0 or n)n(1 


jo|a 


Here, gq = 1andr =0 


Then, the given series is 


(lt x)" =CotCyx t+ Cox? +Cyx2t..4+C,x" 


Differentiating both sides w.r.t. x , we get 


n(1t+ x)" '=04+C,+2Cyx+3C3x7+..4nC, x" 


Putting x = 1, we get 
m2 1 = C,4+2C5 $3C, +... + nC, 
or C, +2C,+3C3+..+nC, =n-2"~! 
I. Aliter 
CAI +I 4. 1G: 
n(n —1) 43.21 = Yn 2) 
1-2 1-2-3 


=nfir(n pe SINOW ys} 
1-2 


=nt2-: +..¢n-l 


Let n -1=N, then 
s+ N){14 4 MND ya} 
=(1+N){1+ %c,+%c, +...4+ %Cy} 
=(1+.N)2% =n-2"~1=RHS 
II. Aliter 


LHS =C,+2C,+3C,+..+nC, = Lr-"C, 


r=1 


aen("7C, 4° 7C, +" Ca 4.0 t" CJ 


=n-2" =RHS 
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Example 59. if (1+ x)" =Co+C,x+C zx? 


+...+C, x", prove that 
Cot2C, +3Cz+...+(nt+1)C, =(nt+2)2° |. 


Sol. Here, last term of C) +2C, +3C, +...+(n +1)C,, is 


(n +1)C, ie., (n +1) and last term with positive sign. 


and n+l=n-1+1 


or n)n+1(1 
—n 


Here, gq =1andr =1 es 


The given series is 
(1+ x)" =Co tC, x+Cz, x? +..4+C, x" 
Now, replacing x by x ' and multiplying both sides by x, we 
get 
x(1+ xl" =Cy x tC, x? +C, x2 +..4+C, x"* 
Differentiating both sides w.r.t. x, we get 
xen(lt xy + (14 x)" -1=Cy +2C;x4+3Cy x? 
+..4(n +1)C, x” 
Putting x = 1, we get 
n(2)" 1 +2" =C, +2C,+3C,+...+(n+1)C, 
or Cy + 2C,+3C, +...+(n+1)C, =(n +2)2"! 
I. Aliter 
LHS = Cy) +2C,+3C,) +...+(n+1)C, 
=Cy+(1+1)C,+(1+2)C, +..+(+n)C, 
=(Cy + C, t+ Cy +...+C,)+(C, +2C, +..4+0C,) 
[use example 58] 
=2" +n-2" | =(n+2)2" '=RHS 
II. Aliter 
LHS = Cy) +2C,+3C, +..+(n+1)C, 


n+1 n+1 


= 2 F-"C) 4 Se (r —141):"C,_, 
= r=1 


Il 
M 
= 

= 
| 
o. 
| 
+ 
M 
is) 
| 


1 
n n n-1 
“"C._1= Rica, ee 


=n(0#" 164" 1C,4? 16,44" 16,4) 
+("Cy +"C, + "Cy +..+"C,) 


=n-2"~ 142" =(n+2)-2"-'=RHS 
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Example 61. If (1+ x)" =Co +C;x+C zx? 
+..+C,X", prove that+ 37-C;+...+07-C, 
PeO42* Cente. 


Sol. Here, last term of 1? -C,; +2? -C, +3°-C3 +...+n’ -C, is 


Example 60. If (1+ x)" =Co+C)x+C)x? 
+...+C, xX", prove that 
Cot 3C,+5C7 +4+...4+ (2N+1)C, =(n+1)2”. 

Sol. Here, last term of Cy) +3C, +5C, +...+(2n+1)C,, is 


(2n +1)C,, ie., (2n + 1) and last term with positive sign. 


Then, 
or n)2n+1(2 
—2n 
1 


2n+1=n-2+1 


Here, q =2andr=1 
The given series is 
(1+ x)" =Cyo +Cyx + Cox? +..4C, x" 
Now, replacing x by x”, we get 
(ltx7)"=CyotCyx? 4+ Coxt+..4+C, x7" 
On multiplying both sides by x’, we get 
x(1+ x7" =Cox + Cx? + Cox? $..4C,%7"" 


On differentiating both sides w.r.t. x, we get 


x-n(1+x7\"~t-ax+(14+ x7)" -1=Cy +3C, x7 +5C, x4 


+..4(2n+1)C, x? 


Putting x = 1, we get 
n-2"~ 1.242" =Cy +3C, +5C2 +... + (2n + 1)C, 
or Co + 3C, +5Cy +... + (2n +1) C, =(n + 1) 2” 
I. Aliter 
LHS = Cy) +3C, +5C2 +... +(2n+1)C, 
=Cyo+(1+2)C, +(14+4)C, +..4+(1+2n)C, 


n 


=(Co tC, +Co+..+C,)+2(C, +2C, +...+0C,) 


=2" 4+2-n-2"~'=2" +n-2" 
=(n + 1)2" =RHS 

II. Aliter 

LHS = Cp) +3C,+5C, +...+(2n+1)C, 


=D Or+i te 2 ate +d *e. 
= r=0 


r=0 r=0 


on 2 1 + 


r=0 r=0 


S2n(0t? 16) Ct ey a Ga) 


[from Illusration 58] 


+("Co + "C, + "Cy +... +"C,) 


=2n-2"-'+2"=(n+1)-2" =RHS 


n’-C,, ie. n. Linear factors of n® are n and n; [start 
always with greater factor] and last term with positive 
sign. 


and n=n-1+0 or n)n(1 
—n 
0 


Here, g = 1 andr =0 
Then, the given series is 
(1+ x)" =Co + Cyx + Cox? + C3x? +...4+C,x" 
On differentiating both sides w.r.t. x, we get 
nx(1+x)"~'=C,+2C,x4+3C3x74+..4¢nC, x") Wi) 
and in last term, numerical is n C,, i.e.,n and power of 
(1+ x)isn—-1. 
Then, n =(n-1)-1+1 or n-1)n (1 
n-1 
—+ 


1 
Here, g =1andr=1 
Now, multiplying both sides by x in Eq. (i), then 
nx (1+ x)" > =Cyx+2Cyx*+3Cgx?4+..4nC, x" 
Differentiating on both sides w.r.t. x, we get 
n{x-(n—-1)(1+ x)" 2 +(1+x)"'- 
=C,-14+2° Cox 43? Cax?4+..4n°C, x"? 
Putting x =1, we get 
n {1-(n —1)-2"7* 4.2" "}=1? -C, +27 -C, +3? -C, 
+..¢n?*-C, 
or1?-C, +2" -Cy +37-Cg t..¢n?-C, =n(n+1)2"~? 
Aliter 
LHS = 1? -C, +2?-C, +3°-Cat..¢n’-C, 


Pts D eee 


r pad 


r=1 r=1 r 
n = 
gee at = n-1 
27°C, =—: Cy -1 
r 


Il 
Me 


=nur role ew 2 eile 
r=1 r=1 

=n (r-1):""'C,_, +n pe. "Chg 
r=1 r=1 

=n (n-1) Bee sap oe Co 
r=1 r=1 


n 


n- 20 ,+n by 


r=1 


=n(n-1) kame Gee 
r=1 


an(n=1)(O4" "Cs +7 °C, #7"; 


Sse 2G ag eb (POT ao IG 


-1 =1 
+77 'Cy +..47 7 °Cy-1) 


=n(n—1):2"-? +n-2”-'=n(n+1)2"~* = RHS 


Example 62. if (1+ x)” =C)+C,x+C,x? 
+...+C,X", prove that (1-2) C, + (2-3) 
Cat...+{(n—1)-nC, =n(n—1)2"~ 2, 
Sol. Here, last term of 
(1-2) Cy + (2-3) C3 +...+ {(n —1)-n}C, is(n -1)nC, 
Le. (n—-1)n 


[start with greater factor here greater factor is n] and last 
term with positive sign, then n =n-1+0 
or n)n(1 

—n 


0 


Here, gq = 1andr =0 
The given series is 

(l4+ x)" =Cyo+Cyx +Cyx?4+Cyx 2 4+..4C, x" 
Differentiating on both sides w.r.t. x , we get 


n(1t+ x)" > =0+C, +2Cyx +3C3x7 +..4nC,x" 7 


Again, differentiating on both sides w.r.t. x, we get 

n(n—1)(1+ x)" * =0+0+4 (1-2) C, + (2-3) C3x 
t..4¢{(n-1)-n}C, x"? 

Putting x = 1, we get 

n(n —1)(1+1)" * =(1-2) Cy + (2-3) C3 

+..4+{(n-1)n}-C, 
or (1-2) Cy + (2-3) C3 +...+ {(n —1)n}-C, =n(n—1)2"~? 
I. Aliter 
LHS = (1-2)Cy + (2-3)C3 + (3-4)C4 
+...+ {(2 - 1) n}-C, 


2 nn = n(n —1)(n —2) 
= (1-2) “PP 4 2.5) AON 
+ (3-4) n(n —1)(n —2)(n —3) 


1-2-3-4 
+..4¢(n-1)n-1 


eae aa} 


=n(n pps O24 
al 1:2 

Now, in bracket, let n — 2 = N, then 
=n(n nist AnD sl 


Chap 06 Binomial Theorem 461 


=n(n—1){%C, + XC, +...4+4Cu} 


=n(n—1)2% 1)2"~? =RHS 
II. Aliter 
LHS = (1-2) C, + (2:3) C3 +...+ {((n -1)-n}C, 


=n(n—- 


=D (r-1)-r-"C, 
r=2 


-1 ,- 
= Lorne Seer 4) on 
=(n-1n EG, , 
=(n 1) nC oC ee 2 Cy Cp ck Fes) 
=(n—1)n-2"~* =RHS 

Example 63. If 


($x) =Co tC xeCex? $C, x? +.. 30, x" , prove 
that Cy —2C, + 3C, —4C3+...4+(-1)" (n+1)C, =0. 
Sol. Numerical value of last term of 
Cy — 2C, + 3C, — 4C, +... +(— 1)" (n +1)C, is 
(n+ 1)C, ie., (n + 1), then 
n+1=n-1+1 or n)n+1(1 
—n 


1 


Here, g =1andr=1 
The given series is 
(1+ xf = Cy + Cir + Cy x? 4 Cy? HFC, x" 
On multiplying both sides by x, we get 
x(1t x)" =CyoxtCyx? 4+Cyx24+Cyx*t..4C,x"7! 
On differentiating both sides w.r.t. x, we get 
xen(lt+xyo + (14 x)" -1=Cy +2C\x +3C, x’ 
+4C,x?t..4(n+1)C, x" 
Putting x = — 1, we get 
0=Cy) —2C, +3C, —4C, +...+(-1)" (n+1)C, 
or Co —2C, + 3C, —4C, +... +(- 1)" (n +1)C, =0 
I. Aliter 
LHS = Cy — 2C, + 3C, —4C, +... +(-1)" (n +1)C, 
= Cy —(C, + Cy) + (Cy + 2Cz) — (C3 + 3C3) 
+...+(-1)" {C, +n C,} 


={Co —C, +C, -C3 +t..4(- 1)" Cc, 
+ {—C, + 2C, —3C, +...+(-1)’ nC,} 
ng. Ma aD 3 n(n — 1)(n — 2) 
=(1-1)" + 1-2 1-23 


+...4(-1)"-n 
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(n~1)(n—2) 
1-2 


In bracket, put n — 1 = N, then 


Lis= nf YN) set »*| 


=0+n4-1+(n-1) Pee F( ry| 


1 1-2 


—-nlesGeet ay yo] 
1-2 =n{%c, —%c, + Xe, -...+(— 1% “Cy} 


Let in bracket, put n —1= N, we get =n(1—-1)%=0=RHS 


LHS=0-n31 y+ Not) wt ( | Il. Aliter 


LHS = C, — 2C, +3C3 —... + (-1)" 1 -nC, 
p= C,-0+ a (Si Peg 


= = a _n 
=0-n(1-1)% =0-0=0 =RHS = 2 yn 'C, 
II. Aliter Deyn Later ated | 
LHS=C, 70, +30, -4C, 4.03 1 Se, fal es aad 
=D Gi ¢4pt,= Dei [eo 47°C] sad (ayn c,., 
r=0 r=0 re 


n ‘ =n(1-1)" '=0=RHS 
ae x (-1/ [n ae Crt +" C,] E "C= mle Cr 


Example 65. If (1+ x)" =Co+C,x+C zx? 
=n x (- | ates mee X(- ite +C;x°+..4+C,x", prove that 
Ca 36) 45C)=..4 Sy nec. =o: 


— = r-1l n-1 _ ron 
oe x ( 1) Crat xz IY", Sol. The numerical value of last term of 


=—n(1-1)'"!+(1-1)" =0+0=0=RHS Cy — 3C, +5C, —... + (— 1)" (2n+ 1) C,, is (2n + 1) C, 
ie. (2n +1) 
Example 64. If (1+ x)" =Co+C,x+C2x? and 2n+1=2-:n+1 or n)2n+1(2 
+C;x°*+...+C, x", prove that ~2n 
G.=20745C.=.4 EY 2c, 6 et 


H =2andr=1 
Sol. Numerical value of last term of sli — 


og Lag . . The given series is 
C, -—2C, +3C;3 -...+(-1)"” nC, is nC, ie., n, then 


(1+ x)" =Cyo+Cyx +Cox?+C3x2 4+..4+C, x" now, 


me ce ae’ replacing x by x’, then we get 
ee (Qtx?fP=C,4+ Cx? 4C xt +.04+6,27 
Here, q = 1andr =0 On multiplying both sides by x , we get 
The given series is x(1+ x?) =Cox+Cyx? + Cox? +..+C,x7"*! 
(L+ x)" =Cyo+Cyx +Cyx?+Cyx > t+..4+C, x" On differentiating both sides w.r.t. x , we get 
On differentiating both sides w.r.t. x, we get xen(l+x°7 1 ax4+(1+ x7)" -1=Cy +3C,x? 
n(1t x)" 1=04C,+2Cox4+3Cgx74+..4¢nC, x"? +5Coxi+..4(2n+1)C, x" 
Putting x =— 1, we get Putting x = i in both sides, we get 
0=C, —2C, +3C3 -...4+(-1)" 'nC, 0+0=Cy —3C,+5C, -...+(2n + 1)(-1)" C, 
or  C,—2C, +3C3 -...+(— 1)" 1nC, =0 or Cy —3C,+5Cz -...+(-1)"(2n +1) C, =0 
I. Aliter L Aliter 
LHS = C; — 2C, +3C3 —...+(-1)""'n-C, LHS = Cy = 3C, +50, —..+(-1) Gn 44)C, 
5-9 9) gg... ea aa = Cy —(142)C, (1+ 4) Cy —..+(-1)" (1+ 20) C, 
rae a a - =(Co— Cy + Cp (= 19" Cy) (Cr ~ 2p 
=f ; 2 atid) +341" "mee 


=(1-1)" —2-0 [from Example 64] 
=0=RHS 
II. Aliter 


LHS = Cy — 3C, +5C, -... + (-1)" (2n + 1)C, 


7 (=) (2r +1) "C, = Ke of ap", 


soln” “C4 Dey 


r=1 r=1 


= 2n(1-1)"~1+(1-1)" =0+0=0=RHS 


Use of Integration 


This method is applied only when the numericals occur as 
the denominator of the binomial coefficient. 


Solution Process 

If(it+x)” =Cy +Cyx +Cy x? 4+Cygxi2+...4C,x", 
then integrate both sides between the suitable limits 
which gives the required series. 


1. If the sum contains Cy, C,,C2,...,C, are all positive 
signs, then integrate between limits 0 to 1. 


2. If the sum contains alternate signs (i.e., +, —), then 
integrate between limits —1 to 0. 


3. If the sum contains odd coefficients (i.e., 

Co, C2,C4,...), then integrate between —1 to +1. 

4. If the sum contains even coefficients (i.e., 
C,,C3,C;,...), then subtracting (2) from (1) and then 
dividing by 2. 

5. If in denominator of binomial coefficient product of 
two numericals, then integrate two times first times 
taken limits between 0 to x and second times take 
suitable limits. 


Example 66. If (1+ x)" =C)+C,x 

+C)x *+...4C, x", prove that 

C C C pati | 
es 
2 5 n+1 n+1 


Cot 


Sol. +: (1+ x)" =Cy +Cyx +Cyx74+..4+C,x" ...(i) 
Integrating both sides of Eq. (i) within limits 0 to 1, then we get 
f. (1+ x)" dx = f'(Co + Cx t+Cox* +..4C, x") dx 


(V4 xytt] 
n+1 5 
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C 3 C n+1 
> =| Coote eg me 
3 n+1 
OP a Gc Cc 
=> =Co+—+24..4+—2 
n+1 2 3 n+l 
Gc. -c ‘é geet 
or Cot—t—t..4¢—= 
2 3 n+1 n+1 
I. Aliter 
GC (@ Cc 
LHS =C, + +2 4+...4—2 
2 n+1 
ap ND ae 
1:2 1:2:3 n+1 
1 +1 +1 -1 
pte tse g OOM POE 6 aa | 
n+1| 1-2 1-2-3 | 


Put n +1 = N, then 


ies a ee 
N 2) 3! 
= NCL + Cp + NC3 + + NCW] 
N_ n+. 
=) [a+1% -1y=2 —* =? "= pHs 
N N n+1 
II. Aliter 


Cc, C C ~~ C 
sec. 4 4 4. ee 
2 3 n+1 r=0re+1 


y wer . mer es e 


r=0(r+1) r=0 (n+1) n+1 rt+1 
= 1 >» n+1 

(n+1)r=0 ae 
= 1 ne Be Cee BCs 

n+1 

tant PC, 41) 

1 a | 
= (QP =1)s = RHS 

n+1 n+1 


Example 67. If (1+ x)" =Co+C,x +C) x? 
+C;x *+...4+C, x", prove that 


CG; -€ C 1 
Co - 2+ =... (- 1? =. 
2 3 n+1 n+] 
Sol. (14+ x)" =Co + Cyx +Cox7+..+C, x" ...i) 


Integrating on both sides of Eq. (i) within limits — 1 to 0, 
then we get 


[ia + x)" dx = ier +Cyx+Cyx? +..4C, x") dx 


Textbook of Algebra 


n+1 2 n+l 
=> 1 =C, Cy Cy + ( ae C,, 
n+1 2 n+l 
1 C C Cc 
=> =¢,-4+2 +(—1" — 
n+1 2 n+1 


[3 (- 1 *? =(- 17" (- 1)? =(- 1" 


Cc, C Cc 1 
Hence, Cy Le +(-1)’ —* = 
2 3 n+l n+1 
I. Aliter 
Cy. iG Cc 
LHS=C, -—+— +(-1)" —* 
2 3 n+1 
=4o8 n(n-1) (-1)" 1 1 
a 133 n+1 (n+1) 
pest (nt+i)n) (n+1)n(n~1) #(-1)" 
1-2 1-2:3 


Put n+1=N, we get 


il N(N~-1), N(N-1) (N-2) | 
=. 1:2 1-2-3 

i 2 
=—1%C, ~ No, + %C3— 004 (- NY 


N 
pach 1Y Gy = NGG] 


] 


1 ae 1 1 
=-—[(1-1 Cy]= -—[0-1]= 
ral yy _°Co] ro lac 
1 
= = RHS 
n+1 
II. Aliter 
c .G C s (-1) -C 
[isso -—24— (1 > pe 
3 n+1 r=0 r+l1 
x (-1y "Cy 
r=0 rt+i1 
“Sb Sai we Te | 
r=0 (n +1) ped r+1| 
= 1 » 1) sell CARE, 
(n+1)r=0 


1 
= (Ce Gs Cg a I Ca) 
(n +1) 
1 
=] i a CaaS al 
nt 
Pen t(Si1** PMC. ah 
a) fiatiaay je —* — rope" Ses 
(n +1) (n +1) n+l 


Example 68. If (1+ x)” =Co+C,x+C, x? 
+CzxX*+...+C,x”, prove that 
C C C re 

ee ea 


3 5 nel 


Sol. - (1+ x)" =Cyo + Cx +Cyx*+C3x? 


Cut Oe” 2H) 


Integrating on both sides of Eq. (i) within limits — 1 to 1, 
then we get 


c n 1 2 3 4 
[.,a+x) dx = (Co +C\x+Cyx°+C3x"> +C,x 
+..+C,x") dx 
: 2 4 Ye 3 
= , OES 4x t...)dx 1X +C3x” +...)dx 
[tc +C +C +. +[(c +C +...)d 
=2['(Cyo+Cax? +Cyx tt...) dx +0 


[by property of definite integral] 


[since, second integral contains odd function] 


1 1 
(1+x)"*! -9 6g gee, 
n+1 Ls } 5 " 


a res 
=> =2165 #—4— + 

n+1 

G Cc 2 

or Co t+ —~+—+ 

5 nt+1 
I. Aliter 

Cy C4 


LHS =C, + —* + —* +... 
3 5 


aja BA) n(n —1)(n~2)(n—3) 
1-2-3 1-:2-3-4°5 
1 [eet Geen 
(n+1){ 1 1224 
4 (n+ In (n —1)(n —2)(n —3) | 
1:2-3-4-5 


1 
= EMC E PCy FB Cs +} 
n+ 


= D [sum of even binomial coefficients of (1 + x)" *"] 
n+ 


gnti-i gn 


n+1 


Cc Cc Cc 
II. Aliter LHS = a + = + = + 


Case I If n is odd say n = 2m +1, V me W, then 


2m+2 
LHS = . ses z= > ’ Cor 44 
r=0 art r=0 (2m +1) 
; ia cee ome 4 
ar +1 2m +1 
= 1 92m +2—1 _ 2" = RHS 
(2m + 1) n+1 
[nn =2m +1] 


Case II If n is even say n = 2m, V me N, then 


an > aor m aay Gorea 
r=0 2r+1  r=0 (2m+1) 
[ a or ae eel 
\" 2m +1 +t | 
pem+i1-1 gn 
= = = RHS [nn = 2m] 


2m+1 nt+1 


Example 69. If (1+ x)” =Co+C)x+C, x *+C3x° 


C, Cz C 2" -1 
+...+C,x", prove that 1+ —24+—4...= 
2 4 6 n+1 


Sol. We know that, from Examples (66) and (67) 


Ch ie Ce. Cn att—4 
Cott 4S ts Se ...(i) 
2 3 4 5 6 nt+1 
and Cy gO Bg OO a ad ...(ii) 
2 3 4 5 6 n+1 
On subtracting Eq. (ii) from Eq. (i), we get 
n+l 
o[S+S4 Ss.) =? 2 
2 4 6 n+l 
On dividing each sides by 2, we get 
Gi Ss es =t 
2 4 6 nt+1 
1, Aliter LHS = 1 4.3 4 SS 4 
2 4 6 
_uy n(n — 1)(n — 2) 
1-2 1:2-3-4 
4 an 1)(n — 2)(n —3)(n - 4) r 
1-2-3-4-5-6 


1 [(n4+1)n , (nt i)n(n—1)(n~2) 
n+1 1-2 1:2:3-4 


,(ntijn(n 1)(n — 2)(n —3)(n 24. 
1-2-3-4-5-6 
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Putn +1= N, then 
tee a. N(N —1)(N —2)(N -3) 


2! 4! 
+ NN aN 9) OW). 


1 
=U NCe + NCat NCo +] 


1 
= C,e C4 eg a Oe ae Se Ca) 


N 
Sp a ee 
N n+1 
II. Aliter 
ie Es 
2 6 


Case I If nis odd sayn =2m+1,V me W, then 


m 2m+1 
Cc. 
2r+1 


m amr2c 
LHS= = aie 
r=0  2r+2 r=0 (2m +2) 
2 2 2 
[ me Cop 42 au cree 
| 2m+2 ar +2 | 
1 
= SEE Os BME OY eo at Ome 
(2m +2) 
1 as 2” — 
eg gt m+2 1_2mtic))= [2m +1=n] 
(2m + 2) n+1 
= RHS 


Case II If n is even say n = 2m,V me N, then 


m-1 zmo m-1 
LHS = > areal. = 
r=0 (2r +2) r=0 


[ aaa oe Coss | 
2m +1 2r+2 | 
1 m-1 
ei »y ATOPIC 
(2m +1) r=0 
1 
= ‘Galaere BH Carat NC 
(2m +1) 
Beets. 8) 
= 1 . 2m+1-1 _ pie Ore 
(2m + 1) 
27-1 
= = RHS [in =2m] 
n+1 


Example 70. If (1+ x)" =Co+C,x 

+C,x*+...4+C,x", prove that 

Gig Bi Cie = 
3 4 n+] n+] 


sca 4s 
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Sol. (14+ x)" =Cy t+ Cyx+Cyx*4+Cyxi2 t..4+C, x" ...(i) 
Integrating on both sides of Eq. (i) within limits 0 to 3, we get 


3 3 
fat x)" dx = [i(Co +CX+Cox?4+C3 xP tit Cy x" )dx 


n41]? 2 3 4 
=|o%2 | =| core 2 4 2% 4 Osx ie 


nt+1 3 4 
Ch ee rl 3 
n+l 
qrehag 3°C, 3°C 3°C saan Os 
> =3C) + —t + 4-3 4+ n 
n +1 2 3 4 n+1 
Hence, 
37C, . 8c 3°C tte. -4eetag 
3Cy) +1 4+ 2 4 Sit i= 
2 3 4 n+1 n+1 
I. Aliter 
3°C, 3°C 3°C cael 
LHS = 3C) + — + —* +> 3 4..42> 
3 4 nt+1 
33.44 32%, 3 H(a-1) | Bt-n(n-1)(n-2) 
2 1-2-3 1-2-3-4 oar 
+o.+ 
n+1 
a | 3? (n+1 33 (n+1 =i 
= 3-(n+1)+ (n ) n 4 (n ) n(n ) 
(n +1) 1-2 1-2-3 


4 “a = 
42 (nth n(n-Y(n=2) ans 
1:2:3-4 
Putn +1=N, then 
3° N(N-1) , 3° N(N-1)(N-2) 
2! 3! 


LHS = : 3N + 
N 


1 


ED 3 | 


4! 


(Cae C8 SOG tice CY I 


[ NCo + Ney (3) + %C2(3)? + NC; (3)? 


22 |= 


pat MEy(3)* = "Cs ] 


1 * N_4 qantl_y 
=— {(1+3)% -1}= = 
wit N n+1 


= RHS 


II. Aliter 


Cc. FC 
LHS = 3C, +3? — + 24 each 
2 3 4 


caer Or 
n+1 


n n r+ n+ 
3° C., 


oe... 
(r +1) 


rel 


r=0 r=0 


(n +1) 
[ PEG as nC 


Sie EE 
I" n+1 = 


n 


ak 1 > ae Gl egret 
(n +1) 0 rei 
r= 
1 
= (PA5G. 03 + SED C3 2p NC ig? 
(n +1) 
tut C3") 
1 
= 143" t1ia"tIle 
aaa ) o] 
gett og. 
= ——— = RHS 
nt+1 


Example 71. If (14+ x)"=Co+C)x+ Cx *4...+ Cx", 


show that 2" Cot 2" C, + ; ee ee 
1-2 2:3 3-4 (n+ 1) (n+ 2) 
_ 3" -an-5 
(n+1)(n+2) — 
Sol. Given, 
(lt x)" =CotCyxtCyx*+Cgx? t..4+C,x" 
Ai) 


Integrating both sides of Eq. (i) within limits 0 to x , we get 
fa + x)" dx= [-( Cot Cyxt+Cox? +..4+C, x") dx 


x 
1+ nt+1 
_, | G22) 
n+1 
0 


Cx? Cyx3 
=) Ce ee 
2 3 ee. |. 


n+1 2 
_, (1+ x) Logg ee 4 
(n +1) 2 3 


C ttt 
re ee 


n+1 
(ii) 
Again, integrating both sides of Eq. (ii) within limits 0 to 2, 


we get 


| 2 3 4 
. _ | Cox 4 Ox 4 O2x 
1:2 2:3 3-4 
0 

2 

Ch xt? | 

+ ——$$——$—$ a 
(a+iyintD |, 


1 gn +2 1 2? 23 24 
> 2 _ Co Bal C, + Cy 
(n+1)|n+2 1-3 2-3 3-4 


Causa Ge 
(n + 1)(n + 2) 


2 3 4 n+ 2 
2 2 C 
Hence, Co +—C, + Cy +... + ————+*_ 
2:3 3-4 (n +1)(n +2) 
eee) 
(n + 1)(n +2) 
I. Aliter 
92 93 9! nt2c 
is =“, 4-42, _* in 
1-3 a | (n +1)(n +2) 
2? z 2 -1 ees 
=—(1)+ nt ome) 
is 2.3 gd 4-2 (n +1)(n +2) 
_ 1 (n+2)(n+1)o , (n+ 2)(n + 1) 0,5 
(n +1)(n +2) i.2 1-2-3 
4 (a +2)(n +1)n(n-1)o4 4g grt? 
1:2:3-4 


Put n + 2= N, then we get 
_ 1 N(N ~1),2 , N(N ~1)(N ~2),3 
N(N - 1) 


1-2 1+2-3 
NN at 542} 
1:2-3-4 
_ 1 yn 2,N 3, N 4 
“Ne! Cy (2)° + “Cs (2)” + “Cy (2) 
+..+ NCy (2)%] 
_ 1 syn N N 2,N 3 
= 3 ven! Co + *C,(2) + “Cg (2)° + “C3 (2) 
POO tat Cy =" eH" 2. 0) 
_ 1 N_4_ 
“Nave Ot?) 1—2N} 


3" 4-2(n+2)_ 3"** -2n-5_ 
(n + 2)(n +1) (n + 1)(n +2) 


II. Aliter 
2 3 4 n+2 

inse7 Ces C, + Gt. = 

1-2 2:3 (n +1)(n +2) 

n+l r+1 

2 
= ” r-1 
r=i1r(r +1) 


n+lor+1 n+2 
2 . Crha4 [ 


r=1 (n+1)(n +2) 


2 ener = one 
"(n+1)(n +2) rir+i)| 


nt+1 


= 1 
~ (n+1)(n +2) r=l 
= 1 

~ (n+1)(n +2) 


n+2 r+ 
Cr 4172 


aaah Ore es anes Ory 
Peck OC ge? ] 
1 


“op: OO 


aie OF al 


se —2n —5) 
(n + 1)(n +2) 


= RHS 
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When Each Term in Summation Contains 
the Product of Two Binomial Coefficients 
or Square of Binomial Coefficients 


Solution Process 


1. If difference of the lower suffixes of binomial 
coefficients in each term is same. 


i.e. C6 "Cy + PGs 7 "Cy + "Cy ° "Cx Pais 
Here, 2-0 =3-1 =4-2 =....=2 


Case I If each term of series is positive, then 
(+x)" =C, +O, x40, x7? +..4C, x" ...(i) 
Interchanging 1 and x, we get 
(x +1)" =Cy x "+O, xO + Cy xe OH + Cy ...(ii) 
Then, multiplying Eqs. (i) and (ii) and equate the 
coefficients of suitable power of x on both sides. 


Replacing x by a in Eq. (i), then we get 
x 


[+2] aC, pp Og 


__ iii) 
x x? x” 


Then, multiplying Eqs. (i) and (iii) and equate the 
coefficients of suitable power of x on both sides. 


Example 72. If (1+ x)" =Co +C,x+C x’ 
+C3x°+...+C,x", prove that 


Cat. + CCraat CC icd it Capa 
n: 


fa=—Aitner yl 


Sol. Here, differences of lower suffixes of binomial coefficients 
in each term is r. 


ie, r-O=rt+1—-l=rt+2-2=..=n-(n-r)=r 
Given, 

(Ltxy" =CotCyxt Cox? +..4+Cyi per +..4+ 0, x" 
Now, 


(x +1)" =Cox" t+ Cpe 4 Cy tC 


=F 


$C gx Se Cet? Fn F Cp al) 
On multiplying Eqs. (i) and (ii), we get 
(14x) =(Cot Cin + Cox? ti.4 Cap xe +... 
+C,x")X(Cox" +C x"! 
or dee ee oe aa Oe ee 


+ Crane? 4+ Cy) «.. (iii) 


Textbook of Algebra 


Now, coefficient of x” ~" on LHS of Eq. (iii) = °"C,, _, 
2n! 


(n—r)!(n+r)! 


and coefficient of x" ~~" on RHS of Eq. (iii) 
SOC a CO tC Cis dc 
But Eq. (iii) is an identity, therefore coefficient of x" ~" in 
RHS = coefficient of x” ~" in LHS. 
OC OE a #Ove ote. 
2n! 


(n—r)i(n+r)! 


Aliter 
Given, 


(L4+x)"=CyotCyxt Cox? t..4C, x" +Cr4yx"t? 


n 
G..e é. .c oe 
Now, | 1+ =Cy)+— ‘ us —— — 
x x x x" xt de si 
$e ta 3d) 
x 


On multiplying Eqs. (i) and (ii), we get 
(1+ x)" 


n 


=(Cy + Cpe #05 x? +..4 Ci x"4 C4420"? 


Crag CTP HLA Cy pT H+ Cy 0") 


Cy 44 Ch 42 


+2 
x" 


SO ince SI 


x (c: + Sea 
XK x gt ag 


n r 


—+...4 Cn ...(iii) 
=e x” 


er 
x 


1 
Now, coefficient of Ss in RHS 
x 


= (CoC, + CiCp ait CoCr x2 Fit Cyuge,) 


.. Coefficient of — in LHS = Coefficient of x" ~" in 
x 


2n! 
(1+x)™"™="C,_. n 


~ (eeniGeery! 


But Eq. (iii) is an identity, therefore coefficient of — in 
x 


RHS = coefficient of Ze in LHS. 
De 


=. 36 Oe. eg ee 
= 2n! 
(n-r)!(n +r)! 
Corollary I For r = 0, 
2n! 


(n!)° 


2 2 2 2 
Co +Cy +C, +..4+C, = 


Sol. Given, (1+ x)" =Cy +Cyx + Cox 74... +C, x" 


Corollary I For r = 1, 


2n! 
Ct, rec +00 +,.40,. 6 Ss 
si ane ie, "(n= 1)!(n +1)! 
Corollary Il For r =2, 
an! 
OC 4CC. 466. +4 C3 CS ———— —_ 
i 2" (n-2)!(n +2)! 
Example 73. If (1+ x)" =Co+C,x 
+Cx7+4...4C, x", prove that 
2n!-1-3-5...(2n-1 
C, +c; tC = — ( ) an 


ninl n! 


i) 


Now, (x +1)" =Cox" + Cyx" "14 Cox"? 4..4C,_ ...ii) 


On multiplying Eqs. (i) and (ii), we get 
(14+ x)" =(Cy + Cx + Cox 74...4+C, x") 
X(Cox"+ Cex 1+ Cgx 2 +..4C,) «Gi 
Now, coefficient of x” in RHS 
=C, 40°40; 4.46. 
2n! 


n!n! 


And coefficient of x” in LHS = 7", = 


_1:2-3-4-5...(2n -1)2n _ 1-3-5...(2n -1)2" n! 


ii) 


n!n! n!n! 


But Eq. (iii) is an identity, therefore coefficient of x” in RHS 


= coefficient of x” in LHS. 


2n! 
So ee ae, +40 = 
nin! 
13 5eeCa=1) 5 
7 n!} 
Aliter 
Given, (1+ x)"=Co +Cyxt+Cox? +..4C, x" 
n 
1 C C Cc 
Now, |1+ ]=e4 Py 24 4 ( 
x x x? x” 


On multiplying Eqs. (i) and (ii), we get 
(1+ x)" 


x 


=(CotCyxt+Cox? +..4C,x") 


Cy  € 
(Co ~+— 


x x 
Now, constant term in RHS = Cc + C? + Ce +..4+ Ce 


(1 +x)?" 


n 
x 


Constant term in LHS = Constant term in 
2n! 
n!n! 
_ nt2" [1-3-5...(2n -1)]__ 2" [1-3-5...(2n -1)] 


n!n! n! 


= Coefficient of x” in(1 + x)?" = ""C,, = 


t+ Cs...) 
x" 


But Eq. (iii) is an identity, therefore the constant term in 
RHS = constant term in LHS. 


2n! 1-3-5... (2n -1 
=>C,° + ete ‘Cy tot Sey = TN (en on 
n!n! n! 


Case II If terms of the series alternately positive and 
negative, then 


(1-—x)" =Cy —C,x+C, x7? -..4(-1" C, x" ..(0 


and(x +1)" =Cox" +Cy x" +Cax" 7 +..4C, «Gi 
Then, multiplying Eqs. (i) and (ii) and equate the 
coefficient of suitable power of x on both sides. 
F Or 
Replacing x by — in Eq. (i), we get 
x 
2-2) 26, - "ly Soar ti) 
x x x a 


Then, multiplying Eqs. (i) and (iii) and equate the 
coefficient of suitable power of x on both sides. 
Example 74. Prove that 
(Co) GYM Cy)? =. + Can)*= EY" > PC 
Sol. Since, (1— x)*" = ?"Cy — ?"C, x + "Cy x? 
=o ay "Cy a 


or (1 )?" = 2" = BPC, x C5 0? St "Es, x" 


i) 


and (x41%" = ner x2” ap ae x21 + uC. xen 2 


+t "Cy, «.Aii) 


On multiplying Eqs. (i) and (ii), we get 
(x? om 1°? =(?"Cy a! an x+ an. x? — + a ee x2" 

a Gig OF x2” ie 2G geht + enG; x 2n 2 ee ks 2G.) 
Now, coefficient of x2” in RHS (iii) 
= ("Coy —CPCrY + O™CaY =o # O"Cany? 


Now, LHS can also be written as (1— x *)?”. 
. General term in LHS, T,,,=?"C, (-x 7)’ 
Putting r =n, we get T,,,=(-1)"-2"C, x?" 
= Coefficient of x?” in LHS =(- 1)" - ?"C,, 


But Eq. (iii) is an identity, therefore coefficient of x?” in 


RHS = coefficient of x2” in LHS 

SOC Gy BOC =a Cay 
= (- iy . nC 

Aliter 

Since, (1+ x)?" = "Cy + 2"Cyx + ?"Cox? 


beet Oyen ™ id) 
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2n 


2n 2n 2n 
1 c C Can 
and f = "Cy ty = == (ii) 


x x x x 


On multiplying Eqs. (i) and (ii), we get 


2 2n 
x 
a ; ) =( Cyt Cee Gye tak Cex 
x n 
2n 2n 2n 
os C. C. 
2 1 2 2n sa 
x(°"Co i 55, ) Aili) 
x x x 


Now, constant term in RHS 
= (Co)? CPC + PCa) = # Con)? 


(x? = iy"? 


2n 
x 


Constant term in LHS = Constant term in 


= Coefficient of x?" in(x*? — 1)°” 
= Coefficient of x?" in(1 — x*)*” 
- a (- iy = ( 1)" . ne. 


But Eq. (iii) is an identity, therefore the constant term in 
RHS = constant term in LHS. 


= ( 7"Cy)? —( C1)? + (PCa)? = +O" Can)? 
= (- iy : ce 


Example 75. If (1+ x)” =C)+C,x 
+C)x?+...4C,x", prove that 
Cy =O C7 =. 4 C S0 oF 
- —_————_., according as nis odd or even. 
(n/2)!(n/2)! 
Also, evaluate C4? 4+C,7 #C37 =<. 
=10 and n=11 
Sol. Since, (1— x)" =Cy —Cyx + Cyx® —... +(— 1)" Cx" ...(i) 


(= CS" tort 


and (x +1)" =Cox" +C,x" 1 +Cyx" 7? 4.4 C,...(ii) 
On multiplying Eqs. (i) and (ii), we get 

(1—x?)" ={Cy -Cyx + Cy x? -...+(-1)" C, x"} 

X(Cox" + Cyx" 1+ Cox"? +..4 Cy) «..Liii) 
Now, coefficient of x” in RHS 
=C?} -—c?+C3 -..4(-1"C? 

General term in LHS = T, ,,= "C,(—x*)"="C, (-1)" x?” 
Putting 2r =n, we getr=n/2 

Taye = "Cyn (1 
-. Coefficient of x” in LHS = "C,,;. (- 1"? 


_ n/2 | n!} 
=n (n/2)!(n/2)! 


0, if nis odd 


A 
(- 1) anus 2 
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But Eq. (iii) is an identity, therefore coefficient of x" in RHS 
= coefficient of x" in LHS. 
=> Ce-c? +c} -...4+(-1"C? 
0 ,if nis odd 
= n! 


n/2 : 
<2 (n/2)!(n/2)!° 


if nis even 


Now, for n = 10, 
10/2 10! 


—...+C%, =(-1) = — 252 


Coa ee 4G; ei 


[10 is even] 


and from n = 11, 


Ce=C? +E? =... =C) =0 [11 is odd] 
Aliter 
Since, (1+ x)" =Co +Cyxt+Cyox? +..4+C, x" ...(i) 
1 
Replacing x by — —, then we get 
x 
ey oe © C 
( =Cy-— + -..4+(-1" + ...(ii) 
x x x x 


On multiplying Eqs. (i) and (ii), we get 
(x? = 1)" 


n 
x 


=(Co tCyxtCgx? +$..4+C, x") x 


[fc nine sea)" “) ...(iii) 
x x x 


Now, constant term in RHS 
=C) C$ Ceo. (INC 
.. Constant term in LHS 


(x? -1)" 


n 
x 


= Constant term in 


= Coefficient of x” in(x” —1)" 
= Coefficient of x" in"C,;2 (x2)"~ ©/?) (-1"? 


= (- ih ag . "Care 
n! 


=( ay : 
(n/2)!(n/2)! 
0, if nis odd 
= n! 


n/2 . : 
ie (n/2)!(n/2)!° 


if nis even 


But Eq. (iii) is an identity, therefore the constant term in 
RHS = constant term in LHS. 


S C2 =C2 +62 =... 4 (il ce? 
0, if nis odd 
n! 


(n/2)'(n/2)!° 


~\e1yr? . if nis even 


2. If sum of the lower suffixes of binomial 
coefficients in each term is same. 


Le., CoC, +C,C,-4 + CoC, 9 +...+C, CG 


Here, 0+n=1+(n-1)=2+(n-2)=...=n+0=n 
Case I If each term of series is positive, then 
(l+x)"=C,4+Cyx+C, x7 4..4C,x" 


and (1+x)" =Cy+C,x4+Cax7 4..4C, x" ...(ii) 
Then, multiplying Eqs. (i) and (ii) and equate the 
coefficient of suitable power of x on both sides. 


Example 76. Prove that 
ins aaa Oe al OP ae 0 aa OM Ce me a ON 


if r<m,r<nandm,n,r are positive integers. 
Sol. Here, sum of lower suffixes of binomial coefficients in 
each term is r. 
i.e. r=r-14+1=r-24+25..=r=r 
Since, 
(fxe)™ = "Cyt Cpchiad "C. 33" eC x 
+7 Cx" +..4 "Cp, x™...(i) 
and(1+ x)" ="Cy + "Cyx+ "Cox? +..4"C, x" 


+..+"C,, x” ...(ii) 
On multiplying Eqs. (i) and (ii), we get 


(Lt xy™F" =(™Cy + Ce H.C, ox” 2 + ™C, yx"! 
4 Ci? te OO) Ky HC + Cox? 
tit "Cx" +..4+"C, x") «..(iii) 
Now, coefficient of x" in RHS 
=O. Cod Cry Gy FC Cg Heh gC, 
=™C + C,u eC, 4" Cog "Catt "C, 
Coefficient of x” in LHS = "*"C, 


But Eq. (iii) is an identity, therefore coefficient of x” in LHS 
= coefficient of x” in RHS. 


=> ™rc=™, + ™C,1°"Cy + "Cp 9° "Cy +. + "C, 
Case II If terms of the series alternately positive and 
negative, then 
(1—x)" =Cy —C,x +Cyx? -...+(-1)" C, x"... 
and (1+ x)" =Cy +C, x+Cy x? +...4C, x" «fi 
Then, multiplying Eqs. (i) and (ii) and equate the 
coefficient of suitable power of x on both sides. 
Example 77. If (1+ x)" =Co+C, x 
+C,x74+...4C, x", prove that 
Co Cy — Cy Ca_1 + Ca Cp_a - «+ 
ni 


(n/2)!(n/2)! 


(-1)" C,Cp =O or 


(=1\"" , according as nis odd or even. 


Sol. Given, (1+ x)" =Cy +Cyx + Cyx* +..4+C,_2x"-? 


$C eC” aw) 
and (1— x)" =Cy —Cyx + Cy x” —... + (—1)"" C, x” (ii) 
On multiplying Eqs. (i) and (ii), we get 
(1— x7)" =(Co + Cx t+ Cox? H..4C, 9x"? 
+ Cy gx" 1 4 Cy x") X(Cy = Cx + Ca x? — 
+ (— 1)" C,x") ...(iii) 
Now, coefficient of x” in RHS 
BOC 0) 6.4 eC aie, 
Now, general term in LHS, 
Tree "C,(—x°Y =(-1F -"C, x 
Putting 2r = n, we get 
r=n/2 
Now, Tyjaay (Ay Cy io x 


-. Coefficient of x” in LHS = (-1)"/* ." Cy /2 
n! 


= ( pees . 
(n/2)!(n/2)! 
0 if nis odd 


= ! 
(-1)"? . ie if nis even 


(n/2)!(n/2)!° 


But Eq. (iii) is an identity, therefore the coefficient of x” in 
RHS = coefficient of x” in LHS. 
SOC 06... 000.9 =.8(F Oc, 
0, if n is odd 
n! 


= n/2. i 
2 (n/2)!(n/2)!- 


if n is even 


3. If each term is the product of two binomial 
coefficient divided or multiplied by an integer, 
then integrating or differentiating by preceeding 
method. Then, multiplying two series and 
equate the coefficient of suitable power of x on 
both sides. 


Example 78. If (1+ x)" =Co+C,;x+C x? 
+C,xX*+..+C, x", prove that 

(2n -1)! 
((n—1)!)?- 


Sol. Given, (1+ x)” =Cy +Cix + Cx? 4+Cyx7+..+C, x" 


C7 42024 3C24..4nC? = 


Differentiating both sides w.r.t. x, we get 


n(1t+ x)" 1 =04C,+2Cyx4+3C3x° +..¢nC, x"! 


=>n(1t x)" ~'=C,+2C,x4+3Cyx7* t..4¢nC, x" i) 


and (x+1)"=Cox"+Cyx") + Cox"? 4+C5x"73 


+..+C,...(ii) 


prove that Cy? + al + 


Chap 06 Binomial Theorem 471 


On multiplying Eqs. (i) and (ii), then we get 
n(itx)"~1= (Cy +2Cyx +3C3x7? +..4+0C, x") 

X (Cox tCyxr $$ Ca x 7 4+ Cyx" FP $..4C,) ...ii) 

Now, coefficient of x” ~' on RHS 
=¢? +202 +3C2 +..40C 

and coefficient of x" ' on LHS 

(2n —1)! 
‘(n -1)!n! 
—  (2n-1)!  _ (2n—-1)! 

(n-1)!(n-1)! {(n-1)!)?} 


But Eq. (iii) is an identity, therefore the coefficient of x" 
in RHS = coefficient of x” ~* in LHS. 


2n-1 
=n-“" C,a7=n 


= 1 


_ (2n -1)! 
{(n-1) }} 


Ss OP IC 490 tn 


Example 79. If (1+ x)" =Co+C,x+Cox*+..4Cp x", 


cc : Cr __(2n+1)! 
3 nt+1 {(n+1)!}? 


Sol. Given, (1+ x)” =Cyo +Cyx+Cox?t..+C, x" 


Integrating both sides w.r.t. x within limits 0 to x, then we 
get 


[ratsy dx = |" Cot Cyx + Cox? $...4+C, x") dx 
1+ am | Cc 2 Gc 3 Cc n+1 
aul?) aCe ge a 


(1+n) 2 3 n+1 ~) 


and (x +1)" =Cox” +Cyx" 1+ Cox" 7 4..4C, — «..{ii) 


Multiplying Eqs. (i) and (ii), we get 


1 
{(1+x)"**-(14+ x)"} 
(n + 1) 
C 2 Cc 3 Cc n+1 
=| Cg Sg Oe ee 
2 3 nt+1 
X (Cox $C, x71 4.Cy x" 7 4..4C,) ...(iii) 


Now, coefficient of x” ~' in RHS of Eq. (iii) 


2 2 2 
Cc Cc 
20, Ge 
2 3 n+1 


and coefficient of x" *' in LHS of Eq. (iii) 


1 pan +1 
~ (n +1) Cn+1— 9} 
1 (2n+1)! 
(n+1) (n+1)!n! 
(2n +1)! _ (2n+1)! 


(n+1)!(n+1)! {(n+1)!? 
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n+1-; 


But Eq. (iii) is an identity, therefore coefficient of x" *~ in 


RHS of Eq. (iii) = coefficient of x" *' in LHS of Eq. (iii). 
2 2 2 ' 
Cy 4 Gr. Cert! 


=> Cr+ - 
3 n+1 {(n+1)!? 


Binomial Inside Binomial 


The upper suffices of binomial coefficients are different 
but lower suffices are same. 


n 


Example 80. Evaluate & "*'C,. 
r=0 


n 


n 
Sol Se Ce Ce Pe ae OO aac OC 
r=0 


= Coefficient of x” in 
[atx +(txy tt tata eit iucg(at x)"] 
n n+l _ 
= Coefficient of x” fel + x)" [1+ x) 1] | 
l (4x) =1 | 


= Coefficient of x" ** in[ (1+ x)"*1-(1+ x)"] 


_— 2n+1 — 2nt+1 
= Chai 70 = C, 


Example 81./f (1+ x)” =Co)+C,x 

+C,x*+...4C, x", prove that 

Che C=O OO eas Oe 
Sol. LHS =C,<" G, = Cy "7G + Cy CC, = 


= Coefficient of x” in 


[CoQtxy"—C, tx) +0, (14 x) A. 


= Coefficient of x” in 


[Cot x" -C [A+ x) "7+ Cy [+ xP]"? =... 


= Coefficient of x” in [[(1+ x)? —1]"] 
= Coefficient of x” in (2x + x7)" 


= Constant term in (2 + x)” = 2” = RHS 


Example 82. If (1+ x)” =Co +C,x+C) x? 
+C3x°+...4C, x", prove that 

Cae Cy a Cpe Cyt Cys Oe = Ce 
(-1)"C,- °C, =1 


da oe ee 


Sol. LHS =Cy- "C, — Cy "C, + Cas? C, — Cge PC, 
+..4+(- 1)" C,-"C 


= Coefficient of x” in 


+ 


n 


[Co (At x)"—C, 14x)" 4, (14+ xy"? 
—C3 (14+ x)" 3 4..4(- 1)" C,-(1 t+ x)"] 
= Coefficient of x” in 
(1+ x)" [Co +x)" —C, (14+ x)" +C, (4x)? 
—C3(1+ x)"~ 9 4..4+(-1)" C, 1] 
= Coefficient of x" in (1+ x)” [((1+ x)-1)"] 
= Coefficient of x" in(1+ x)"+x"d 


= Constant term in (1 + x)” =1=RHS 


Sum of the Series 


Case I When i and j are independent. 


In this summation, three types of terms occur, when 
i<j,i=jandi> j, 


i=0 j=0 i=0 


Corollary I 2 is Otis OF (3 ) 


Example 83. If (1+ x)” =Co +C,x 
+C,x74+...4+C, x", find the values of the following. 


() & & (C;+C;) 
; i=0j=0 
(ii) (i+ fC C; 
; i=0j=0 
Sol. (i) = 2G +Cj)= x by C; + by 2 Cj 
= 3 [0}+3 [Ze] 
= D @")+ Lerya4y-2 +(n +1)-2” 
=2(n+1)2"=(n+1)2"" 
(ii) > Li +/)/cjC;= > ie Cc, + > aee, 


n 


= Dre (a")+ 2B jc; (2") 


i=0 j=0 
n n 
Se De Oe eo pe 
i=0 1 j=o0 J 
n n 
=n-2" xeric ,tn-2 Leja 
i= j= 


Case II When i and j are dependent. 


In this summation, when i < j is equal to the sum of the 
terms when i> j, ifa; anda j are symmetrical. So, in this 


case 


Dee EE aa, +ZZaa, 


iMs 


i=0j=0 O0<i<j<n =] 
a paps aja; 
Osj<isn 
=2 papa a; a, + Qua; aj; 
O0Si<j<n i=j 


Yas ae, 


L 


=0 j=0 
=> pe a; a,=- : = 


0<i<j<n 2 


When a; and a; are not symmetrical, we find the sum by 
listing all the terms. 


Corollary! 


= = "CG, Gh - 22 "C; 7 
i=j 


0 j=0 


PaPy "Cs NG = 


0<i<j<n 2 
n 
A De tO , 
i=0 nh 92nd _ 2n! 


2 2 2(n!)* 


Example 84. if (1+. x)" =C) + C,x 
+C,x*4...4C, x", find the values of the following. 


i 22) °C (lit 2 2e FE 


Osi<j<n Osi<j<n 

i#zj O<i<j<n 
(vy) YX (Cc; +C;) 

Osi<j<n 


(vi) 22s. f (i+ fC, c, 


Osi<js<n 
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(vil) 22 (i- fC, C, 


Osi<j<n 
[3 $ c|-BEc 
=0j=0 i-j 
Sol. (i) XD c= : 
O<i<j<n 2 
G42 C= 2S 
i=0 i=0 asl 
= =n-2 
2 
n=1 
(ii) Le 7 oet 
O<i<j<n r=0 
{((r +1) +(r +2) +(r+3)+..4n} 
had 
-> (n-r)(n+r+1) 
=O 7 2 
ly 212 
15 "C, (n° -r° +n—-r) 
n-1 ma. n=? 
eta 2 tat De a r? "Cc, 
2 r=0 2r=0 2. r=0 


= 5 (n? + n)(2 1) Fon Qt 2) 
— 5 n(n (er? 1) +2" 1] 


=n(3n+1)-2"~3 


Remark 
Here, / and C; are not symmetrical. 


(iii) Here,i# jie, i> jori<j 
But C; and C; are symmetrical. 


220,60 =) BZ cc, 


i¢j O<i<j<n 


2n _ 2n 
= 2 — [from corollary ]] 


= 92 = ang 
@v) 22 ¢c,= BY o,c,+ULUc,c, 
O<i<j<n 0<i<j<n i=j 


= 1 (gen —?"c,)+"C,, [from corollary I] 


1 


2n 4 2n 
~ ‘a 
ae - 
wy) 2D (¢,2¢0,%= 22 (c?+c?42C;C)) 
Osi<j<n Osi<j<n 
= XD (c?+c)t2 LDU cc, 
O0<i<j<n 0<i<j<n 


a (Cc? +c?) 


O<i<j<n 


474 Textbook of Algebra 


z Ze chach-2 2c? 


i=0 j 


j=0 


3 Eo v4 Bici)-2 22 hc. 


2 


n 


2 (rnc, # OH er C 
i=0 


2 


(n +1) x bee. 2 isa, 
= i=0 


2 
_(nt1)-"C, + "C, -(n +1) — 2° "C, 
2 


2 
=n: "C 


Dl (C2 =u, 20" =") 
O<i<j<n 
[from corollary 1] 


UL (i+ fCC, 


O<i<j<n 


=(4 41) °C, £2"; 


Remark 
XY (G+) =7-2" 


O<si<j<n 


(vi) UX (G+ s)e,c; 


0<i<j<n 


lett P= LX (i+fC,C, li) 
O<i<j<n 
Replacing i by n — i and j by n — j in Eq. (i), then we 
get 
Po 2D Git 70,23 6,2; 


O<i<j<n 
[.. sum of binomial expansion does not 
change if we replace r byn — r] 
P= 2D (2n-i-fc,c, 
OSi<j<n 

Le CoS" Cy >] (ii) 

On adding Eqs. (i) and (ii), we get 

2P=2n UL CC; 


OSi<j<n 


or P=n LX CC, yo a 


OSi<jsn 
[from corollary I] 


Go 220-776 = 22 UC jG-"C)) 


O<i<j<n O<i<js<n 


Sq? ee MOC “Ce. 


lent are 


| [from corollary I] 


= 1 = 
=n? Ga 3 _ 4 | an ea 


10. 


11. 


12. 


13. 


14. 
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Exercise for Session 4 


The coefficient of a* b® c°d° in the expansion of (abc + abd + acd + bcd)'° is 


10! 
(a) 10! 0) (c) 2520 
If(1+2x +. 3x7)" =a + ayx +. aoX74...+ a9 x79, then a, equals 
(a) 210 (b) 20 (c) 10 
lf(1+ x +x? + x7) =ao + ax + ax 2+... + 45 x ', then aq equals 
(a) 99 (b) 100 (c) 101 
Coefficient of x"® in (1+ x + x? + x*)" is 
5 5 5 

(a) 2 "Cs_,-"Cz, (b) 2X "Cs, (c) & "Cp, 

r=0 r=0 r=0 


n 
The number of terms in the expansion of{ x? +14+ =| iNeENis 
x 


(a) ne (b) saa Or (c) eres 


Binomial Theorem 


(d) None of these 


(d) None of these 


(d) 3n HC. 


475 


If (1+ x)? =aq + aX + a> X7+..4 ay x"°, then (a9 — ay +. a4 —Ag +g —A4q)* + (a, —a3 + As — a7 + Ag)* is equal to 


(a) 2° (b) 3° (c) 2° 


If (1+ x )”=Cy + Cyx + Cy x2 +C3x 34...4C, x ",n being even the value of 
Co + Co +O) + Co +O, + Co) + ..+ Co +O, + Cn + ...4+C,_+4) is equal to 


(a) n- 2" (b) n-2"~" (c)n-2"~? 
Thevalueof 22.1, G2 Os , 1)" Cn ig 
1:3. 2:3 3-3 4-3 (n + 1)-3 
3 n+1 1 
a) —_ b) 2 
n+1 (0) 3 3(n+ 1) 
50) (50 50) (50 50) (50 i n 
The value of + + , where °C, = ,is 
0/\1 1 2 49} \ 50 r 
100 100 50 
b 
(a) ra (b) aa () (s| 
If C, stands for nC. then Co Cy — C;, C3 + Co Co — C3 Cy + Cy Co is equal to 
(a) C (b) Cy (c) C3 


n 
The sum x (r + 1)("C,)* is equal to 
r= 


(n + 2) (2n- 1)! (b) (n + 2) (2n+ 1)! 
n!(n-1)! n!(n-1)! n!(n+ 1)! 


(a) 


n r-1 
mal x. "G,"Ce 2 | is equal to 
r=1| p= 


(a) 47-37 +1 (b) 47-37-14 (c) 4"°-3" +2 
10 10 106 

py *e, 2 (= 1)" | is equal to 
r=0 m=0 gm 

(a) 1 (b) 2° (c) 2"? 


The valueof DX UXD 2is equal to 


O<i<j<k<Il<n 


(a) 2(n+ 1)? (b): 2-9 G, (c) 2(n+ 1)" 


(d) 310 


(d) n-2"-$ 


(d) None of these 


(d) 4” - 3” 


10 


11 


12 


Shortcuts and Important Results to Remember 


(r + 1th term from end in the expansion of 
(x + y)” =(r + 1th term from beginning in the expansion of 


(y+ xy’. 
If "C, 4, "C,,"C, ,4 are in AP, then (n —2r)? =n +2or 


r=s(nt (n+2))forr =2, n=7 and forr=5,n =7, 14. 


Four consecutive binomial coefficients can never be 
in AP. 


Three consecutive binomial coefficients can never be in 
GP or HP. 


If a, b,c,d are four consecutive coefficients in the 
a b C 


a+b b+c'c+d 
(i) a it Cc =9 b 
a+b c+d b+c 


. b \ ac 
(ii) > 
bt+c (a+ b)C +d) 
If greatest term in (1+ x)*” has the greatest coefficient, 


n+ 
<XxX< ' 


expansion of (1+ x)”, then are in AP. 


then . 
n+1 


(a) The coefficient of x "~' in the expansion of 
(x —1)(x —2)(x -3)...(x -n)=-(14+24+34+...4+n) 
n(n+1 
—— ( ) = + Lon 
2 
(b) The coefficient of x ” “Tin the expansion of 


(x + 1) (x + 2) (xX + 3)... (x +n) 


=(142434...4n)=- 2049 


at io 
= 2 


The number of terms in the expansion of 


n+2...., 
ifn is even 


(x + a)’ + (x -a) = 4 
0*" ifnis odd 
2 
The number of terms in the expansion of 
n ees 
=, ifn is even 
(x + a)" —(x-a)" = 


DS picoda 
2 


The number of terms in the expansion of multinomial 
(Xj + Xo + Xg t+... + Xm)", when x, Xo, X3,..., Xm EC and 
MeN, is ?*7-'C 4, 


The number of terms in the expansion of 
n 
ax” + +e] , where n, p EN anda, b,c are 
x 


constants, is 2n + 1. 


If the coefficients of pth and qth terms in the expansion of 
(1+ x)" are equal, then p + g =n +2, where p,g,n EN. 


n 
13 If the coefficients of x , x‘ *" in the expansion of [2 + x) 


are equal, thenn =(r + 1)(ab + 1)—1,wheren,r e€N and 
a, b are constants. 


n 
14 Coefficient of x” in the expansion of} ax? + *) 
x 


i= ,where p,g,néeN 
+q 


= Coefficient of 7, . ;, where r = 
and a, b are constants. 
15 The term independent of x in the expansion of 


n 
[ar + 5) is T, 4, where r=—P. wheren, p,g €N 
xd pt+q 


and a, b are constants. 
16 Sum of the coefficients in the expansion of (ax + by)” is 
(a+ b)’, where n € N and a, b are constants. 


17 If (1+ x)" =Co + C)x + Cox? +... + C,x” and p+q =1, then 


18 If (+x! =Co +O, x4+Cox? +... 


r=0 r+1 n+ 
n 

ey: Dey Sereda ty + 
r=0 r 2 3 n 


(viii) Dey -(a-r)(0-r)C, =0,Vn>83 


(ix) oy lf @-n(b-rne-nCc, =0,Vn>3 


r=0 
(Xx) 3} (-1! (a-rPC, =0,Vn>3 
. : r-k d‘ n 
(xi) z, (Aro... ka ycx =e We) 


n 2 
for k=? 2D r=. =F (+ xP eer =n 1) 2"-? 
r=0 dx 


n 
and fork =3; x r(r—1)(r -2) (-1 “°C, 
pe 


d3 
= ol ia x} k=-1 = 0 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 


which ONLY ONE is correct. 
2n+1 2n+1 2n+1 
Ex. 14/ 7 + ” + “ J+ -=170, then 
0 3 6 
equals 
(a) 2 (b) 4 (c) 6 (d) 8 


Sol. (b) “ (1+ xn" = nC. as antic x 4p Pntd Cpx° pant C3x° 
4 2n IC x4 yen +L C5x° endl Cox° he 
Putting x = 1, @ w” (where wis cube root of unity) and 
adding, we get 
gent +(1 ae 0) a Gl ue o)?"*! = 3H, 
ele Ore ail OF 
= g2ntl _ Gy? (2n+1) _ ot! = qte. 42nt on 
2n+1 oy 2 
HOP Ce +...) [14+ 0+ oO = 0] 
1 


SS MGC ance Ce H 
3 
Ge = w (2n+1) __ wr" *t) 
an+1 an+1 an+1 1 
= + + +..= = 
0 3 6 3 


(arent _ py? 27+) _ w"*t) 


= 170 = Lent! - ong (2n+1) _ a) 
3 
1 

For n = 4,170 = —(512—1-—1) =170 [ =1] 
3 

Hence, n=4 


© Ex. 2("Cy) +” C, -” C, -” C3) 
+(7 Cy +7 C; —m Cs _™ C) +...=0 
if and only if for some positive integer k, m is equal to 
(a) 4k (b)4k+1  (c)4k-1  (d) 4k +2 
Sol. (c) If@ € Rand i = V-1, then (cos@ + isin0)” 
= ™C,(cos0)” +” C,(cos0)” ‘(isin®) 
+™C,(cos 0)” *(i sin®)*+...+”"C,,(isin®)” 
(cos m® + isin m®) = [C (cos0)” —” C2(cos®)” * «sin? 6 
+™C,(cos®)” *sin*@ —...]+ i["C,(cos0)” * 
-sin® —” C;(cos0)” *sin?@ +...] 
[using Demoivre’s theorem] 
Comparing real and imaginary parts, we get 
cosm8 ="C,(cos0)” —” C,(cos0)” * sin? 6 


+"C,(cos0)” *sin*@ -... ...(i) 


(I-x +x’) 
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sinm@ = C,(cos®)” | -sin® —” C;(cos0)” ° -sin?6 +... 
(ii) 
On adding Eqs. (i) and (ii), we get 


cos m0 +sinm9 =" C,(cos®)” +” C,(cos®)” | -sin® 


—"C,(cos6)” *sin’@ —™C3(cos0)” *sin*@ 


+™C,(cos0)” *sin*@ + sin mo + 4 


m| "Co +” C; tan® —C, tan?6 —” C, tan? 
=(cos0) 


[+"Cq tan’@ +” C, tan°0-... 


Putting 0 = ug 2sin (m +1) _ =o 
4 4 gml2 


(Co +™ Cy —™ Cy —™ Cz) + ("Cg +" C5 —™ Cg —™ Cz) 
[Ht Cyst" Carag =" Cae Cy) 
(™Co #” Cy —™ Cn —™ C3) + ("Cg +” C5 —" Cg —” C7) 
+...= 0 [given] 


Pa sin PAVE) =o > (m+1)n =kt 
4 4 


or m=4k-1,Vkel 


» Ex. 3 If coefficient of x" in the expansion of (1+ x)'°! 


100 is non-zero, then n cannot be of the form 


(a) 3A +1 (b)3A (c)3A+2 = (d) 4041 


Sol. (c) 0 (14 x1 — x + x7 = (14+ x1 + x) — x + x?) 


=(1+x)(1+ x*)? 
= (1+ x)(1 47° Cy? $0 Cox? $0? Cx? tte HO C90) 


Clearly, in this expression x° will present if n = 3A or 
n=3X +1. So, n cannot be of the form 3A +2. 


i=0\ f J\m-i 


» Ex. 4 The sum 5(""] ae } (where? =0, if p <q) is 
q 


maximum when m is 


(a) 5 (b) 10 (c) 15 (d) 20 


Sol. (c) 3 ell = ] 25 0 Gs. 


i=0\ 1 m= i=0 


se he ae a nn ee ne, 
= Coefficient of x” in the expansion of product 
(1+ x)°(1+ x) 


= Coefficient of x” in the expansion of (1+ x)*” = *°C,, 
To get maximum value of the given sum, *’C,, should be 


‘ tian od 30 
maximum. Which is so, when m = — = 15 
2 
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Ex. 5 po C, = (k? —3)-"C,,, thenk belongs to On subtracting Eq. (ii) from Eq. (i), then we get 


(a) (~e2,~ 2] (b) [2, ©) 14[ x () 
() [-v3, v3] (d) (V3, 2] S aygin) Ute) Ute 
Sol. (d)- "1C, =(k? -3):"C, 44 (1+ x) | ey" x \"| 
a - +] io *] | 
=> ,2-—= (i) a” 
isl | 
> Osrsn-l1 1+x x at 
=(14+x)” oi 
=> 1<rt+1l<n | 1-( Ea 1+x | 
= oe 24 +x | 


S=(14 x)? — x11 + x) — 10101" 


= 1<(R-3)<1 
and coefficient of x°° in S = 1 C5p. 
1 2 2 
te < < > 
= a i ee ae sate eee Ex. 8 The largest integer \ such that 2” divides 
k € [-2, V3) U(v3, 2] 37-1 ne Nis 
(a)n-1 (b) n (c)n+1 (d)n+2 
6 n n 
1 b Sol. (d) 3? —-1=(4-1)* -1 
Ex. 6 iff +] =a) +(ay 2] ott) : ( ) , : : 
x x = (47 Ca Cpa? FP BC At I)—1 
b b hy gaty PCP HD. oh ; 
i(aax? +72 }s.a{aaxt +26), =4? 27.4? 14 — ) g2"-2_, oh 
. : = gnta(g2h-n-2 _ 92-4 1 _ 1) _ 9"*2 Integer) 
the value of do is - 6 
(a) 121 (b) 131 Hence, 3”. —1is divisible by 2"*?-A =n +2 
(c) 141 (d) 151 


1 6 6 6 iy » Ex. 9 The last term in the binomial expansion of 
Sol. (c)*- E +—+ | => cfs + for constant term r in 
- ” - [x a is : 
must ee ; ; : ; J2 33/9 
wg = Cot ’Cy X° Cy + °C4g X* Co 4+ °C6 X°CE (a) "Cc, (b) 2™C, 
= 14+304+904+20= 141 


log38 
, the 5th term from beginning is 


(c) +", (d) None of the above 


Ex. 7 The coefficient of x*° in the series 


1 n 
101 Sol. (a) Since, last term in the expansion of [2 =) 
2 


Sai 1+x) is 
r=1 


log3 8 n log3 8 
QC (b) "Cy “(5 "Cc ( =| 
3 a 3 
(6) "Coq Maren ay dap TS 
n/2 log3 8 
101 = a a fl 1 = a i] 
Sol. (c) Let $= dnt +x) = (-1) (3) iz (a) =(3 9/3083? 
- 100 99 2 98 100 ae 5 
=(1+x)0 +2x(14+ x) +3x°(1+ x)" +...4101x og 4% 3% logs 2 = 3-Slogs2 _ glogs2* _ 9-5 _ 1 
- x x yo 2 
S=(14+x)J1+2) — |+3 +...+101] —— ii : 
1+x 1+x 1+x 1)" 1 
= (-1)"- =|-|.. n=10 
(i) 2 2 
x x \ ;\" 
( +f Now, 5th term from beginning = '° cxa'[- 5 
Sx fis 100 1+x 1+x (i) 5) 
; ee a. 5 - su see oe o 
(, a saoi{, | = C42 52 =" Ca=" Ce 
+x +X 


© Ex. 10 If f(x) = Sfr2("C, —"C,_,) +(2r +1)"C,} 


and f (30) = 30(2)*, then the value of d is 
(a) 3 (b) 4 (c)5 (d) 6 


Sol (Hee, fi) = Ber CG, "C._,)+ (ar +1)"C,} 


(r? 42r4+1)"C,—r?"C,_, 


TMs 


1 
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= D((r +1) -"C, 7? * C1) 


=(n+1)*-"C, -17-"Cy 
=(n+1)’-1=(n? +2n) 


f (30) = (30)” +2(30) = 960 


= 30X32 = 30(2)° = 30(2)* 


Hence, N=5 


More than One Correct Option Type Questions 


This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
more than one may be correct. 


>» Ex. 11 Leta, -( +) . Then for eachne N 
n 


(aja,22 (b)a,<3 (c)a,<4 = (d)a,<2 
Sol. (a, b, c) 


n 7 2 
1G [142] ="C) +" o.(3)s x re() 
n n r=2 n 
2 


a, 22forallne N 


3 


Also, lim [ + "| =¢= 2.7182... 


n—eo n 
An <e 


Finally, 2 <a, <e 


» Ex. 12 Let S,(x) = s "C, sin(kx) cos((n — k)x) then 
k=0 


ee a 2 
@)5,{ =) = 1 5 ; 64 
(c) Sso(1) = 0 (d) S5,(—m) = -2°° 
Sol. (a, b, c) 
S,(x) = 2, sin(kx)cos((n — k)x) ..-(i) 


Replace k by n—k in Eq. (i), then 


Si(x) = > "C,,_-¢ sin((n — k)x)cos(kx) 


or S,(x) = ¥ "C; sin((n — k)x)cos(kx) ...(ii) 
k=0 
On adding Eqs. (i) and (ii), we get 
28,(x)= ¥ "C, -sin(nx) = 2” -sin(nx) 
k=0 


> 5, (x) = 2" -sin(nx) 


gi ™ laa aia) 2 ate 
2 2 


T : 71 
s-=) = 2° sin) =2°x-1x-1=64 
2 2 


Sso(t) = 2° -sin(507) = 0 
and Ss,(—m) = 2°° -sin(—517) = 0 


© Ex. 13 Ifa+b=k, whena,b>0 and 


S(k,n) => r?("C,)a" -b", then 
r=0 


(a) S(1,3) =3(3a? +ab) — (b) S(2,4) = 16(4a? + ab) 
(c) S(3,5) = 25(5a* +ab) (d) S(4,6) = 36(6a’ +.ab) 


Sol. (a, b) 


> (kn) =>d r?-("C, a" -b"" 
r=0 


=p" ) 2, 1. (2 
a | | (; 


= nb” > ((r a7 1) + A)? Ce (2) 
r=0 

= nb" ¥((n—-1)-""°C,_5 +"! C,_1) | 
r=0 


2 n 
=nb" (no {2) > aes CMe ( 


r=0 


+nb” 


= nb" -(n— (2) [ + 2) 


= n(n—1)a°k"? + nak" 


. S(1, 3) = 9a” + 3ab = 3(3a” + ab) 
S(2, 4) = 16(4a” + ab) 
S(3, 5) = 135(5a” + ab) 
S(4, 6) = 1536(6a” + ab) 


b 


a 


b 


(23 


i 
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[given] 


Bey 


= nak”? + nak" ?*(k —a) = n?a°k"* + nabk"? 


['. 


a+b=k] 
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© Ex. 14 The value of x, for which the ninth term in the 


expansion of. | __ vio 
[vx 5log io x 


, 10 
x: c| is 450 is equal to 


(a) 10 (b) 10? (c) ¥10 idjto * 
Sol. (b, d) Let logyyx =A = x=10* 
Given, 5 Ty = 450 


ares -(10" -10""*)® = 450 


10 a 

= Cy: 10" -10* = 450 
10°* 

- 108**4- 5a? -1-10° 

=> 8A +4-5A2 =0 

> 5A? -8A-4 =0 


JEE Type Solved Examples : 
Passage Based Questions 


= This section contains 2 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I (Ex. Nos. 16 to 18) 


2n 
‘ 2 i 
Consider (l+x+x°)" = pa a, x", where ag, a, 
r=0 
Ay, +++, Ar, are real numbers and nis a positive integer. 


n-1 


16. The value of A>, is 
r=0 


9” — 2a, -1 9” — 245, +1 
a) ——_7 —_ b) ———_— 
(a) ; (b) ; 
9" + 2a, —1 9" + 2a>, +1 
c) ———___ d) ———*" __ 
(c) ; (d) Fi 
17. The value of & a>, —1 iS 
r=1 
9" -4 9" -4 9” +1 9" +1 
a b c d 
(a) (b) : (c) ; (d) ri 
18. The value of a, is 
(a) ele. (b) wet, 
(c) ant le, (d)"*'C, 
Sol. 
4n 
We have, (1+ x +x)" = py a, x" (i) 
r=0 


Replacing x by # in Eq. (i), we get 
x 


= K=2,-2/5 
=> x =10°,107"° [from Eq. (i)] 


Ex. 15 For a positive integer n, if the expansion of 


(= + «| has a term independent of x, then n can be 
(i) 


x 


(a) 18 (b) 27 (c) 36 (d) 45 


Sol. (a, b, c, d) Let (r +1)th term of [= + | be independent 
x 


5 
V2 


of x. We have, T,,, = "c,( 
x 


n-r 
(x4 ="C EHP) gO 20 
3 


For this term to be independent of x, 
6r —2n = 0 orn = 3r 
For r =6,9, 12, 15, 
n = 18,27,36, 45. 


=> (1+xt+x7)"= ps a, xi"-" (ii) 
t 


4n 4n 
From Eqs. (i) and (ii), we get py a,x" = py ant 
r=0 r=0 


n- 


Equating the coefficient of x *"~" on both sides, we get 


G4, -, = 4, forO<r <4n 
Hence, Q, = A4n — > 
Putting x = 1 in Eq. (i), then 


4n 

2 
» a, =3" =9" 
r=0 


(iii) 


4n 
Putting x = — 1in Eq. (i), then by (-1) a, =1 ...(iv) 
r=0 


16. (b) On adding Eqs. (iii) and (iv), we get 
2 (ay + Gy + Gg +... + Any 9 + Agy +... + Qq,)=9" +1 
=> 2[2 (ay + dy + Ag + 1. + Aoy— 2) + Ary) = 9" +1 
[es a, = A4n -r] 
9" —2ao, +1 


dy + dy + Ag +... + Amy —2 = ; 


17. (b) On subtracting Eq. (iv) from Eq. (iii), we get 
2 (a, +3 + As +... + Gon 1 + Gon gy toe + Agn 4) =9" -1 


=> 2[2(a,+a,+a,+...+a,_,]=9" -1 [35a = aye] 


a +0, + ds t..+Ay_1 = = 
4 
n g” ait 
=> Xa -1 ae 
18. (c)** ay = Coefficient of x” in (1 + x + x?)?” 
next? ant ay (xP (x2)! 
a+B+y=2n alBly! 
= 2n! + 2y 
~at+B+y=m a!Bly! 
For da), B+ 2y =2 
Possible values of o, B, y are (2n — 2, 2, 0) and (2n —1, 0, 1). 
2n! 2n! 
a, = 
(2n—2)!2!0! (2n-1)!0!1! 
= ager of amc = enANG, 
Passage II 
(Ex. Nos. 19 to 21) 
30 3047 7 30 
Let gay 2 Sree gee PIE tas 6m 
r=1 ®C_ 30+r) r=0 
60 
and G= % (-1) (c,/’ 
r=0 
19. The value of (G - S) is 
(a) 0 (b) 1 (c)2* (d) 2° 
20. The value of (Sk - SG) is 
(a) 0 (b) 1 
(c) 230 (d) 60 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 
(both inclusive). 

100 

Ex. 22 The digit at unit’s place in2° is 

Sol. (2) 91° =(2-4 41) =4n 41 [say] 

where n is positive integer 
Pp & 


= 24n +1 _ o4n 2 = (16)" 2 


100 


2° 
The digit at unit’s place in (16)" = 6. 
.. The digit at unit’s place in (16)” -2=2 


a, 


© Ex. 23 If(i+x)" = Lia, x',b, =14 
r=0 


a, —4 


+, _ (on™ n 
and II b, =~——,, then the value of — is 
100! 20 


r=1 


481 


Chap 06 Binomial Theorem 


21. The value of K + Gis 
(a)2S5-2 
(c)2S +1 


(b) 25-1 
(d)2S$4+2 
Sol. 

30 ads ed (2r —1) _ y aad eo 


a 
r=1 *%C,304r)  r=1 *C, 


1 30-rt+1 
30+17r 


7 y Reczas en ead at (30 -r +1) | 
rai) 3G en (30 +r) | 
[ (30+1r) 2947 
- 30 a Oo = or Cr-1 (31-1) 
r=1) OC C. a | 
_¥ eas Om deal Coma og ee here 
roel oC, ec Sa AC red r 
31- 
For n =30( Ee Os) 
r 
Bie ee oe 
30 30 C39 —1 
C39 Co 


30 60 
K= & (%c,)? = Cay andG= % (-1)' (“C,) 
r=0 r=0 
= (PCy)? — (PCy? (PC 2)? — + (PC oo)? = C5 
[."n = 60 is even] 


19.(b) G—S = C5 —( C39 —1) =1 
20. (a) SK — SG =S(K —G)=S(G-G)=0 [- K =G] 


21. (d) K+ G=2- Cy =2(S +1) =25+42 


Sol. (5) Here, a, = "C, 
cen 
Tei 
—rtl +1 
her _(n+1) 


b.=1+ =1+ 


a, — 4 


r r 
=> b, yy ty 
r=1 ‘ r=1 ‘a 
_(n+1) (n+1) (n +1) (n+1)_ (n +1)" 
1 2 3 on n! 
_ (101) ; 
radi [given] 


n 
n=1005—=5 
20 
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JEE Type Solved Examples : 
Matching Type Questions 


= This section contains 2 examples. Examples 24 and 25 
have three statements (A, Band C) given in Column I and 
four statements (p,q, rand s) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II. 


© Ex. 24 


Column I Column II 
(A) | Ifm and n are the numbers of rational (p) |n-m=6 
terms in the expansions of (/2 +31/5) 
and (V3 + 5'/*)**° respectively, then 
(B) | Ifm andnare the numbers of irrational (q) | m+n=20 
terms in the expansions of (2/2 4. 31/5) 40 
and (5'/1° + 2'/°)' respectively, then 
(C) | If mand n are the numbers of rational (r) |n-m=31 
terms in the expansions of (1+ 2 + 31/3) 
and (1+ 3/2 43/3 yp respectively, then 
(s) |m+n=35 
(t) |n-m=39 


Sol. (A) > (r, s); (B) > (t); (C) > (p, q) 
(A) “ (pes = (2? eee 
Ta O <a 2.35 


For rational terms, r = 0, 10 [O0<r<10] 


.. Number of rational terms = 2 
ie. jeeoond (3 is 5i/8 256 _ (3? + 51/8 )256 
256-R 

Tage Gy 2 5 R/8 
For rational terms, r=0, 8, 16, 24 , 32,...,256[° 0 <r < 256] 
.. Number of rational terms = 1 + 32 = 33 
ie.,n =33 > m+n=35(s)andn—-m=31 

40-r 


0.2 3 .gr/5 


(B) ig ms in Ca 43/5 ye = 


For rational terms, r = 10,25, 40 [.0<r < 40] 
** Number of rational terms = 3 
.. Number of irrational terms 


= Total terms — Number of rational terms 


= 41-3 =38 ie.m=38 
100 — R 


and Te af in (54/10 4 gueyine = 1G, .5 10 
rational terms, R = 0, 30, 60, 90 [.0< R< 100] 


** Number of rational terms = 4 


_R/6 


.. Number of irrational terms = 101 — 4 = 97 
ie.n=97 > m+n=100,n —-m=97 — 38=39 


(C)-: (1+ V2 +3"7)° = (14.27 4.319)° 


6! (1)% ae (a's 
a+B+y=6a!B!y! 

6! o/2 gv/3 
a+B+y=6Qa!B!y! 


Values of (c, B, y) for rational terms are (0, 0, 6), 
(1, 2, 3), (3, 0, 3), (0, 6, 0), (2, 4, 0), (4, 2, 0), (6, 0, 0). 


.. Number of rational terms = 7 i.e., m=7 
and (1+ ¥2 + 9/3) =(1 4243 +3!) 


15! (5/38 al/5\¥ 
———-(1 2 3 
wepeew pT ON eh) 


15! 98/3 63/5 
a+B+y=5 Qa!IB!ly! 
of (&, B, Y) for rational terms are 
(5, 0, 10), (2, 3, 10), (10, 0,5), (7, 3,5), (4, 6,5),(1, 9, 5), 
(15, 0, 0), (12, 3, 0), (9, 6,0), (6, 9, 0), (3, 12, 0), (15, 0, 0). 
.. Number of rational terms = 13 i.e. n = 13 


Hence, m+n=20 and n—m=6 


@ Ex. 25 If(i+ x)" = > C, x", match the following. 
r=0 


Column I Column II 


(A) IfS = 2 iC, and values of $ are (p) |@=bte 


a, b,cforA=1,r,r° respectively, 
then 


n 


(p) IfS= 2 (-1) AC, and values of 


r=0 


(q) at+b=c+2 


Sarea,b,c fork=1r,r° 
respectively, then 


(Cc) Ifs= Cand values ofSare | (r) ja? +b% +c? =3abe 


r=0(r+1) 


a, b, cfor X=1,r, r* respectively, then 


(s) |b°"2+(c—a)’ =1 


(t) |a+c=4b 


Sol. (A) > (p, q); (B) > &. 5, t): (CC) >, t) 
(A) ForA=1a= 2c, =2" 


ForA=r,b= UrC,= mr shh aeay Ore 
r=0 r=0 1 
n 
=n" IC _,=n-2} 
r=0 
n n n 
andfor A=r’, c= er? C= Ze ONG cg 
r=0 r=0 r 
n n 
=n ur m10 =n ur aa Come 
r=0 r=1 


=n z brn | 
fon ; a 7] 
=n DL tr=1)s* See ae Sa i 


r=1 r=1 


1 

=n (n-1) WE Cg “| 
=n[(n-1)-2"77 4+2"~"J=n(n+1)2"~? 

Forn=1,a=2,b=1,c =1 eae 


and forn=2,a=4,b=4,c =6 


at+b=c+2 
(B) ForA =1, a= & (-1)'-C, =0 
r=0 
For A =r, 


nN n-io 
r 


(af r= Daye 


r=1 


=n & (-1)-"~'C,_, =n(1-1)""! =0 


mod 
: C,-4 


ad (-1) {(r -1) + 1}"~'C,_4 


r=0 


JEE Type Solved Examples : 
Statement | and II Type Questions 


Directions Example numbers 26 and 27 are 
Assertion-Reason type examples. Each of these examples 
contains two statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these examples also has four alternative choices, 


only one of which is the correct answer. You have to select 


the correct choice as given below. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


» Ex. 26 Statement-1 (7° +9’ )is divisible by 16 
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an Ds (1) G- i) CW 2 CC... 
r=0 


r=0 
=0+0 =0 
“a=b=c=0 > a=bte 
>a +b? +c? =3abeS>at+c=4b 


~ C, 1 . +1 
(C) For’ =1, a= = ye -"C, 
r=0(r +1) (n+1) r=0\(r+1 
1 . 1 
= > PICS a = (nt 4) 
(n +1) r=0 n+1 
7 ace | 


n+1 
For A=r,b= ian =D /1- : C, 
r=0(r+1) r=0 r+1 


cuss Fs Aree s4 


n+1 n+1 


r=0 (r+) r=0 r+1 
n n n C 
eV G42 — 
r=0 r=0 r=O0re¢+l]1 
7 ont 1 
=n-2r 1-2" + 
n+1 
_ (v= nt+2)2"- 1-1 
(n +1) 
3 1 1 
POR hm ae | even 


ts 5 7 
and for n = 2,a=—,b=~—,c = | bo *+(c—-a)’ =1 
3 3 3 


+ (8) + 7C,-8° + "CyB +...4 Cg +841) 
= 8° —9-89 +87 -(°C, +1) +8° (— °C; +7) 
48? (PCy Cs) Fc 8 (CO Cg + Ce) 


=64A [A is an integer] 


“7° +97 is divisible by 16. 


.. Statement-1 is true. Statement-2 is false. 


> Ex. 27. Statement-1 Number of distinct terms in the 
sum of expansion (1+ax )'° +(1—ax)"® is 22. 
Statement-2 Number of terms in the expansion of (1+ x)” 
isn+1,VneN. 
Sol. (d) *- (1+ ax)? +(1—ax)” =2 {1+ °C, (ax)? 


Statement-2(x” +y”) is divisible by(x +y),V x,y. 
Sol. (c)7° +97 =(8-1) +(8 +1)’ 
=(8" — °C, -8° + °C, «87 — °C, -8° +...4 °C 8-1) 


+ ms OF" (ax)* + a OF (ax)? + Gee (ax)® + Wes (ax)'°} 
.. Number of distinct terms = 6 


= Statement-1 is false but Statement-2 is obviously true. 
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Subjective Type Examples 


Ex. 28 Find the coefficient independent of x in the 


9 
; 3 1 
expansion of (1+ x +2x°*) ea -—]. 
2 3x 


9 
3 il 
Sol. (r +1) th term in the expansion of Gx - 
2 3X 


: 9 
es, Tiga SG, 


=F ig 
= °C, 3 e 1 . x 18 -3r 
2 3 


Hence, general term in the expansion of (1 + x + 2x °) 


9 9-r r 
3.2 1) _9. (3 1) ie 3 
x GC, “x 
2 3x 2 3 
=r r 
3 1 - 
+3°C, = a) ggg? 3r 

2 3 


For independent term, putting 18 — 3r = 0,19 — 3r =0, 
21 —3r = 0 respectively, we get 


r =6,r = 19/3 [impossible] r = 7, second term do not given 
the independent term. 


Hence, coefficient independent of x 


3 6 2 7 
3 1 3 1 
Ce | ciel eet Cre] A.) [ie 
2 3 2 3 
27 9 1 7 2 17 
"Css 2)? Cera = = 
8.729 4 2187 18 27 54 


Ex. 29 if (1+x)" =Cy +Cyx+Cy x 7*4...4C, x", 
show that i C,° is equal to the coefficient of x" y” in the 
r=0 


expansion of {1+ x)(1+y)(x+y)}". 


Sol.(1+ x)" (y +1)" (x+y) = LC, x" 
r=0 


py Cy" pb» Cx" ty! ...(i) 
t=0 


s=0 


Since, C,° is the coefficient of x°y"~ °x"~ °y° 
ie., x"y" (r=s=t=0) 
Now, C,’is the coefficient of x*y" 1x" ~ ly 


ie., x"y" (r =s =t =1) 


And C,. is the coefficient of x ky" ~*x"~"y* 


Le., x"y" (r=s=t=k) 
Hence, the coefficient of x"y" in(1+ x)" (y +1)" (x +y)" 
20" 40) 40 +.40 2 2c" 
r=0 
n+4 


Ex. 30 Let(1+ x”)? (1+.x)" = 2 a, xX“. Ifa,a, and ay 


are in AP, find n. 
Sol. We have, 
(1+ x7)? (14+ x)" =(1+ 2x? + x*) 
K (Cyt "Cet "Cy x? "C8? 2) 


=a) tax ta,x* +a,x°? +... [say] 
Now, comparing the coefficients of x, x” and x’, we get 
a, = "Cy, dg =2-"Co + "Co, a3 =2°"Cy + "Co (i) 
Inag,n=1,ina,,n = 2and ina,;,n =3 
ce n>=3 ..-(ii) 
From Eq. (i), 
n(n—-1) n?—-n+4 
a =Nn,dyg =2+ = 
1-2 2 
-—1)(n-2) _n*-3n? +14 
and poi dia bs : 
1-2°3 6 
Since, a, dj, a3 are in AP. 
Therefore, 2a, =a, + a, 
2 n> —3n? +14n 
=> n° -nt+4=n+ 
6 
=> n* —9n* +26n - 24 =0 
or (n — 2)(n —3)(n-— 4) =0 
‘i n=2,3,4 
Hence, n=3,4 [from Eq. (ii)] 


Ex. 31 if(i—x°)" = ps a, x’ (1- x)*"~*", finda,, where 
r=0 


neN. 
n 


(1- xy" = > a, x" (1- x)" -2r 
r=0 


Sol. We have, 


=> (1-x)!"(l+¢x4+x°)'= > a,x’ (1- x)" 
r= 0 (1— x)?" 


_, Gaxy txt x? a,x" 
(1 = x)" r=0 (1- x)?" 
in 
[i ee? | x) x” 
a — wre = nae _ yar 
(1- x) r=0  (1- x) 


Let A=——— 
(1— x) 


Then, Eq. (i) becomes (1 + 3A)” = pa a, Av 
On comparing the coefficient of A”, we get 
"C3 =a: 


Hence, a, ="C, +3" 


Ex. 32 Ifa, a), 42,---,4>, are the coefficients in the 
expansion of (1+.x + x?)" in ascending powers of x, show 


2 2 


2 2 
that aj —ay — az —...+ An =p. 


Sol. We have, (1+x+x7)" =a) +ax+a)x* + a5,x7" ...(i) 


Replacing x by (-=) in Eq. (i), we get 
x 


n 
1 1 a ay ay is 
[i + ) =a@—-—+ ee : a SA) 


On multiplying Eqs. (i) and (ii), we get 


1 1 
(1tx+x7)xl1—-—+—]| =(a +ax+a,x’ 
x x? 
a4 a a 
tt an X")X| ag - ++ + 2 
x x sc 
(1+x74+x') 2 Qn 
> 7 =(a) +Qx+ a,x" +...+4y,X 
x 
a4 a a as 
ac De ce | 
2 2n 
x x x 


Constant term in RHS = aa = ar + a; eke as, 
(14+x°4+x")" 


2n 
x 


Now, constant term in = Coefficient of x2” 


in(1+ x’ + x*)"=a, [replacing x by x” in Eq. (i)] 


But Eq. (iii) is an identity, therefore, the constant term in 
RHS = constant term in LHS. 


2 2 2 
ay -—a +a, 


— +43, =a, 
Ex. 33 Show that no three consecutive binomial coeffi- 
cients can be in (i) GP and (ii) HP. 
Sol. (i) Suppose that the r th, (r + 1)th and(r +2)th 
coefficients of (1 + x)” are in GP. 


. n n n ‘ 
i.e., Grow “Cys GC; 44 -are in GP. 
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*C "Cra 
Then, == = 

C, 4 C, 

n-r+1 n-r i ee n-r+1| 

— 3 ———qcx—( 5 Sue — ee, 

r r+1 | Gime r | 
> (n-rt+1)(r+1)=r(n-r) 
=> martn—r?—-rtrti=nr—r’ 
=> n+1=0 
> n=-1 


which is not possible, since n is a positive integer. 

(ii) Suppose that rth, (r + 1)th and (r +2)th coefficients of 
(1+ x)” are in HP, 
ie. "C,_1,"C,,"C, 4, are in HP. 


2 1 1 
Then, =e aes 
C, C, 1 Crha1 
LC aC 
=> a oe 
Cr 4 Chai 
[ “oe _n-r4i| 
ear 
n-rt+1l r+1 
> 2= + 
r n-r 
= ar(n-r)=(n-rt+i1)(n-r)+r(rt1) 
=> wr-2r? =n? -nr-nrtr?t+n-rtr tr 
=> n’-4nr+4r?+n=0 > (n-2ry+n=0 


which is not possible, as (n —2r)’ >Oandnisa 


positive integer. 


Ex. 34 Evaluate 2 "Gps iC y 


i=0 j=1 


Sol. We have, ere: 


f=0 j=1 
="C,(1Co +°C1) + "Cy (7Cq + 2C, + 7Cq) 

+ "Cz (3Cq + 7C, + 2Cy + 7C3) 
+"Cy( “Co + *C, + *Cy + 4C3 + *C4) 
$04 "C, ("Co + "Cy t+ "Cy +...+"C,) 

= "C,(2) + "C2(2)? + "C3(2)? +... + "C,(2)" =(1 + 2)" -1 
=3"-1 


Ex. 35 Find the remainder, when 27° is divided by 12. 
Sol. We have, 27” = (3°) =3' =3-(3)'" =3-(4-1)'” 
=3(4n —1), where n is some integer 
=12n —3 =12n-12+9=12(n-1)+9 

=12m+9, where m is some integer. 

"iis 9 

“= mte 

12 12 


Hence, the remainder is 9. 
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Ex. 36 Show that[(v3 +1)?” ]+1 is divisible by 2”*", 
Vneé N, where[- ] denotes the greatest integer function. 
Sol. Let x = (v3 +1)" =[x]+f 


where, O<f<1 
and (V3 - 1)" = f’ 
where, 0< f’<1 


On adding Eqs. (i) and (ii), we get 
[x] + f +f’ =(v3 +1)" + (v3 - 1)” 
=(44+2 3)" +(4-2 v3)" 
= 2" {(2+ V3)" +(2- V3)"} 
= 2" -2{"Co(2)" + "C2(2)"~? 
(3) = "C2 *GBY +a. 


[x]+ f + f’ =2"*'k, where k is an integer. : 


Hence, (f + f’) is an integer. 

ft+f'=i1 

From Eq. (iii), we get 
[x]+1=2""'k 


= [(V3 +1)"]4+1=2"*'k 


i.e., 


which shows that [(/3 +1)°"]+1 divisible by 2" "1, Vn € N. 
y 


Ex. 37 Find the number of rational terms and also find 


the sum of rational terms in(/2 +4/3 + 9/5)". 
Sol. We have, (V2 + 3/3 + 9/5)!° =(2!/? +31/3 451/60 
_ 10! ja/2 oB/3 gy! 6 

a+B+y=lwalply! 

For rational terms, 

a =0, 2, 4, 6, 8, 10, 6 = 0,3,6,9,Y =0,6 

Since, 0 < a, B, y < 10. 

.. Possible triplets are (4, 0, 6), (4, 6, 0), (10,0,0). 

There exists three rational terms. 


“. Required sum 
10! 


~ 41016! 


10! 
4!6!0! 


10! 
10!0!0! 


2. 92.32 4 5 


= 4200 + 7560 + 32 = 11792 


Ex. 38 Find the remainder, when (16907°8 + 2608"°”°) is 


divided by 7. 
Sol. We have, 16907 + 2608'°” = (169078 — 376% ) 


4 (603 = gi) 7 oe 2a 


The number (16907 — 37°) is divisible by 
1690 — 3 = 1687 =7 x 241 which is divisible by 7, the 


(i) 


[--0<(f + f’)<2] 


[from Eq. (i)] 


difference (2608'°” — 41°") is also divisible by 7, since it is 
divisible by 2608 — 4 = 2604 =7 x 372. 


2608 1690 


As to sum 3 +4°™ it can be rewritten as 
3-(3°)8? + 4.(43)5% 
--(ii) = 3(28 -1)* + 4 (63 +1) 
=3(7m—1) +4(7n +1) 
[where, m and n are some positive integers] 
where p is some positive integer. 


Hence, the remainder is 1. 


Ex. 39 IfCy,C,,Co,...,C,, are the binomial coefficients 
in the expansion of (1+ x)", prove that 
(Co +2C, + Cz) (C, + 2C, +C3)...(C, 1 +2C, +C, +1) 
2 n n 
ste Te. 4, 
(n+l)! r=1 


Sol. LHS = (Cy + 2C, + Cz) (C, + 2C, + C3)... 
(Cyni + 2C,, + Cysa) 


} 
(iii) 


SIT ("G5 427C, 47°C.) 


r=1 


aT ...67C)4CG 4" Ca) 


r=1 


See C3) [by Pascal’s rule] 


r=1 

=I ("*¢,..)= [222], "c=" c,-4] 
r=1 r=1\rt+1 r 
=T**2\crc,-.#"¢y= U1 [P*2) NC. #6) 
r=1\r+1 r=1\ r+1])r=1 


_(n+2) (n+2) (n +2) (n+2) TT (¢ -1+C,) 


2 3 4° (n+1)r=1 
are)” Te. ae gs 
(n+1)!r=1 


2n 2n 
Ex. 40 if 2a a, (x-2)" = »2 b, (x -—3)' anda, =1, 
r=0 r=0 


Vk =n, show that b, = 7"*'C,, 44. 


2n 


a a, (x — 2)" 


r= 


Let 


So, the given expression reduces to 


2n 
= 2 by 
r=0 


2n 
Sol.-: = > b(x-3) 
r=0 


y=x-3 S>yt1l=x-2 


2n 


x a, (ity) 


r=0 


> ay +a,(1t+y)+a, (1t+y)* +..4+ ay, (1 + y) 
= by + by +... + bony” 

Using a = 1, Vk 2 n, we get 

ao +a, (ity)+a, (ity)? +..+4,-,( +y)"7! 


eet +e (t yy 


+(1+y)"+(1+y) 
= by thy +... + day” +. + Deny 
On comparing the coefficient of y” on both sides, we get 
"Cyt Cy HOC, Hi Fy = by, 


aly OORT nd OMe Naa ae OE ae ome 8 
2. A n _ ntl 
[:. Cc, + C,1= C,] 
n+2 n+2 2n 
=> Chait C, t..+ C, =, 


[adding first two terms] 


If we combine terms on LHS finally, we get 


2n+1 = 
Ch +1 — Dn 


Ex. 41 (i) Ifn is an odd natural number, prove that 


(ii) If n is an even natural number, find the value of 


$0" 


r=0 "Cp 
n+1 
n r 2 _4y _4ynr-r 
Sol. (i) We have, py (ih 2 py a +! ) 
re re ne "C, “Gray 
nt+1 


n+l 
2 
1 
= & (-1) 
ca "C; i Creer 


=0 *: nis odd and"C, ="C,,_,] 


(ii) We have, 
Sey ys fey cur], cy? 
r ay | "GC; a Comes Cya 


7 | £ ay) en 
ee on a il * Coin 
[ 
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Ex. 42 if(i+x)" =Cy +C,x+C, x?’ 
+C3;x?>+...+C,x", show that 
a... : 

2 3 n 2 3 n 

Sol. We know that, 
(les) 20 -C eGe 4’ ox 
or Cy —(1— x)" =Cyx — Cy x? + C3 x? 

—..4+(-1) "1 C, x” 


C 


=> 1-(1—x)" =Cyx — Cy x? +C3x° -..+(-1)"7'C, x” 
Dividing in each side by x, then 
1-(1- x)” 


x 


=C,= C5 x4Cx? =. (19 C3" 


On integrating within limits 0 to 1, we have 
11-(1-x)"), oA 2 
\, ——_ es [, (C, —-Cy,x +C3x* — 
wt (= 1)" 71, x" 7") dx 


[ Cx? 6x nT 
=| Ce BF Ts, | 
2 n 
0 
1-(1- x)" Cy .€ -1)""? 
: usa) dx=C, -— + 3 ee ) Ch 
0 x 2 3 n 
Putting 1 — x = t in integral, 
> dx =—- dt 


when x > 1,t ~0and when x >0,t > 1 


= meee) ea 
0 (1-1) i n 
1-t" C Cc CG 
ie gee. cae 3 +( 1y"7! n 
° (1-f) 2 n 
1 = C C. 
= (1+ete? tute" )dt=C,-~+2 
0 2 3 
-1C 
—..+(- 1)" 
2 3 1 . 
t tr Cy. € 
>/t+—+—4+..4+ =C, 2-24 = 
2 3 n |, 2 3 
aa 
—..4(- 171 
n 
C C 2 
>1+itit..¢5=C,- 24+ 3-4 (-1" 1 
n 2 n 
C _ 
Hence, C, 2453 +(Siy-) 
2 n 


Ex. 43 if(i+x)" =Co +Cyx+Cyx? +C3x° 


+...+C, x", find the sum of the seriesd 


Co igs ane 1)" Ci 
2 6 10 14 4n+2 
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Cc C C GC Cc 
Sol. Let S=—* - 14+ 3 4.4(-1)"— 
2 6 10 14 4n+2 
1{C C Cc C C 
= fst Se 26 (4s ...(i) 
2\ 1 3 5 7 2n+1 


—C,x" +C,x'-—C,;x° 
2 
+...+(- 1)" C, x 


Consider, (1- x”)" =Cy 


=> fra —x’)" dx = [Co = Cx"? +:Cyx° =Cyx* 
+...+(-1)" C, x*") dx 


[ 3 5 7 
> fa-xy dx =| Cox fax Weis Raa ae 
0 3 5 7 
Cc an +1 | 
+... + (-1)" re 
= [aa xy" de = Cy — 4 2 4 ay 
0 3 5 7 2n+1 


From Eq. (i), 
[(a- x?) de=28 or S= make ae de 


Put x =sinO i.e., dx = cos0 dO 


1 /2 
S=_[" cos 
2 40 


By using Walli’s formula, 
1. 2n(2n —2)(2n — 4)... 4-2 
2 (an +1)(2n —1)(2n —3)...3-1. 
_ 1 {2n(2n—2)(2n ~ 4)... 4-2)}? 


2n +19 d0 


2 (2n +1)! 
_1 (2* nly _ 952n-1 (n!)° 
2 (2n+1)! (2n + 1)! 


Ex. 44 If(1+ x)” = x C, x', then prove that 
r=0 


Sy [2g e S 

os<i<jxn\C; C; 2 r=0C, 

Shisise SD | 242 (i) 
osi<jsn\C; C; 


Replacing i by n — i and j by n — j, we get 


6s DS 2 |e DS Se 
o<i<j<n\Ca-i Cr-j 0<i<j<n\ C C; 

[.C, =C,_,] .-(ii) 
On adding Eqs. (i) and (ii), we get 


2S=n 2 > cee 
o<ic<j<n\ Ci Cj 


Ex. 45 if(it+ x)” =C, +Cyx+C, x? +C; x? 


+...+C, x", show that 


x C3 
r=0(r +1) (r +2) (r +3) (7 +4) 


3 
= 1 fares > cat} 
(n +1) (n+2) (n+3) (n+4) 1=0 


n C sar +4 
Sol. LHS = & : 
r=0(r+1)(r + 2)(r +3)(r + 4) 


7 s c, 3" +4 
r=0 (r +1) (r + 2)(r +3)(r + 4) 
4! 


n gr v4 


n! 
r=orl(n — r)! (r + 4)! Al 
4!r! 


Cc gr t4 
= r 
r=0Tt4C,.4) 


‘ anaes 


"70 ore 


n 


_ n!.3°*4 (n +1)(n+2)(n+3)(n+ 4) 
r=0(n—r)!-(r +4)! (n+1)(n +2)(n+3)(n +4) 

_s (n+4)!3°*4 
r=0(n—r)!(r+4)!(n +1)(n + 2)(n +3)(n+ 4) 

a 1 (n+ 4)!-3"*4 
(n +1)(n+2)(n +3)(n+ 4)]r=0(n—r)!-(r +4)! 


= 1 . ata r+4 
(n + 1)(n + 2)(n +3)(n + 4) | r=0 oe 


1 ae 
7 C,3 
(n +1)(n+2)(n +3)(n+ 4)|t=4 


[putr +4 =f] 
1 


(n +1)(n+2)(n +3)(n + 4) 


n+4 3 
= nt. 3 = Ens} 


en 43 rte 2 Ae 7 
a t=0 


yc, 


ae 
= RHS 


9 9 
> Ex. 46 Prove that  x* divides ds x*kK, 
k=0 k 


=0 


9 
Sol. Let S, = De es gh ye Oe a 
k=0 


9 


and S= xt ax tale xr tit? 
k= 


= [ (x 10) — 1] x ap ae) x xk 


k=0 k 
> $§-S,=AS, > S=(14A)S, 
9 9 
Hence, 2X x ‘*** is divisible by dy x* 
k=0 k=0 
“ 3n 
Ex. 47 Prove that (-3)'~'. "C,,_, =0, where k = — 
f= 2 


and n is an even positive integer. 
Sol. Given, n is an even positive integer. 
Let n=2m;.. k=3m, mE N 


LHS 


k 3m 
2 (- ay cea = 2(- :) i ram 


r=1 


= an. 23% igor Ea 32 , er 
Sc (Sayt Tess ...(i) 


Consider (1+ iv3)°" = Cy + °C, (iv3) + °C, (iV3) 
4. onc (iv3)° HE amc (iVv3)! + on. (iv3)° 
GON. IS de Oe IS) di) 


Now (t+ fy" =| (4) =(- 207)" 


= 2°" where w’ is cube root of unity. 


Then, Eq. (ii) can be written as 
eee hele GP nak OPES als SRE 
yore Gta = 3 
+ &™C, 3? —...4(-3)"7 1. Cn a} 
On comparing the imaginary part on both sides, we get 
CO Sar Cy ao G: 
=... + (— 372. Cg 1) =0 
or Ep 3°" G, 34°". 
—..+(-37"77. ™C, 1 =0 


3m 
> Vea "Cy H0 


r=1 


k 
or by (—3) 71. 3"Cy, 1; =0, where n = 2m and k =3m 


r=1 
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Ex. 48 Prove that 
"Cy #"Cy #%Cy Honea 208 sin} 
2. 4 


Sol. In given series difference in lower suffices is 4. 


Les 7-3=11-7=..=4 
Now, (1) =(cos0 + i sino)!”4 


=(cos 2rm + isin 2r7)/4 


rum .. rt 
= cos +isin , Where r = 0,1, 2,3 
2 2 


Four roots of unity = 1, i, -1,-i=1,0,0 2a? [say] 
n 
and (1+x)'= D> "Cua 
r=0 
n 
Putting x = 1, 0,07, 03, we get 2" = a aC. ...(i) 
r=0 
n 
(1+a)" = x "Caf (ii) 
= 
n 
(iaa°’y = 2 Re ge (iii) 
n 
and (1+0°)" = a ne 3 (iv) 
pe 


On multiplying Eq. (i) by 1, Eq. (ii) by a, Eq. (iii) by a” and 
Eq. (iv) by a? and adding, we get 
=> 2” +a(ita)'+a*%(1+07)" +07%(1407)" 


n 
= 2%, Cte 4a? ee) Av) 
r=0 


For r = 3,7, 11,... RHS of Eq. (v) 


="C,(1+a* +a%+a")+"C, (140% +a"° +0) 


+"C, +0" +04 +0%) +... 
=4("C5 4 "CaS "Cy ta.) [at =1] 
and LHS of Eq. (v) 
=24i0¢i +P +P?" 4+P 04+)" 
=2?+i(1+ i)" +0-i(1-i" 
=F +¢{40" -C-i1 


Si asamp ae i 
sah i) -| = | | 

= 2" + i2"/? .2isin ae joo © + isin a} 

= 2! 2"! asin a2" Joos + isin | 
Hence, ("Cy +") + "Cy +..)=2[2 42" sn) 


1 = . nt 
> Cy # PCy HM tna 22 ee a sin" 
2 4 
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n-1 n+1 
Ex. 49 Evaluate & LD "C; NG 
i=0 jf=1ti 
mol ntl 
Sol let P= 2p 2 GPG, 
i=0 j=1ti 
nt+1 nt+1 n+1 
Soe 1G, Pe 2 Og Os ee ge 
j=l j=2 j=3 
n+1 
Te DP a or aas e 
j=n 
n+1 nmi n+1 
=". > ae or 4G, > ne. +"C; > sae or 
j=l j=2 j=3 
n+1 
ue 
tat "Cyiy De bale Se 
jezn 


SEO. CMG rhs PPC g FOC es) 
BEGG (iia Gre cage OF cates OP aati GR 
HGS (OP Gah PMC Gs tC ay) 


1 1 
tet "Cy (Cy +77 Ca 41) 


"ACs ("Cy a "Ci) 
+™*1C, ("Cy + "C1 + "Cz) 


tit TTC ("Cy + Cy + "Ce te + "Cy 4) 
=("Cy + "C1)- "Co +("C, +"C 2) ("Co + "Cy) 
+ ("Cy + °C3) ("Co +7C, + "Co) 
+ .4("C, + "Cy 1) ("Co + "Cy + "Co +..4+"C, 1) +n 
SUG, eC Gyr aer Gy tao C,.4) 
+2 {"Co- "Cy +" Co "Cot" Cy + "Cz 


"Coy t..+ "Cy 2 if 


SP ECG. 


+..4 "Co C,-1}+2" -1ltn 
a("Cy FC 4 "Cy tt Cpe) Ee KL 
-1)7? +2" -14+n =27" —2" 


= (2" +n 


Ex. 50 if(9 +45)" =1+ f,n and! being positive inte- 
gers and f is a proper fraction, show that (I —1) f + f° is an 


even integer. 


Sol. (9+ 45)" =I +f (i) 
0<f<1 (ii) 

Let f’ =(9 - 4v5y (iii) 

and 0<f’<1 ...(iv) 


From Eqs. (i) and (iii), we get 
laf +f’ =(94 45F +9457 
=2{9" +"C, 9"~? (45)? +...} 
=2N, where N is a positive integer. 
and from Egg. (ii) and (iii), we get 0< f+ f’ <2 
Since, f + f’ is an integer. 
per as 
1+1=2N => 1=2N-1 AV) 
(1+ f)Q-f)=(9 + 4v5)" f’ 


Now, 


=(9 + 45)" (9 -— 4/5)" = 
(I-1)f +f? =I-1=2N-1-1=2N-2 


[from Eq. (v)] 
= An even integer 


Ex. 51 If P. is the coefficient of x’ in the expansion of 


2 2 2 
(1+ x)? eee ee ee a Ee ee ..., prove that 
2 2 Pa 


2 
2 (P._,+P._,) and pale. 


(2" -1) 315 


2 2 2 
Sol. Let (1+ x)’ +2) [1+ 4 [1+ | ae 
2 2 2 


=14+Px+Px*?+ Px? 4+ Pix? + 
et Py Pe (i) 


P. = 


Replacing x by * we get 
2 Bg 2 2 
x x x 
1+ 1+ 1+ ice a 
[ a) | =) ( =) ( =| 
3 
x 
-jen(2}+a(2) +a (2) +-| 


On multiplying both sides by (1 + x)’, we get 


a+) (142) & =| +4) a 
2 2 2 


1+PB (=) + P, (=) + Ps (=) +... | ...(ii) 


From Eqs. (i) and (ii), we get 
1+ Pxt Px? t+ Rx tPyxi tit Px"! 


p+n(z}+a(3) +a (2) +-| 


On equating coefficient of x", we get 


renee choral 
2 2 27 


=(1+ x) 


+ P.x" +... 


=(1+ x)’ 


= n (1-5 |= oy (Bait Pa) 
a). oe 
22 
=> r= (Raat Bae) 
(2 =1) 
1 1 
Now, BR =1, RB =24+1+-+—+..=4 
2 2 
p a2 (A+ Po) _ 20 
. oe | 37 
p a2 (Pet B) _ 128 
: 23-1 21 
128 20 
2? (P, + P;) ‘lor * 3) 1072 
and P= a = 
24-1 15 315 


= This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 


Binomial Theorem Exercise 1: 
Single Option Correct Type Questions 


which ONLY ONE is correct 


1. 


NS 


a 


> 


$0 


if > (-1)" rc,| eel 
r=0 2" 22" 2* 
1 
ee 
2 


[, f(x? In x) d(x * In x)is equal to 
(b) -3 
(d) Cannot be determined 


+... upto m res 


(a) -6 
(c) 3 
The coefficient of (a* -b° -c® -d° -e- f) in the expansion 
of(at+b+c-d-e-—f)* is 

(a) 123210 (b) 23110 

(c) 3110 (d) None of these 


. The sum of rational terms in (2 +34 8/5)", is 


(a) 12632 (b) 1260 
(c) 126 (d) None of these 
. If(1+ x — 3x7)" =a, +a,x +a, x7 +...,then 
ay) — 4, +a, —a3 +... ends with 
(a) 1 (b) 3 


(c) 7 


(d) 9 
7 n 
In the expansion of |e + 10 | , there is a term 
Pp \q 


similar to pq, then that term is equal to 

(a) 45pq (b) 120 pq 

(c) 210 pq (d) 252 pq 

Let (5+2 6)" =I+ f, where n, I € Nand0< f <1, then 
the value of f? — f + I- f — Lis 

(a) a natural number (b) a negative integer 


(c) a prime number (d) an irrational number 


1 1 
If x+—=1and p=x*™ + 
7 x¢ 4000 


and q is the digit at 


unit place in the number 2? " +1,n€ Nandn >1, then 


ptgq,is 
(a) 8 (b) 6 
(c) 7 (d) None of these 


ay ; 
If the number of terms in [x +1+ (néI *)is 401, 
x 
then n is greater than 


(a) 201 
(c) 199 


(b) 200 
(d) None of these 


10. 


11. 


12. 


n-1 n 
————— is equal to 

Pel C, + Chat 
n n+1 
= b 

(a) 5 (b) 5 
n(n + 1) n(n —-1) 
ne d 

Oot) 


. aha 
The largest term in the expansion of + ) is 
2 


2 
b 100 
“(8 


(d) 100 Cp" 


(a) po 


\ 6 
tt 


If the fourth term of ls = +'Vx | is equal to 


200 and x > 1, x is equal to 


(a) 10V2 ~—(b) 10 (c) 104 (d) 


The coefficient of x ” in 


(1+ x)" +(1+x)"*) +...4+(1+ x)", msn, is 


(a) ee ore (b) ae oe 
(c) "Cn (d) Cea 
13. The number of values of'r' satisfying the equation 
9O, 1H see _ PGs _ 90, is 
(a) 1 (b) 2 
(c) 3 (d) 4 
14, The sum S= "Cy 25 Cy 4 9 Cy eH 19* C5 is 
equal to 
(a) 1+5-27 (b) 14+ 27) 
(c) 149-27 (d) 27° 
15. The remainder, if1+2+27? +23 +...42!°” is divided by 
5, is 
(a) 0 (b) 1 
(c) 2 (d) 3 
16. Coefficient ras in the expansion of (1+ x)"(1+1/x)” is 
x 
! ! 
(a) n! (b) 2n! 
(n —1)!(n + 1)! (n —1)!(n + 1)! 
! ! 
() "gy 


(2n —1)!(2n + 1)! (2n —1)!(2n + 1)! 
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17. The last two digits of the number 19° is 25. TE(3 +x 7% + x 0) = ay tax tay x” 
(a) 19 (b) 29 +...+a, x", the value of 
a ee n Gi i OE gg Ee age jis 
2 2 2 2 
18. If the second term in the expansion of [xs + fs is Oni (b) 22010 
n a a, 
14a°’?, the value of = is cs” ae 
(a) 4 Ce (b) 3 26. The total number of terms which depend on the value of 
12 d) 6 : 
a esc _ x in the expansion of [3 —-2+ =] is 
19. If6°? +8°° is divided by 49, the remainder is x? 
(a) 0 (b) 14 (a) 2nt+1 (b) 2n 
(c) 35 (d) 42 (c) n+1 (d) n 
20. The sum of all the rational terms in the expansion of 27. The coefficient of x '° in the expansion of 
(344 +443)? is (1+x? —x°)°, is 
(a) 91 (b) 251 
(c) 273 (d) 283 : ] ie =e 
a _ 7100 _ 2100 ; 
21. Last four digits of the number N =7 ee 28. The number of real negative terms in the binomial 
: ie iO aD expansion of (1 + ix)*"~* ,ne€ N,n>0,i=./-1, is 
22. If5”° is divided by 13, the remainder is ea es 
(c) n-1 (d) 2n 
(a) 2 (b) 4 (c) 6 (d) 8 2 
genes ; 2 A equal to 
23. The value of ae | where {.} denotes the fractional p=im=p\m)\p 
ene (a) 3" (b) 2" 
part function is (c) 3" +2" (a) 3" —2" 
(a) 17/28 (b) 19/28 
(c) 23/28 (d) 5/28 30. The largest real value of x, such that 
20 4 4-r r 
: : 5 8. 
24. The value of r(20-—r)(7°C,)? is equal to py |= "is 
26 r=0\(4-r)! Jl r!) 3 
(a) 400 *’Cyy (b) 400 “Cy (a) 22 -5 (b) 2v2 +5 
(c) 400 *C,, (d) 400 *8C,, (c) -2V2 -5 (d) —2/2 +5 
Binomial Theorem Exercise 2 : 
More than One Correct Option Type Questions 
= This section contains 15 multiple choice questions. 33. If nis a positive integer and (3/3 +5)?"*! =a +8, 


Each question has four choices (a), (b), (c) and (d) out of 
which MORE THAN ONE may be correct. 


31. If in the expansion of (1+ x)” (1— x)”, the coefficients 


where © is an integer and0<f <1, then 


(a) @ is an even integer 


(b) (a + By? is divisible by penta 
Ps . 
of x and x“ are 3 and — 6 respectively, the values of m (¢) the integer just below (@/3 + 5)""*! divisible by 3 
and n are (d) ais divisible by 10 
(a) 3 (b) 6 (c) 9 (d) 12 
a . ; ‘ 
32. If the coefficients of rth, (r + 1)th and (r + 2)th terms in 34. If(8 + 37) is ine ae 


the expansion of (1+ x)'* are in AP, then r is /are peeps Pachon hen 
(a) 5 (b) 9 


(c) 10 (d) 12 


(a) P is an odd integer (b) P is an even integer 
(c) F(P + F)=1 (d)(1- F)(P + F)=1 


ee 


36. 


37. 


38. 


39. 


a value of x for which the 6th term in the expansion 


(@-1+9 L 
glog2/(9*~ 1 +7) (9 + 7) + 


i is 84, is 
(7) loga(3*~ 1 + 1) 
g\5 


= 


a) 4 (b) 3 
c) 2 (d) 1 


= 


Consider the binomial expansion of 
[vs ‘ 


are written in decreasing powers of x. If the coefficients 

of the first three terms form an arithmetic progression, 

then the statement(s) which hold good is /are 

(a) Total number of terms in the expansion of the binomial 
is 8 


n 
,né N, where the terms of the expansion 
a-Vx 


(b) Number of terms in the expansion with integral power of 
xis 3 

(c) There is no term in the expansion which is independent of 
x 

(d) Fourth and fifth are the middle terms of the expansion 


Let (1+ x7)? (1+x)" =a) tax ta,x’ +...,if 


4,4, and a; are in AP, the value of n is 
(a) 2 (b) 3 
(c) 4 (d) 7 


20 
10th term [2 me itl +3 | is 
4 


(b) a rational number 
(d) a negative integer 


(a) an irrational number 
(c) a positive integer 
If(1t+ x)" =Cy +Cyxt+Cy x° +Cax? +...4C, x", 
then 
Cy —(Co C1) + (Co + C1, + Cy) 

—(Cy tC, +Cy +Cz)+...+(-1)"7? 
(Cy +C, + Cy +... +C,_1), when n is even integer is 


(a) a positive value 


(c) divisible by 2"~! 


(b) a negative value 
(d) divisible by 2” 


40. 


41. 


42. 


43. 


44. 


45. 
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If f (n) = 


(a) maximum value of f (n) is Cys 

(b) f (0) + f (1) + f 2) +... + f 60) =2” 
(c) f (n) is always divisible by 50 

(d) f°(0) + f°) + f72) +... + £750) = °C 


Number of values of r satisfying the equation 


Gay = "ey = ea ae Ris 
(a) 1 (b) 2 
(c) 3 (d) 7 


If the middle term of [x ~ z sin 


; i 630 
x] is equal to —, 
x 16 


the values of x is/are 


(a) — 


Tt 
(c) rs 


1 
ee 
(b) F 
T 
dc 
(d) Fi 
If b? < ac, the sum of the coefficients in the expansion of 


(aa*x* +2bax +c)",(a,b,c,a€R, nEN), is 


(b) + ve, if c>0 
(d) + ve, if c<0,nis even 


(a) + ve, if a>0 
(c) — ve, if a<0,nis odd 


n 
‘ 1 
In the expansion of G +1+ =) ,n€ N, then 
x 
(a) number of terms = 2n +1 


(b) term independent of x =2"~! 


(c) coefficient of x"~? =n 


(d) coefficient of x* =n 
1) 

The coefficient of the (r + 1)th term of(s + 4 , when 
x 


expanded in the descending powers of x, is equal to the 


10 
. 1 

coefficient of the 6th term of [3 +24+ | when 
x 


expanded in ascending powers of x . The value of r is 


(a) 5 (b) 6 
(c) 14 (d) 15 
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Binomial Theorem Exercise 3 : 


Passage Based Questions 


= This section contains 7 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I (Q. Nos. 46 to 48) 
2n 
Consider (1+ x + x’)" = 2 a, x’ ,where do, 4, 475-5 Ay, are 
r=0 
real numbers and n is a positive integer. 
m1 


46. The value of a, is 
r=0 


-3"-a 3"-a a, — 3" "+a 
a “(b “ (c) + d “ 
(a) 5 (b) 5 (c) 5 (d) 5 
n/2-1 
47. If nis even, the value of pa >, is 
r=0 
3"-1l+a 3" -1l-a 
a) ————+ b) ————+ 
(a) . (b) 
s"+1+4 3" +1-2a 
c 1 d nm 
oan (d) Fi 
n+1 


2 
48. If n is odd, the value of bs dz,—1 is 
r=1 


(a) 3" —1+ 2a, (b) 3" —1+ 2a, 
2 4 

3” +14 2a, 3" +1-2a 

c) ————— d) ———+ 
(c) P (d) Fi 


Passage II (Q. Nos. 49 to 51) 


fA+x+ 2x7 9 = ag + ax t diax” ey Gag X™. 


49. The value of ay + dy + a4 +... + 3 is 
(a) 2° @ -1) (b) 2” 2” -1) 
(are? 1) (d) 2 (2° -1) 

50. The value of a, +a; + ds +... +437 is 
(a) 2*° (2° — 20) (b) 27° (27° —21) 
(c) 27° (2° — 21) (d) 2'° (2!° —19) 


51. The value of 439 is 
A40 


(a) 2° (b) (c) 10 (d) 1 


Passage III (Q. Nos. 52 to 54) 
Suppose, m divided by n, then quotient q and remainder r 
i.e. n)m(q 


r 


or m=nqt+r, Vm,n,g,relandn#0 


52. If ais the remainder when 5“ is divided by 11 and b is 


the remainder when 277! is divided by 17, the value of 


a+ bis 
(a) 7 (b) 8 
(c) 9 (d) 10 
53. If 19" —13” is divided by 162, the remainder is 
(a) 8 (b) 4 
(c) 1 (d) 0 
54. If 13°" is divided by 81, the remainder is 
(a) 13 (b) 23 
(c) 39 (d) 55 


Passage IV (Q. Nos. 55 to 57) 


Consider the binomial expansion R = (1+ 2x)" =1+ f,where I 


is the integral part of R and f is the fractional part of R,n€ N. 
Also, the sum of coefficients of R is 2187. 


55. The value of (n + Rf) for x = =o is 
2 


(a) 7 (b) 8 (c) 9 (a) 10 

56. If ith term is the greatest term for x = 1/3, then i equals 
(a) 4 (b) 5 (c) 6 (d) 7 

957. If kth term is having greatest coefficient, the sum of all 


possible values of k, is 


(a) 7 (b) 9 
(c) 11 (d) 13 


Passage V (Q. Nos. 58 to 60) 
If (x+a,)(x+ a) (x +43)... (x +a, ) =x"+ S; xr} 
Rag? ht B 


n 
where, S; = x a;,S2 = pp aja;,S3 = 
= 


lsi<j<n 


LL 


Aj ; Ax 
lsi<j<ke<n i 
and so on. 
58. If(1+ x)" =Cy +Cyx+C, x? +...4+C,, x", the 
coefficient of x " in the expansion of 
(x +Co)(x+3C,)(x +5C,)...(x +(2n + 1) C,, ), is 
(a) n-2" (b) (n +1) +2" 
(c) n-2"*? (d) n-2" +1 
59. If(1+ x)" =Cy +Cyx+C, x? +...+C,, x”, the 
coefficient of x” ~' in the expansion of 
(x+Cy)(x+C,)(x+C,)...(x + C,,) is 


= 1 7 1 
(a) gen Ye Co (b) gen see acs ang 


n 


2 2 
(c) i (d) Bere es 


60. Coefficient of x’ in the expansion of 
(1+ x)? (34+x)? (54+ x)* is 


(a) 112 (b) 224 (c) 342 (d) 416 


Passage VI (Q. Nos. 61 to 63) 


Let us consider the binomial expression 


ni 2 \" 
4-(#+2] and B = BE gs 
x 2 2 


Sum of coefficients of expansion of B is 6561. The difference of 
the coefficient of third term to the second term in the expansion 
of A is equal to 117. 


61. The value of mis 


(a) 4 (b) 5 (c) 6 (d) 7 
62. Ifn™ is divided by 7, the remainder is 
(a) 1 (b) 2 (c) 3 (d) 5 


63. The ratio of the coefficient of second term from the 
beginning and the end in the expansion of B, is 
(a) 125 (b) 625 
(c) 3125 (d) 15625 
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Passage VII (Q. Nos. 64 to 66) 


n 


Let us consider the binomial expression (1+ x)" = 2 ee 
r=0 

where a4, as and da, are in AP, (n < 10). Consider another 

binomial expression of A = (V2 + 4/3)'>", the expression of A 


contains some rational terms T, , , Tg 5+Ta 49+ >Ta » 
(a, <a, <3 <...< ay). 


64. The value of x a; is 


i=1 


(a) 63 (b) 127 

(c) 255 (d) 511 
65. The value of a,, is 

(a) 87 (b) 88 

(c) 89 (d) 90 


66. The common difference of the arithmetic progression 


G1, 42, 43,..., Am is 
(a) 6 (b) 8 
(c) 10 (d) 12 


Binomial Theorem Exercise 4: 


Single Integer Answer Type Questions 


= This section contains 10 questions. The answer to 


each question is a single digit integer, ranging from 
0 to 9 (both inclusive). 


67. For integer n > 1, the digit at unit’s place in the number 
100 
ae. 
Dd r!+2?" is 
r=0 


3n 3n 
68. If(1t¢xt+x2+x°)" = a, x’ and & a, =kandif 
r=0 r=0 


r=0 
69. The number of rational terms in the expansion of 


: i 20 
[v8 7 a 


70. 1f27°°° + 2006 is divided by 7, the remainder is 


Dr a, = AaK the value of A is 


71. The last two digits of the natural number 19 94 is ab, 
the value of b — 3ais 


"C,+4-"C, 4, +6°"Cr 45 
| aa whe 
ie dees es inks CAN es as CO r+h 
| 


72. 


the value of A is 


73. The value of 99 °° — 99-98 °° + (97) 


99 -98 . 
— —...+99 is 
“2 


74, If the greatest term in the expansion of (1+ x)" has the 


‘ : ; 10 11 
greatest coefficient if and only if x € (2. and the 
11 10 


m 
: ‘ 1 F 
fourth term in the expansion of [a0 + ) is Le 
x 4 


the value of mA is 


75. If the value of 
(n+2)-"Cy -2"*!-(n+1)-"C,-2" +n- "Cy -2" 1... 
is equal to k (n + 1), the value of k is 


76. (lit xtx7 +...¢2°)4 (xtx7 4x7 4...4+%7) 
45 


= a, x" and the value of a, + a, + yy +...+ Gyo isd, 
r=1 


the sum of all digits of A is 
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=| Binomial Theorem Exercise 5: 
Matching Type Questions 


= This section contains 5 questions. Questions 77, 78 and 79 have three statements (A, B and C) given in Column I 
and five statements (p, gq, r, s and t) in Column II and questions 80 and 81 have four statements (A, B, C and D) 
given in Column I and four statements (p, q, r and s) in Column II. Any given statement in Column I can have 
correct matching with one or more statement(s) given in Column II. 


77. 


Column I 


Column II 


(A) 


If A and ware the unit’s place (p) 
digit in m” and n” respectively, 
where m and nare the number of 
rational and irrational terms in the 
expansion of ‘ae +11" ye 


respectively, then 


4+ 


w=] 


(B) 


If Aand ware the unit’s place (q) 
digit in m” and n” respectively, 
where m and nare the number of 
terms with integral coefficients 
and number of terms with 
non-integral coefficients in the 
expansion of @? Hou? - xj? 
respectively, then 


M+ur=1 


(C) 


If A and are the unit’s place (r) 
digit in m” and n” respectively, 
where m and nare the number of 
rational and irrational terms in the 
expansion of (/2 + 9/3 + /7)'° 


respectively, then 


A+nU=4 


(s) 


AafAafAalA = Hh 


(t) 


A+u=e 


78. 


Column I 


Column II 


(A) 


qd d(C) 


then the values of r is /are 


(p) 


5 


(B) 


The digit in the unit’s place of the 
number 183 !+ 3!%? is less than 


(q) 


(C) 


If the 4th term in the expansion of 


n 
(a + *) is 5/2, then nais less than 
x 


(r) 


(s) 


(t) 


79. 


Column I 


Column II 


(A) 


The sum of binomial coefficients of 
terms containing power of x more 
than x*” in (1 + x)" is divisible by 


(p) 957 


(B) The sum of binomial coefficients of | (q) 2° 
rational terms in the expansion of 
(1+ /3)” is divisible by 
31 7 359 
(C) ir(x+ 2437+ 5) =ax” ©) 
x x 
+ ay, x8 + a x Ft Q)24 x, 
then a, + a3 +d5 +... + a3 is 
divisible by 
(s) 290 
(t) 71 
80. 
Column I Column II 
(A) | If11" + 21” is divisible by 16, then ncan be | (p) 4 
(B) | The remainder, when 3°” is divided by 80, | (q) 5 
is less than 
(C) | In the expansion of (1+ xy? coefficient of (r) 6 
(r + 1)th term is equal to that of (7 + k)th 
term, then the value of & cannot be 
(D) | Ifthe ratio of 2nd and 3rd terms in the (s) 7 
expansion of (a + b)" is equal to ratio of 
3rd and 4th terms in the expansion of 
(a+ by'* 3, then nis less than 
81. 
Column I Column II 
(A) | Ifnumber of dissimilar terms in the (p) at+b+c=3 
expansion of (x +2 y+ 3z)” (ne€N) 
is an’ + bn + c, then 
(B) | Ifnumber of dissimilar terms in the (q) | at+b+c=4 
expansion of (x + y+ z)""*! 
-(x+ y-z)"*! (neEN)is 
an’ + bn + c,then 
(C) | Ifnumber of dissimilar terms in the (r) a+ b=2c 
expansion of (x — y+ z)” 
+ (x + y—z)" (néis even natural 
number) is an’ + bn + c,then 
(D) | If number of dissimilar terms in the (s) b+c=8a 


in 
xt lt =) 
2 


expansion of 
x 


(n€N)is an? + bn + c, then 


= Di 


Binomial Theorem Exercise 6 : 


Statement | and II Type Questions 


rections (Q. Nos. 71 to 82) are Assertion-Reason 


type questions. Each of these questions contains two 
statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these questions also has four alternative 
choices, only one of which is the correct answer. You 
have to select the correct choice as given below. 


(a) 
(b) 


(c) 
(d) 
82. 


83. 


= In 


89. 


90. 


91. 


92. 


93. 


Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


Statement! is true, Statement-2 is false 
Statement-1 is false, Statement-2 is true 


Statement-1 Greatest coefficient in the expansion of 
(i43a)" is “Ce 138" 
Statement-2 Greatest coefficient in the expansion of 


(1+ x)*" is the middle term. 


Statement-1 The term independent of x in the 


25 
; 1 : 
expansion of{ =" pi 2 ig > Coe: 
x 


Statement-2 In a binomial expansion middle term is 
independent of x. 


84. 


85. 


86. 


87. 


88. 


Binomial Theorem Exercise 7 : 


Subjective Type Questions 


this section, there are 24 subjective questions. 
Determine the value of x in the expression of 
(x + x 80* )> if the third term in the expansion is 
1000000. 
Find the value of 

18° +7° + 3-18-7-25 
(3°+6-243-2 +15-81-44+20-27-8 + 15-9-16+6-3-32+64) , 


10 
+1 =" 
Simplify 7 a=" into a binomial 
qz!3 1/2 


-@3+4+1 a-a 
and determine the terms independent of a. 
Show that there will be a term independent of x in the 
expansion of (x* + x’ )" only, if an is a multiple of 
(a+b). 
If a,band c are the three consecutive coefficients in the 


expansion of a power of (1+ x), prove that the index of 


. 2ac+b(at+c) 
the power is —————_. 


—ac 


94. 


95. 


96. 


97. 


98. 
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Statement-1 In the expansion of (1+ x)”, if coefficient 


of 31st and 32nd terms are equal, then n = 61. 


Statement-2 Middle term in the expansion of (1+ x)”, 
has greatest coefficient. 


Statement-1 The number of terms in the expansion of 


1 n 
x+—4+1]| is(2n +1). 
x 
Statement-2 The number of terms in the expansion of 
(x, +X +23 +...¢X_)" is "+" *C,,-3. 


Statement-1 41”! 


remainder 4. 


when divided by 101 leaves the 


Statement-2(n? — n)when divided by ‘p’ leaves 
remainder zero when n 2 2,n€ Nand pis a prime number. 
Statement-111” +12” when divided by 23 leaves the 
remainder zero. 

Statement-2 a” + b” is always divisible by 

(a+b), VneN. 


Statement-1 The maximum value of the term 
independent of x in the expansion of (ax° + bx'/*)? is 84. 


Statement-2 a” + b=2. 


Find n in the binomial fs + | , if the ratio of 7th 


N3 
term from beginning to 7th term from the end is 1/6. 
IfS, ="Co"C, + "Cy"Cy +...+ "C,_1"C,, and if 

Sn+1 


S 


se Sal 
a 4 

If(1+ x)" =Cy +Cyx+Cg x? +...4C, x", 
Goo CG, 


+3 +n—— = 
Cc 


C 


prove that +2 aH... 


0 2 


CC, Cy 
5 21 
a 
Which term in the expansion of} 3// — |+.| | — 
. AC) i) 


contains a and b to one and same power. 


n-1 


Find the coefficient of x " in the expansion of 


(xt+3)? 1 4+( x43)" 2(x +2) 
+(x 43)" F(x 42)? +...4(x +2) 


n-1 


498 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


Textbook of Algebra 


Prove that, if p is a prime number greater than 2, 
the difference [(2+ V5)? ]—2?*! is divisible by p, 
where [.] denotes greatest integer. 


If ((x)) represents the least integer greater than x, prove 


that (({(/3 + 1)°" })), n€ N is divisible by 2” *?. 


Solve the equation 
NO ~ _ ME,y8 4 NOs 


200 200 


If g(x)= dX ot, -x’ and f(x)= x B.. x*,B, =1for 


r2100 and g(x) = f (1+ x), show that the greatest 
coefficient in the expansion of (1+ x YF ieOhigg: 


If(it+ x)" =Cy +Cyx+C, x? +...+C, x", find the 
value of 
(i+ f(C; +C; +C;,C)). 


0<Si<j<n 


xr “Cc, 7c 


0<i¥j<10 


Evaluate ps 


Find the coefficients of x‘ in the expansions of 
()Qtxtx° 4x7). 
(ii) (2 — x + 3x7)? 


Prove the identity 


1 1 
2n+1 * 2n+1 
C, Cy 41 
_ an+2 Al 
an¢+1 2"C 
; Tee (= 15 y ii 
use it to prove : 
r=1 mse n+1 


107. Let ay,a,,a5,...are the coefficients in the expansion of 


108. 


109. 


110. 


111. 


112. 


Binomial Theorem Exercise 8 : 
Questions Asked in Previous 13 Year's Exams 


= This section contains questions asked in IIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 
to year 2017. 


113. 


the vate o{*)(2°|-(°](2) (2 
fo) +(e 0)" 


(a) as err (b) Cio 


[IIT JEE 2005, 3M] 


(c) "Ca (d) Coo 


114. 


(1+ x+.x”)" arranged order of x. Find the value of 
a, ~— "Cy, a,_,+ "C, a,_. —...+(-1)" "C, ao, where r 
is not divisible by 3. 
If for z as real or complex. 
(1427 427)? =Cy +O" +Cg 2? t.4Cyez”, 
prove that 
(Co = Cy, Ce Cs tact Cie = 1 
(ii) Co +C3 +Ceg +Cg + Cy + Cys 
+(Cy4+C5 +Cg +Cy,+Cyy) 
+(Cy +Cy +Cz +Cyy +Cy3 +Cy,) am =0, 
where Wis a cube root of unity. 


2 
" and 


Let f(x) =a) +a,;x +a, x7 ++ dan X 
g(x)= by + bx t+ box? +...+b,_-, x" * 
xr earttg te 


If f(x) = g(x + 1), find a, in terms of n. 
If ay, a), @2,... are the coefficients in the expansion of 
(1+ x+.x”)” in ascending powers of x, prove that 
(i) dyad, — aya + dy az -...=0 
(ii) aya, — aya, +a, ay 
(iii) if E, =a) +a; +a, +...;5E, =a, +a, +a, +...and 
E, =@) +a@5 tag +..., then E; =E, =E, =3" * 


see Fon 2 Gon = An 41 


Prove that (n — 1)? C, +(n—3)? C, +(n—5) C; 
+....=n(n+1)2”~°, where C, stands for "C,. 


ct eR Oo Cn 


C 
Show that —2 = 
1 i 3n+1 
3" -n! 


= —______"____. where C, stands for "C,. 
1-4-7...(3n +1) 


If the coefficients of pth, (p + 1)th and (p + 2)th terms in 
expansion of (1+.x)" arein AP, then [AIEEE 2005, 3M] 
(a) n? —2np + 4p’ =0 

(b) n? —n(4p + 1) + 4p? -2=0 

(c) nn? —n(4p + 1) + 4p? =0 

(d) None of the above 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


11 
If the coefficient of x’ in fax’ + 2) is equal to the 
x 


1 
coefficient of x’ in [ax - =) , then ab is equal to 
bx [AIEEE 2005, 3M] 


(b) 1/2 
(d) 3 


(a)1 
(c) 2 


For natural numbers mand n, if 
(’-y)" (1+ y)" =1+ayta,y* +...anda,; =a, =10, 


then (m, n) is [AIEEE 2006, 3M] 


(a) (20, 45) (b) (35, 20) 
(c) (45, 35) (d) (35, 45) 
In the binomial expansion of (a — b)",n = 5, the sum of 


5th and 6th terms is zero, i equals 
b [AIEEE 2007, 3M] 


5 6 
5) 
ar, Ss 
n-5 n-4 
d 
(c) ; (d) 3 
The sum of the series 


20 20 20 20 20 : 
Co- Cy +" Cy —™ C3 t...+ “Cio iS [AIEEE 2007, 3M] 
(a) - a 


(c) 0 


1 
) > Cio 


(d) “Cio 


n 
Statement-1 © (r +1) "C, =(n+2)-2"~! 
r=0 


n 
Statement-2 (r+1)"C, x" 
r=0 
=(1+ x)" +nx(1+x)""". [AIEEE 2007] 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


The remainder left out when 8°" — (62)*"*" is divided by 
9, is [AIEEE 2009, 4M] 
(a) 8 (b) 0 (c) 2 (d) 7 

For r =0,1,2,...,10, let A,, B, and C, denote respectively, 


the coefficients of x” in the expansion of 


10 
(14x)" 14x)” and@+ x)”, 2A; (BiB = Cp A,) 
7=1 


is equal to [IIT-JEE 2010, 5M] 
(a) By — C19 (b) Ato (Bio — CioAto) 
(c) 0 (d) Co — Bio 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 
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10 10 
Let S; =X i-)- a oe S» =i Cs and 
10 
S3 = = i ia ° a oF 


gel [lIT-JEE 2010] 


Statement-1 5S; =55x a 
Statement-2 S$, =90x 2° andS, =10x 2° 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


The coefficient of x’ in the expansion of 

(I-x-x’ +x°)*,is [AIEEE 2011, 4M] 

(a) — 132 (b) — 144 

(c) 132 (d) 144 

If n is a positive integer, then (V3 + 1)*" — (v3 —1)*” is 
[AIEEE 2012, 4M] 

(a) an odd positive integer 

(b) an even positive integer 

(c) a rational number other than positive integer 

(d) an irrational number 


The term independent of x in the expansion of 


10 
xt+1 x-1 
We Ae ay v| * 
Se AN RK [JEE Main, 2013, 4M] 
(a) 120 (b) 210 
(c) 310 (d) 4 


The coefficients of three consecutive terms of (1+ x)"*° 


are in the ratio 5: 10: 14, the value of n is 
[JEE Advanced 2013M] 


If the coefficients of x* and x* in the expansion of 
(1+ ax + bx *)(1—2x)"® in powers of x are both zero, 


then (a, b) is equal to [JEE Main 2014, 3M] 


Coefficient of x '' in the expansion of 


(1+ x°)* (1+ x°)’ (1+x*)” istyEE Advanced 2014, 3M] 
(a) 1051 (b) 1106 (c) 1113 (d) 1120 

The sum of coefficients of integral powers of x in the 
binomial expansion of (1—2V/x)°*”, is [JEE Main 2015, 4M] 


1 50 1 50 
oe +1) Ge +1) 


1 


50 1 
(c) 5 3B") 


50 
cores 1) 


500 = Textbook of Algebra 


130. The coefficients of x” in the expansion of 132. Let m be the smallest positive integer such that the 
(1+ x)(1+x7)(1+x3)...(1+ x ) is coefficient of x” in the expansion of 
[JEE Advanced 2015, 4M] (1+x)? (14x)? +.....4(1+ x)? +(1+ mx)” is 
2 4) (3n+1)°'C, for some positive integer n. Then the value 
131. If the number of terms in the expansion a = + ) fie [JEE Advanced 2016, 3M] 


x # Ois 28, then the sum of the coefficients of all the terms 133. The value of 


in this expansion, is [JEE Main 2016, 4M] (70, - C,)4+(7C, — C2) 4(7C,3 - °C5)+ 
(a) 243 (b) 729 (c) 64 (d) 2187 Cy = a Or )+ oe +( 21 Ci = me. ) is 
[JEE Advanced 2017, 4M] 
(a) 920 _ 910 (b) 921 _ oll 
(c) 221 _ 910 (d) 920 _ 99 


Answers 


Exercise for Session 1 46.(b) 47. (d) 48.(b)  49.(c)  50.(b) 51. (c) 
52.(c) 53. (d) 54.(d)  55.(b) 56.(a) 57. (b) 
“4 . - o sie) ey eh AD) 58.(b) 59.(b) 60.(d)— 61. (c)_—62. (a)_~—«63. (d) 
64.(b) 65. (c) 66. (d) 
67.(0) 68. (3) 69.(3) 70.(8) 71. (6) ~—«72« (4) 
73.(0) 74. (3) 75.(4) 76. (9) 


77. (A) >(q, 1); (B) > (p, 4, t); (C) > (s) 


Exercise for Session 2 
1. (b) 2.(c) 3.(d) 4. (b) 5. (c) 6. (c) 


AAG) a 78. (A) >(r, s, t); (B) 3 (s, t); (C) (p, 4. 5 s, t) 

Exercise for Session 3 79. (A) > (p, q, tr, 8); (B) > (p, g, r,s, t); (C) > (p, 4g, 1, 8, t) 
l(a) 2. (ce) 3. (d) 4. (b) 5.(c) 6. (c) 80. (A) >, s); (B) >(p, 4, , s); (C) > @, s); (D) >, s) 
7.(a)  8.(c) 9. (a) 10. (c) 81. (A) >(p, 1); (B) > (q); (C) > (8); (D) > (Pp, 1) 

82.(d) 83. (c) 84.(b) 85.(b) —86.(d)_—87. (c) 

Exercise for Session 4 88. (a) 

1. (c) 2. (b) 3. (c) 4. (a) 5. (a) 6. (c) _ -5/2 

16 8 20) 100) 1L@ 12 89. x = 10 or 10 90. 1 91.210 94.9 95. 4,2 

13.(a) 14. (b) 97.10 98. "C,.(3"~"—2"~") 101. x= cof =} PE Ele 9,3, 5S 
Chapter Exercises oe got __2n! 1] 54042! 

1.(d) 2. (d) 3. (a) 4.(b)  5.(d)— 6.(b) Mo ee te aya eo ~ 3@1° 

7. (b) 8. (c) 9. (a) 10. (c) 11.(b) 12. (a) : . 

13.(b) 14. (c) 15. (a) 16.(b) 17.(a) 18. (a) 105. (i) 990 (ii) 3660 107.0 109. "*!C | 


a. x : . : os . 7 S 4 . 113.(b) 114.(b) 115. (a) -116.(d)_—«‘117. (d)_—‘118. (b) 
31. (c,d) 32.(ab) 33.(ad) 34. (ad) 35. (c,d) 36. (b,c) 119. (a) 120.(¢)  121,(d)122.(b) 123.(b) 124. (a) 
37. (b,c) 38.(a,d) 39. (b,c) 40. (a,b,d) 41. (c,d) 42. (a,d) 125.(b) 126.(6) 127. (b) 128. (c) 129. (b) 130. (8) 
43. (a,b,c,d) 44. (a,c) 45. (a,d) 131.(b) 132. (5) 133. (a) 


olutions 


‘upto m ms 


7 n 
:) + --- upto m terms 


+ ---uptom terms 


w Bs fF In x)-d(x? In x) 


-(p—- 


=. OF In x + x”)dx 
“3 (2 -1) 

Since, In x cannot be defined for x < 0. 

.. Above integral cannot be calculated. 

. Coefficient of (a*-b°-c8-d?-e- f) in given expansion 


sey ay ay 


"31618191111! 
. General term of given expression 
10! 
= 2&2 28/3 5/6 ...(i) 
a!p!y! 
o, B, Y satisfying two following property 
0<a@B, y <10;a+ B+ y =10 
= Oo =0,2, 4, 6, 8, 10; B = 0,3, 6; Y = 0,6 
Hence, possible pairs of (c B, Y) = (4, 6, 0);(4, 0, 6); (10, 0, 0) 
.. There exists three rational terms. 
So, sum of rational terms 
10! 10! 
= — 27.37 4 
4!6! 4!6! 


10! 
27.51 + —2° =12632 
10! 


. We have, 


2145 2 
= Ay + AX + A,X" +++ 


(1 + x —3x’) 
On putting x = — 1, we get 
dy —Q, +a, —... =(- 3) 
But we know that, 
3! =3, 37 =9, 3° =27,3* =81 
ay —@, + ay +... =[(-3)* P** (-3)! 
End digit of (— 3)” 
=End digit of [(— 3)*]°° x End digit of (-3)' 
=1x3=3 


nor 7 r n-r3r r—n 
Toate 4) wo Pe ="C(q)? ™x(p)? 
P q 


Sn — 8r 12r —5n 


="C,-q  -p 1 


For coefficient of pg, we put 
on — 8r = 12r —5n = 


10 10 
=> 5n —8r —10 = 0, 12r —5n -—10 =0 
=> r=5,n =10 
Ts = "C5 pq =252 pq 
6. We have, 
(5 +2V6)" =(5 + /24)" 
Now, let I+ f =(6+ V24)" 
O<f<l 
and f’ =(6 - 24)" 
0<f’<1 


On adding Eqs. (i) and (iii), we get 
I+f +f’ =2k (even integer) 


=> f #f'S1 
=> foh=7 
pap ey Ala IG =) say 1) 
=(F =) ry) 
Sagas ae) 
=—(5 — /24)" (5 + J24)" 
= —(25 —24)" =-1 
=a negative integer 
7. Given, | => x*?-x+1=0 


x 


=> (x+)(x+°)=0 


= x=-0,-@ 
1 1 
_ /__ 4000 _ 4000 
p=(-o) as 'z «) mee 4000 

1 @ 41 o 

=OoOt+ = = =-]1 
(0) (0) (0) 

Also, for x=-’, p=-1 


For n>1,2" =4k,kEN 


2” =2%* = (16)* = last digit number is 6 
Now, q = unit digit at unit place in the number (2” +1) 
=6+1=7 
pt+q=-1+7=6 
:) _( +x+x°)" 


8. Now, [x4 + 


x n 


x 
Since, (1 + x + x*)" is of the form 


Ap +4,X + Gyx*? + +++ + Gy,x*" which contains 2n +1 terms. 


te 2n+1=401 > 2n=400 > n=200 
which is greater than 199. 


Tr 


10 
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9. We have S 7Ce 7 iy "Ce 14. We have, (1 + x)? =Cy + °C, x4 Cy x? + 0 + Cay x 
"reo" + "Cay rao? *tC On dividing by x, we get 
4 oon n-1 14x) % 
_ 5 C, = r+1 (1+ x) Se eg Oe Gg dice Mg 
r=0 M+ 1 ng r=ontl1 oe x 
+a 
r+1 On differentiating w.r.t. x, we get 
2 ett, gs MeN oO 20(1 + x)?-x-(1+x)"  — %C, - 
n+1 2(n+1) 2 x x2 Oe 
10. Here, n =100, so the total number of terms is 101. + 2-9 Cox $e $19? Cog x88 
.. Largest term = Middle term = 51th term On putting x =1, we get 
b\ (5 \ pio 1 
= 1%, (5) a) = 1000, ; 20(2)'? — (2)20 = — - + 2, 42% Cr4 - 419-C,, 
( i 7 200, 422°C t+ $19-°Coy =1 $10-27? 279 =1 4.9.27 
11. We have, T, = °C;| \x pee (x1/?)3 =200 [given] 1 (220% — 1) 
15. We have, S = : = 27000 4 = (2?)10 4 
=1 
— 1000 
=, 20 (211 + log =) x'/4 = 900 =(5-1) -1 


3 4 1 = on = ne 1599? fe HONS 59% ae 
21+ logx) 4 _ 
=> x =10 
4 ma Geert «5? = as OPE <5 4: 1) 1 


On taking logarithm on base 10, we get 


; = 5(5999 — 10000, 5998 4 10000, 5997_ ..,_ 1000, 
———— + — | log x =1 . i i 
= + log x) 7 g . Remainder is 0. 
‘ 1)" (+ x)" 
ms (6+1+ log x) log x _, 16. Now, (1+ x)"}1+— = + 
4(1 + log x) < * 
ei 1)" 
> (log x)? +3 log x -4=0 . Coefficient of x7! in (1 + (1 + | 
x 
> (log x + 4) (log x -1) =0 on)! 
> log x =- 41 = Coefficient of x" 7! in (1 +x)" = "C,_, = vol _. 
4 (n -1)!(n +1)! 
x =10 “,10 ‘ : 
But asd 17. -» 19° =(20-1)? =(20 -1)°" =-1 + (6521) x20 + multiple 
" e=10 of 100 . 
12. (1+x)"+(1 $xy"t! ecw =-1+20 + multiple of 100 
log 4 4 =19 + multiple of 100 
(1+ x)"{(1+x)y "7-1 +x)" -( + x)” of 
= = .. Last two digits of the number 19” is 19. 
(1 +x)-1 x : 
Coefficient of x” i 18. T, ="C, Way | =14q°”” [given] 
(1+ xy" +(L4+xy"™ +--+ +x)" va 
1+x)"*!-( +x)” pe tee 
or coefficient of x” in ee uve) > na) aq 2? =14a°” 
n-1 
or coefficient of x”*! in(1 +x)"*! —(1 +x)” => na 13 q@?? =14q5/? 
SP 6 a 0S Cas When we put n =14, then it satisfies the above equation 
39 39 39 39 : ce “Cs gee 
13. We have, *’C3,_; + C3, = C2+ "Ca, aa ™C, = 4c, = 3 7 
oC. = Cs 19. 6° +3" =(7-1)% +(7 +1)” 
ip lee SO 4. MOT ee BT ccd Cal +” Cal) 


= Bn 
r =0,30rr? + 3r — 40 =0 =2{49m + “Cg2 +7} 


where, m is an integer 


r+8)r—53)=0 => r=0,3,5,-6 
Ce =98m + 2-°°C,-7=98m +2-83-7 


= 0, —8 do not satisfy the given equation 
ere = 98m + 2(77 + 6)-7 = 49(2m +22) + 84 


Pu uu y 
i 


20. 


21. 


22. 


23. 


= 49(2m +22) + 49 + 35 
= 49 (2m +23) + 35 = 49n + 35 
where n is an integer. 


Hence, the remainder is 35. 


In the expansion of (3'* +27’), the general term is 
EUS cl 
T= "C, BM4)2-" @8y ="03 423 
Now, O0<r<12 
r=0,12 


Rational terms are T,,, and Ty) +, 
Now, T, ="Cy3°2° = 27 
> Tis ='°C,23° 2° =256 
Required sum = T, + T,3 
= 27 + 256 = 283 
N = 7100 3100 _ (72)50 _ (32)50 


(50 —1)°” — (10 -1)*° 
[(50)° = °C, (50)*° re °C,(50)*8 _ MC; 
(50)17 + +++ + Cys (50)? — *°Cyo(50) +1] 


a [10 = a et 10° + eso) = ena ad 
tert Cys (10)? = *°Cyo(10) +1] 
= [107 m —°Cy,(50)* + °Cy(50)? — °°Cyo (50) + 1] 
— [104 — °C 4_(10)? + °C yg(10)? — °C y9(10) +1] 
when mand n are integers. 
=10" p—"* C3[(60)° — (10)*] +" C,[(60)" 
~ (10)*] - *°C,[(60) -(10)] 
When p is an integer. 
=10' p -124 X196 x10° +294 x10* —2000 = 10* g —2000 
When q is an integer. 
=10'q -10* +10* —2000 =104(q —-1) + 8000 
.. Last four digits = 0000 + 8000 = 8000 
Let P =5” =5 x5° =5(25)*° =5(26 -1)” 
= 5[°C,(26)”” = “°C,(26)8 fs *C,(26)"” 
— + + 9Cy9(26) — PCyy-1] 


=5 X26k —5, when k is an integer. 


P 5 8 
=10k =10k -1+ 
13 13 13 


Hence, the remainder is 8. 
32003 # 32001 = 9 (33)? =" (8 1) 
28 28 28 28 


9 
= 7g (8) — 70, (98)° 4. 7C,(98)5 — ... 4 S87C,. (08) =1} 


Now, 


9 
=9k - me where k is an integer. 


19 
= (9k -1) + — 
(9k -1) of 


2003 
Se . |-{or + Z}-2 
28 28 28 
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24. s r(20 —r) x ("C,)? 
r=0 


25. 


26. 


27. 


28. 


20 20 
= 2 rx C.(20 —r) x "Cay _, = » 20 C._, x20 x °Cy_, 
r= r= 


20 
=400 © C,_1x ?Cy_,; 
0 


r= 


= 400 x Coefficient of x'* in(1 +x)? (1 +x)” 


= 400 x 8C\, = 400 x 8C,, 


2008 
aX. 


aa wie n 


Given, (3 +x =) + qx + yx" fee ba,x 
On putting x = wand w’ respectively, we get 


2008 


+ wo’) 2010 


3+ =a t+ aqO+t+ aw +a, t+: 


2010 


or (3+ 04+ 07)? =a) + a+ a0" + a,0° +- 


7010 — a +a,0+ ao" 


or 
+ a30° +a,0° + a, +a,0° ++ ...(i) 
and [3 + (wm) $( Qe] 


= dy) ta," +a,0' + a,0° +a, 0° + a,w +a,@ +++ 
or (3+@° +)” 
= ay ta,0° + a,0' + a,M° +a, 0°+ asm” +agM" ++ 


2010 
2 


=> = dy + a0" + a,’ + a,0° +a,0°+ a,0° +a,m"  ...(ii) 


On adding Eqs. (i) and (ii), we get 
2010 


2 x27! — 2a, +a, (M+ W”) +a,(M" + w') 
+ a3 (@ + 0°) +.a,(@ + @°) 
+a(M + 0”) + am +) ++ 
= 2d) —d, —A, +2a3 —Ay —as +2, 
i 1 1 1 
=> g7010 — do a a, +43 a4— —as +a 
2 2 2 2 
1\" (x4 -2x7 +1)" x? -1)*" 
Now,{ x at )-! ) _( ) 
2 2n 2n 
x x x 


.. Total number of terms that are dependent of x is equal to 
number of terms in the expansion of (x” —1)”” that have 


degree of x different from 2n, which is given by 
(2n + 1) -1 =2n. 


Given expansion can be rewritten as [1 + x°(1 —x)]* 
= °C, + 8Cx*(1 —x) + 8C, x*(1 — x)’ 
+ §C,x°(1 — x)? + 8Cy x81 —x)* + BPC5x™(1 — x)? + 
There are only two terms, which we get the coefficient of x'°. 
”. Coefficient of x’° = 8C, [Coefficient of x” in (1 — x)*] 
+ °C [Coefficient of x° in (1 —x)*] 
*CaC,) © *C; 0) 
(C4) Cy) + C3 = (70) (6) + 56 = 476 


(1 +ix)"~? = aC. + 42-20 (ix) rs an 20 (ix)? 


hate A Gare 


Here, we see that Ist negative term is T; and the next term is T, 
and the last negative term is T,, _}. 
Now, 3,7,+°:,4n—-1 


It is an AP. 
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30. 


37. 


32. 


l=a+(N-1)d 
4n-1=3+(N-1)4 
n-1=N-1>5Ne=n 


(*7]- n! % m! 
m\ p ~ m\(n—m)! p\(m — p)! 
or 
(n—m)! p\im—p)! \p)\m—p 
i a n m _ n n n n-p 
8 EM) SEG) 
OE 
p=1\p) m=p\m— p 


P 
n =p =— 
7 *) Dy (" "| [where, t =m — p] 
p=1\p/t=0 


+ 


Given, y La 
r=0 a r! 
pia 8 
=> = 
“3 
=> er =64 =(2V2)' > 54+x=+2,2 


x =2J/2 —5 or x =-2V2 —5 
Hence, largest real value of x is 2V2 —5. 


We have, 


Coefficient of x in(1 + x)"(1 —x)" = C, — "C, 
and coefficient of x” in(1 + x)” (1 —x)" =™C, —™C, "C, + "Cp 
According to the question, "C, —"C, =3 
> m-n=3 ..-(i) 
and ™C, -—™C, "CQ, + "Cp =- 
= m(m —1) ae n(n —1) _ 

2 2 
= (mn)? (m+n) =- 
> 9-(m+n)=- [from Eq. (i)] 
or mt+n=21 ...(ii) 


From Eqs. (i) and (ii), we get 

m=12 andn=9 
Coefficient of rth, (r + 1) th and(r + 2)th terms in (1 + x)"* are 
WoC 


and '*C, , ,, respectively. 


Now, according to the question, 2 C=" Cg FBC 


On dividing both sides by '*C,, we get 
We ia 
~ 14 ‘a 14 c 


33. 


34. 


35. 


s es r , 4 =(r +1) 41 
14-r+1 rt+l 
r 14-r 
> 2= + 
15-r r+1 
> 2(15 —r) (r +1) =r(r +1) + (15 -r) (14 -r) 
=> —2r? +28r +30 =2r? -28r +210 
=>  4r?-56r+180=0 = r*-14r+ 45=0 
> (r —9)(r -5) =0 
=> r=5,9 
(33 +5)"*} =(J27 +5)"*} 
Now, leta + B =(V27 +5)"*? 
0<B<1 
andlet 6’ =(/27 -5)™"*! 
0<f’<1 
On subtracting Eq. (iii) from Eq. (i), we get 
a+pP-f’ = (J27 +5)"*1— (J27 a5) 


=> a + 0 =2p (even integer), Vp € N 
=> OL = 2p =even integer 
Also, from Eq. (v), we get 
=(V27 + 5)°"*1 — (./27 —5)*"*? divisible by 


i 7 +5) —(V27 -5), i.e. divisible by 10. 

We have, (8 + 3V7)" =(8+ 63)" 

Now, let P+ F=(8+ 63)" 
0<F<l1 

and let =(8 — 63)" 
0<F’<1 


On adding Eqs. (i) and (iii), we get 
P+F + F’=(8 + 63)" + (8 — 63)" 


P +1=2p(even integer), Vp ¢ N 


Y 


Y 


P =2p —1 =odd integer 
F’=1-F 
(1 - F)(P + F)=F’(P + F)=(8 — V63)" 


= (64 — 63)" =1" =1 


(8 + 63)" 


We have, 6th term in the expansion of 


1 
glogs 4 2/5) logs (3 


ui 


haar 8) 


36. 


37. 


> (9% 1 +7) =4(3% 7! +1) 
Let 3% ' =A, then 
 -444+3=0 
or (A -3) (A -1) = 0 
0 =3,1 
= bia oe 
or x*=1 =], Dor x S2, 1 


1 \ 1 ee 
(J+ te) oe(a0 be) 
2-4/x 2 


n 1 2n-3 1 2 n-3 
="eyxt + *C(2)-x 4 +c, (2) og 2b cas 


According to the question, 


1 Ay 
id GMa (5) rel 5) are in AP. 


1 2 
"CO, = "Cy 4 rel) 


=> pape) 
4-2 
> n’?-9n+8=0 
> (n—8)(n-1) =0 
n=8,n 41 


option (a) Number of terms = 8 +1 =9 
, 8 rere 1 rok 
option (b) Now, 7.,,=°C,-x #-|=|-x 4 


O0<rs8 
For integral powers of x, r = 0, 4,8 
.. Number of terms in the expansion with integral power of x 
is 3. 
option (c) From option (b), 


3r 
4-—=0 
4 
16 
r=—€éW 
3 


.. No terms in the given expansion which is independent of x. 


option (d) Middle term is 


4 
1 

Te = *Cy au = 

s='c.-x-(2] 


i.e. only one middle term. 

We have, 

Coefficient of x,x? and x* in(1 + x”)? (1 +x)" 

ie., values of a, a) and a3 in(1 +2x” + x*) (1+ x)” 
> a, = "Cy, dg = "Cy + 2anda; ="C; + 2"C, 
According to the question, 


2a, =a, + az 


38. 


39. 


40. 


41. 


Chp 06 Binomial Theorem 505 


> 2("C, +2) ="C, + ("C3 + 2"C,) 
- [ema | 44 =3n 4 MET Wn 2) 
2 6 
> n> —9n* +26n —24 = 0 
> (n —2)(n? —7n +12) =0 
= (n -2)(n -3)(n — 4) =0 
= n=2,3,4 
Hence, n = 3,4 (n #2,°. "C3 is not defined) 
1 1 1 
We have, ~ + 3V2 = 7 (9+8+12V2)= 76 +22) 
1 1 3 
3- [H+ 3y2 -3-20+22)=(3-48) 
4 2 2 
17 20 
10th term in c acy +32 is 


20-9 
i= 8G (?) (- 02)" 
-1+2 
= a os Ve ee 2 
28 
—- sa gr 2 
which is a negative and an irrational number. 
We have, Cy — (Cy + C,) + (Co + C, + Cz) — (Co 
+ Cy + Cyt Cy) toe (-1)9 7 (Co + CG tv + Cyt) 
For even integer, take n = 2m, we get 
=Cy —(Cy + CQ) + (Cy + C, + Cy) 
—(Cyo + Cy + Cy + Cz) +e — (Co + Ct + + Com 1) 
=-(Ch + Cyt Cyt +--+ Com 1) 
=-(Ch+ C3 4+ Cy t-+C,-1) 


=—9gr-l 


[n= 2m] 


We have, 


r= 82 (2-30) 2)" 
i=0\30-i)\n-i i=o\l ni 


. f(n) is greatest, when n =25 
Maximum value of f(n) is °C). 
Also, f(0)+ f(1)+---+ (50) 
= 4 C4 HC 4 4 MO 2950 


Also, °°C, is not divisible by 50 for any nas 50 is not a prime 
number. 


Y (Fle)? = CC)? + OC)? rt OC)! = Ci 


69 
2+ °C. 
-1 r 


r? =3ror70—3r=r° 


r=0,30rr> + 3r—70=0 


r=0,3o0r(r +10)(r -7) =0 
r=0,3,7,—10 


doe al 
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42. 


43. 


44, °. 


But r = 0, —10 do not satisfies the given equation. 
Hence, two values of r satisfies, 


ie. r=37 


8 
Here, n is even, so middle term is (; + iin i.e. 5th term. 


| 4 
630 
n=") |— | == [given] 
x 16 
= 6 = 9 
= 70(sin' x)* =—— = (sin™ x)* me 
I 
a = 3 
> (nt =2 = sit rna Y 


Sum of coefficients = (ac.” + 2ba + c)" 


Let f(a) = aa? + 2ba + ¢ 

Now, D = 4b? — 4ac = 4(b’ — ac) <0 
; f(a) <0or f(a)>0,VaER 

If a> 0, then f(a) > 0 

=> (aa? + 2ba + c)" >0 

If c>0,ie. f(0)>0=> f(a) >0 
=> (acy” + 2ba + c)" >0 

If a < 0, then f(a) <0 


=> (ao + 2ba +c)" <0, if nis odd 


Ifc <0, then f(0)<0 = f(a) <0 
=> (ac? + 2ba +c)" > 0, if nis even. 


1)" G+x?4+x*)" 
[x +14 7 ms ) 


2n 
x x 


2 4 4 
Ay + Ax° + aX" + ...4 Agy xX” 


2n 
x 


.. Number of terms = 2n + 1 


2 
x 


1 n 
Term independent of x = a, = Constant term in Gi +1 + 5) 
= Coefficient of x7” in(1 + x? + x*)” 


= Coefficient of x” in(1 + x + x*)" 


n 
Coefficient of x*"~* in Gi +1+ =} 
x 
= Coefficient of x*"~? in(1 + x? + x*)" 
= Coefficient of x?”~' in(1 + x + x”)” 
Now, let (1+ x + x7)" =Ag FAX t+ Agx? +... 
+ Dig ci ae 


1 
On replacing x by —, we get 
x 


1 1)" A. Ag Non —1 Kon 
(+243) =Ayt—+—4t+..+ => + 


ae ae x x x xn 


or (1+ x + x7)" =Agy + Ag 1 XH et AGT + Ag 


On differentiating both sides w.r.t. x, we get 
n(l+x + x?)"-(1+ 2x) =Aoy 1 +--+ 2NAg x! 


On putting x = 0, we get A,,_; =n 


2 


‘ 2n — 
Hence, coefficient of x" “ =n 


2 


1 n 
and coefficient of x” in Gi +14 =) 
x 


= Coefficient of x"*? in(1 + x? + x*)" 


"+l in(d + x+ x7)" 


= Coefficient of x 
qd” +1 


ate xy en 
Pa 


20 
1 
45. Now, E + | = Ci Gg PCy 


x 
sed Oar aaa Ce 
+ Cy x? + Cig HOC + ot Cag x 


20, 20 - 2 : 
Tere Gx” (i) 


; 1? 1 20 
and x+2+— >] =|—+x 
me x 


= Bor x7 20 ap Or as re °C .x7 16 
cet Gy ee OC? 4 MO xt 
tet Coy x 
Ts =Ts41 = "Csx” ...(ii) 


According to the question, 4 6s = say OF 
r=5or20=r+5 => Sr=5,15 


Sol. (Q. Nos. 46 to 48) 


2n 
46. We have, (1+ x + x’)"= x a,x" (i) 


On replacing x by Z we get 
x 


i) <1 |" <8 1\ 
(2+2+5} ~ : «.(+) 
x x r=0 x 
2n 
> (Qtxt+x*)"= E ax?" ...(ii) 
r=0 


From Eqs. (i) and (ii), we get 


2n 2n 
Lax => ax" 
r=0 r=0 
Equating the coefficient of x*"~" on both sides, we get 
Gon —p = Ay ... (iii) 
O0<r<2n 
On putting r = 0, 1, 2, 3,...,n—1, n, we get 
A2n = Ao 
Gon -1 = Q 
G2n-2 = 42 


an -3 = 43 


Qn +1 = 4-15 4n = An 


Then, a, +a, +4,+...+4,_1 
= Gia Fy gg Fe Ay ..-(iv) 
and on putting x = 1 in Eq. (i), we get 
2n 
¥ a, =3" 
r=0 
=> (dq + Ay + Ag+...+Qn-1) + On + (Any + Ang gt. +A) = 3" 
From Eq.(iv), we get 
2(dy + Q, + ay +...4+ a,_1) =3”" -4, 


n-1 n 
3 -a 
6 ee, 
r=0 2 
47. On putting x =1 and x =-— 1 in Eq. (i), we get 
3" =ay + a +a, t+...+ Ay, .Av) 
1=dp —@ + dz —€3 +...+ Gop ...(vi) 
On adding and subtracting Eqs. (v) and (vi), we get 
3" +1 
= (dy + dy +... + An) ...(vii) 
3"-1 ‘i 
Sg See wer Gon —1) ...(viii) 
Also, a, = gn, _+ 
Put r=0,2,4,6,...n—1 
Ay = Azn, A2 = An — 2, 44 = A2n—4s ++ 
Gn-1 =4n+1 
From Eq. (vii), we get 
3" +1 
=2(ay9 +a, +...+a,_2)+4, 
3" +1-2a, 
Sg ty tt Ag 1 
4 
48. From Eq. (viii), we get 
3" -1 
5 =2(a,+a,+...+4a,)-@ 
3" -14 2a, 
—_ + a3 +...+ a) 


= Sol. (Q. Nos. 49 to 51) 
Given, (1+ x + 2x*)* =a + ax + dyx? +... + ayy x” 
On putting x = 1 and x = — 1 respectively, we get 
Ay + a + Gy +... + Ay = 4" = 2 (i) 
and Ag — Gy + Gy — 21. + gy = 27° (ii) 
From Eqs. (i) and (ii), we get 


Ay + Ay + dg +... + gg + Agy =2"? (27 +1) ...(iii) 


and a, + a3 + ds +... + G37 + d3q = 2"? (2 -1) ...(iv) 


: ror . 
Also, replacing x by — in given expression, we get 
% 


2 2 38 39 40 
x x x x x x x 


a 40 39 
SkO 


1 2 m a a a a a 
(+443) =a cE OR ap ees aes 


=> (2+x+x 


+. A3gx" + A359 X+ Agg ...(v) 


On putting x = 0, we get ay) =2”° ..(vi) 
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On differentiating both sides of Eq. (v) w.r.t. x and put x = 0, 
we get 


39 = 20 (2)"” ...(vii) 
49. ay + dg + dg +... + Gag + yg =2? (2 + 1) [from Eq. (iii)] 
=> dy tg +g +... + dyg =2 (2 + 1) — ayy 
= 2°29 + 1) 279 [from Eq. (vi)] 
= 2! (220 _ 4) 
50. a, + a3 + ds +... + 37 + G39 = 2" (27° -1) [from Eq. (iv)] 
=> ata, tay t...+ dy, =2" (2" -1) - ayy 
= 2"° (27° — 1) —20(2)"” 
[from Eq. (vii)] 
= 2!9 (279 _ 91) 
. + 39 20(2)” 
51. From Eqs. (vi) and (vii), we get — = ——>— = 10 
49 2 


= Sol. (Q. Nos. 52 to 54) 
52. 5% = (57) =(22 + 3)? =2204+ 3". AEN 


53. 


54. 


Also, 37° =(37)° =(41 -2)"° =141 4+ 2° WEN 
Now, 2”? =1024=11 x93 +1 
Remainder, a = 1 

Also, 9 2011 = a2(0* pM" = 23(17 = 1°" 
= 8 [(17) 7? — 9,17) +... — 3*C593(17) + 1] 
=8(17A+1),AEN=8X17A4+8 

.. Remainder, b=8 

Hence, a+b=1+8=9 


19°° — 13” =(odd number) — (odd number) = even number 
19” — 13” is divisible by 2. 
Now, 19° — 13° =(18 + 1)? —(12 +1)” 
=[(18)* + c,(18)? + °3C,(18)2...+ 22. + Cop (18) + 1] 
—[(12)°? + °C, (12)°8 + PCy (12)°7 + 2. + °°Cog (12) + 1] 
=(18)?A + Cc, x 18 —(12)"u — °°C,(12) 
When A and pare integers 
=(18)°A —(12)"u + 486 
=81 Xx 44-127 (°C, + 12+ °C3) + 81p + 486 
= 81 (integer), where p is an integer. 
But 2 and 81 are co-prime. 
19° — 13” is divisible by 162. 
13”? =(12 + 1)” =(12)” + C,(12)"8 + °C,(12)"" +... + 
Coq (12) +7? Cog(12) + 1 
= {(12)” + °C,(12)* + C,(12)”” 
+... + Cy, (12)?} + PC, (12) +1 
=81A + 99 x12 + 1, where A is an integer 
=81A + 8114455 


Remainder = 55 
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= Sol. (Q. Nos. 55 to 57) 
Here, (1 + 2)” =2187 
3" = 2187 =3’ >n=7 

1 
2’ 
55. Let f’ =(J2 -1)’,0< f’<1 

Rf’ =(V2 +1)’ (V2 -1)’ =(1)’ =1 

(n+ Rf)=7+1=8 


At x=—,R=(V2 +1)’ =1+f 


+4 
56. Here, m= ee) 
1+x 
(7+1)[2x+4 
3 oe. ae 
= = = =32 
1 3) 5 
1+2x—-— — 
3 a 
Trmj+1 = 1341 = 1% 61. 
57. Here,n=7 
7 
’ Cr-1 7 
.“. Greatest coefficient = or ‘C; 


62. 
"Cra 1 


and rele 
2 


7 
e. °C, 


Sum of values of k =(3 + 1)+ (4+ 1) =9 


=x°+(141434+34345454+545)x° 
+(1-141-341-341-341-54+...4+1-543-3 
43343-54455) x7 +... 
. Coefficient of x7 =(14+1+3+3+34+5+5+4+5+5) 
-(7 41° 43° 43° 437457 45° 457457) 
2 
_ (31)? —(129) _ 961 — 129 
2 


= 416 


= Sol. (Q. Nos. 61 to 83) 


Since, sum of coefficient of B is 6561. 


(? 
2 
n=8 


Coefficient (T; — T,) = 117 
™C,3° — ™C,3! =117 


1 n 
+ ;] = 6561 
2 


=> 3" =6561 = 3” =3° 


> m=6 


n™ =8° =(1+7)° =(1 + 7k) 


mele 


Hence, remainder is 1. 


Coefficient of T, in [S + 


= Sol. (Q. Nos. 58 to 60) 63. ; z= ie =§°= 15625 
-2 5 1 
58. (x + Cy) (x +3-C,) (x +5-Cy) +... {x + (2n + 1)-C,} Coefficient of T, inf + ri, (3) 5 
=x"tl ax" {Cy 43°C, +5°Cot... + (2n + 1):C,} 
.. Coefficient of x” = Cy + 3-C, +5-Cy +...+ (2n + 1)-C, = Sol. (Q. Nos. 64 to 66) 
=(Cy+C, +C,+...+C,) "4, As, Ag 1.€., "C4, "C5, "Cg are in AP, then 
+ 2{C, +2-C,+...n-C,} 2-"Ce = "Cy + "Cy 
a n(n-1 
=2 romeo 2a +n _ ge Oe Ce 5 n-64+1 
"Gy § Cz “n= 5461 6 
i (n-1)(n—2) : 
=2" + 2n41+(n—-1)+ +...41 5 n-5 
1-2 > 2= 
1 ut 1 1 ! s 
=27+2nfP (Cot ™ (CQ t+" Cot... 47 C 
oe , 2 nt = 12n — 48 =30 + n® —9n + 20 
=2" +2n(1+1)" 1 =2" +n-2" =(n + 1) 2” at fo Csi enseh =) pend 
59. (x + Co) (x + C)) (x + Cy) +... +(x + C,) Hence, n=7 [en <10] 
n n Also, A= 3/9 + 4/3, 13n _ 3/3 43/4 91 
=a 4( 2 <) ay ES Oe ce ( ye ) 
r=0 O<i j<n Pegs (COPY 
“. Coefficient of x""'in EE CC; 91-1 
O<i<j<n =%C..2 3 .3r/4 ..-(i) 
it 2 # 1 n 7: 
=. Vc) =| FC le 2? 767 64. Ya= 2d a=ata,t+at...+a, 
2 |\r=0 r=0 2 if tt 
1 ='C, + 'C, + "C3 +...+ "C=2" -1=127 
agmnl mo 
2 i 65. From Eq. (i), we get 


60. (x + 1)° (x+3)°(x +5) 


=(x + 1)(x + 1) (x + 3) (x + 3) (x+3)(x + 5) (x +5) 
(x + 5)(x +5) 


O<rs9l 
For rational terms, r = 4, 16, 28, 40, 52, 64, 76, 88 
Rational terms are T;, 7,7, Tr9, T41, T53, T5, 177, Tgo 
An = 89 


66. Also, 5, 17, 29, 41 53...., 89 
are in AP with common difference 12. 


67. The unit digit of 2” is always 6 forn >1. 


100 
Now, >» r!=0!4+1!+ 2!43!4 4!4 10(k);k EN 
r=0 


=14+14+24+6+4244+10k=34+10k 
100 ey 
.. Unit digit of © r! +2? 
r=0 


100 zi 
=Unit place of ¥ r!+ Unit place of 2” 
r=0 


=4+0+6=10, its unit place is 0. 
3n 
68. Given, Sarx =(1¢xt+x74+x°)" 
r=0 
It is clear that a, is the coefficient of x” in the expansion of 


(lt xtx°4+x°)". 
1 

On replacing x by — in the given equation , we get 
x 


3n 1Y (Qtxtx74+x°)" 
5 a ( j=! ) 
r=0 


x x" 


Here, a, represents the coefficient of 3°"~" in(1 + x + x? + x°)". 


Thus, @ = Gay o> ...(i) 
3n 3n 

Let I= > rxa,= Y Bn-r) ay, _, 
r=0 r=0 


[replacing r by 3n — r] 
[from Eq. (i)] 


3n 3n 
=3n ¥ - DY rar 
r=0 r= 


3nk 
=> 2l=3nk => [=~ 1. A=3 
20-r 
69. Wehave, T.,,=C,-4 3 -6°74 
40 — 2r 
= 193 grt gor 
160 —11r 
= AC 2 12 A 
160 —11r 


- 
For rational terms, r and must be integers and 


O0<rs<20. 
ae : 
a is an integer. 


> r= 0, 4, 8, 12, 16, 20 


160-11 


Clearly, for r = 8, 16 and 20 ” is also an integer. 


.. The number of rational terms is 3. 
70. We have, 27° = 2” (2°) 
=4(1+ 7) =4(1 + 7k) =4 +4 28k 
. 2° 4 2006 = 4 + 28k +7 X(286) + 4 


Hence, remainder is 8. 
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4 
71. We have,19° =(20-1)° 
= (20)95! — $5610 (29)6560 4 65610, (996559 
11 = PC 550 (20)" + °1Ceso(20)? — 1 
= 1000 k — %'C,(400) + °°°'C,(20) - 1 
where, k is an integer. 
= 1000p + 6561 x 20 —1=1000p + 131220 —-1 
where, p is an integer. 
= 1000p + 131219 
ab =19 
ie. a=1,b=9 
Hence, b -3a =9-3 =6 
72. "C, + 4" Cin, +6 "C49 t+ 4"Can gt "Cas 
=("G, ce *Gei) + 3 ("C44 + "Che 2) 
+ 3 (°C. 4 2 a if rt 3) + (C.+ 3 + "Cr 4) 
SPO tar Gag ts? Gage Oe 
= ee Sr + aaa C1 at2"**Ca2 
+ ian oer eC Gag + ia ae 4) 


—nt+2 n+2 n+2 
= Cha gt2: Chaat Che 


Similarly, "C, + 3-""C.444+3"Ca2t"Ca3="" Ci; 
nt+4 nth 
r+4 r+xXr 


99-98 
73. 99°° — 99-98% 4 aa — 1.499 


=> A=4 


=99°° — %C, (98) + °C, (97)° — 02. + Cog -1 
= °C,(99)” — °C, (99 — 1) °C, (99 — 2)? -... 

+ Cog (99 — 98) — Coq (99 — 99)” 
= (99) eG. _ 6. 4 ae. 4 ee L aan 


+ C, 99) °C, —2-°Cy + 3-°C, —...4 


=0+0=0 
74. Given, 
-: Greatest term in the expansion of (1 + x)*” has the greatest 
coefficient. 
Tra = Cx" (greatest term) 
Th <Tha1 > Ths 2 
=> PC ong hCG ag SO ga gt) 
sic oe 1 Cos 
=> = ‘—<1>-; . 
Co. C, 
n 1 n 
=> -—<1> x 
n+1 x is oe | 
n+1 
> x> and x < 
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75 


76 
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ie., 
10 11 
Given, (2.4) 
11 10 
n=10 
1)" 1 : n 
Also, T, in[ax+ +) ="C(r ae =— [given] 
x x 4 
m m-3 m-6 _ ft + 
C3: + x =] [given] 
10 
=o [.n =10] 
4 
_5 
2 
Put m-—6=0, we get 
m=6 
5 
6C,-M => 
2 
3 
5. 1-1 1 
—3 a5 x =1-(2) 
2 20 8 2 
1 
hae 
2 
1 
Hence, eS 


We know that, (x — 1)” = "Cyx” — "C,x" "+ "Cox" a, 
x7(x — 1)" = "Cox" t? — "Cx" t+ "Cx"... 
On differentiating w.r.t. x, we get 
2x(x-1)" + x? n(x —1)"7} 
=(n +2) "Cy x"*) —(n +1) "Cx n" Cx... 
On putting x = 2, we get 
(n +2) "Cy 2"*' —(n+1)"C,-2"+ ne "C,2" 1 - 
=4+ 4n=4(14+n) 
k=4 


On putting x = 1, — 1, i, —i in the given expression, we get 


10° X9 =a, + dy + G3 + Gy +... + ys (i) 
0=-—a, + dp -@,+ a4 t+...— A45 ...(ii) 
(1+ i)! -i=ai-a—-ajyta,t+... 
=> i (2i)” =— ai +a, + a3i—a,-... 
=> 4i =— ai + ay + azi — ay (iii) 
and —4i = ai + a, —azi —a,-... ...(iv) 
On adding Eqs. (i), (ii), (iii) and (iv), we get 
4 (ay + dg + Ay +. Qy4 +... + Gyy) =9 X 104 
or Ay + Ag + Ay +... + Agy = 22500 =A [given] 


“Required sum =2+2+5+0+0=9 


77. (A) General term, T, ,, = °C, (71/7) ~" a?" 


6561 — 
_ ee ; "| 1" 


78. 


For rational term, r should be a multiple of 9, ie., 
r = 0, 9, 18,..., 6561 

Total rational terms, m = 730 

and irrational terms, n = 6562 — 730 = 5832 


Let A =unit digit of (730)°°” = 0 
and wu = unit digit of (5832)”°°0. 
=unit digit of (2°)! -2° 
=(2)(2)=4 
H+ u* =(0)* + (4)? =1 
and A+W=04+4=4 


(B) General term, t, , ; = °°C, (713)9~" (x51?) 


600 —r 

= acs (7) 3 51/2 x" 
For rational term, r should be multiple of 6. 
1°; r= 0,6, ..., 600 


.. Total rational terms, m = 101 
and total irrational terms, 
n=601 —101 =500 


Let A = unit digit of (m)” 
= unit digit of (101)? =1 
and u = unit digit of (500)'"' = 0 
4+? =(1)? + (0)? =1 
tt + u* =(1)° + (0)! =1 
and Atpm=1t+0=1=2 
! 
(C)02 +38 + FIP =E 2)" BYP 
alply! 
= 10! 9/2, 38/3, 3 1/6 
a!Bly! 


a+6+y=10 
For rational terms, 0 = 0, 2, 4, 6, 8, 10, B = 0, 3, 6, 9 and 
y = 0,6 
Possible triplets are (4, 6, 0), (10, 0, 0), (4, 0, 6). 
.. Total rational terms, m =3 
Total irrational term, n = '°* °C, -3 = 63 
Let A =unit’s place digit of 3° =(3*)-3° =1 x27 =7 


and t = unit’s place digit of 63° = unit digit of 3° =7 


Now, ,/A,/A,/A MA... 20 =U 


{3 11 } 
=to+ot... 
=> 72 4 8 ~ 


Cal“ 


(A) Given, 


=> 


20 20 
=> = => 7<r<13 
r 7 


a r =7, 8, 9, 10, 11, 12, 13 
(B) The unit digit of 183! is 0. 


Now, 3183 = (34 y83)° 
Unit digit of 3'* = Unit digit of (81) x Unit digit of 27 
=1X7=7 
.. Unit digit of 183! + 3'° =0+7=7 
which is less than 8 and 9. 
Pe 
_3f1 5 
(OT ="C,(axy'"*(2) =3 
x 2 
n n-3.n= 6 s) 1 
=> "C3 a" “x =-—- => n=6anda=- 
2 3 
1 
na=6X-—=2 
3 


79. (A) The coefficient of power of x more than x* in(1 + x)*! is 
15, + Cay + oe + Coy 

We know that, (1+ 1)° = Cy) + %C, + %C, +...4 "Co, 
> 29 =2 (Ca + Cag +... + Cor) 
SC Cie th MO ain? 
Hence, 2” is divisible by 2 9f, 29 98 19 29 19 20. 

(B) General term is, T,, , = °C, (V3)" = °C,3"”” 
For rational term = r should be multiple of 2. 
ie; r= 0, 2, 4,6,...,62 
». Required sum = T, + T3 + ...+ Tos 

= 86. OE e+ MO, Sa at 

Hence, 2°! is divisible by 2 OF 998 9 92.9 80 29 61. 

(C) Put x = 1 and x = — 1 in given expression, then we get 


4! = ay + a, + dy tay +... + Aig 


and 0 =a) — a, + dy — Ag +... + Ayog ...(ii) 


On subtracting Eq. (ii) from Eq. (i), we get 
2°? = 2(a, + dy +... + dps) 

> 2° =(a, +a, +... + a3) 

wd, + dz +... + dj2 is divisible by 2°”, 2% 2°, 2°, 2°), 

80. (A) (11)” + (21)" =(16 —5)" + (16 +5)” 


=2["Cp (16)" + "Cz (16)"~* (6)? 


+ "C,(16)"~4(5)* + "C,(16)" ~ %(5)° +... 


Hence, given expression is divisible by 16, if 
n=1,3,5,7 
(B) 3°’ =(3*)’-3 =(81)° -3 =3 (80 + 1)’] 
=3[°C, (80)* + °C, (80)’ +... 4+ 1] 
.. Remainder of 3°” is 3. 
(C) Ti =Ter> si Os a 


=> 29-r=rtk-1 => 30=2r¢+k [$29] 


For even values of k, i.e., k = 0, 2, 4, 6, 8,..., 28, 
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T, TT’ 
(D) Given, 4 = —3 
Ta Ig 
"C(a)"! (b)' _ nt+ 2c; (a)"* (by? 
"Cy (ay"~* (by? "* °C,(a)" (b)? 
- coy eG 
es seaeren b 
- NC; n+3a 
"OC a+3a0 
1 2 
2s n-2+1 n+3-3+1 
2 3 
> 3n-3=2n+ 2 
n=5 


81. (A) Number of dissimilar terms in the expansion of 
(x + 2y + 3z)"(n EN) 


= 1 3 
= tt 3 Cpa" "Cpa onh + ont] 


1 3 
a=—-,b=—-,c=1 
2 2 
3 
Hence, re a 
tT 233 
and a+b=—+—=2=2c 
2 2 
(B) We have, 


(xty+z)"tl=f(x+y)+z}""! 


=(x+ yy ae IO (x + y)"z 
4 weer (x + y)r tz? + iui oP (x + y)" 23 Poo 
ae Om (x + y)2™ fe ile OPA salsa 


2nt+1 2nt+1 


and(x+y—z)"™ ={(x+ y)-z} 


=(x+y)™1 PPL OY (ie f yz f NO (x f yy te? 


aH foe 4 nat a ak ee yee ye 


2n+1 an+1 
in zy" 


w(x+ytz) (x+y 
=2 (rl (x + yz + lanl OF (x + yy 223 +t} 


.. The number of dissimilar terms in the expansion of 


(xtyt+z)"*! —(x+y—z)" 


=(2n + 1) + (Qn -—1) + (2n-3)+...54+341 


A os pede 


=n? +2n+1 
@=1,b=2,¢=1 
Hence, at+b+c=1+2+1=4 
(C) We have, (x — y +z)" ={x -(y —z)}" 
=e ="Gx =e) 4x *@ —3F 
+ "C, x3 (y —2)3 
$2.0" -1x(y—zylt + "Caly -z)" 


and (x+y-z)" =(x+y-z)" 
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=x" 4" Cx” Wy —z) 4" Cox” *(y —z)? +" C3 x" (y -z)? 
+..4"C, 4 x(y —z)" 1 + (y -z)" 
“(x-y+zy+(xt+y—-z)" 
=2[x" + "C,x"-* (y -z)? 
+"Cyx"* (y—zy +t (y-2z)"] 
“. The number of dissilmilar terms in the expansion of 


(x-ytz)t+(xty—zy=14345+...4+(n41) 


(n + 2) 
+2) 1 
=— hoe e | sas ae eee 
2 4 
1 
a=—, b=1,¢=1 
4 


Hence, b +c =1+1=2=8a 
Yn 
2 4 
pie oe ee ie A 
oy(SH*) 
x 


Ay + Ap xX° + agx' +...+ Geege 


xn(nt 
1 2 
FUNDERS era hen +n+1 


@=1,.b=1,¢=1 
Hence, at+b+c=1+1+1=3 
and a+b=1+1=2=2c 
82. Statement-2 is obviously correct. 
Now, we have (1 + 3x)° = °Cy + °C,Bx) + °C,(3x)" 
+ °C (3x)? + °C, (3x)* + °C, (3x)° + °C, Bx)* 

.. Greatest coefficient in (1 + 3x)° is °C,3°. 
So, Statement-1 is wrong. 


25 50 
83. We have, (x? + = + 2} -[ + | 


x 
‘ 
T.1= "C. co 2) = 500, 50-2 
x 
For independent of x, we put 
50-2r=0 => r=25 


_ 50 
To5 41 =~ Cos 


But in binomial expansion of (x + a)", middle terms is 
independent of x, iff x-a =1. 

84. We have, 
Coefficient of 31st term in (1 + x)” = Coefficient of 32nd term 
in(1 + x)” 
= Coefficient of Ts), ; = Coefficient of T3, . ; 
= "Coy = "Ca, =n =30 + 31 =61 


Hence, both statements are correct but Statement-2 is not the 
correct Explanation of Statement-1. 


n 2 
85. We have,(x+ 241] -14tG(x+2)4%c,(x+2) 
x 


x x 


1 n 
+...+"C, («+ | 
x 


.. Number of terms =1+n+n=2n+1 


.. Both the statements are correct but Statement-2 is not the 
correct explanation of Statement-1. 
86. 4° —4=4(4' —1)=4 (16 -1) 
= 4(16” + 1) (16” —1) 
= 4 (divisible by 16+ 1) (divisible by 16-1) 
= divisible by 102 
.4!°! — 4is divisible by 102. 
or if 4’ is divisible by 102, then remainder is 4. 
. Statement-1 is false but Statement-2 is obviously true. 
87. °.(x" + a") is always divisible by (x + a) when n is odd natural 
number. Therefore, (117° + 12”°) is divisible by 11 + 12 = 23. 
.. Statement-1 is always true but Statement-2 is false. 


for n even natural number. 


Sr oF 
88. Tay = 26. (ax'/® 9-r (bx V9) = °C,-a° "BT ex 6 3 
9- 5 
For independent of x, put ; r a 
> 9-r-2r=0 
> r=3 


T3414 = °C3-a°b? =84a°b? 


Now using A M2GM 
2 
+b 2 
= za ee [2 a? +b =2] 
a’b <1 (a°b) <1? >84a°b? < 84 
T, $84 


Hence, both statements are true and Statement-2 is the correct 
explanation of Statement-1. 


89. We have, 10000 = T; = Ty 4 1 = Cy x ~ ?(x!819*)? 


> 100000 = x? c x? logig x =x 3+ 2 logig x 


= 34+ 2 log.) x = log, 100000=5 log, 10= 


OL 19 X 
=2 (log,) x)* + 3 logy, x -5 =0 
Put logio X = y, we get 

2y? +3y-5=0 > y= > ort 


] 2 ri 
02;)X =—-—0O 
S10 3 


> x=100r10°” 


18° + 79 + 3-18-7-25 
3° + 6-243-2 + 15-81-4 + 20-27°8 
+15-9-16 +6-3-32 + 64 


90. We have, 


_(18+7)° _ (25) _ (25)? 
G42)  G) G5) 
10 
at+l1 a@=1 
91. We have ( ee =) 


i (a3)3 4.13 (a)? 2 Ae 
=| 5 5 


23 gV3 44 0 gi/%qi2 4 


10 
a” +4 & 
-[« V3 4 j= = ) =(a"3 =4 way 
a 


Now, T.1 =, (@3)"" (a7? 
10-r-r 
= Mog i 2(- bY 
It will be independent of a, if 
10-r r 
--=0 320-2r-3r=0 
3 2 
> r=4 
Putting r = 4 in Eq. (i), we get 
Ts = °C, (-1)* = "Cy =210 
92. The general term in (x* + x~°)" is 
Tog aC (x2 7 (x OY = Ct br WC gat + BY 


For independent of x, we must have an —(a + b) =r =0 
an 


at+b 


> r= => an=(a+b)rrEN 


= anis multiple of (a + b). 
93. Let n be the index of power in (1 + x). Then, "C, =a 


SG =b 
and "Coa'g =E 


From Eqs. (i) and (ii), we get 


PC: ae 
"Crt b 
r+1 oa an—b 
> =- > re 
n-r 0b a+b 
From Eqs. (ii) and (iii), we get 
"Cr+i _b 
: r+2 c 
r+2 b bn — b —2c 
> =—- >re= 
n-r-1 c b+e 
From Eqs. (iv) and (v), we get 
bn-—b-2c an-b 
b+e at+b 
=> (b° —ac)n=2ac + b(at+c) 
2ac+ b(a+c) 
> nr 
(b“ — ac) 


1 n 
94. Given expansion is| 3/2 + A ; 
7 B 
.. 7th term from the beginning 
n-6 n-6 
="C, (2) 3 -(3-M3)6 ="C,2 3.37? 


1 nn 
. Again, 7th term from end in [x2 + A 


=7th term from beginning in Fa + <8 | 


6-n 


= Or med ae = Cg Ss oa 


...(i) 


...(i) 
...(ii) 
...(iii) 


...(iv) 
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According to the question, we have 


n-6 
-12 n-12 
oper eee ea ee | 
6 — =— >2 3 .3 3 = _ 
n 6 6 
"Cy-4-3 3 
n-12 12 
a i 
= 6) 3? =6' => 5 ke 


95. We know that, (1 + x)" (x + 1)” 
=["Cot "Cex t "Cox? + ...4"C, x"] 
x [PCy xt + Cy xt + Cyt te CO] 


n+1 


Equating coefficient of x"* ° on both sides, we get 


CE Cr H ClCe # uct "C"Gh] 
aes Soe 
But Sn+1 _ 15 a *Gue2 15 
S, 4 i one 4 
a (Qan+2) "*'Cr41 _ 15 
(n + 2) ad 4 
- Dip OG, 15 
(n+2) ™C,_, 4 
= 2(n+1) 2n+1_ 15 
(n + 2) n 4 
=> 8 (2n* + 3n +1) =15n’ + 30n 
=> n’—6n+8=0 
ae n=42 
C C C C 
96. +2. 43-24..4n-— 
Co Cc, Cy Ch 1 
-1 -1)(n-2 2! 1 
tga eae is dy +... n= 
1 2n 3! n(n-1) n 
+1 
=n+(n-1)+(n-2)+.. Ae) 


97. We have, (Ge) {®)]- [ab- 2/3 4 (ban 13/272 


Let T, , ; contain a and b to one and the same power. 
2l-r 


T..= ed (ab-"?) 3 (bay? 
air ror _Binr 
="IC.q 3 6.52 6 
2l1-r or_r 21-r | 21-r_ar 
+ 6 2 @  °©2 73 
> 63 -3r=4r => 63=7r > r=9 


. Required term =r+1=10 
98. Given series is a GP. 


n 
x+2 
x+3 


[(x + 3)" —(x + 2)"] 


oS =(x +3)" 7! ETE =(x +3)" aay 
+3 
=(x + 3)" —(x + 2)" =( + x)’ -2+ x)” 
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.. Coefficient of x” in S="C, 3"~" —"C,2"~" 
="C. (gtr —2"-") 
99. Let (2 + V5)? or(v5 +2)? =1 4+ f i) 
Oo<f<1 ...(ii) 
(v5 —2)? = f’ ... (iii) 
and 0<f’<1 ..(iv) 
On subtracting Eq. (iii) from Eq. (i), we get 
I+ f—f’=(v5 +2)? —(/5 —2)? 
= 2{PC,(V5)? 1-2! + PCa(/5)? 9-294 + PC, (/5)°2?} 
[' integer value of f — f’ = 0] 
[5 + 2)?]+ 0-277! 
=2 {PC (v5)P 71-2 + PCs (V5)P 9-2? +...4?C, _o(V5)? 2? 7} 
= pa = p (integer) 
[(J5 + 2)?] —2°*1 is divisible by P. 
100.Let (J3 +1)" =1+f,0<f <1 


f'=(V3 
w+ f+ f/=(V3 +1)" + (3 -1)” 
= [(v3 + 1)°J" + [(v3 -1)°T" 
=(4 + 23)" + (4-243) 


=2" (2 + V3)" + 2" (2 - ¥3)" 
= 2" -2{"C,2" + "C,(2"~ 7) @) 


and -1)” 


+ "C,(2"~ 4) (3?) + ...} 


[f+ fru 


1+1=2"* kel 
or [(V3 + 1)")] =2"**k 
Hence, [({(V3 + 1)""})], n € N is divisible by 2”*?. 
101."C,-x° — "C,-x8 + "C5. x8 "Cx* + MC, x? -"C, =0 
Now, (1+ ix) ="C) + UGix + "Cy (ix) 
+ "IC, (ix)? + Cy (ix)* + 'C, (ix)? 
+ MC, (ix)® + "C; (ix)! +... + "Cy (ix) 
> (1+ ix)? =("C, _ “Cyx? + MC, x* — C, x8 
+ Me, x8 4 MC, 39) 
ti(’C x —"Cyx3 + MCS x? — MC x7 Cy x? — MC, x" 
Comparing real part on both sides, we get 
(1+ ix) =("Cy — MCy x? + "OC, x* — UC, x8 
ee = Oe) "GS 76.1 
=> Re {(1 + ix} =-('C, x” -— "C3 x2 + MC, x! 
—Ne, xt 4 Mc, x? —M¢,,) 


WA 10 1A 8 A 6 MA 4 MA 2 
=> UQx - C3 x + C5 x - Cp + Cy x — Cy 


102. 


103. 


=—Re {1 + ix}} 
x = cot 0 = —Re{1 —icot O}” 


ae 9 u An paraad u 
Re| J Si2 +i cos aie (i) (cos 8 —i sin @) 
sin 0 sin 0 


Let 


-i 116 -isin 110 in 110 
_ Re | i (cos - isin } Se = sven 
sin’ 0 sin’ 9 
040 
sin 110 =rt 
rT 
or S— pen 1, t 2 3k 4 5 
11 
rT 
x=cot 0= cot (] 
11 
PSE 2 to 
Since, g(x) = fl + x) 
200 : 200 . 
g(x) = ¥ yx" and f(x) = ¥ B,x 
r=0 r=0 
200 200 
Yax” = ¥ p,a+ x) 
r=0 r=0 


Now, Op + &x+ Oly x” +... + Qo x00 


=By +B, (1 + x) + By (1 + x)*4 ... + Broo (1 + x) 


+ Bro 1 + x) +... + Bago (1 + x 
10 


100 

5700 
2 201 

> Ap t A xX+ AgxX +... 4+ Agog Xx 

yio0 


=B—, +B, (Q+x)+P,+ x)? +..4+(4+x 


01 200 
+ (1+ xy ++ (0+ x) [+ Broo = Bior = ---= Bao = 1] 
Equating the coefficient of x'’, we get 


_ 100 101 102 200, 
C400 = Coo t+ Coo + “Cyn +--+ Choo 


_ 101 101 102 200 
= Cor + Goo + Cioo + «+ Choo 


102 102 200 
Cio. + “Cioo +--+ Choo 


200 200 _ 201 : 
Cior + “Coo = ~ Cio ..-(i) 


Again, greatest coefficient in the expansion of (1 + x)”"! 


= Coefficient of middle term 


Coefficient of T,), or coefficient of T,o, 


201 201 _ 201 af 
Cio OF ~ Cyor = ~ Cioo (ii) 


From Eqs. (i) and (ii), we get 


The greatest coefficient in the expansion of (1+ x)”. 
P= YY (i+ jG +C;+CC;) (i) 
OS<i<j<n 


Replacing i by n — i and j by n — j in Eq. (i), we get 


P= YY (n-itn-j)(GQ-it+ G-j+GQ-iG-;) 
O<i<j<n 
= x x (2n ar a j) (G + Cj + GC) Ue 7G = yf oreeea| (ii) 


O0<i<j<n 


On adding Eqs. (i) and (ii), then we get 
2P=2n YY (CG, + Cj; +CC;) 


O<i<j<n 
(CG, + Cj) +n 


P=n YY 


0<i<j<n 


2s ce 


0<i<j<n 
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n 
=nen(Cy + C + Cy t...+C,) +—2" - 76.) =| 22+] 1 I 4-4 
2 2n+2 ima 6 Bere a Ne 
4 oh 
=n? .2" 4-2" a OF 1 (2n —1) 
2 ant+1o Ft ant+1o 
= Don n-1 2n! 4 On 
See ee aad an+1 1 1 1 
an!) = an+1 mein 1? Fl 
2A 21 an +2 C Cy C3 
104. >> CC; 
0<i# j<10 i 4 aa 
1) 8 8 an a Wat Ax2 mein mein + mei 
— x x CG C; ~ = C) Cy Con Con 
i=0j= i= 
1] 29 yy dpe 1.10 pheno _{ant1 1 1 
= » C,2 -5 2, CG) on +2 Brae mio, 
Does om -2)2° (42)! 1 1 |: 4 _2n 
2 2n+1 an+1 2n+1 
2 2x2 2 2 (21!) ie oes Oe ala oo 


105. (i) We have, (1+ x+ x74 x°)2=(1+4 x)" (14 x7)" 


=(14+ “Cxt "Cox? + "Cyx2 + “Cy x* +... 
x(1+ MC, x? + MC, x* +...) 


«. Coefficient of x* = MC; + 4G; x nC al a oF 
=55 + 605 + 330 =990 
(ii) [(2 — x) + 3x]? 


=°C,(2 — x)° + °C, (2 — x)? Bx)4 °C, (2 -— x)* 3x”)? + ... 
a ae [°C,(2)"] + 2 x3 [°C,(2)*] + °G x9 [*C,(2)*] 


[equating coefficient of x*] 


= 60 + 1440 + 2160 = 3660 
1 1 


NOG LEDS rete n+1o j 

(2n+1-—r)!r! (an—r)!(r +1)! 
(2n + 1)! (2n + 1)! 
(2n+1—-r)+r+1 
=(2 '(r)! 

yea os] (an + 1)! 
(an —r)\(r)2n+2)_ an+2° 1 
(2n + 1) (2n)! ant1 Cc, 


2n-1 oe 1 1 
> | 1) meric * rn Ome ae 


_(an+1 1,1 
on +2 mG. SG, 


Gall 
= O+ 
.) 2n +2 


2n _{ ant. 2n 
tion | (an+2)\2an+1 


107. Given, (1+ x + x’)" =ay + a,x+ a,x? +...44,-9x" 


2n n 


“on+2 nt] 


—2 


+a, 4x +a, x + ...¢ dy x" — ...(i) 
and (1 —x)" ="Cy —"Cjx + "Cy x” 
—...4(-1) "Cx" +...+(- 1)" "C, (ii) 


On multiplying Eqs. (i) and (ii) and equating coefficient of x” 
on both sides, we get 


Coefficient of x” in(1 — x*)” 
="Cy a, — "Cia, 1+ "Coa, 2 — ... + (— 1)""C,a, 
Since, r is not a multiple of 3, therefore the expression (1 — x°)" 


does not contain x’ in any term. 
“. Coefficient of x” in(1 — x*)" =0 
Hence, a, — "C, a,_, + "Cy a@,_.—...+(—1)' "C, ay = 0 
108. Given, (1 +z? + z*)8=Cy + C274 Coz* +... + Cygz” 
(i) Putz =i, we get 
(1-14+1)® =C)-C,+C,-Cyt...+ Cg 
O20 + 20, 46. =i 
(ii) Put z = 0, we get 
(1+ @ + w')8=Cot Cw + Cow’ + C3 @°+ ...+ Cy @” 
>(1+ w + w)8=Cot Cw + Cot C3 + Cy,” 
+ CsOt...+ Cig 0 
>0=(Co+ C3 t+ Co t...+ Cs) 
+ (Cot Cy + e+ Cig) OF (Cy + Cy +... + Cg) 


1 1 1 
2 mic, | BIG, +3 mic, * 


2n 


1 109. Given, f(x) = g(x + 1) 
mei on *. ay x°+ A,X + Ax? +... 4+ Ay X 


= by + by (x41) + by (x $1)? +...4 B(x $19"! 


1 
4 cae oy - 


1 1 
(2n — 1) mrig eae 


1 
sed oP 


Equating coefficient of x” on both sides, we get 
a, ="C, + "tC, +...4 *C 


n 


+(x tl +(x tyr rt (x41 t+ (x +1)" 
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+1 +1 2 5 ae 
=" "Cy tC, +... + ™C, Gao —ieOsme| 
anG tt C= Gt AG, 
all —_nt+l1 
"C. 4e =? CO] 


_— nt+1 
= Chet 


110. Let (1+ x+ x7)" =a) +a, x+a,x°+...+Ay) x™ 
ot & 2 2n 


; al 
Replacing x by| — — |, we get 
x 
1 4)" a a a 
[ +—| =4-++4 +2 
oe a i 
=> (Lox t xP" = ag x — at ay xt A= + dag x 
..(ii) 


(i) Multiplying Eqs. (i) and (ii) and equating the coefficient of 
x"*1 then we get 


Coefficient of x"*! in(1 + x? + x*)" 
= Ady — Aay + a2a3-... 
In RHS, put x= y, we get 


AQ, — Aa_ + ana; —...=0 (only even powers contains) 

(ii) Multiplying Eqs. (i) and (ii) and equating the coefficient of 
x2" +2 

2n+ 2 


Coefficient of x in(1+ x7+ x4)" 


= Coefficient of y"**in(1+ y + y”)" 
= Aan AAs + AA, — ... + Any — 9° Any, 

[-- put x’ =y] 
=n +1 


(iii) Put x = 1, mand w” in Eq. (i), we get 


3" =dy + At at a, +... + Ay, 


__ (iii) 
=>(1+ Wt 0°)" =a) + GO + a0” + a,0°+ 00. + Ay O™ 


> 0 =a) +. 4,0+ a," + 43+... ...(iv) 
and (1 + w’ + «')" =a) + a,@° + ay @'+ a,0°+ ... 
= 0=at+ a0 +aOt+azt... ..(v) 


on adding Eqs. (iii), (iv) and (v), we get 
3" =3a, + a (1+ + W’) 
+ dy) (1 + @* + @) + 3a3 +... + 
> 3"=3 (ay + a3 tat...) > ay ta, ta,+...=3" + 
On multiplying Eqs. (iv) and (v) by w* and 0, respectively 
and then adding Eqs. (iii), (iv) and (v), we get 
3" =a, (1+ @ + ®) +a, (1+ o + w°) 
+ dy (1+ @'+ w°) +a; (1+ O+ W")+... 
=3(a,+a,+...) 
>a+a,+...=3"7' 
Again, multiplying Eq. (iv) by w and Eq. (v) by w”, respectively 
and then adding Eqs. (iii), (iv) and (v), we get 
3” =3 (ayt as + gt ...) 


> a, +astag+..=3" | 
Hence, dot a3+dgt+ ...=@, + ayta7z+... 
=a) + ds + agt...=3" | 
111. LHS =(n—-1)’ C, + (n—-3)? C3 +(n 5)* Cy t+... 
=n’ (C, + C3 + Cs +...)—2n(C, +3C3+5C5 +...) 
+ (1?C, +3°C3 +5°Cs +...) 
=n’ (2"~')(—2n) 


1 


(Beta 43% Ban, Pe ena ae ae 
1 3 5 


=n?.2?* on? A Cot 1G, + Cyt...) 


en(1 Cy +31 Cy 45" Cy te. 


=n2.gr-} —2n2.Q"-2 


Sn(" Cy 2 (241) 4S 1) Oe es 


=n? -27(2 —2) + nf" Cyt” Cot" “Cy +...)] 


$27 "Cn +4771, +...)] 


=O+n[2"-7+(n-1)f"-70C, +7 7C, +...3] 
=n[2"-? + (n—1)-2"-3]J=n-2" 3 (2+n-1) 
=n(n+1)2"~>=RHS 

112.(1 — x°)" =Cy —Cyx? + Cox® —Cax? +... + (- 1)" Cx™ 


Then, f. (1 —x°)" dx 


E 3 6 n 3n 
=f Cee =," Ca ae 


4 mn 
_ Cox Gx 4 2x! +4 (-1)" Ce 
a 4 i 3n+1 
_C C, 4 n GC, 
1 4 iD 3n+ 1 


H 3\n 
Let I,=Ja-x yt dx 
= [1 — x3)"- x} -fna = ¢3)'"1.(3x)-ede 


=0-3n fa- xy a= x8 =1) dx 


= —3n (I, — Ina) 
3 3(n-1 
> I, = q,-43 ae ae n-2 
(3n + 1) (3n -2) 
_ 3(n-2) 
n-2 (Gn —5) n-3 
3°3 352 3*1 3*1 
I; =——I,; I1,=—]; I, =—— In =—(1 
3: 10 2 2 7 1 1 4 0 3 (1) 


) -eDe Mea Ow,, 2 3 -n! 
" 4-4-7-10...(n + 1) 1-4-7-10...(3n + 1) 
c ny. ! 
Oo iy Se oe 1)" a — 
4 7 3nt+1 1-4-7... +1) 


Hence, 


(Erte + ee rare, + ‘s 
.) 


] 


113. 


114. 


115. 


116. 


(1 — x)? = Cy x° — °C, x1 + PC x? +... (i) 
(x + 1)39 = 9, x39 4 9, x29 4 C, x28 

tt Cg x + oe Cay x9... (i) 
On multiplying Eqs. (i) and (ii) and equating the coefficient of 
x” on both sides, we get 


required sum = coefficient of x”° in (1 — x?)°° = °C,, 


Coefficients of p th, (p + 1) th and (p + 2) th terms in expansion 
of (1+ x)" are"C,_1, "Cp, "Cp 41. 
Then, 2-"C, ="Cy-1 + "Cy41 


n n 
-1 +1 
srest geet 


"Cy "Cy 
po,n-p 
pti 


2 = ——— 
w= pwd 


2(n—p+1)(pt+1)=p(pt1)+(n—- p)(n- p +) 
=> n’-n(4p+1)+ 4p’ -2=0 


=> 


1 
a 

In the expansion of [a + +] , the general term is 
x 


apf 1 \¥ ep _ 
T.,="Cae"" (4) ="eg" oe 3r 


For x’, we must have 22 —3r =7 =r =5 and then the 


6 
us 1 a 
coefficient of x’ = 'C,-a''~*° — ="'C, — 
b° b° 
i 
Similarly, in the expansion of («x = aa , the general term is 
ie 


117 


1 a 11-3 
has = "Gay at 
For x’ we must have, 11 —3r =—7 
a a 
= r=6and then coefficient of x’ is 'C, — = "'C,; — 
b° b® 
6 5 
. a a 
As given, NC. = "CG. abs 
b> b° 


 (l-y)"t y"=(- "Cy + "Cyy?...) 


X(1+ "Cy t+ "Coy? +...) 


=1+(n-—m)y+("Cy+"C)—-mn)+... 


Then a, =n-m=10 [given]...(i) 
and ™C, + "Cy — mn =a, =10 (given) 
= m(m—1) , n(n~1) aia 

2 2 
> m+n? —m—n-—2mn =20 
> (n — m)? —(m+ n) =20 [nn -m=10] 
or 100 —(m -—n =20 
ae mt+n=80 (ii) 
On solving Eqs. (i) and (ii), we get 

n=45,m=35 

Hence, (m, n) = (35, 45) 


117. °- T; + Ts =0 a 4 


Ts 


118. 


119. 
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"Cs (a)"~°(— by? _ —_ (34) -2 


7 RG ay (by 5 b 
a n-4 
bb 5 

200 — OC + Cn — OCs + o.. 

ATOR tay Gea OF tak, ORME ae Corea) 


=> fC — Cy COC ah Co} Cig = 0 


2G) = OC, Cy = OC ct MC CES Ce 


1 
OG OO MO MEG OC =; Cy 
n n n 
¥ (r+1)"C,= Yr"c.+ ¥ "CG, 
r=0 r=0 r=0 
. NM n-1 . n 
= ro C,-,+ X "C, 
r=0 r r=0 
n 
=an>"'c_41+ 
r=0 r=0 


Statement-1 is true. 


and » (r+1)"C, x" = 
r=0 


= r 


=nx(1+ x)" '+(14+ x)" 


On substituting x = 1, then we get 


n 
¥ (r+ 1)"C, =n-2"71 + 2" =(n + 2) 2"! 
r=0 


Hence, Statement-2 is also true and it is a correct explanation 
for Statement-1. 


120. gen = (62)°" +1 = (64)" -_ (62)°" +1 


121. -. 


122. Use"c, =". 


=(63 + 1)" —(63-1)"*' 
=(1+ 63)" +(1-63)""" 
={1 + "C,-63 + "C,(63)? + ...+ "C, (63)"} 
ds {1 _ Baer er (63) ue ane Om (63) bie an+ ICs (62)""* a 
=2+63{"C, + "Cy-63+...+ "C,(63)" ' — *"*¢, 
+72 410, 63 ...— TIC), 1(63)7"} 


.. Remainder is 2. 
A, ="C, B, = "C,andC, = *C, 


10 10 
2 A, (BoB, ~ CoA)= & "CCGG - "Ca G) 


r=1 
20 10 20 30, a. Oe 
= "Cio > ( COC.) = “Co > ( C,) 
r= Pe. 
= Cro Cro dO os ACG Cro —1)=Co — By 


r r-1> 


10 
then 5,= ¥ C(C-1)-"°C. 
r C=1 


10.9 
CCH) 


10 10 
= ¥ C(C-1)- Co. =90 & 8Co_.=90 «2° 
Cc=1 C=1 
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10 iG 10 10 3 10 5 9 
S= YC MCo= YC H°Co, =10 & °Coy =10X2 
C=1 C=1 Cc Ce1 


- 2 10 a 2 10 9 
andS, = % C?’co= ¥ C?-—-° Coy 
C=1 C=1 Cc 

10 
=10 § ((C-1)41)-° Coy 
C=1 


10 
=10 ¥ 9-8 Cont? Coy) = 10(9.2° +2”) =55 x2” 
C=1 


Both statements are true but Statement-2 is not correct 
Explanation for Statement-1. 


123. Here, (1 — x — x? + x3) =(1 — x)® (1 — x*)® =(1 — x”)*(1 — x)® 
=(1— °C, x? + Cox* — 8Cax% +...) 
x = °C x + °Cy x? "6.8 
+ Cy x* — Cox? + °C5x°) 
. Coefficient of x’ in(1 — x — x? + x°)® 
= °C, x °C, + (PC, x(— Cs) + {(- °C5) x(- °C} 
= 36 —300 + 120 =— 144 
124. (V3 +1)” —(V3 — 1)" =2 '"C,(/3)"" "1 + CO, 
(V3) —? + + Cay -1(V3)} 
=2,/3 eC(v3)"~? rs C3) 4 fe a "Co, 1} 
= 2v3 {C, (3)"~* + C33)" ~? +..."Cop-a} 
= v3 X even integer 
125.-- x +1=(x")? +19 =(x"? +1) (x77 - x17 +1) 
x 2/3 a +1 = - +1 


—4 a(x)? -17 B(x? + 1)? = 1) 


x+1 


10 
x=—1 = 
then | 3 —a73 1/2 =(x18 i yN 
ee ee Ke 


ae 


1 /3)10 — - 
= OA) ex Uap 


10-r r 
--=0>r=4 
2 
10-9-8-7 | 
1:2:3-4 


126. Since,"*°C,:"*°C,_, =2>3r=n+6 ..-(i) 


For independent of x, 


M141 = °C, = 210 


n+5 


7 
and rei" °C, == 12r=5n + 18 (ii) 


From Eqs. (i) and (ii), we get 

4(n + 6) =5n + 18 =n =6 

127. (1+ ax + bx”) (1 —2x)"* 
=(1+ ax + bx’) [1 — *C,(2x) + "8c, (2x)? 
— '8¢,(2x)? + BC, (ax)* -...] 
According to the question, Coefficient of x* 
=— 8C,-8+ a8 C,-2? —b-8C,-2=0 
544 


and coefficient of x* = '8C,-2* — '8C,-23-a + 8c,-27-b =0 


= 32a — 3b = 240 ...{ii) 
On solving Eqs. (i) and (ii), we get 
272 
a=16, b =—— 


2i2 
(a, b) -[16 772) 


128. (1+ x?)* (1+ x*)’ (1+ x4)? 
=(1+ 4C, x? + 4Cyx* + *Cyx° + *C,x°) 
x (14°C, 2347 Coe ®t? Cax? +...) x1 + PCx* + Pax? +...) 
Required coefficient 
="C,-7O-14+ @C,-7C,-4Cy + C-4Cy + "Cs. 4*C, 
= 462 + 504+7+ 140=1113 
129. °° T.41 = *C, (-2Vx)' = C, (-2)'- x” 
For integral powers of x, r = 0, 2, 4, 6, ..., 50 


“. Required sum = OC DCs EOP Ce oD 
1 1 
=e [Qt 2)°+ (1 —2)°]= ; (3°? +1) 


130. In the Expansion of (1+ x)(1+ x7). + x?)... + xt). 


x’ can be found in the following ways 


9 148 (247 346 445 14246 14345 
Kg Me a OE yx sat 


2+34+4 


There are 8 cases 
The coenfficient of x’ in each cases is 1 
. Required coefficient = 8 
131. Total number of terms = "*°C, = 28 
=> (n+2)(n+1) =56 =(6+2)(64+1) 
an n=6 
Sum of coefficients = (1 —2 + 4)" =3° =729 
[Note In the solution it is considered that different terms in 


the expansion having same powers are not merged, as such it 
should be a bonus question] 


132. Coefficient of x” in the expansion 
= "Cy + 30,4 4C, + Cott 8 Cy + Cem 
"Cp EC Cy MC 4 Cm 


* Cd" Ch der Cy ks OA Cm 


= C,;+ °C,-m® (Applying again and again Pascal’s rule) 
=(°°C3 + Cy) + °Ca(m? -1) 


= C,+ °C,(m? -1) =n+1) "Cc, (given) 
or °C,(m? —1) =3n- Cy 
m’-1 51 al 
or =—=17 or =n 
3n 3 51 


for m=16,n=5 
133. (C, 4+ C+ Cy + BCyt...+ Cy) 


— (°C, + Cy + Ca4...+ MC) 


= 7a 2) (2'° 1) = (27° 1) (2'° 1) 
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Session 1 


Definition of Determinants, Expansion of Determinant, 
Sarrus Rule for Expansion, Window Rule for Expansion 


Determinants were invented independently by Gabriel 
Cramer, whose now well-known rule for solving linear 
system was published in 1750, although not in present day 
notation. The now-standard “Vertical line notation”, ie. “| 
|” was given in 1841 by Arthur Cayley. The working 
knowledge of determinants is a basic necessity for a 
student. Determinants have wide applications in 
Engineering, Science, Economics, Social science, etc. 


Definition of Determinants 


Consider the system of two homogeneous linear equations 

a,x+b,y=0 (i) 
..-(ii) 
in the two variables x and y. From these equations, we 
obtain 


a, x + boy =0 


PA VM Me Me 
b, x b, b, by 
> a,b, —ayb, =0 
a, 0b, 


The result a,b, — a,b, is represented by 


a, db, 
which is known as determinant of order two. The quantities 


a,,b,,a, and b, are called constituents or elements of the 
determinant and a,b, — a,b, is called its value. 

The horizontal lines are called rows and vertical lines are 
called columns. Here, this determinant consists two rows 
and two columns. 


For example, The value of the determinant 
2 3 


— =2x(-5) 


3x 4=-10-12=-22 


Now, let us consider the system of three homogeneous linear 
equations 


a,x+byy+c,z=0 .-(i) 
a,x +boy+c,z=0 (ii) 
a3x +b 3y+c3z =0 ...(iii) 


On solving Eqs. (ii) and (iii) for x, y and z by 
cross-multiplication, we get 


x _ y 
bac3— bs, C23 — C32 
Zz 
= say] 
a,b 5 —azb, a 
=> x =k(b2 c3 —b3cy),y =k(c2a3 —c3a2) 


z=k(a,b3 —a3b,) 
On putting these values of x, y and z in Eq. (i), we get 
Ay (by cz — b3¢,) + by (C243 —C3a2) +c, (a,b; —azb2) =0 


and 


or a,(byc3 — b3c2) — by (C342 — C243) 


+ ¢1(a, b ag b,) =0 ...(iv) 


b. c C, a a, b 
or a,| 7 7 l-b,) 7 Ft {+e} 7 7 f=0 Lv) 
bs C3 C3 a3 az; bs 
a, b cy 
Usually this is written as|a, b, cy) |=0 


a, by Cy 


Here, the expression| a, 0b, cy, |consisting of three rows 


a3 bs C3 
and three columns, is called determinant of order three. 


The quantities a,,b,,C,, a2, b2,C,,a3,b3 andc3 are called 
constituents or elements of the determinant. 


Remark 
1. Adeterminant is generally denoted by Dor A. 
2. Adeterminant of the nth order consists of n rows and n 
columns and its expansion contains n! terms. 
3. A determinant of nth order consists of nrows and ncolumns. 
». Number of constituents in determinant = n° 


4, In adeterminant the horizontal lines counting from top to 
bottom 1st, 2nd, 3rd, ... respectively, known as rows and 
denoted by F,,Ap, Rg, ... and vertical lines from left to right 1st, 
2nd, 3rd, ... respectively, known as columns and denoted by 
Ci Cay Gaines 

. Shape of every determinant is square. 

. Sign system for order 2, order 3, order 4, ... are given by 

re | + — 


an oO 


- + - + 


iS yea 


+ - + 


Expansion of Determinant 
(i) Expansion of two order 


a bd, a, b, 
= - =a,b, —b 
de by a a4 09 142 
—4 3 —4 
For example, SS =| “ -| 
3. 2 2 =5 
=10-12=-2 
(ii) Expansion of third order 
(a) With respect to first row. 
a eee b eee (ey 
1 1 1 a 
a» b, Co =a, 
bs C3 
as b; C3 
a2 2 a, by 
—b, Sg "| + ey x 
a3 C3 a; bz 


=, (bz c3 —b 3¢2) — by (az C3 — a3€2) 


+¢; (a,b; —a3bz) 
(b) With respect to second column. 


a, by Cy 
a2 Co 
a, by cy =—b, x 
: a3 C3 
a, bz ¢ 
2 : a, Cy a, Cy 
+b» x | - bs x 
a3 C3 az C2 


= —b, (agc3 —a3C2) + by (ayc3 —a3C)) 
— bs (a, Cy — a2 Cy) 


Remark 


A determinant can be expanded along any of its row or column. 
Value of the determinant remains same in any of the cases. 


Example 1. Find the value of the determinant 


1 2 4 
3 4 9 
2 -1 6 
Sol. Expanding the determinant along the first row 
4 19 3 9 3.04 
A,=1 -—2 +4 
ae ar el aoe 


= 1(24 +9) —2(18— 18) + 4 (-3-8) 
=33-0-44 
=-11 


and expanding the determinant along third column 
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A, = 4) 9g" 2a er +6) 927 
2-1 2-1 3.4 
= 4(-3 - 8) -9 (-1- 4) + 6(4 -6) 
=-—44+ 45-12 
=1-12 
=-11 
and expanding the determinant along second column 
3. .9 1 4 1_ 4 
As =~ 2 It 4) 8), 
= —2(18— 18) + 4(6—8) + 1(9 — 12) 
=0-8-3 
=-11 


Hence, A, = A, = A; 


1 sinO 1 
Example 2. ifA=|-sind 1 sin@| 
=|. =—sine 1 
prove that2<A <4. 
1 sin® 1 
Sol. Given, A =|-sin® 1 sin0 
-1  -sin® 1 
Expanding along first row, we get 
1 sin® 
—sin® 1 


-sinO sin®O 


= i) 


A=1 — sin 


—sin8 1 
1 


-1 —sinO 


=(1+sin’@) — sin@(—sin®@ + sin®) + (sin? + 1) 
= 2(1+sin70) 


Again,0 < sin’@ <1 


=> 1<(1+sin?@)<1+1 
= 2<2(1+sin’0)<4 
2<A<4 


Sarrus Rule for Expansion 


Sarrus gave a rule for a determinant of order 3. 
Rule Write down the three rows of the A and rewrite the 
first two rows. The three diagonals sloping down to the 
right given the three terms and the three diagonals 
sloping down to the left also given the three terms. 

a bb Cy 
If A = a» b, Co 


a3; bz C3 
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Rule ay 


a3 Do Cy A Pn eo > ay Do C3 
a1 bz Co Pa A oo ag bg Cy 
a 
Ap by Co a = ag by C2 
Sum = N Sum =P 
A=P-N 
5 2 5 
Example 3. Expand|9 -1 4| by Sarrus rule. 
2 B= 
3: (25, 5 
Sol. LetA=|9 -1 4 
2 3 -5 
Rule 3 2 5 


10 APs 
36 ie aS 135 
-90 ea ~ 46 
N=-64 P=166 


A = P— N= 166-—(-64) = 230 


Example 4. If a,b,ceR, find the number of real 


x c —-b 
roots of the equation |-c x a/=0 
b -a 


x c —b 
Sol. Let A=|-c x a 


Rule x 


—c 
N=-x (a2 + b? +c?) 
A=P-N 
=x? +x(a’ +b’? +c")=0 
. x=0o0r x? =-(a? +b? +c’) 
> x =Oorx=+i,(a’ +b’ +c’), where i = V-1 


Hence, number of real roots is one. 


[given] 


Window Rule for Expansion 


Window rule valid only for third order determinant. 
aq bb Cy 
Let A=|a, by Cy 
a3 bs c3 
In this method, rewrite first two elements of second row 
and third row, then 
a by Cy 
Rule a, by Cy a, dy 
a3; b3° cz" a3 bs 
Now, taking positive sign with a,,b, and c,. 
A =a, (b2 cz — bs cz) + by (C2 €3 — C3 az) 
+ ¢; (a; b3 — a3 bz) 
12 3 
Example 5. Expand)4 6 2] by window rule. 
5 9 4 


Sol. Let A = 
1 


Rule: 4 
5 9 “4 5° °9 


1 
4 
5 
2 
6 


A = 1(24 — 18) + 2(10 — 16) +3 (36 — 30) 
=6-—124+18=12 


Example 6. Find the value of the determinant 


—] 2 1 
34+2V2 2+2V2 11. 
3=242 2=2V2 1 
“4 2 1 
Sol. Let A=|3+2V2 2+2V2 1) and let 2V2 =A, 
a9? Baa. 41 
= a 4 
then A=|3+A 24+A 1 
cy a oa | 
4 g 4 


Rule 3+A 2+A 1 34+A 24+A 
3-2 2-KSPS5— 952-2 
Now, A=-1(2+A-2+A)+2(3-A-3-A) 
+1[(34+A)(2-A)-(3-A)(2+A)] 
4 +(-2A) = -8A = -16V2 
[A =2v2] 


=-2d 
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Exercise for Session 1 


1 4 20 
Sum of real roots of the equation|}1 -2 5 |=Ois 
4 2x 5x? 
(a) -2 (b) -1 (c) 0 (d) 1 
Ge -3 1 
If} 4 3 -1/=x +iy,i=~J-1,then 
20 3 i 
(a)x=3y=1 (b)x=1,y=3 
(c)x =O y=3 (d)x=Oy=0 


7+3A A-1 A+3 
If p+ gare +2 4+ srk4+t=| 241 2-A 2-3], thent is equal to 
W-3 A+4 3A 


(a) 7 (b) 14 
(c) 21 (d) 28 
7 6 x? -13 
If one root of the equation 2 x? ~13 2 =Ois x =2, the sum of all other five roots is 
47 248 3 7 
(a) 2/15 (b) -2 
(c) J20 + 15 - 2 (d) None of these 


tanA 1 1 
If A,B and C are the angles of a non-right angled AABC, the value of| 1 tanB 1 Jis 
1 1 tanC 
(a) 0 (b) 1 (c) 2 (d) 3 
1  3cos0 1 
lf A=] sin® 1 3cos 6 |, the maximum value of A is 
1 sin 0 1 


(a) -10 (b) -/10 (c) 10 (d) 10 
a1 1 

If the value of the determinant| 1 5b 11 |is positive, then (a,b,c >0) 
1 41-¢ 


(a) abc >1 (b) abc > -8 (c)abc <-8 (d) abc > -2 
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Session 2 


Minors and Cofactors, Use of Determinants in 
Coordinate Geometry, Properties of Determinants 


Minors and Cofactors 


G4, 4420 430 ty 
42, 421 423," Aan 
Let A= a3, a39 a33 SENS azn 
Qn 4n2 Ans 7" ay 


be a determinant of order n, n > 2, then the determinant of 
order n — 1 obtained from the determinant A after deleting 
the ith row and jth column is called the minor of the 
element a; and it is usually denoted by M;;, where 
i=1,2,3,...,nand j =1,2,3,...,n. 

If M; is the minor of the element aj; in the determinant A, 
then (—1)'*/ M,; is called the cofactor of the element 
aj. It is usually denoted by C,;. 

Thus, Cy =(-1)'*/ My, 


M,, if i+jisan even integer 


-M,, if i+ jis an odd integer 
ay, a 
(i) LetA=| 7 ~”|, then 
Q21 422 


My; =|a@22 |= 22, My2 =|@21| = 421, 
Mo, =|412 |= 412, M22 =|ay,|= a1, and 
Cy =(-1)'*? My = 422; 
Cie =(-1)'** My =— 41; 
Cay =(-1)°*? My, =~ 442 
and Cy, =(—1)?*? My, =a, 
44, 442 443 
(ii) Let A=]a,, Ay. a3 
431 432 433 


Determinants of minors and cofactors are 


My, My Mis Cy Cy, Cy3 
M c 
AW =|Ma, Mo, Mo3|, A =|Coy Con Cos 
M3, M32. M33 C31 a3. 33 


M33 


Important Result 


422 23 
432 433 
42, 423 
43, 433 
421 422 
43, 432 
G12 443 
432 433 
44, 443 
431 433 
44, 442 
431 432 
G32 43 
422 A23 
G11 443 
421 A23 
411 412 
421 Az2 


1. The sum of produc 
with their corresponding cofactors is equal to the value of the 
determinant. 

A = a1 Oy + AQQ eq + agg = a1 Qy + ao Cyy + aaiCyy 
= ayjCoy + ApQCyp + Aygo = AQGy + ayaCo + A32Cap 
= 31C1 + agCap + aggCgq = agg + aygCog + Ag3Cag 


Now, value of n order determinant 


Le, 


»Ciy =(-1)' My =My 
, Cy =(-1)'*? My =-My 
»C13 =(-1)'** M, = My 
Co =(-1)?*? Ma, =—-My 
,Co2 =(—1)°** Mg = Mop 


,Co3 =(-1)?** Mog =— Moy 


|) C34 =(-1)°*? M3, =M3, 


| C30 =(-1)°*? Mz, =—- M3. 


C33 =(-1)°** May = M33 


s for Cofactors 


s of the elements of any row or column 


a, Ao 4g cr ott An 
a, Go9, ng Aon 
a a a eee wee a 
A=-|8 go 433 an 
Gy Ang Gg tt An 
= 4104 + aoGo + AgQg +... + AnGp 


(when expanded along first row) 


2. The sum of the product of element of any row (or column) 
with corresponding cofactors of another row (or column) is 
equal to zero. 


i.e., A1Cy + Cop + Agog = 0, 
A 1Ojg + a,Cog + A133 =0, etc. 
3. If the value of a norder determinant is A, then the value of the 


determinant formed by the cofactors of corresponding 
elements of the given determinant is given by 


AC = Aon 
i.e., in case of second order determinant 
Ao =A 


and third order determinant A° = A’, 


Example 7. Find the determinants of minors and 


2 3 4 
cofactors of the determinant |7_ 2 —5|. 
8 -1 3 
2 = 
Sol. Here, M,, = : =6-5=1 
-1 3 


[delete 1st row and 1st column] 
Cy = (-1)' "My =My,=1 


7 -5 


= =21+ 40=61 
a. 


[delete 1st row and 2nd column] 
Cy = 1" * M12 =-M,,=~—61 


7 


My =|, =-7-16 =-23 


= 
[delete 1st row and 3rd column] 


Cy3 = (-1)'* ; My3 = Mj3 = — 23 


3.4 
a= | [delete 2nd row and 1st column] 
=9+4=13 
Co = (-1) Ma =—-M, =—13 
2 4 
3 = [delete 2nd row and 2nd column] 
= 6 —32=-26 
C22 = (-1) * * Moz = Mx. = —26 
2 3 
M3 = ‘ [delete 2nd row and 3rd column] 
=—-2-24 =—26 


Cy3 = (-1)’ 7 * M2; = — M23 = 26 
3.44 
M3, = ae [delete 3rd row and 1st column] 


=-15-8=-—23 
C31 =(-1)°*'Ms, = M3; = — 23 
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2 4 


M32 = [delete 3rd row and 2nd column] 


= —-10 -— 28 = —38 
3+2 
C32 =(-1) , M3. = — M32 = 38 


[delete 3rd row and 3rd column] 
C33 = (-1)° : * Mg; = M33 = —17 
Hence, determinants of minors and cofactors are 
1 61 —23 1 -61 —23 
13 —26 -26] and |-13 -26 26], respectively. 
—23 —-38 —17 —23 38 —17 


Goyal's Method for Cofactors 

(Direct Method] 

This method applied only for third order determinant. 
a, Gy a3 

A=|b, b, bs 


Cy Cy C3 


Method If 


Step I Write down the three rows of the A and rewrite first 
two rows. 


a; a, a3 


1.e. Cy Cy C3 


Step II Alter Step I, rewrite first two columns. 
@, 42 @3 Gy a 
b, by bz by be 


Le., Cy Cy Cz Cy C2 


Step III After step II, deleting first row and first column, 
then we get all cofactors i.e. 


by c3 —b3c, b3c, —byc3 — bycy — bp cy 


or iN = Co a3 — C389 C30, —C;a3 C1 a4 —C% ay 


a, b3—a3b, 3b, —a,b3  aybz — az by 
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Example 8. Find the determinant of cofactors of the xX; yi 1 
1 2 3 Xo V2 1;=0 
determinant |-4 3 6/|by Direct Method. Xe Yo 1 
2-79 (iii) Ifa,x +b,y +c, =0;r=1,2,3 are the sides of a 
123 triangle, then the area of the triangle is given by 
Sol. Let A=|-4 3 6 a, by al 
= dl 
re. =———__ | @ by ep 
sh, 2C,C,C3| 
Step I Write down the three rows of the A and rewrite first | a, bs, Cs 
two rows. 
{. 23 where C,, C, and C; are the cofactors of the elements 
ae, (ecg C,,C2 and c; respectively, in the determinant 
Le., 2-7 9 ay Ey oe 
i 23 a by ts 
—4 3 6 a3 bs C3 
Step II After step I, rewrite first two columns (iv) Equation of straight line passing through two points 
i 23. i 2 (x1,91) and (x2, y2) is 
-4 36-4 3 x yi il 
ie, 2-7 9 2 -7 xX, y, 1/=0 
1 2 3 1 2 Xy Yo 1 
=e ee 2 (v) If three lines a,x + b,y +c, =0; r=1,2,3 are 
Step III After Step II, deleting first row and first column, concurrent, then 
then we get all cofactors i.e., a, b, ¢ 
3.6 -4_ . 3 b =0 
7X 4X, 69 48 22 ee te 
3s, SS or A= f39 3 ee 
: x. ~ 8 ; 3 -18 11 (vi) If ax” + 2hxy + by® + 2gx +2fy +c =0 represents a 
pair of straight lines, then 
Example 9. If the value of a third order determinant ah g 
is 11, find the value of the square of the determinant h b fl=0 


formed by the cofactors. 
Sol. Here, n =3 and A=11 a 
(A)? =(A2)? = At = 114 = 14641 (vii) Equation of circle through three non-collinear points 
(x1, 91), (*2, y2) and (x3,y3) is given by 


* . x+y? x dl 

Use of Determinants in ee te, Wi 
Coordinate Geometry ity} om ye 1 
1 


=0 
: x3+¥3 X3 Ys 
(i) Area of triangle whose vertices are (x1, y;),(X2, V2) 
and (ees Ae eiven by Some Useful Operations 
xX, yi 1 (i) The interchange of ith row and jth row is denoted by 
ia X, Yo 1 R; © R;. (Incase of column C; <= C;) 
X3 yz 1 (ii) The addition of m times the elements of jth row to the 
corresponding elements of ith row is denoted by 
(ii) If points (x 1, y;), (x2, y2) and (x 3, y3) and collinear, ae ee oe 
then : 


(In case of column C; + C; +mC;) 


(iii) The addition of m times the elements of jth row and n 
times the elements of k th row to the corresponding 
elements of ith row is denoted by 
Ry KR; +mR; + nk. 

(In case of column C; > C; +mC; +nC,) 


Properties of Determinants 


We shall establish certain properties of a determinant of 
the third order but reader should note that these are 
capable of application to a determinant of any order. 
PropertyI The value of a determinant remains 
unaltered when rows are changed into corresponding 
columns and columns are changed into 
corresponding rows. 
a bb Cy 
Proof LetA=|ja, bd, cy 
a, bz Cs 
Expanding the determinant along the first row, then 
A =a, (bz 3 — b 32) — by (age3 — 432) +e1(a2b3 — a3b2) 
=, (by¢3 — b3 C2) — ag (byc3 — b3c,) + 43 (byC2 — 2c; ) 
a, G2, a3 
=|b; b, bs 


Cy Cy C3 


= A’, where A’ be the value of the determinant when 
rows of determinant A are changed into corresponding 
columns. 


Property II If any two rows (or two columns) of a 
determinant are interchanged, then the sign of 
determinant is changed and the numerical value 
remains unaltered. 

aq bb Cy 
Proof LetA=|a, db. cy 

a, bz Cy 


Expanding the determinant along the first row, then 
A= a, (bz cz — b3¢2) — by (az ¢3 — a3C2) 
+, (a,b3 —a3b,) 
=— az (b,c3 —b3c,) + be (ayc3 —a3c,) 
— C2 (a,b3 —a3b,) 
=—[az (b,c3 — b3c,) — ba (ayc3 — a3c;) 
+C, (a,b; —a3b,)] 
a, b, cy 
=a, db) Cy [by Ry > R,] 


a, b; Cs 
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a, db) Cy a, b, Cy 
Hence, a, by Cyl=-\a, db, cy 
a3; bz Cs az bz C3 


Remark 


If any row (or column) of a determinant A be passed over m rows 
(or columns), then the resulting determinant = (-1)'"A. 


Property III If two rows (or columns) of a 
determinant are identical, then the value of the 
determinant is zero. 


a, by Cy a, by Cy 
Proof Let A=|a, b, c.}=—-|a, by c,/=—-A 
a, db, cy a, db, ¢ 
[by R; @ Rs] 
=> 2A=0 
A=0 


Property IV If the elements of any row (or any 
column) of a determinant be each multiplied by the 
same factor k, then the value of the determinant is 
multiplied by k. 

a db Cy 
Proof Let A=|a, b, cy|=a, Cy, +b, Cyn +61 C13 

a3, bz cs 

ka, kb, ke, 

Then, |a, 0b, Cy | =ka,Cy, + kb, Cy. +ke,Cy, 
a, bz C3 


(where C,,,C,, and C,, are the cofactors of a,, b; and c,in A) 


=k(a,Cy, +b,Cy. +¢,Cy3) =k A 

Property V If every element of some column (or 
row) is the sum of two items, then the determinant is 
equal to the sum of two determinants; one 
containing one the first term in place of each sum, 
the other only the second term. The remaining 
elements of both determinants are the same as in the 
given determinant i.e., 

a,+x b, cy} Ja, by cy} |x by Cy 
ay +y dy Co|+]y by Cy 


a3 +Z b3 C3 a3 b C3 z bs C3 
Proof Let A=|a,t+y by Cy 


Expanding the determinant along first column, then 
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2 ©2 by Cy 
A=(a, +x) —(a, +y) 
3 ©3 3 €3 
Cc 
+(a3; +2) - 
2 ©2 
by C2 b, Cy by cy 
=a, a» + a3 
bz C3 bz 3 by Cy 
b, c b, c b, c 
deg”? 2 1 ree a 1 
bz C3 bz 3 by Cy 


Remark 
ath+c ate fl la a fl ja @ f 
1. a+ bo+ Co dot & fol=|a do fl+la & fh 
a+ by+ Cy 3+ 63 fy) |a Os fe) | & fs 
bn a f bn e fF Gm f Gg @ 
+)bo do folt}bo & fl) t+]Co do folt+|Cco & fo 
bs a3 fs} |b3 & fs C3 03 if C3 8 fy 
2. If each element of first row of a determinant consists of 
algebraic sum of p elements, second row consists of 


algebraic sum of gelements, third row consists of algebraic 
sum of r elements and so on, 

Then, given determinant is equivalent to the sum of 
pxqxrx...other determinants in each of which the 
elements consists of single term. 


Property VI The value of the determinant does not 
change, if the elements of any row (or column) are 
increased or diminished by equimultiples of the 
corresponding elements of any other row (or 
column) of the determinant. 


ad, +mb,+ne, b; cy] |a, by Cy 
1.€., a» +mb, ote NC» by Cy |=|ao b, Co 
a,+mb,+nc; bz; c3| |a3; bz C3 
a,+mb,+ne, b, cy} ja, by Cy 
Proof ja, +mb,+nc, by, cy)=\|a, by cy 


a;tmb,+nc, b, Cc3| |a; bs Cs 


b by Cy cy by, Cy 
+m|b, by cy)+nic, by cy 
bz bs ¢3 c3 bz C3 
a, by cy a, b, Gy 


a, bz Cs a, bs Cs 


Property VII If each element on one side or other 
side or both side of the principal diagonal of 
determinant is zero, then the value of the 
determinant is the product of the diagonal element. 


a 0 0] ja i h| ja 0 0 
ie, |f b O/=|0 b gl=|0 b 0]=abe 
e dc |0 0 c}| 0 0 ¢ 
a 0O--- O 
Proof LetA=| f b 0 
e d c 
: b 0 
Expanding along R,, we get a 4 =a(be) = abe 
c 


Property VIII If determinant A becomes zero on 
putting x =a, then we say that (x — ©) is a factor of A. 


x 5 2 
ie., if A=|x* 9 4 

x? 16 8 
at x =2,A=0 [because C, and C; are identical at 
x= 2) 


andat x=0,A=0 __ [because all elements of C, are zero] 
Hence, (x —0) and (x —2) are the factors of A. 


Remark 

1. It should be noted that while applying operations on 
determinant that atleast one row (or column) must remain 
unchanged. 

2. Maximum number of operations at a time = order —1 

3. It should be noted that, if the row (or column) which is 
changed by multiplied a non-zero number, then the 
determinant will be divided by that number. 


Examples on Properties 


13 16 19 
Example 10. Evaluate /14 17 20). 
15 18 21 

13 16 19 

Sol. Let A=/14 17 20 

15 18 21 


Applying R, > R,— R, and R; > R3— R,, then 


13 16 19 13 16 19 
A=]1 1 #1)/=2/1 1 = #=1/=0 
2 2 2 1 1 1 


['..R, and R; are identical] 


a B y} |B bw o 
Example 11. Prove that}O 6 wl=ja A_ 61). 
A wv ly vw 
a Bp y| jo 80 A 
Sol. LHS =|8 © wl=/B © Uw 
A wv) ly wey 
[interchanging rows and columns] 
a A 0 
=(-1)|B pw o [C, C3] 
yvy 
Bon o 
=(-1)’la A 0 [R, © Ry] 
yvy 


Bou o 
=|a A @6/=RHS 
Yvw 


Example 12. Use the properties of determinant and 
without expanding, prove that 


b+c qtr y+tz a. p x 
cta r+p z+x/=2\b q yi. 
a+b pt+q x+y CF <2 
b+e qtr ytz 
Sol. Let LHS=A=|\c+a r+p z+x 


a+b pt+q x+y 

Applying R, > R, + R, + R3, then 
2Zdatbt+c) Aptqtr) Axt+yr+z) 
A= 


c+a r+p zt+x 
at+b pt+q xty 
at+b+c ptqtr xt+y+z 
=2) ct+a r+p zt+x 
at+b pt+q xt+y 
Applying R, > R, — R, and R; > R; — R,, then 
atbt+c ptqtr xt+ytz 
A=2] —-b -q -y 
—c -r —Z 
Applying R, > R, + R, + Rs, then 
ap «x ap x 
A=2\-b -q -y/=2-1)(-)|b a y 
—¢ =f =Z cor @ 
ap x 
=2|b q y|=RHS 
cor 2 
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Example 13. Without expanding as far as possible, 


prove that 
1 1 1 
X y Zzl=(x-y)(y—-z)(z—x)(x+y+z). 
xe ys 73 
1 1 1 
Sol. Let A=|x y 2z 
3 3 3 
xy 
for x =y,A=0 ['..C, and Cy are identical] 


Hence, (x — y) is a factor of A. Similarly, (y — z) and 
(z — x) are factors of A. But A is a homogeneous expression 
of the 4 th degree in x, y and z. 


There must be one more factor of the 1st degree in x,y and 
z say k(x + y + z), where k is a constant. 


Let A=k(x-y)(y—-z)(z-x)(x+y+zZ) 

On putting x = 0, y=1andz = 2, then 
111 
0 1 2/=k(0-1)(1-2)(2-0)(0+1+2) 
01 8 

=> 1-(8 — 2) = k(—1) (—1) (2) (3) «. k=1 

> A=(x-y)(y—-z)(z-—x)(x +y+z)=RHS 


Example 14. Solve for x, 


4x 6x+2 8x+1 
6x+2 9x4+3 12x |=0. 
8x+1 12x 16x+2 


Sol. Applying C; > C2 - ; C, and C; > C; —2C, 


4x 2 1 
Then, |6x +2 0 -4/=0 
8x+1 -(3/2) 0 


= sx (0-6) (6x +2042] (8x +1)(-8-0)=0 


11 
11=0 > x= 


97 


=> 97x 


Example 15. Prove that 


a?+1 ab ac 
ab «b*4+1~~ be | =14+a7+b2+c?. 
ac be oct #1 
a’ +1 ab ac 
Sol. Let LHS=A=| ab 0b? +1 be 
ac be c+1 


On taking common a, b and c from R, , Ry and R; 
respectively, then 
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2 
+1 
t b c 
a 
b? +1 
A = abc a c 
b 
2 
+1 
a b z 
c 


Now, multiplying in C,, C, and C3 by a, b and c respectively, 


then 
a’ +1 b? ce 
A=| @ +1 c? 
a’ b° ec? +1 


Applying C; > C; + Cy + C3, then 

b? ce 
be +1 c 
l+a’¢h? te? br cr +1 


lta? tb? +c? 
A=|1 +a 4+b 4c? 


1 Dv ce? 
=(l¢a? +b? +c*)1 b? +1 c? 
i & .e44 
Applying R, > R, — R, and R; > R; — R, then 
1 b? c* 
A=(1+a"° +b? +c¢7)|o 1 0 
0 0 1 


=(1+a’ +b? +c7)-1-1-1=(1+a7 +b? +c?) =RHS 


Example 16. If a,b andc are all different and if 


aq a 1+#¢0° 
b b? 1+b*)=0, prove that abc = —1. 
Ce ke 

aa 1+@ aai aaa 
Sol.LetA=|b b? 14+B°/=|b BD? 1 +|b b? DP 


2 3 2 2 3 
c c lite ec Dl! we ie otc 


2 


aa 1 1aa 
=|b b’ 1/+abce|1 b Bb’ 
c ct 1 1cec? 
1 aa 1aa@ 
=(-1)11 B® bltabel1 b Dv’ [by C} & C3] 
1c? ¢ l1cc 
laa laa 
=(-1)?|1 b B?/+abel1 b B? [by C, @ Ca] 
lec 1c ec 
1aa 
=|1 b b*\(1+<abc) 
lec 


Applying R, > R, — R, and R; > R; — R,, then 
1 a a” 
A=|0 b-a b?-a’\(1+ abc) 
0 c-a c’-a@ 


2 


1 aiea 
=(b-—a)(c—a)(1+abc)|0 1 bta 
0 1 cta 
Applying R; > R; — Ry, then 
1 a 
=(b-a)(c —a)(1+ abc) |o 1 
0 0 


=(b-—a)(c —b)(c —a)(1+ abc) 
=(a—b)(b-c)(c —a)(1+ abc) 


But given that, A=0 
(a— b)(b-—c)(c — a)(1+ abc) =0 
=> 1+.abc =0 


[since a, b andc are different, soa#b,b#c,c #a] 


Hence, abc =-1 


10 


11 
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Exercise for Session 2 


1 0 -2 
If A and u are the cofactors of 3 and —2 respectively, in the determinant) 3 -1 2), the value ofA + pis 
4 5 6 
(a) 5 (b) 7 (c) 9 (d) 11 
a bec 
Ifa,b andc are distinctandD =|b c_ aj, then the square of the determinant of its cofactors is divisible by 
c a b 
(a) (a? + b? +07)? (b) (ab + be + ca)? (c) (a+b+cy* (d)(at+b+cy 


An equilateral triangle has each of its sides of length 4 cm. If(x,, y,)(r = 1,2, 3) are its vertices, the value of 
2 


X1 Wy 1 
Xo Yo 1} is 
X3 Y3 1 
(a) 192 (b) 768 (c) 1024 (d) 128 
If the lines ax +y + 1=0, x + by +1=Oand x + y +c =0(a,b andc being distinct and different from 1) are 
concurrent, the value of a = Z + a is 
a-1 b-1 c-1 
(a) 0 (b) 1 (c) 2 (d) 3 
pa qb rc 
Ifo +q+r=0=a+b +c, the value of the determinant|qc ra _ pb|is 
rb pc qa 
(a) 0 (b) pa+qb+rc (c) 1 (d) None of the above 
a°+2""'49p pt 42" *43¢ esp 
If p,q andr are in AP, the value of determinant 2" +p oP eg 2q |is 


aso" ep pt a2" 499 ctr 
(a) 1 (b) 0 (c) a*b2c? — 2" (d) (a? + b? +07) - 2"q 


Let {D;, D2, D3,...,D,} be the set of third order determinants that can be made with the distinct non-zero real 
numbers aj, ao,...,@9. Then, 


n 
(a) §D, =1 (b) $D, =0 (c)D; =D,, Vi, j (d) None of these 


x 3 6 2 x 7| |4 5 x 
If/3 6 xj=|x 7 2\=|5 x 4/=0, then x is equal to 
6 x 3 7 2 x} |x 4 5 
) 


(a) 0 (b) -9 (c) 3 (d) None of these 
a-xX c 
lfa+b+c=0O, the one root of} c b-x a |=Ois 
b a cC-X 
(a) 1 (b) 2 (c)a* +b? +c? (d) 0 


1+a*x (1+b7)x (14+6¢7)x 
Ifa? +b? +c*% =-2andf(x)=|(1+.a7)x 1+b7x (1+07)x |, the f(x)is a polynomial of degree 
(1¢.a7)x (1462)x  14+0x 


(a) 0 (b) 1 (c) 2 (d) 3 
a* d? x 

Ifa,b,c,d,e andf are in GP, the value of b? e* y/|,is 
cf? z 


(a) depends on x andy _ (b) depends on x andz (c) depends on y andz (d) independent of x, y andz 


Session 3 


Examples on Largest Value of a Third Order Determinant, 
Multiplication of Two Determinants of the Same Order, System 

of Linear Equations, Cramer's Rule, Nature of Solutions of System 
of Linear Equations, System of Homogeneous Linear Equations 


Examples on Largest Value 
of a Third Order Determinant 


Example 17. Find the largest value of a third order 
determinant whose elements are O or 1. 
a bh Cc 
Sol. Let A=|a, b, cy 


a, bs C3 


A = a,(by¢3 — b3cz) — by (a, 3 — a3c2) + Cy (42 bs — a3b2) 
=(q by C3 oe ag b3cy te a3b,Cc2 ) — (bic 3a2 a by C1a3 ae b3Cy a) 


Since, each element of A is either 0 or 1, therefore the value 
of the A cannot exceed 3. But to attain this value, each 
expression with a positive sign must equal 1, while those 
with a negative sign must be 0. However, if 

a by C3 = Ay b3 Cc, = a3, cy = 1, every element of the 
determinant must be 1, making its value zero. Thus, noting 
that 


The largest value of A is 2. 


Example 18. Find the largest value of a third order 
determinant, whose elements are 1 or -1. 
a bh CY 
Sol. Let A=|a, b, Cy 
a, bs C3 
“A = a,(byc3 — b3c2) — b,(a, ¢3 — a3¢2) + Cy (a2, b; — a3b2) 
= (aby c3 +2 b3c, + a3b\c2) — (byc3a2 + bz cya3 + D302) 


Since, each element of A is either 1 or —1, therefore the 
value of the A cannot exceed 6. But it can be 6 only if 


a,b, C3 = Ay b3c, =a3b,c, =1 ...(i) 


and = byc3a, = by ca, = b3¢,a, =—1 ...(ii) 


In the first case, the product of the nine elements of the 
determinant equals 1, while it is —1 in the second case, so 
the two cannot occur simultaneously i.e., the determinant 


cannot equal 6. The following determinant satisfies the 
given conditions and equals the largest value 


=> 4 1 
1-1 1/=-1(1-1)-1(-1-1)+1(14+1)=4 
1 1-1 


Example 19. Show that the value of a third order 
determinant whose all elements are 1 or —1is an even 
number. 


a bh 


Sol. Let A=/a, by cy 


a; bs C3 


Applying R, — R, - = R, and R; > R; - FoR. then 


a a 
a ae b, es Cy 
a a 
he 0 by —-—b, Cy —-— cy 
- aq aq 
a a 
0 b, - 2b, cz — Cy 
a a 


Expanding along C,, we get 


amas - aC . a [, . aC . a] 0 
1 1 1 1 


Since, d), 22, 43, b,, by, bs, Cy, C2, C3 are 1 or —1. 


a2 a3 a3 a2 
by, b,, c3, —C,, b3, —b,, cz, c, are 1 or -1 
a q a a 
a2 a3 a3 a2 
> by b,c C1, b, by, C2 c, are 2, —2 or 0. 
a 1 a a 
a2 a3 
by — ~b |} ¢3 —- ey 
ay a 
a3 a2 
and b, — —b, || cp - —c, | are 4,-4 
a a 
or 0 = an even number 


From Eq. (i), A = an even number (a, = 1 or —1) 


Multiplication of Two 
Determinants of the Same Order 


Let the two determinants of third order be 


a, db) Cy ao, Br 
A, =|a, b, c2| and A, =|, By Y2 
a, bs; Cs a, B; Y3 


Let A be their product. 


Method of Multiplication (Row by Row) 


Take the first row of A, and the first row of A, ie., 
a,,b,,c, ando,,$,,Y, multiplying the corresponding 
elements and add. The result is a,@, + b,B, +c,y, is the 
first element of first row of A. 

Now, similar product first row of A, and second row of A, 
gives a,0.. + b,B, +c,¥2 is the second element of first row 
of A and the product of first row of A, and third row of A, 
gives a,03, + b,B3 +c ,¥3 is the third element of first row 
of A. The second row and third row of A is obtained by 
multiplying second row and third row of A, with 1st, 2nd, 
3rd row of A, in the above manner. 


a, db, c,| jo, B, 
Hence, A= A, XA, =|a, by C2|X/Q2 Bo Yo 
dz bz c¢3| 3 Bs Y3 

a,o, +b,B, +¢1¥1 

=|a,0, +b, B, +c2¥, 

a3, + b3B, +c¢3¥1 


AO, + DiBy +e1¥2 
Az Oly + by By + C22 
430. + b3By + ¢3Y2 
a, + biB3 + e173 
a, 3 +b, B3 +c2¥3 
A303 +b 3B, +c3V3 
Multiplication can also be performed row by column or 
column by row or column by column as required in the 
problem. 
12 3) |-2 1 3 
Example 20. Evaluate|-2 3 2/x| 3 -2 1) 
3 4 -4 2 1 -2 
Using the concept of multiplication of determinants. 
1 2 3) |-2 1 3 


Sol. Let A=|-2 3 2\x}| 3 -2 1 
3. 4 —-4 2 1 -2 


On multiplying row by row, we get 


—24+2+9 3-4+3 2+2-6 
A=| 4+3+6 -6-64+2 -44+3-4 
6+4-12 9-8-4 6+4+8 
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9 2 -2 
=| 13 -10 -5 
-14 -3 18 


Applying C; > C; + Cz and C, 4 C, + C3, then 


7 0 -2 

A=|8 -15 —-5 

4 15 18 

Applying R, > Ry + R3, then 
7 0 —2 
A= ]12 0 13 
4 aco 75 ae 18 


Expanding along Cy, we get 


4 =—-15(91+ 24) =—-15x 115=—-1725 


12 


Example 21. If ax; +by; 

+¢z? =ax3 +by3+cz3 = ax; +by3 +cz3 =d, 

aX X3+by, V3+CZ2Z3 

= Xz X, +bDY3V, +CZ3Z) =OX)X2 +by V7 +CzZ1Z2 = f, 
then prove that 


. M1 . ay (d+2f) 1/2 
2 V2 22|> Abe 
Xz Y3 23 


xX VM 4% 
Sol. Let LHS =A=|x,. y2 22 
X3 V3 23 

y WM A My VW %4 

o MW =AxA=|x5 Yo Z2)X|X2 Yo Ze 


X3 3 3 X3 3 3 


1 X WM %4 ax, by, cz 
oe X2 Yo %2)X]axy by, czy 
abc 
x3 3 23 ax, by; cz 
2 2 2 
ax; + by; + cz; AX\X_ + by + c2,22 
= 1 b 2 b 2 2 
= one AX {X_ + bye + CZZ2 ax5 + bys + cz 
abc 
AX 3X1 + by3y, + C€Z3Z1 aX, X3 + by2 V3 + CZ2 23 


aX 3X, + byzy, + cZ32Z, 
aX. X3 + byy yz + cz Z| [multiplying row by row] 


ax; + by3 + cz3 


_l@ ff 
=—-f da f [given] 
f fd 
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Applying C; > C; + Cy + C3, then 


Example 22. Show that 


2 
aie i f _(a+20)| : : a+x? ob=c actbx x -c =p 
abc ab+oc b’ 4x? beak l=|-c x a 
d+2f f d 1 fd : _ 
ac—bx bc+ax c*+x b -a x 
Applying R, > R, — R, and R; > R; — R, then 
1 f F x c —b 
. Sol.Let A=|-c x a 
d+2 d+2 = 
~ Dy d-f _ ( Pia- fy b a x 
abc abc F 2 
Cofactors of 1st row of A are x “ +a“, cx + ab, ac — bx, 
0 0 d-f cofactors of 2nd row of A are ab — cx, x* + b”, ax + bc and 
d+2f 1/2 cofactors of 3rd row of A are ac + bx, be — ax, x? +c’. 
+ 
A=(d-f) hen | = RHS Hence, the determinant of the cofactors of A is 
a+x"° abtcx ac—bx 
An Important Property A =|ab-cx b° +x? bet+ax 
If A,, B, and C,,...are respectively the cofactors of the ac+bx be-ax c* +x” 


elements a,,b, and c,,... of the determinant. 


Interchanging rows into columns, we get 


a by A, Bi, G a+x? ab-cx ac+bx| |x c —-bl 
2 
A=|a, b, c,,4#0, then)/A, Bz, C,/=A M=lab+cx b? +x? be-ax|=|-c x al [eA =A’) 
a3 bz Cz Az; Bz C3 ac—bx be+ax c?+x* b -a x 
Proof Consider ae 
ie te wl Sha By Example 23. Prove the following by multiplication of 
determinants and power cofactor formula 
a, by, Cy|X|Ay By Cy 3 2 ios a ' 
Cc iG a ac 
az bs c3 Az Bz Cz 5 3 
c O a| =| ab c’ +a bc 
a,A,+b,B,+¢;C, a,A.+b,B,+¢,C, . 
ba O ac be a’ +b 
= a,A, +b,B, +0oC, a,A2 +b, By + oC, 
=a’ bac 
a3;A,+b,B,+¢3C, a3;A,+b3,B,+0¢3C, ad ad 
2 Pip Meee h 
Gj Ag #b,B 5 +eCs =| ab -b bce |=4a‘b*c 
Pi 
aAs +b.B 3 +¢2C 3 ac bc —C 
a3A3+b5,B,+4+¢3;C3 0 ¢ b 
[multiplying row by row] Sol. Let A=Jc 0 aj. Expanding along R,, then 
ba 
A 0 0 asa;A; +b,B; +¢;C; 
3 A =0-c (0- ab) + b(ac — 0) = 2abc 
=|0 A O;=A A; t=3 5 
0, t#) c 0 a| =A? =(2abe)’ = 4a"bc? (i) 
Ay By Cy A, By CG, ba 
= AjA, B, C,|=A® or |A, B, C,/=4’ 0c db lo c Bb) lo c b 
Az, Bs; Cz Az; Bz Cz Also, Jc 0 al =|c 0 alx|c 0 a 
[ A40] boa ba 0} |b a 0 
Note Let A #0 and A‘ denotes the determinant formed by the b? +c? ab ac 
cofactors of A and nis order of determinant, then =| Hh e+ a be (ii) 
—— b 2 be 
This is known as power cofactor formula. 1c : 


[multiplying row by row] 


= 2 


0c b 
=|lc 0 a 
bao 


From Eqs. (i), (ii) and (iii), we get 


oc bf [be +c? ab ac 
c 0 al\=| ab eta be 
ba 0 ac bc a+b" 
-a’ ab ac 
=| ab —-b’ bc| = 4a*b’c? 
ac be —c* 


Express a Determinant Into 
Product of Two Determinants 


...(iii) 


a,0,+b a, +b 
Consider the determinant) | ' iB, ai Be 
Az, +b2B; a202+ bz Bo 
a,0, +b a, +b 
taal 1B, 1Ol9 1 Be 
a, 0, +b, 8, a,0,+ by By 
By the property of determinant, A can be written as 
AS a, a0, + biB, 5 BiB; ayy + Di Bp 
Az, 4,0, +b, B,| |b, B, a, 0, +b, By 
| 410, a Qe a, bP, [PBs 412 
a2, azz Az Oy by By b.B, az A» 
¢ biB; bi Be 
bo B, db. Bo 
a, ay a, by b, a 
= 0L1 Ol, +082 +B 2 
a2 a2 a, by 2 42 
b, by 
BiB. 
b, by 
a, bD a, b 
=0+0,B.| °° “|-Byo.| 7? _*/+0 
a, by a, by 
a, dy 
= (a8, —o2 B,) 
a, bz 
a, b Oo 
_|% a} | B; 
a, ba| |, By 
a,0,+b,B, a, +d,B. a, b,| \o, By 
a2, +b,B; a2. +b2B2| Ja, db.) |, By 
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Example 24. Prove that 


ao,+b8; aqoa,+b BR, aaztbp; 
a20,+b,B, a274,+b2B, a,a;+b2B3/=0. 
a30;+b3B, a37+bsB, a303 +538; 
4,0,+bB, a0.,+b6, aoa,t+ bp, 
Sol. LHS =|a,0, +528; a.%, +68, a,.0;+b,.8; 
a3, + bsB, 4302 + bsB.  ag05 + b3B5 
a b O| ja, BP, 0 
=la, db, 0|/x|la, By 0 [row by row] 
az, bz; 0) Jaz B3 0 
=0x0=0= RHS 


Example 25. Prove that 
2 a+B+y+5 
a+B+y+5 2(a +B) (y+) 
ap + yd ab (y + 5)+ y5(a +B) 
ap + yd 
ob (y + 6)+ y5(a+B)|=0. 
2a0By5 
2 a+B+y+6 
Sol. LHS =|a+B+y+6 2(a +B) (y + 8) 
ap + y6 aB(y + 8) + yé(a% +B) 
ap + yd 
aB(y + 6) + y5(a +B) 
20By5 
1 1 0 1 1 0 
=la+B y+5 O0|x}y+6 a+ 0} [row by row] 
ap yo 0 n/0) ap 0 
=0x0=0=RHS 


Example 26. Prove that 

cos(A-—P) cos(A—Q) cos(A—R) 
cos(B-P) cos(B—Q) cos(B—R)/=0. 
cos(C—P) cos(C—Q) cos(C—R) 
cos(A—-P) cos(A-—Q) cos(A — R) 
cos(B-—P) cos(B-—Q) cos(B- R) 
cos(C — P) cos(C-—Q) cos(C — R) 
sinA 0 
sinB 0/xX/cosQ 
snC 0 


Sol. LHS = 


sinP 0 
sinQ 0 
sinR 0 


cos A cos P 


=|cosB [row by row] 


cosC cosR 


=0x0=0=RHS 
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Example 27. If «,f andy are real numbers, 
without expanding at any stage, prove that 
1 cos(B-—a) cos(y -a) 

cos (a —B) | cos (y — B)|=0. 

cos(a—y) cos(B-y) 1 
1 cos(B -a@) cos(y — a) 
Sol. LHS = |cos(a — B) 1 cos(y — 8) 
cos(a —¥) cos(p —y) 1 
cos(a—a@) cos(B-—a) cos(y — a) 
=|cos(a —B) cos(B-B) cos(y —B) 
cos(a—y) cos(B—y) cos(y — ) 


cosa sind 0 cosa sina 0 
=|cosB sinB 0|x|cosB sinB 0 
cosy siny 0] |cosy siny 0 
=0x0=0= RHS 
Example 28. If a,b,c, x,y,z R, prove that 
(a-x)’ (b-x)? (c-x)? 
(a-y)* (b-y)? (c-y) 
(a-z)? (b-z)’ (c-z)’ 
(l1t+ax)? (1+bx)?_ (1+ cx)? 
=\(It+ay)? (1+by)? (1+cy)?|. 
(eazy (+h flee)? 
(a-xy (b-x) (c-xy 


Sol. LHS =|(a—y)? (b-y)? (c-y)? 
(a-z) (b-z)? (c-zy 


a’ —2ax+x" b* —2bx +x? c*? —2cx +x? 
=|a’ -2ayty* b*-2by+y? c*?-2y+y’ 


a—2az+2" b? -2bzt+27 c* -2cz4+2" 


[C, © C3 and taking (—1) common from second 
determinant] 


2 2 


1 2x x laa 


=|1 2y y"|x|t b Bb 


1 22 27} Woe ¢? 


1 2x x? a’ -a 1 
=|1 2y y’|x|b? -b 1 [row by row] 
1 2 2 ce ce 1 
1 2x x? laa 
=|1 2y y?|x(-1)(-1)]1 b BP’ 
1 2 2? 1c c 


2 44 2bx + bx? 14 2ex + 07x? 


=|1+2ayta’y? 14+2by+b*y? 14+2cy+c’y? 


1+2ax +a’x 


1+2az+a7z* 14+2b24+b?2? 142cz4+c7z? 


[multiplying row by row] 
(1+ax)? (1+ bx)? (1+cx)’ 
=|(1+ay)? (1+ by)? (1+ cy)?|=RHS 
(1+az)? (1+bz)? (1+ cz)’ 


System of Linear Equations 


(i) Consistent equations Definite and unique solution 


[Intersecting lines] 


A system of (linear) equations is said to be consistent, 
if it has atleast one solution. 


: xt+y=2!, 
For example, System of equations 


is 
x-y=6 
consistent because it has a solution x = 4, y = —2. 


Here, two lines intersect at one point. 


iLe., intersecting lines. 


(ii) Inconsistent equations No solution [Parallel lines] 


A system of (linear) equations is said to be 
inconsistent, if it has no solution. 
Leta,x +b,y+c, =Oand a,x + b,y +c, =0, then 
a, _ by 
a, by Cy 
= Given equations are inconsistent. 
. xty=2 |, 
For example, System of equations 1S 
2x +2y=5 
inconsistent because it has no solution i.e., there is no 
value of x and y which satisfy both the equations. 
Here, the two lines are parallel. 


(iii) Dependent equations Infinite solutions 


[Identical lines] 
A system of (linear) equations is said to be dependent, 
if it has infinite solutions. 


Leta,x +b,y+c, =Oand a,x + b,y +c, =0, then 


a, bi c¢ ; ‘ 
—1 =— =— > Given equations are dependent. 


. x+2y=3/, 
For example, System of equations 1S 
2x +4y =6 
dependent because it has infinite solutions i.e., there 
are infinite values of x and y satisfy both the 


equations. Here, the two lines are identical. 


Cramer's Rule 


System of linear equations in two variables 


Let us consider a system of equations be 


a,x+byy+c, =0 a 4b 


a,x + boy +c, =0 ay by 
On solving by cross-multiplication, we get 


where 


x _ y _ 1 
(bic, —byce,) (Caz —C2a,) (ayb2 — ab) 
x 1 
or = y = 
by cy Cy, ay a, bd, 
by Cy Co a2 a, by 
b, cy Cc, ay 
by Ce Cy Ay 
or x= y= 
a, b, a, db, 
a, by a, by 


System of Linear Equations 
in Three Variables 


Let us consider a system of linear equations be 
a,x+by+ce,z=d, 
a,x +byyt+c,z=d, 
a3x+b3y+c3z=d3 


a by Cy dy by cy 
Here, A=la, by Cy|)A,=|d, by cy), 
a3 bz ¢3 dz; bz Cy 
a, d, Cy a, db, dy 
Ay =|a@, dy co} andA3=|]a, by dy 
a; dz C3 a; bz ds 
If A #0, then 
d, by cy a,xtbyytez db, 
A, =|d, by) Cy)/=|Agxt+byytenz by 
dz; bz c3| |ja3x+b3y+c3z bs 
Applying C; > C; — yC, —2zCs3, then 
a,x b, Gy a, b, Cy 
A, =|@.x by Col=x\a, by Cy|=xA 
a3x bz C3 a, bz C3 


x ON tes MEG 
A 
Similarly, A, = yA and A; =zA 


A» 
=— andz=— 
: A 


(i) 
ii) 
...(iii) 


Cy 
C2 


C3 
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Thus, gees ee ee ees ...(iv) 
A A A 
The rule given in Eq. (iv) to find the values of x, y and z is 
called the CRAMER’S RULE. 
Remark 


1. A; is obtained by replacing elements of /th columns by 
d;, dp, dz, where / = 1,2, 3 
2. Cramer's rule can be used only when A #0. 


Nature of Solution of System of 
Linear Equations 


Let us consider a system of linear equations be 
a,x +byy+c,z=d, 
a,x +boy+coz =d, 
a3x +bsy+c3z=dz, 
Now, there are two cases arise: 
Casellf A#¥0 
A 
= Z= 3 
A A 
Then, system will have unique finite solutions and so 
equations are consistent. 
Case Il If A=0 
(a) When atleast one of A,, A,, A; be non-zero 
(i) Let A, #0, then from A, = xA will not be satisfied 
for any value of x because A=0 and A, #0 and 
hence no value of x is possible. 

(ii) Let A, #0, then from A, = yA will not be satisfied 
for any value of y because A =0 and A, #0 and 
hence no value of y is possible. 

(iii) Let A, #0, then from A; = zA will not be satisfied 
for any value of z because A=0 and A; #0 and 
hence no value of z is possible. 


In this case, x = 


Thus, if A=0 and any of A,, A,, A; is non-zero. 
Then, the system has no solution i.e., equations 
are inconsistent. 


(b) When A, =A, =A, =0 


A, =xA 
In this case, A, = yA¢ will be true for all values of x,y 
A, = ZA 


and z. 

But, since a,x + b,y +c,z =d,, therefore only two of 
x,y and z will be independent and third will be 
dependent on the other two. 


Thus, the system will have infinite number of 
solutions i.e., equations are consistent. 
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Remark Expanding along R;, then 
1. If A #0, the system will have unique finite solution and so 9 2 
equations are consistent. A, =(-1) ed al —(108 - 104) =—4 
2. If A =0 and atleast one of A;, Ay, Az be non-zero, then the 
system has no solution i.e., equations are inconsistent. 19 1 
3. If A=A; =A, = Az =0, the equations will have infinite => A,=|2 52 7 
number of solutions i.e. equations are consistent. so <4 
Example 29. Solve the following system of Applying C, > C, + 2C3, then 
equations by Cramer's rule. 3 9 1 
x+y=4 and 3x-2y=9 : 
1 
Sol. Here, A = ce ee A, =|16 52 7 
4 1 ; 
ie =-8-9=-17 Oo O ws -1 
9 -2 
1 Expanding along R3, then 
and A, = =9-12=-3 119 
: 3 9 
: A, =(-1) = —(156 — 144)=—-12and A, =|2 5 52 
Then, by Cramer’s rule 16 52 
21 0 
Ny 07. 4g Ae 8 
x= = = and y= = = ; 
A -5 5 A -5 5 Applying C; > C; — 2C,, then 
5S : 
: A; =|-8 52 
Example 30. Solve the following system of ° 2 
equations by Cramer's rule. 
0 1 0 
X+Y+Z=9 
2x+5y+7z=52 Expanding along R3, then 
-1 9 
2Xx+y-Z=0 A; =(-1) 
111 —8 52 
Sol. Here, A=|2 5 7 = —(~52 +72) = —20 
21-1 Then, by Cramer’s rule 
Applying C, > C, — C, andC; > C3 — C,, then x= Ar _ 74 _ Ly= x 3 
A —4 —4 
fi ase 10 ave, 20) ; 
: and z= = aici =5 
A -4 
=| 2 3 5 
x=l1y=3,z=5 
2 =i -3 Example 31. For what values of p and q, the 
Expanding along R,, then system of equations 
& ok x+y+z=6 
ini ea ea A, =|52 5 7 x +2y +3z =10 
0 1 -1 


x +2y+ pz=qhas 


Applying C, > C2 + Cs, then (i) unique solution? 


. (ii) an infinitely many solutions? 
. (iii) no solution? 
f= |58 i Sol. Given equations are 
xty+z=6 => x+2y+3z=10 
0 0 -1 


x+2y+ pz=q 


11 1 6 1 1 
A=/1 2 3/=(p-3) = A,=|10 2 3 
12 p q 2 p 
6(2p — 6) — 1(10p — 3q) + (20 — 2q) 
=2p+q-16 
1 6 1 
A,=|1 10 3 
1 oq Pp 
= 1(10p —3q)- 6p -3) + 1(q 
1 1 6 
and A, =|1 2 10 
12 q 


10)= 4p —2q +8 


= 1(2q — 20) —1(q — 10) + (2-2) = q -10 
(i) For unique solution, A#0>p¥#3,qeER 
(ii) For infinitely many solutions, A = A; = A, = A; =0 
p=34q=10 
(iii) For no solution, A = 0 and atleast one of A,,A,,A3 is 
non-zero is p =3 and q # 10. 


Condition for Consistency of Three 
Linear Equations in Two Unknowns 


Let us consider a system of linear equations in x and y 


a,x+b,y+c, =0 ..-(i) 
a,x + boy +c, =0 (ii) 
a3;x+b3yt+c3 =0 ...(iii) 


will be consistent, the values of x and y obtained from any 
two equations satisfy the third equation. 


On solving Egs. (ii) and (iii) by Cramer’s rule, we have 


x y 1 


a, by 


Cz a3 az bs 


b, Cc Cy a a, b 
2 2 2 2 2 2 
ay +b, +c, =0 
bz C3 C3 a3 a, bs 
b, Cc a a, b 
2 2 2 2 2 2 
=> a, —b, +c; =0 
bz C3 a3 C3 a, bs 


which is the required condition. 


Remark 


For consistency of three linear equations in two knowns, the 
number of solution is one. 
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Example 32. Find the value of A, if the following 
equations are consistent 
X+y—3=0 
(l4A)x+Q2+A)y=8=0 
X— (1+A)y+(2+A)=0 
Sol. The given equations in two unknowns are consistent, then 
1 1 -3 
(1+A) (2+A) -8|=0 
1 -(1+A) (2+A) 


Applying C, > C, — C, and C3, > Cz +3C,, then 


1 a 0 on 0 
i) 1 (3A —5)|=0 
1 -(2+A) (5+A) 
Expanding along R,, then 
1 3A -5 


“l@eh) (642) 
(5+A)+(2+A)(3A —5)=0 
3° 4+2A-—5=0 or (3A 4+5)(A-1)=0 
A =1,-5/3 


=> 
=> 


System of Homogeneous 
Linear Equations 


Let us consider a system of homogeneous linear equations 
in three unknown x, y and z be 


a,x+b,y+c,z=0 ...(i) 
a,x +b, y+c,z=0 ..-(ii) 
a3x+bsy+c3z =0 ..-(iii) 


a, db Cy 


Here, 


Case I If A 40, then x =0, y=0, z = Ois the only solution of 
above system. This solution is called a Trivial solution. 


Case II If A =0, atleast one of x, y andz is non-zero. This 
solution is called a Non-trivial solution. 


Explanation From Eqs. (ii) and (iii), we get 


x _ y _ Zz 
(by ¢3 —b3cy) (C2 a@3—C3a2) (a,b 3 —a3b,) 
or * = Y ._# =k[say] (#0) 
by C2 Cp ay a, by 
bz; C3 C3 3 az bs 
=|" OF ek| and z=k|2 be 
b, C3 C3 as a, b, 
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On putting these values of x, y and z in Eq. (i), we get 


b, Cc C, a a, b 
ay k 2 7 +b, k 2 7 + Cy k 2 2 =0 

bz; C3 Cz 3 az; bz 
b, Cc a C a, b 

=> ay 7 . —b, 2 2 + Cy 7 2 =0 [ k #0] 
bs C3 a3 C3 a3 3 

a, b, Cy 
or a, by cCy/=0 or A=0 


a, bz Cs 
This is the condition for system have Non-trivial solution. 


Remark 
1. If A #0, the given system of equations has only zero solution 
for all its variables, then the given equations are said to have 
Trivial solution. 
2. If A=0, the given system of equations has no solution or 
infinite solutions for all its variables, then the given 
equations are said to have Non-trivial solution. 


Example 33. Find all values of i for which the 
equations 
(A -1)x+(3A4+1)y+2Az =0 
(A—1)x+(4A —2)y + (A+ 3)z =0 
2X+(3A+ I)y + 3(A—1)z=0 
possess non-trivial solution and find the ratios x: y :z, 
where A has the smallest of these values. 


Sol. The given system of linear equations has non-trivial solu- 
tion, then we must have 


A-1 3A41 2A 
A-1 44-2 243 |=0 
2 341 3(A—1) 


Applying R, — R, — R, and R, > R,; — R, then 


A-1 3A4+1 2r 
0 A-3 -A+3/=0 
3-27 0 1-3 
Applying C3; > C3 + Cy, then 
A-1 3A +1 5A +1 
0 rn-3 0 |=0 
3-2 0 A-3 


Expanding along R», we get 


ne ee SA +1] _ 

3-rX A-3 
=> (A-3)[(A-1)(A-3)-(3-A)(5A + 1)]=0 
= (A —3)? 6A =0 


am Xd =0,3 
Here, smallest value of A is 0. 


. The first two equations can be written as x — y = 0 and 
x +2y —-3z=0. 
Using Cramer’s rule, we get 


x a ss | oe 
-1 O 0 1 1 = 
2 -3 -3 1 1 2 

on KY af Le 
1 


Example 34. Given, x =cy +bz, y =az+cx and 
z =bx+ay, where x, y and z are not all zero, prove 
that a* +b* +c*+2abce =1. 
Sol. The given equation can be rewritten as 
x-—cy-—bz=0 
—cx +y-—az=0 
—bx —ay+z=0 
Since, x, y and z are not all zero, the system will have 
non-trivial solution, if 


1 -c -b 
—c 1 -a|=0 
-b -a 1 
Applying C,; > C, + cC, and C3, > C; + bC,, then 
1 0 0 
-c 1-c? —a- bc) =0 
—b —a-—be 1-b’ 
Expanding along R,, we get 
i 1-c* -a-—be - 
-a-be 1-0? 
=> (1-—c”)(1-b?)-(a+ be)’ =0 
> 1-b? —c? + b’c* — a® — b’c” — 2abe =0 


a’ +b? +c? +2abe =1 


l 


10. 


11. 


12. 


13. 


Chap 07 Determinants 541 


Exercise for Session 3 


Number of second order determinants which have maximum values whose each entry is either —1or 1 is equal to 


(a) 2 (b) 4 (c) 6 (d) 8 

Minimum value of a second order determinant whose each entry is either 1 or 2 is equal to 

(a) 0 (b) -1 (c) -2 (d) -3 
omy mM 

If]? + m? +n? =1,(i =1,2,3) and/J, +m,;m,+njn; =0, (i 4f;i,f =1.2,3)and A=, my nol, then 
I3 M3 N3 

(a) |A|=3 (b) |A|=2 (c) |A|= 1 (d) |A|=0 


a4 442 AB 
Let Ap =|@21 €@22 €@23)and A, denotes the determinant formed by the cofactors of elements of Ag and A> 
431 432 433 
denote the determinant formed by the cofactors of A, and so on. A, denotes the determinant formed by the 
cofactors of A, _ 1, the determinant value of A, is 


(a) ae" (b) a2” (c) AR (d) 3 
1 x x? x31 0 x-x‘ 
If} x x? 1]/=3,thenthevalueof} 0 x-x* x°-1I/is 
x? 1 x x xt x34 0 
(a) 6 (b) 9 (c) 18 (d) 27 


(a—b1)? (a-b2)? (a—b 3) (a1—bal? 
Thevaluectihedatennnant 2” v \24 ~ bay aoe av (22 “bay vis 
(a3 -—b,)° (a3 —b2) (a3-b3)° (a3 —b4) 
(a4-b 1) (a4 -b2)* (a,b 3) (a4 -b4)? 
(a) depends on 4@;,i = 1, 2, 3, 4 (b) depends onb ;,i = 1,2, 3,4 (c) depends onc;,i =1, 2,3,4 (d)0 
14% Teme. Tex 
Value of |1+ XxX» 14+X2X 14+ Xo x? depends upon 
14x, 14. X3xX 14 .X5x? 


(a) only x (b) only x, (c) only Xo (d) None of these 


If the system of linear equations x + y +z =6, x + 2y + 3z =14 and 2x + 5y + Az =u (A,u ER) has a unique 
solution, then 

(a)A #8 (b) A = 8and yu ¥ 36 (c) A = 8and pu = 36 (d) None of these 
The system of equations ax —-y-z=a-1, xX -ay-z=a-1, x -y-az=a-1 

has no solution, if a is 

(a) either —2 or 1 (b) -2 (c) 1 (d) not (—2) 


The system of equations x + 2y —4z =3, 2x —3y + 2z =5 and x —12y + 16z =1has 
(a) inconsistent solution (b) unique solution (c) infinitely many solutions (d) None of these 


If c <1and the system of equations x + y -1=0, 2x —- y -c =O and -bx + 3by —c =Ois consistent, then the 
possible real values of b are 


(a) b {-3 | (b) b {-3 4] (c)b {-5 } (d) None of these 


The equations x + 2y =3, y -2x =1and 7x —6y + a =O are consistent for 
(aja=7 (b)a=1 (c)a=11 (d) None of these 


Values of k for which the system of equations x + ky + 3z =0, kx + 2y + 2z =O and 2x + 3y + 4z =0 possesses 


non-trivial solution 


ops) was ab-§ ofa 


Session 4 


Differentiation of Determinant, Integration of a 
Determinant, Walli’s Formula, Use of © in Determinant 


Differentiation of Determinant 


Let A(x) be a determinant of order n. If we write 
A(x) =[C; Cz C3...C, } where C,,C,C3,...,C, denotes 
Ist, 2nd, 3rd, ..., nth columns respectively, then 


M(x =(C) Gr Ca++, [4[C, Cn Ca--9C,] 


+[Cy Cy C3 +++ Cy J +--+ + [Cy Cy Cz--+ Ca] 


=Z[C,"C2 C3 +++ Ch] 
where C; denotes the column which contains the 
derivative of all the functions in the ith column C;,. Also, if 
rR, 
R, 
A(x) =| Rs 


n 


where R,, Ry, R3,...,R, denote 1st, 2nd, 3rd,..., nth rows 
respectively, then 


Ri] [R,] [Ry TR, [Rt | 
R,| | RZ) |R R jee 
A(x) =| Rz | +] Rg | +] Rg | +--+ +| Rz | =D Rs 


n n n Lon n 


where R’, denotes the row which contains the derivative of 


all the functions in the ith row R;. 
Corollary I For n=2, 
A(x) =[C; Cz], then A(x) =[Cy C2 ]+[C, Cz] 


Also, if A(x) = - , then A(x) = Be + a 
Ry Ry R} 


by (x) 
b2(x) 
ay(x) bi(x) 
a,(x) b2(x) 


a,(x) 


, then 
a(x) 


For example, Let A(x) = 


4 a,(x) b,(x) 


A’(x) = 
_ a3(x) b3(x) 


[derivative according to rowwise] 


Corollary I For n =3, A(x) =[C, C, C3], then 
A(x) =[Cy Cz C3] +[Cy Cz C3]+[C; Cz C3] 


R, R{ R, R, 
Also, if A(x) =| R, |, then A’(x) =] Ry | +] RS |+] R, 
R; R; R; R’, 
a,(x) a(x) a3(x) 
For example, Let A(x) =| bj(x) be(x) 6b 3(x)|, then 
C(x) ¢y(x) ¢3(x) 
aj(x) ax(x) a(x) 
A(x) =|bi(x)  ba(x)  b3(x) 
C(x) ¢y(x) ¢ 3(x) 
a,(x) a(x) a3(x)} jay(x) a,(x) a3(x) 
+] by(x) b3 (x) b3(x)|+] by (x) d(x) b3(x) 
C(x) Cy(x) e3(x)} fer(x) ea(x) ¢3(x) 
[derivative according to rowwise] 
Remark 


1. In athird order determinant, if two rows (columns) consist 
functions of x and third row (column) is constant, let 


a(x) a(x) a(x) 
A(x) =|B,(x) by(x) Bb 4(X)}, then 
C Co C3 
a(x) a(x) a(x)] lax) a(x) a(x) 
A(X) =]B(x) B(x) BO) + JO(x) B(x) B(x) 
Cy Co C3 C Co Cg 


2. Ina third order determinant, if only one row (column) 
consists functions of x and other rows (columns) are 
constant, let 


a(x) a(x) a(x) a(x) a(x) a(x) 
A(x) =] 5 bp bg |, then A(x) =] b bo bs 
Cy Co C3 Cy Co C3 
and in general 
T fai} 2 fax} 2 aon} 
d dx dx d. 
—{A(x)} = b by 4 
dx 
Cy Co C3 
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Important Derivatives Example 37. Let o be a repeated root of a 
; quadratic equation f(x) =0 and A(x), B(x) and C(x) be 

[Committed to Memory] polynomials of degree 3, 4, and 5 respectively, show 
If a and b are constants and né€ N, then A(x) B(x) C(x) 

1. ify =(ax-+b)", then © = nha" Se 

ale AY) Bia) C(a) 
2. if y =sin(ax + b), then aie =sin( ™ +ax+ 7 -q" prime (”) denotes the derivatives. 
dx" 2 Sol. Since, & is a repeated root of the quadratic equation 


i ai ee ay... nT b f(x) =0, then f(x) can be written as f(x) = a(x — a)’, 
. if y=cos(ax + b), then dx" = Cos 2 tax +0)-a where a is some non-zero constant. 
A(x) Bix) C(x) 


sinX COSX _ SsiINx Let ge(x)=|A(a) Bia) C(a) 
Example 35. If f(x)=|cosx -sinx cosx|, Aa) Bia) C(a) 
x 1 1 g(x) is divisible by f(x), if it is divisible by (x — a)’ ie., 
find the value of gr hs {fayy. (4) =Oand g’(a) =0. As A(x), B(x) and C(x) are 


polynomials of degree 3, 4 and 5, respectively. 
“. Degree of g(x) 22 
A(a) Ba) = C(a) 
Now, g(a)=|/A(a) Bia) C(a)|=0 
Aa) Bia) Ca) 


cosx —sinx cosx sin x cos x sin x 
‘ ; : : 
Sol. f’(x)=|cosx -sinx cosx|+|-sinx -—cosx —sinx 


x 1 1 x 1 1 


sinx cosx sinx 


+|cosx -sinx cos x| [derivative according to rowwise] 
1 0 0 ['.. R, and R, are identical] 


cosx sinx 2 2 So 

=0+0+1 Ne haa =cos’x +sin° x =1 Also, g’(x)=|A(a) Bla) C(a) 

oo f(x)=1 > f"(0)=1 and f(1)=1 ee 

> 22° agra sat+ =3 Ata) Bia) C@) 
COSX SiINX  COSX . a en Ee 

Example 36. Let f(x)=|cos2x sin2x 2cos2x |, spiel Sean 


; ‘* R, and R identical 
cos3x sin3x 3cos3x Le atpand Keer idenicall 


rn This implies that f(x) divides g(x). 
then find the value o i 
fi Hy 2 Example 38. Find the coefficient of x in the 


cosx sinx cosx determinant 
Sol. Given, f(x)=|cos2x sin2x 2cos2x (1+ xyarhr (1+ x)oree (1+ x)arbs 
cos3x sin3x 3cos3x (1+ x)” b; (1+ x) by (1+ x)” b; 
—-sinx sinx cos x 
(ex dex Ge xite® 
f(x) =|-2sin2x sin2x 2cos2x 
—~3sin3x sin3x 3cos3x Sol. We know that, if f(x) be a polynomial, then coefficient of 
. : 1 
cosx  cosx cosx cosx  sinx —sinx n; =— £0 
: : x" in f(x)=— f"0) 
+]cos2x 2cos2x 2cos2x|+|cos2x sin2x —4sin2x 
cos3x 3cos3x 3cos3x|} |cos3x sin3x —9sin3x (1+ x) (1+ x) (1+ xs 
= ay by ay b. dy b 
[derivative according to columnwise] Let. fedex? (aay? aay 
=f 4 °o Oo 1 <4 (1+ x)®% (14+ x)™™ (1+ x)” 
{1 
=f (=) =| 0 0 —2)+0+|/-1 0 0 ayb(1 + x) aby (1 + x) Lab, (1 + x) 1 
= © veal 2 o f(xy=| +x)" (1+ x)” (1+ x)®” 
[' C2 = C3 in second determinant] (1+ x28 (1 + x)” (1 + x) 


= 2(1—3) +119 -1)=-448=4 


544 Textbook of Algebra 


(1+ x)™ (i+ x)*™ (1+ x)0® 

+ ay By (1+ x)227 1 agby (1 + x)? 7 ay bg (1+ x27! 
(1+ x)? (1+ x)? (1+ x) 
(1+ x) (1+ x)r% (1+ x) 

+) (1+ xy (1+ x)2% (1 +x) 


a,b,(1 + x) “1 agby (1+ xe ~T agb3 (1+ xe ie 


ab, ab, abs 1 1 1 
“ f(0)=] 1 1 1 |+]a,b, a,b, azb, 
1 Al 1 1 1 1 
1 1 1 
+/ 1 1 1 
ab, azby a3b; 
(0 
*. Coefficient of x in f(x) = f )_ 0 
1! 
Aliter 
dea Ua Ua 


Let \(1+ x)?" (14+ x)" (14+ x)@™)= A+ Bxt+Cx? ++. 
(14+ x) (14 x) (1+ xc) 


On differentiating both sides w.r.t. x and then put x =0in 
both sides, we get 


ab, ab, abs 1 1 1 1 1 1 
B=| 1 1 1 | +\a,b, ayby ayb3}+} 1 1 1 
1 1 1 1 1 1 a3b, a3b, a3b3 
=0+0+0=0 


Hence, coefficient of x in given determinant is 0. 


a+x O+x A+xX 
Example 39. If A(x)=|B+x +x w+x| 

y+X wtx y+x 
show that A”(x)=0 and A(x) = A(0)+ Sx, where S 


denotes the sum of all the cofactors of all elements in 
A(0) and dash denotes the derivative. 


1 O0+x At+x}] At+x 1 A+x 
Sol. We have, A(x)=|1 O+x wU+x]+|/Ptx 1 Wt+x 
1 Wtx vtx ytx 1 vt+x 


atx O+x 1 
+/B+x +x 1 
wtx 1 


Ytx 
Applying C,; — C, — xC, and C3; > Cz, — xC, in first, 
C,; > C, - xC, and C; > C; — xC, in second and 
Cy 9 C, -— xC3 and C, 4 C, — xCz in third, then 


1 0A ja 1A a @ 1 
A(x)=/1 6 p/t+/B 1 plt+ iB o 1 
1 wp vj jy 1sv y wil 


a 0 A 
sum of all cofactors in A(0), whereA(0)=/B © wU 
Y wy 
A’(x)=0 ['. Sis constant] 
Since, A(x)=S 
On integrating A(x) =Sx +C 
' A(0)=0+C 
Hence, A(x) = Sx + A(0) 
x" sinx cos Xx 
; nt 
Example 40. If f(x)=|n! sin =) Cos (=) } 
1 Tt . TU = 


n 


then find the value of —4f)} at x=0, nel. 
Ix 


d” d” d” 
(x") (sin x) (cos x) 
‘ dx dx 
d" nt nt 
Sol. x)= n! sin| — cos} — 
ce (on) Sa 
Tt nv nm 
_ (nt n 
n! sin( + *] cos + *| 
_ (nt nt 
=|n! sin} —— cos| — 
F) (FZ 
T 1 Tt 
_ (nt 
n! sin| —J] cos 
ome 
d" . (nt 
{f(x)} at(x =0)=|n! sin} — J] cos 
dx" 2 
af me 3 
=0 ['.. R, and R, are identical] 


Integration of a Determinant 
f(x) g(x) Afx) 

Let A(x) =| p q r 
l m n 


where p, g,r,/,m and n are constants, then 


[ Feats [ etd [ h(x) dx 
[ A(x) dx = p q r 


l m n 


Remark 

lf in a determinant, the elements of more than one columns or 
rows are functions of x , then the integration can be done only 
after evaluation or expansion of the determinant. 


Important Integrals (Committed to Memory) 


/2 in” 
1. (i) f a gy” 


sin” x +cos” x 4 


i 
~ Jo 


n 
cos’ x 
dx,VneR 


sin” x +cos” x 


2 tan” x Tt [2 dx 
(ii) i dx = =i. VneR 
° 1+ tan” x 4 °° 144tan" x 
_t /2 t 
(iii) f° =f" a dx,Vne R 
9 14cot?x 4 “© 14cot" x 


. /2 F _ /2 __ 1 
2. of Insin x dx = [" Incos x dx = aa 
or Ein( >| 
2 2 
(ii) f° In tan x dx =f" Incot x dx =0 


/2 [2 
(iii) [ Insec x dx =[ Incosec x dx = 7 In2 


Walli's Formula 


2. 
(An easy way to evaluate iN sin” x cos” x dx, where 


m,né W) We have, r sin” x cos” x dx 
e {(m —1)(m —3)...2 or I} {(n — 1) (n—3)...2 or 1} 
{(m +n)(m+n-2)(m+n-—4)...2 or 1} 


where, p is 1 / 2, ifm and n are both even, otherwise p = 1. 
The last factor in each of three products is either 1 or 2. In 
case any of m or nis 1, we simply write 1 as the only factor to 
replace its product. If any of m or n is zero provided, we put 1 
as the only factor in its product and we regard 0 as even. 

For example, 

31 


512 


[5-3-1[3-1) om _ 
[10-8+6a4- 3) 2 
(5-3-1)[2] | _ 2 
[9-7-5-3-1] 63 
[4-2][6-4-2] 51 
[12-10-8-6-4-2] 120 
_35n 

~ 256 


2, ¢ i 
1. (os sin’ xcos’ xdx = 
0 


2. 6 3 
2. [ sin’ xcos” x dx = 


/2 
5 
a, sin? xcos’ x dx = 
0 


_[775+3+4] 2 
[8-6-4-2] 2 


6. f sin’? x cos x dx = pirgns 1) -1= : 
0 [11-9-7+5-3+1] 1 
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a b c 
Example 41. If A(x)=|6 4 3), then 
j ae cae Ga 
find i A(x) dx 
a b c 
1 
Sol. [ A(x)dx=| 6 4 3 
" [ xax [i x?dx I 3 dx 
0 
; i p abe 
| ‘A 3 |a|6 4 3 
23 4 
2 3 4 
0 0 0 
abe 
; 1 0 0 0 
Applying R, —> R, ~ 12Rs, then [ A(x)dx = . a a =0 
23 4 
Example 42. | 
P' 5 ir vsin x 
sin? x Insinx 
sin xX + COs X 
n n 
f(x)=] on yk IIk ; 
k=1 k= 
8 Tt (3) T 
wll ak 
15 2 2 4 
then find the value of Rese f(x)dx. 
Sol. i f(x) dx 
T/ 2. 5 T/ 2 ? T/ 2 vsin x 
i} sin? xdx i, Insin x dx [ ane oe = 
= n Sk Tk 
k=1 k=1 
8 *n(5) nu 
15 2 \2 4 
42 Tina T 
3 2 4 
=| n Mk TL* [by Walli’s formula] 
k=1 k=1 
8 oT (;) T 
In 
15 2 \2 4 


=0 


545 


[since R, and R; are identical] 
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Example 43. Let f(x) 
sec? x + cot x cosec x 


sec X COSX 
=|cos*x cos? x cosec?x , then find 
1 cos* x cos’x 


the value of (i f(x) dx. 


Sol. Applying C, > C, — cos” xC,,then 


sec x 0 sec” x + cot x cosec x 
f(x)=| cos? x cos? x—cos* x cosec’x 
1 0 cos’ x 


[expanding along C, ] 


secx sec’ x + cot x cosec x 


=(cos* x — cos* x) 


cos” x 


=(cos” x — cos* x) (cos x — sec” x — cot x cosec x) 


1 cos x 
2 ae 
cos’x sin” x 


1 cos x 
cos?x sin’ x 


3 2 - 2 3 
=cos x sin x —sIn xX —COS xX 


= cos’ x (1— cos” x) co x- 


2 - 2 
=cos x sin x (cos x 


=- cos’ x (1—sin*® x) — sin? x 
f(x) =—cos® x - sin® x 


T/ 2 
0 


. T/ 2 = 1/2 5 - 2 
a f(x) dx = i, cos” x dx ) sin” x dx 


el Gon el 


[ by Walli’s formula] 


Use of > in Determinant 


f(r) g(r) Ar) 
If A(r)=| a b c 


where a, b,c,a,,b,; and c, are constants, independent of r, 
then 


2 fr) 2 g(r) z ar) 
> A(r) = a b c 
_ ay b, Cy 


Remark 

lf in a determinant, the elements of more than one columns or 
rows are function of r, then the © can be done only after 
evaluation or expansion of the determinant. 


Important Summation 
(Committed to Memory) 


a +1 
1. 2 Se ee ee al ) 


2. > r=dn? =1? +2? +37 4+ gta Dnt) On+)) 
= 6 


n 
3. DY ri=Yn2=12 +22 432 +...4n° 


n 
4. 0% a=Xa=atatadt...t+a=an 


n times 


5. ¥ (A-1) No! =A" -1,.V AF land A>1 
sinfa 9 rh sin( 
1) B]= 2 : 


sin B 
2 
Particular For « =6 =9. 


. (2) | (| 
sin 0+- sin | — 
n 2 2 
x sinr0 = 
r=1 7 0 
sin} — 
2 


: cos i + =) D sin (=) 
7s 2 cos {1 +(r~1) B} = 2 a 


sin B 
Particular For a = =9. 


“(2hf-(2 


8. > {f(r +1) — fr} = f(n +1) — fA) 


1 1 
itr ort+l 


6. > sin[a +(r 
=1 


i Mea 


cosr0= 


; n 1 n 
Particular » => 
r=l r(r + 1) r= 


Remark 
Capital pie IT is not direct applicable in determint ie., 


IE A. I an Kr) 


f(1) gl) A] | f(2) 9g AQ) f(r) g(n) 
= b CG ix b c |xX...X b 
a Bb «© a Bb & a 2B 
IA Tan TK 
# b c 
a b, Cy 


Example 44. Let n be a positive integer and 


2r-1 ac or 1 
A,=| n’?-1 2 n+1 |, prove that 
cos?n* cos? cos7(n+1) 
n 
SAS 
r=0 
ped 7%. 1 
Sol. We have, A, =| n?-1 2" n+1 
cos*(n*) cos*n cos*(n +1) 
XY (2r-1) ¥ "C, y1 
A r=0 r=0 r=0 
YX A,=| n?-1 2” nt+1 
rae 278 2 2 
cos*(n“) cos°n  cos* (n+1) 


n n n 
Now, » (2--1)=2 Y r- 1 
r=0 r=0 r=0 
=2(0+1424+3+...4¢n)-(1+1+1+...4+1) 
Sic ae ye ee EE 
(n + 1) times 


= RD ig a(n 41)(n- =n? -1 
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n’-1 a n+1 
X A=] n?-1 2” nt+1  |=0 


cos*(n”) cos*n cos’ (n +1) 


547 


[since R, and R, are identical] 


Example 45. Let nbe a positive integer and 
oy r+1 r-2 


A,=|2r?+3r-1 3r 3r—3]and 
r?+2r+3 2r-1 2r-1 

n 

> A, =an?+bn+c, find the value of a+b+c. 

r=1 


r?+dr r+1 r-2 
Sol. We have, A, =/2r°+3r-1 3r  3r—3 
r°+2r+3 2r-1 ar-1 


Applying R, > R, —(R, + R3), then 


ae r+1 r-2 
A,=| -4 0 0 
r? +r +3 ar -1 ar —1 


Expanding along R», we get 
r+1 r-2 
2ér—-1 ar-1 


= 4 [(r + 1)(2r —1) —(r -— 2) (2r -1)] 
= 24r —12 
Now, y A, = 24 y r-12 y 1 
r=1 r=1 r=1 
4 ain+}) 
2 


=2 —12n=12n(n+1-1) 


=12n’ =an’ +bn+c 
For n = 1, we have 


at+b+c =12 


[given] 
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| Exercise for Session 4 


x x? x? 
Iff(x)=|1 2 3 |, f(1)is equal to 
0 1 
(a)- 1 (b) 0 (c) 1 
secx x? : 
Letf(x)=|2sinx x? 2x?) lim £006 equal to 
x70 x4 
tan3x x? 
(a) 0 (b)- 1 (c) 2 


(a) - 16 (b) - 11 (c) 0 
3 


X~ sinx cos x ; 


Letf(x)=| 6 -1 0 |, where p is aconstant. Then a {f(x }} at x =Ois 
Sp Pp a 
(a) p (b) p + p* (c)p + p® 
YM Ya d°y 
If y =sin mx, the value of the determinant} y3_ y4 ys |, where y, = ae 
Ye Y7 Ye 
(a) m? (b) m? (c) m° 


2cos*x sin2x —-sinx 


/2 
Letf(x)=| sin2x 2sin? x cos x |, the value of [ {f(x) + F(x )} dx, is 
sinx | —cosx 0 
T 3 
a) — b) a c) 
( (b) (c) . 


2 x 
cosx e* 2xcos* () 


(d) 3 


2 x 
Let}x? x 6|=Ax4+Bx °+(Cx *+Dx +E, the value of 5A + 4B + 3C + 2D + Eis equal to 
x 6 


(d) 16 


(d) independent of p 


(d) None of these 


(d) 2n 


2 
Iff(x)=| x?  secx sinx +x ® |, the value of |" - (x? +1) [F(x) + F(x)] dx , is 
1 


1 2 xX + tan x 


(a)-1 (b) 0 (c) 1 


9 4 1 
sin* x + cos" x Incos x ae 
1+ (tan x) is 
TU 
If f(x) = T T m4 , the value of | f(x) dx is 
7 a 1 7 
— —=In2 — 
16 2 4 
(a) 2 (b)- 1 (c) 0 
1 n n h 
IfA,=| 2k n%4+n+1 n*+n Jand > A, =56, thenn is equal to 
2k -1 n? ne+nt - 
(a) 4 (b) 6 (c) 8 
F n-2 C5 EC at nee 
The value of © (—2)! =3 1 1 (n >2)is 
r=2 
2 -1 0 


(a) 2n - 1+ (- 1)" (b) 2n + 1+ (- 1)" (c) 2n- 34+ (- 1)" 


(d) 2 


(d) None of these 


(d) None of these 


(d) None of these 


Shortcuts and Important Results to Remember 


1 Symmetric Determinant The elements situated at equal 

distance from the diagonal are equal both in magnitude 
a hg 

and sign.i.e.|h b f |=abe + 2fgh — af* — bg? —ch? 
g fc 


Skew-symmetric Determinant All the diagonal elements 
are zero and the elements situated at equal distance from 
the diagonal are equal in magnitude but opposite in sign. 
The value of skew-symmetric determinant of even order is 
always a perfect square and that of odd order is always 


3 0 c -b 
zero i.e. i =a’and|-c 0 a |=0 
b -a O 


Circulant Determinant The elements of the rows (or 
columns) are in cyclic order. i.e., 


ta a 

()|1 b b?|=(a-—b)(0-c)e -a) 

1 cc? 

a p «6 ae | 

(li) | a? b? c? |=|a? b? c? 

bo ca ab| |a b® co? 
=(a-—b)(b-c)( -—a)(ab+ bc +Ca) 

a be abc| ja a @ 

(iii)|b ca abc}=|b b? b°®|=abc(a—b)(b-c)(c —a) 

c ab abc] |c c? c? 


1. - Al 
(vV)} a b c j=(a-b)(b-c)C -a)(at+b+4+c) 
c3 


ar ie 
abc 
(vy)|b c a)=-(a?+b* +c? - 3abc) 
Cc a b 
Remark 


These results direct applicable in lengthy questions as behaviour 
of standard results. 


4 (i) If A=0, then & =0, where & denotes the 
determinant of cofactors of elements of A. 
(ii) If A #0, then & =A’~', where nis order of A. 
a, Ap ag 
(iii) LetA = A014 ao 403 
431 432 433 
The sum of products of the elements of any row or 
column with the corresponding cofactors is equal to 
the value of determinant, i.e. 
HC + AoCi2 + AgCig = Ao1Co1 + AreCa9 + AogCo3 
= 83031 + 39032 + AggCa3 = A 
and sum of products of the elements of any row or 
column with the cofactors of the corresponding 
elements of any other row or column is zero, i.e., 
4 Coq + A2C22 + AgC23 = A1C31 + Ay2 Cap + ajgCgg 
=0 
5 Ahomogeneous system of equations is never consistent. 


6 Conjugate of a Determinant If a,b; andc; EC (/ = 1,2, 3) 


a by cy la bo 
andA=|@ 6, Co|,thenA=|a bo Co 
a3 bg Cg a3 bs C3 


(i) If Ais purely real, then A=A 
(ii) If Ais purely imaginary, then A=- A 
7 (i) If x1, Xo, X3,...are in AP or a%, a, a”, ...are in GP, 
x Xo X3 
then} Xn440 Xn+2 0 Xne3 [=O 


Xon+1 Xen+2 Xon+3 
(ii) If a, a, ag,...arein GP anda, >0,i=1,2,3..., 


log A, log An +1 log On+2 
then|loga,43 l0ga@,4 loga .s5|=0 
log an +6 log An +7 log An+8 
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JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 


which ONLY ONE is correct. 


y Ex. 1 If (x — x2)? +(y1 - 2)? =a’, 
(x2 —x3)? +(Y2 —y3)? =b? and 
2 
x, yi 1 
(x3 — x1)? +(y3 —y1)? =c? andk| x, yy 1 
X3 y3 1 
=(at+b+c)(b+c-—a)(c+ta-—b)(a+b-—c), the value of k 
Is 
(a) 1 (b) 2 (c)4 (d) 8 
Sol. (c) Consider the triangle with vertices B(x,, y,), C(x2, y2) 
and A(x3, y3) and 


AB=c, BC =aandCA =b 


(%, ¥3) A 
= b 
1. Y,)B . C Xp, Yo) 
1 x, yy 1 
Area of AABC = ; X, Yo 1 ...(i) 
x3 y3 1 


Also, area of AABC = Js(s —a)(s — b)(s —c), 


where 2s =a+b+c ...(ii) 


From Eqs. (i) and (ii), we get 


i x, yy 1 
; X. Yo 1]/= /s(s —a)(s — b)(s —c) 
X3 yz 1 


On squaring and simplifying, we get 
2 


x yy i 
4) x. yo 1) =(a+b+c)(b+c —-a) 
x3 y3 1 


(c+a-—b)(a+b-c) 


Hence, the value of k is 4. 


) Ex. 2 Ifa, b andc are complex numbers, the determinant 


0 -b -c 
A=|b 0. —-alis 
couUa 0 


(a) a non-zero real number (b) purely imaginary 
(c) 0 (d) None of these 


Sol. (b) We observe that, 


0 -b -c 
A=|b 0 -a 
c oa 0 
0 boc 
=> A=|- b 0 a 
-c -a 0 
[interchanging rows and columns] 
0 -b -c 
=-|b 0 -a 
co (a 0 
[taking (- 1) common from each row] 
=> A=-A 


Hence, A is purely imaginary. 


» Ex. 3 The equation 


(l+x)? (l-x)? -(2+x?) 
2x +1 ox 1-5x 
x +1 2x 2—-3x 
(Itx)? 2x41 x+1 
+| (=x)? 3x 2x |=0 has 
1-2x 3x-2 2x-3 


(a) no real solution 
(b) 4 real solutions 
(c) two real and two non-real solutions 


(d) infinite number of solutions, real or non-real 


Sol. (d) Interchanging rows and columns in first determinant, 


then 
(14x)? 2x41 x41 
(1—x)’ 3x 2x 
—(2+x’) 1-5x 2-3x 
(1+x)? 2x+1 x41 
+|(1-x)? 3x 2x |=0 
1=2x%- 3x =2  2x=3 
(l¢x)? 2x41 x41 
=> (1—x)’ 3x 2x |=0 
-(1+x)? -2x-1 -x-1 


Applying R; > R3 + R,, then 
(1+x)? 2x+1 x41 
=> (1-x)? 3x 2x |=0 
0 0 0 
=> 0=0 


which is true for all values of x . 


Hence, given equation has infinite number of solutions, real 


or non-real. 


Ex. 4 If X,Y and Z are positive numbers such that Y and 


Z have respectively 1 and 0 at their unit’s place and 


xX 4 °1 
A=|Y 0 1 
Z 1 0 
If (A +1) is divisible by 10, then X has at its unit’s place 
(a) 0 (b) 1 
(c) 2 (d) 3 


Sol. (c) Let X =10x +A, Y =10y + 1 and Z =10z, where 
x,y,z € N, then 


xX 4 1 10ox+A 4 1 
A=|Y 0 1/=|] 10y+1 0 1 
Z 1 0 10z 1 0 
10x 4 1 Xr 4 1 
=/10y 0 1)/+]1 0 1 
10z 1 0 0 1 0 
x 4 1 
=10/y 0 1]/+(1-A) 
z 10 


=> A+1=10k +(2-A), 
x 4 1 

where k=|/y 0 1}. 
z 1 0 


It is given that (A +1) is divisible by 10. Therefore, 2 — 4 =0 


ie, A =2 
% X =10x +2 
=> 2 is at unit’s place of X. 


Ex. 5 The number of distinct values of a 2 x 2 determinant 


whose entries are from the set {—1,0,1}, is 


(a) 3 (b) 4 (c)5 (d) 6 
Sol. (c) Possible values are —2, —1, 0,1, 2 
1 0 { <4 o 4 
Le., =1, =0, =-1, 
-1 1 0 0 1 -1 
1 -1 -1 1 
={2; =-2 
1 1 a. “<i. 
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(+x)? (142x)? 1 
Ex. 6 if f(x)=| 1 (i+x)* (14+2x)? sab 
(1+ 2x)? 1 (1+x)* 


being positive integers, then 
(a) constant term in f(x) is 4 
(b) coefficient of x in f(x) is 0 
(c) constant term in f(x) is (a — b) 
(d) constant term in f(x) is (a+ b) 
(1+x)* (1+2x)? 1 
Sol. (b) Let 1 (1+x)? (1+2x) 
(1+ 2x)? 1 (1+ x) 
=A+Brt+Cx? +... 
Put x =0, then A =0 
On differentiating both sides w.r.t. x and then put x =0 
a 2b 0 1 tA 1 1 2 


1 1 1/+/0 a 2b}/+}1 1 1/=B 

tt @ 1s <i 2b 0 a 
0+0+0=B 
> B=0 


Hence, constant term in f(x) is zero and coefficient of x in 


f(x) is 0. 


2 : 
Ex. Tiff; = X aj x', j=1,2,3and f; and f jare denoted 
i=0 


df; ay, fi fe fs 
by—~and respectively, theng(x)=| fy fs fy jis 
dx dx? 


Fl fx fs 
(a) a constant (b) a linear in x 
(c) a quadratic in x (d) a cubic in x 
fl fi B) |i hh fl |i hk fh 
Sol. (a) g(x)=|ff ff AI+)f fo Bi+|fl & #B 
AR BY OR LR BY | PR fF 
=0+0+0 ['. f; is a quadratic function] 


g(x) =c =constant 


(a -1) n 6 
Ex. 8 LetA, =|(a-1)* 2n?  4n-2 |, 
(a-1)? 3n° 3n? -3n 


the value of A, is 
a=1 


(n —1)n 

(a) 0 (b) ae 
(n —1)n? (n —1)n(2n —1) 
Cam aa 
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> ii A é Sol. (a) Applying C; — C3 +C,—- C,, then 
a=1 1 cos x 0 
Sol. (a) © A, =| X(a-1)? 2n? 4n-2 
= wes A(x) =]1+sin x cos x 0 
X(a-1) 3n? 3n? —3n 
a=1 
sin x we SINX ac. 1 
n—1)n 
oo n 6 =1(cos x — cos x — cos x sin x)=— sin 2x 
(n —1)n(2n — 1) 2 
= = / / 
6 ae oe Be [ ; A(x)dx = —- = [ ” sin2x dx 
(n =1)'n? 3 2 : 
a 3n”> 3n° —3n ZT 5 nr? i 1-1) 1 
= —[cos 2x]y'“ = —(—1-1)=-- 
4 e 4 2 
pede | 3 : ; t 6 » Ex. 10 Number of values of a for which the system of 
n—-1)n n — 
—. : 2n 4n-2 equations a’ x +(2—a)y =4+a°* andax +(2a—1)y =a° —2 
(n -1)n pe ae possess no solution, is 
n° 3n° —3n 
2 (a) 0 (b) 1 
= c)2 d) infinite 
[taking in and n common from C, and C,] ©) ; (@) 
Sol(iehel® 2% |e tei aaa 
Applying C; > C3 —6C,, then a 2a-1 


= 2a(a +1)(a - 1) 


1 1 O 
< — (n ~1)n? on -1 lL For no solution, A = 0 
= 2 3 eed | ‘ a=-1,0,1 
(n —1)n 2 4+ 2 2- 
> - isles a 
a-2 2a-1 
1 cos x 1-—cos x Values of A, at a = —1,0, 1 are —6, 0, 6 respectively and 
» Ex. 9 IfA(x) =|1+sinx cosx 1+sin x—-cos x |, then hoe a’ 4+a° 
a> 5 
sinx sin x 1 aoa—2 
ag A(x) dx is equal to Values of A, at a = —1, 0, 1 are 2, 0, — 6, respectively. 
0 For no solution, 
(a) — ; (b) 0 (c) : (d) ; A = 0and atleast one of A,, A, is non-zero. 
. a=-1,1 


JEE Type Solved Examples : 
More than One Correct Option Type Questions 


= This section contains 5 multiple choice examples. Each Sol. (a,c,d) Applying C, > C, — C; —2C3, then 
example has four choices (a), (b), (c) and (d) out of which de sat Guat He # Bae te 

more than one may be correct. P 4. 3 ye 
‘ : , be -(c’ +a‘) cal=-|b° c’+a° ca 
a’ a’ ~(b-c)" be c? -(a? +b’) ab c? a’? +b ab 

® Ex. 11 The determinant|b? b? —(c—a)* ca|is 

ec? c*?-(a-b)* ab 
divisible by a a+b’ +c’ be 
(ajat+tbt+c (b) (a+ b)(b +c) (c +a) =-|b? a+b? +c? ca 
()a +b? +c? (d) (a — b) (b —c)(c —a) ce a +b? +c* ab 


Applying C; > C, + C,, then 


Applying R, — R,-—R, and R;— R; — Rj, then 


a’ a B+ te? .., be 
=-|P-a@ 0 c(a—b) 
ca 0 — Wc -a) 


—(a+b)(a-b) c(a-b) 


=(a° +b? +c? 
ee ee) (c+a)(c-a) —Wc-—a) 


—(at+b 
cHewetar ee OO? 
c+a -—-b 
Applying C; > C,; — C,, then 
—(a+b+c) 


=(a—b)(c —a)(a’ + b* +c”) 


(a+b+c) 


=(a—b)(b-—c)(c —a)(at+b+c)(a* +b’ +c”) 


Ex. 12 The value of ® lying between — x and = and 
4 


0<A<_ and satisfying the equation 
2 


1+sin*A cos? A 2 sin 40 
sin? A 1+cos? A 2sin40 |=0, are 
sin? A cos’ A 1+2sin 40 


Tt Tt 31 
area SS ia 
Tt Tt Tt 31 
One a. Err aad 
Sol. (a, b, c, d) 
1+sin’A cos’ A 2sin 40 
sin? A 1+cos?A  2sin4@ |=0 
sin? A cos” A 1+2sin 40 


Applying R, > R, — R, and R; ~R; —R,, then 
1+sin?A cos*A 2sin40 
=1 1 0 =0 
=] 0 1 


Applying C; > C; + C2 , then 


2 cos? A 2sin 40 
0 1 0 |=9 
-1 0 1 

> 1(2 +2 sin 48) =0 


sin 49 =-1 
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> 40=(2n I) =9 @=(2n -1)7 


T 31 
For n = 0, 2, then 8 a hc 


Ex. 13 The digits A, B, C are such that the three digit 


numbers A88, 6B8,86C are divisible by 72, the determinant 
A 6 8 


8 B_ 6 |is divisible by 


8 8 C 
(a)72 — (b) 144 (c) 288 (d) 216 
Sol. (a, b, c) 


*." A88, 6B8, 86C are divisible by 72. 
*, A88, 6B8, 86C are also divisible by 9. 
=> A+8+86+B+8,8+6+C 
are divisible by 9, then A =2, B= 4,C = 4 

A 6 8 2 6 8 
Let A=|8 B 6/=/8 4 6 

8 8 C 8 8 4 

=2(16 — 48) — 6(32 — 48) + 8(64 —32) =288 

Hence, A is divisible by 72, 144 and 288. 


Ex. 14 If p,g, rands are in AP and 
ptsinx qtsinx p-—r+sinx 
F(x)=/qtsinx r+sinx -1+sinx 


r+sinx s+sinx s-—qtsinx 


such that [' F(x) dx =— 2, the common difference of the AP 


can be 
(a) -1 (b) 1/2 (c) 1 (d) 2 
Sol. (a, c) 
p tsinx qtsinx p-—rt+sinx 
2 f=, 2qt+2sinx r+2sinx -—2+2sinx 


r +sin x s+sin x s—q+tsin x 


Applying R, > R, —(R, + R3), then 


ptsin x q+sin x p-rtsin x 
; : 
f(x)=- 0 8 0 sg —2 
2 . 
r+sinx s+sin x s—q tsinx 


[2q=ptr,2r=qtsandp+s=qtr] 
(-2)|p+sinx qt+tsin x 


2 rt+sinx s+sinx 
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Applying C,; — C, — C,, then 


p t+sinx D 
f(x)= , 
pt+2D+sinx D 
[where D = common difference] 
=D[p +sinx - p -2D -sinx]=— 2D? 
d [Flax =-4 
an of (ade = 
=> [(-2D*)dx = 4 -2p?=-2 


D’=1=> D=+1 


Ex. 15 If the system of equations a’ x — by =a” —b and 
bx — b’y =2 + 4b possess an infinite number of solutions, 


the possible values of a and b are 
(a)a=1b=-1 (b)a=1b=-2 
(c)a=-1b=-1 (d)a=-1b=-2 


JEE Type Solved Examples : 
Passage Based Questions 


= This section contains 2 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 16 to 18) 


Consider the system of equations 
2x tay +6z=8 x+2y+bz=5 


xty+3z=4 
16. The system has unique solution, if 
(a)a=2,b=3 (b)a=2,b#3 
(c)a#2,b=3 (d)a#2,b#3 
17. The system has infinite solutions, if 
(a)a=2,bER (b)a=3,bER 
(c)ae R,b =2 (d)aeR,b=3 
18. The system has no solution, if 
(aja=2,b=3 (b)a=2,b #3 
(c)a#2,b=3 (d)a#2,b#3 
2 a 6 
Sol. A=|1 2 6|=2(6—b)—a(3—b)+6(1-2) 
1.41 <3 


=ab — 3a —2b+6 =(a—2)(b —3) 


Sol. (a, b, c, d ) 
a —b 2,2 2 2 2 
Here, A = 2 =-—a°b’ + b° =-(a° -1)b 
If A =0,thena’ =1,b=0 
2 Ps 
Now, A= =? 
2+4b —b° 
1-b -b 
For @ =1Ay= = b(b+1)(b +2 
lady aye 
20 2 
and A, =(" a2 
b 24+4b 
1 1-b 
For a’ =1,A,= =(b+1)(b+2 
ee a 


For infinite number of solutions, A = A, = A, =0 


. @ =1,b=-1,-2 > a=+1,b=-1b=-2 


a 6 
2 b|=8(6— b) —a(15 — 4b) + 6(5 — 8) 
1 3 


= 4ab —15a — 8b +30 = (a —2) (4b -15) 


A,=|1 5 b/=0 [.. R, =2Rs] 


2a sg 
Az,=|1 2 5]|=2(8—-5) 
11 4 


a(4 —5) + 8(1 —2) 


=6+a-8=a-2 
16. (d) The system has unique solution, if 


A #0 
> (a — 2)(b-—3) #0 
=> a#2,b43 


17. (a) The system has infinite solution, if 
A=A,=A,=A, =0 
=> a-2=0 
or a=2,beR 
18. (c) The system has no solution, if 
A = 0 and atleast one of A,, A, and A, is non-zero. 


=> a#2,b=3 


Passage II 
(Ex. Nos. 19 to 20) 


2 3 
Let *C;,* C; and* C;(i=1,2,3) be Binomial coefficients, 
where xe N 


x Ci x C, x C3 


and f(x)=12|* C, * Cy *Cs\|, then 


3 43 3 
Cy Cg. “Gy 


19. f(x) is a polynomial of degree 


(a) 6 
(c) 14 


(b) 10 
(d) 18 


20. If f(x) =(x -1)" x"(x +1)”, where m,n, p€ N, then the 


value of &} mn is 


Sol. 


(a) 32 (b) 43 
(c) 44 (d) 56 
Gs a Gp * Cs 
os fixy=1a)\* C, * Cy = G 
3 3 3 
x Cy x Cy x Cs 
x(x -1) x(x -1)(x -2) 
2 6 
ae | se x(x? 1) x?(x? -1)(x? -2) 
2 6 
2 x3(x3-1)  x3(x? -1)(x? -2) 
2 6 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


» Ex. 21 If A, = 


This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 
(both inclusive). 


r r-1 : 
, where r is a natural number, 


r-1 r 


1024 
the value of '°; % A, is 
r=1 


Sol. (4) A, =r? =(r-1)° 
1024 
¥ A, =(1024)? — (1 -1)* = (1024)? = 27° 
r=1 
1024 
=> 1 & A, =2? =4 
r=1 
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Taking x, x” and x* common from R,, R, and R;, then 


1 (x-1))) (x-1)(x -2) 
f(x) = x22 x3] 1 (x? =1) (x? -1)(x? -2) 
1 (x?-1) (x? —1)(x? -2) 
1 1 x—-2 
= x°(x -1)"]1 (x +1)(x* -2) 
1 x? 4x41 (x? 4+x+41)(x? -2) 


x+1 


Applying R, ~R, — R, and R; > R; — Ro, then 


0 -x x(3— x — x’) 


f(x) = x°(x -1) |4 (x +1)(x? -2) 


0 x? x*(x? +x? —3) 
Expanding along C,, then 


—x x(3-x-—x’) 


2 
=— x°(x —1) 2 2/12 3 
x°  x°(x" + x? -3) 
9 2 = 1. 3-x-x? 
=-—x (x-1) ; ‘ 
1 x°+x" -3 
=— x°(x —1)? (- x? —x3 43-3 4x + x7) 


= x(x -1)?(x? -1) = x1°(x —1)3(x +1) 
19. (c) f(x) is a polynomial of degree 14. 
20. (b) Here, m = 3,n =10 and p =1 

“. Smn = mn + np + pm =30+10+3=43 


® Ex. 22 If P,Q and Rare the angles of a triangle, the value 
tan P 1 1 


of| 1 tanQ 1 jis 
1 1 tanR 
tan P 1 1 
Sol. (2)| 1 tan Q 1 |= tan P(tan Q tan R—-1) 
1 1 tan R 
1(tan R—-1)+1(1 — tan Q) 
= tan P tan Q tan R-(tan P+ tanQ+ tan R)+2 
=0+2 
['. In APOR, tan P + tan Q + tan R= tan P tan Q tan R] 
=2 
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JEE Type Solved Examples : 
Matching Type Questions 


= This section contains 2 eamples. Example 23 have four 
statements (A, B, C and D) given in Column I and four 
statement (p, gq, r and s) in Column II and example 24 
have three statements (A, B and C) given in Column I 
and four statements (p, q, r and s) in Column II. Any 
given statement in Column I can have correct matching 
with one or more statements(s) given in Column II. 


© Ex. 23 Let f(x) denotes the determinant 


x? ay Tx" 
f(x) =| x? 41 x 41 1 
x al | x-i 


On expansion f(x) is seen to be a 4th degree polynomial 
given by f(x) =a) x* +a,x°® +a,x* +a3x +44. 
Using differentiation of determinant or otherwise match the 


entries in Column | with one or more entries of the elements 
of Column Il. 


Column I Column II 
(A) | aj + a, is divisible by (p) 2 
(B) | a} + ay is divisible by (q) 3 
(C) | a} +a, is divisible by (r) 4 
(D) | aj + af +a) is divisible by (s) 5 


Sol. (A) > (p, s); (B) > (p, r); (C) > (p, q); (BD) > @) 


x? 2x 1+ x? 
f(x)=| x? 41 x41 1 
x -1 x=1 


Applying C; > C; — C3, then 

=—1 2% 14x 
f(x)=| x? x41 1 
1 = x =1 


Expanding along R,, then 
f(x) = — (x? -1 41) — 2x(x? —x? -1) 
+(1+ x°)(— x” —x -1) 


=-3x' 4+x° -3x7 +x -1 ...(i) 
According to the question, we get 
f(x) = ayx* + ax? +a, x? + a,x + ay ...(ii) 


From Eqs. (i) and (ii), we get 


day = — 3,a, =1, dg = — 3,a3 =1,a,=—-1 
(A) ae +a, =(—3)* +1=9 +1=10=2x5 
(B) a} +a, =(-3) -1=9-1=8=2x 4 
(C) a +a, =(-3) -3=9 -3=6=2x3 
(D) aj + a3 +a; =(-1)" + (1)? + (1)? =14+141=3 


© Ex. 24 Suppose a,b andc are distinct and x, y and z are 


connected by the system of equations x +ay +a’z=a 


x+by +b?z=b? and x+cy +c?z=c’. 


3 


? 


3 


Column I Column II 
(A) | For x =1,y =2andz =3,(a+ b+c) @*©*™ is | (p) 3 
divisible by 
(B) For x =4, y =3 and z =2,(ab + be + ca)” is (q) 6 
divisible by 
(C) For x =6, y = 4andz =2,(abc)**?*° is divisible by | (1) | 9 
(s) 12 
Sol. (A) > (p, ) (8) 9 (p.9;(C) 9 (pans) 
a#b#c 
laa 
A=|1 b b?|=(a—b)(b-c)(c —a) 
1c ec? 
aaa aaa laa 
A,=|b) b BD =|b bw Bb \=abe\1 b DB? 
3 2 o 8 2 
c c Cc (omme © c 1) ¢ -c 
= abc(a — b)(b—c)(c —a) 
1a a 1a a 
A,=|1 Bb Bb i=-]1 WB 
1c? c? 1c ¢3 
=-—(a- b)(b-—c)(c —a)(ab+ be + ca) 
aa 
and A,=|1 b b> |=(a—b)(b—c)(c —a)(at+b+c) 
1cec 


By Cramer’s rule, we get 


x =— =abe 


2 
ya aha pia Speke 
A A 

(A) (a+b+c) @+%*4) ~7¥ = 3? =9, which is divisible 
by 3 and 9. 

(B) (ab + be +ca)*” =(- y)* =(—3)* =81, which is 
divisible by 3 and 9. 

(C) (abc)'*?**° = x? =6" =36, which is divisible by 3, 6, 9 
and 12. 


JEE Type Solved Examples : 
Statement | and II Type Questions 


= Directions Example numbers 25 and 26 are 
Assertion-Reason type examples. Each of these examples 
contains two statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


Ex. 25 Statement-1 Let 
(r = v : nt+1 
A, =|(r-1)? (n!)? 4n—-2 |, then [I A, =0. 
(r-1)? (n!)? 3n?-2n a 


n+l 


Statement-2 [] A, =A,-A,-A,...A, 4; 


r=2 


Subjective Type Examples 


= In this section, there are 20 subjective solved examples. 


Ex. 27 A determinant of second order is made with the 
elements 0 and 1. Find the number of determinants with 
non-negative values. 


Sol. The number of determinants that can be made with 0 and 1 
=2X2xX2xX2=16 


and there are only three determinants of second order with 
negative values 


1: 1 
1 0 


0 1 
1 1 


0 1 
1 0 


Le., , F 


Therefore, number of determinants with non-negative 
values =16 —3 =13 


1+a 1 1 
Ex. 28 Provethat} 1 1+b 1 
1 1 1+c 
=abc i + z + . + * hence find the value of the 
a c 


determinant, if a, b and c are the roots of the equation 
px? — gx? +rx—s=0. 
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nt+1 
Sol. (d-- TL A, =A,-A3-Ag... An ay 
r=2 
1 on! 6 n! 6 


1 (n!)> 3n? -2n (n!)*? 3n? -2n 
n!} 6 
x... xX) n? (nt)? 4n-2 |#0 
n> (n!)> (3n” —2n) 


.. Statement-1 is false and Statement-2 is true. 


! 2 ! 

=|1 (nly? 4n-2 |x]4 (n!)*  4n-2 
8 
n 


Ex. 26 Consider the determinant 


0 x?--a x°-b 
f(x) =| x? +4 0 x? +e\ 
x46 x=¢ 0 


Statement-1 f(x) =0 has one root x =0. 
Statement-2 The value of skew-symmetric determinant of 
odd order is always zero. 


Sol. (a) For x =0, the determinant reduces to the determinant 
of a skew-symmetric of odd order which is always zero. 
Hence, x = 0 is the solution of given equation f(x) =0. 


1l+a 1 1 
Sol. Let A=} 1 1+b 1 
1 1 1+c 


Since, the answer contain abc, then taking a, b andc 
common from R,,R, and R; respectively, then 


1 1 1 
Seq = 
a a a 
1 1 1 
A = abc +1 
b b b 
1 1 
> ee ma 
c c c 


F i es ee | 
But answer also contains | 1 + — + Fi +—], 
a c 


then applying R, > R, + R, + R3 


A =abc 
1 1 1 1 1. 1 1 1 1 
1+—-+it¢— 14—4—4-— 1454-4 
a boc a bc a bec 
1 1 1 
= cae | = 
b b b 
1 1 1 
S = = 
Cc c c 
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Applying C; >C, +C3, then 


p pil 
=log R}q q 1|=0[since C, and C, are identical] 


11.1 
Taking [ ++ ; + *) common from R,, then 
a c 


1 1 1 7 
1 11 1 1 1 re 
= Sala ]/—- —+1 
A abe(1+ 24242] ; 3 b ane 
1 1 1 
a SS 249 
i Ex. 30 Prove that 
Applying C, >C, —C,, then -2a a+b atc 
10 1 bt+a -2b b+c|=4(b+c)(ct+a)(a+b). 
A = abc i+tetet}|s i 2 cta ct+tb —2c 
a b c/\b b 
1 1 -2a a+b atc 
=, Qa 
c c Sol. Let A=|b+a -2b b+tc 
Expanding along C,, then Aca. ep ode 
1 1 
eee ee | 
sna [leletedli ae On putting a+ b=0,b=—-a 
" c Cc OC —2a 0 at+c 
Hence,A nabe[1+ t+ 242) Then, A=| 0 2a ca 
a be 
(44 ct+ta c-a —2c 
2nd Part A = abc (1424 b+ 2) = abe + be +ca+ab Expanding along R,, then 


s+r A = -2a {-4ac —(c— a)’}-0+(a+c) {0 —2a(c +a)} 
= 2a(c +a) —2a(c +a) =0 


Hence, (a + b) is a factor of A, similarly (b + c) and(c + a) 
are the factors of A. 


cee and 
P Pp 
Ex. 29 Ifa,b andc are positive and are the pth, qth and 


. ; . On expansion of determinant we can see that each term of 
rth terms, respectively of a GP. Show without expanding that 


the determinant is a homogeneous expression in a, b and c 


loga p 1 of degree 3 and also RHS is a homogeneous expression of 
degree 3. 
log b 1|=0- 
ae, lee | AS eGe Os ilesa) 
loge r 1 —2a a+b atc 
Sol. Let A be the first term and R be the common ratio of GP, or |b+a —2b bt+el=k(a+b)(b+c)(c +a) 
then 


- c+ta ct+b —2c 
a= pth term = AR? 


Reueh ARI"! On putting a = 0, b =1 andc =2, we get 
= qth term = 


0 1 2 
c =rth term = AR’ 1-2 3 |=k(0+1)(1+2)(2+0) 
log a= log A+(p —1) log R, 2 3 -4 
log b= log A +(q — 1)log R and 
he ee vig ai ee => 0-1(-4-6)+2(3 +4) =6k 
loga p 1 = poe 
=4 
LHS =|logb q 1 -2a a+b ate 
loge r 1 


Hence,Jb+a -2b bt+c\=4(a+b)(b+c)(c +a) 


log A+(p-l)logR p 1 pte eee Soe 


=| log A+(q-1)logR q 1 


logA+(r—-IlogR r 1 Ex. 31 Ifbc+qr=ca+rp=ab + pq=-1, 


Applying C; >C, — (log A)C3, then ap bp cr 
(p-1)logR p 1 (pad) p 4 show that| a bc |=0. 
=|(q-1)logR q 1|=logR|(q-1) q 1 p qe 
(r-1)logR r 1 (r-1) r 1 


Sol. Given equations can be rewritten as 


be + qr +1=0 ...(i) 
ca+rp+1=0 ...(ii) 
ab+ pq +1=0 ..-(iii) 


On multiplying Eqs. (i), (ii) and (iii) by ap, bq and cr 
respectively, we get 
(abc)p + (pqr)a+ ap =0 
(abc)q + (pqr)b + bq =0 
(abc)r +(pqr)c + cr =0 
These equations are consistent, given equations three but 
abc and pqr are two. 


a ap 
Hence, q b bq|=0 
c oor 
q sr 
=> a b c¢/|=0 
ap bq cr 
[interchanging rows into columns] 
ap bq cr 
= (-1) b c|=0 [Ri Rs] 
pPoq*r 
ap bq cr 
Hence, a b c|l=0 
Poqyr 
Ex. 32 Ifo andB are the roots of the equations 
Se. De Da" 
x? ~2x +4=0, find the value of) Ya* Yar Ya‘ | 
ya* Za* Da” 
Sol. Given, x? -2x +4=0 
x =1+iV3 
2 a =1+ iv3 
and B =1-iv3 
> anf teh’) and p--f 48) 


o. = —2@ andf = — 2 where wis the cube root of unity. 
Yo =a +B =-2(@+) = -2(-1) =2 
Yo? =a" +B? =40' +4 = 4(m+ w) =4(-1)=-4 


Ya? =a? + 6% =- 8° —- 80’ = - 8-8 =-16 


Ya* =a* +B* =16m° +16 =16(w" + ) 


=16(-1) = —16 
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and DYa®>=a°+P* =-32m° - 320 


= — 32(W + Ww”) = —32(-1) =32 


Ya Ya’? Ya? 2 -4 -16 

Let A=|Sa*® Ya? Yoatl=|-4 -16 -16 
Yo? Yat Ya} |-16 -16 32 

f =o 6 a, 

=A-4)(-16)}1 4 4 |=128]/1 4 4 

> i> 2 i qf. -2 


Applying R, >R,—R,and RR; > R3 — R,, then 


1 -2 -8 
A=128/0 6 12 
0 3 6 


Expanding along C, we get 


6 12 
A =128-1- =128(36 — 36)=0 


Ex. 33 Ifa? +b? +c? =1, prove that 


a’ +(b? +c”) cos ab (1—cos 6) 
ba (1—cos 6) b? +(c? +a”) cos 
ca(1—cos 6) cb (1—cos 6) 
ac (1—cos 6) 
bc (1—cos 6) 


c? +(a” +b”) cos 


is independent of a, b and c. 


Sol. Let 
a’ +(b’ +c*)cos ab(1 — cos >) 
A= ba(1 — cos 6) b? +(c* +a”)cos 
ca(1 — cos 6) cb(1—cos ) 
ac (1—cos 6) 
be (1 —cos 6) 


c’ +(a* + b*)cos 


On multiplying C,, C, and C; by a, b andc respectively and 
taking a, b and c common from R,, R, and R; respectively, 


we get 
a’ +(b’ +c”) cos b°(1 —cos ) 
cae a’(1— cos 6) b’ +(c” +a’)cos 
ae a’(1—cos 6) b?(1 —cos 6) 
c*(1—cos ) 
c*(1— cos 0) 


c? +(a’ + b*)cos o 


Applying C, > C, + Cz + C3, then 
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a’ +b’ +c? b?1—cos @) c?(1—cos @) =xa° +(x? +a’x +ax +a? —x’) 
A=|a° +b? +c b’ +(c? +a’)cosd ¢ *(1—cos 9) =xa*° +a’x +ax+a> =a? + x(a +a* +a) 
24 p24 2 2 2 24 72 
a’ +b° +c b*(1 —cos 6) c’ +(a° + b*)coso 3 3 
-aa® -1 =i 
nai + 2M4 —1) _ 8/1444 —) |_ pHs 
Taking a* + b” +c” common from C,, then (a—1) a’(a-1) 
A=(a? +b’ +c’) 
be-a” ca-b* ab-c’ 
1 b*(1—cos 6) c*(1—cos 6) E ; P , 5 
1 BP 4(c? +a2)cos 6 et scoed) x. 35 (i) Prove that oe os ae 
1 b?(1 —cos 6) c? +(a*° +b”) cos o ab —c be -a ca—b 
2 2 2 
Applying R, — R, — R, and R; > R3 —R,, then O B B 
A=1 =|B? a? Bp?) 
1 b?(1 —cos @) c*(1— cos 6) B? B* o.? 
0 (a +b’ +c" 0 
Ma eaees eee, wherea” =a* +b* +c? andB* =ab+bc + ca. 
0 0 (a +b° +c") cos o 5 ; P 
be-a" ca-b° ab-c 
fp? a. B28 a 62 VB Ane? 
=a eee aes”) (ii) Prove that| ca—b? ab-—c? be—a’ | is divisible 
[by property, since all elements zero below leading ibue tem ea=t* 
diagonal] 
Dice: 4 
=1? .cos @= cos? 6 [ea +b? +0? =1] by(a+b+c)°. Find the quotient. 
2 2 2 
which is independent of a, b and c. be-a" ca-b” ab-c 
(iii) Prove that|ca—b* ab-—c® be-a’? 
Ex. 34 Ifa #0 anda #1, show that 2 2 2 
ab-c’ be-a” ca-b 
x+1 x x 5 5 j 5 
3 [ x(a =4)'| a c 2ac—b 
x xt+a x |=a | + | 5 . 4 
= =| 2ab— b 
x x x+q’ a (a 1) a ; c : ie 
b 2be—a c 
Sol. Let 
x+1 <x x xt+1 <x x 2be —a? c b? 
LHS=A=;| x xta x |=|x+0 x+a x (iv) Prove that)  c? 2ca — b” a’ 
x x x+ta? x+0 x x+a’ b? a 2ab — 
eX, x 1 x - =(a° +b°? +c? —3abc)’. 
=|x xt+a x +/0 x+t+a Xe b 
x x x+a’ 0 x x +a’ : ° 
Sol. (i) Let A=|b c 
c a 
.. Determinant of cofactors of A is 
Applying R, — R, —R, and R; >R; — R, in first ; 5 5 
determinant, then be—a" ca—b" ab-e 
Ao =|ca-b® ab-c® be-a@’ |=A =A? 
x x Xx 1 x x , . . 
A=|0 a 0/}+|]0 x+ta x ab-c’ be-a ca—b 
00 @ 0 x x+a’ eb el 
Expanding first determinant by property, since all elements = c 
below leading diagonal are zero and expanding second ie eh 
determinant along C,, then 
F as jeg e bic abe 
=xX:a:a . = 
P gen = c x|b c a 
c a c a 


= xa? + {(x +a)(x +a’) — x"} 


a’ +b’ +c? 
=|ab+bce+ca 
ab + be +ca 
a? B? Bp? 
=|? a2 8? 
B2 B2 a? 


be-a*® ca—b* ab 


a+b? +c”? ab+be+ca 


ab+be+ca ab+be+ca 


[row by row] 


ab+be+ca a’? +b? +c? 


Hence, ca-—b? ab—c’ be 


2 2 
ab-c° be-a*° ca 


(ii) From Eq. (i), we get 


be-a® ca—b* ab 


ca—b® ab-c’ be 


2 2 
ab -—c be -a" ca 


ce fot B? B? 
a = Bp? 2 B? 
b? p? B? a? 
ce ab cl 
al=|b c a 

b? c a 


=(a° +b? +c? —3abc)’ 


=(at+tb+c)* (a? +b? +c* —ab— be -ca)’ 


2 2 
be-a” ca-—b 


2 


Therefore,) ca—b? ab—c? 


ab—c* be-a’ 


ab-c 
bc —a’ |is divisible by 
ca-b* 


(a+b+c)’. 


Hence, the quotient is (a” + b? + c* — ab — be ca)’. 


(iii) From Eq. (i), we get 


be-a® ca—b* ab 


ce abe 


ca—b® ab-c’ be 


2 2 
ab-c° be-a° ca 


bc a b 
Let A=|b c a} =|b c 
c a b c a 
a c a-c 
a c xX|b -a 
c a c —b 
a’ c* 
=|2ab—c? bv? 
b? 2be — a” 


2 
a |=|b c a 


ra 0 
x 

iv) St 8 

[=] io) > 

> ° 


a [row by row] 


2be —a 
(iv) LHS=| ec” 
b? 
b 
= c 
¢ -@ 
b 
=|b c¢ 
€ @ 


=(a+b+c)* (a? +b? +c” —ab— be —ca)’ 


c 
a 


b 
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ce b? 
2ca — b? a 
a 2ab—c? 
-ac b 
—b a c_| [row by row] 
-c ba 
abe a becfl 
bc a\l=|b c a 
c a b c a b 


=[-(a +b®? +c? —3abc)} 


=(a° + b? +c? —3abc)’ = RHS 


Ex. 36 Leta andB be the roots of the equation 


ax? +bx +c =0. LetS, =a" +B" forn=1. Evaluate the 

3 145; 
ies: 
ess 


determinant] 1+ S, 


1+ 5S, 
1+ S, le 


Sol. Since, a and #8 are the roots of the equation 


ax’ + bx +c =0. 


.at+p= E pf = phd p=? 
a a 
4 d45: f45 
Let A=/1+S, 14S, 1+58, 
14S): dees as, 
3 1+a+B 1+07+ 6? 
=| 14+a+B 14+07+f8 14+0°+8° 
1+07+B? 14+0°+fP*? 14+0°+ 84 
1 1 1 1 1 1 
=|1 a B|{x/1 a 6B /=A,xA, 
1 a2 8? 1 a2 B? 
A=A5 
1 4 
A,=|1 @ 
1 a2 B? 


Applying C,; > C, — C, and C3 > C, — C,, then 


A, = 


1 
1 


a-1 


0 0 
B-1 


1 a?-1 B?-1 
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Expanding along R,, then 
a-1 B-1 
oa? -1 B?-1 
= {a8 — (a +B) +1} (B — a) 
A= Aj = [oP - (a +B) +1) (B- a)? 
-(§ 4 b 1). - _ (a+ prone — 4ac) 
a a a a 


Ex. 37 If A,B andC are the angles of a triangle, show 
that 


1 


A, = 
a+1 B+1 


=(a - 1)(B -1) 


sin2A sinC  sinB 
(i)| sinC sin2B_ sin A |=0. 
sinB sinA_ sin2C 
—1+cosB cosC+cosB cos B 
(ii) |cosC +cos A -1+cosA cos A|= 
—1+cos B —1l+cos A -1 
sin2A sinC sin B 
Sol. (i) LHS =| sinC sin2B sin A 
sin B sinA_ sin 2C 
2ka cos A kc kb 
= ke 2kb cos B ka [from sine rule] 
kb ka 2kc cos C 
2a cos A c b 
=k? c 2b cos B a 
b a 2c cosC 
acosA+acosA acosB+bcosA 
=k?|acosB+bcos A bcos B+bcos B 
acosC+ccosA ccosB+bcosC 
acosC +ccosA 
bcos C +c cos B 
c cos C +c cos C 
cosA a 0 a cosA 0 
=k>|cosB b 0|x|b cosB 0/=0x0=0=RHS 
cosC c 0 c cosC 0 
—1+ cos B cosC +cos B_ cos B 
(ii) LHS =| cosC +cos A -1+cosA  cosA 
—1+ cos B -1+cos A -1 


Applying C; >C, —C3 and Cz 4C, —C3, then 
cosC cos B 
-1 


cos A -1 


-1 
=| cos C cos A 


cos B 


-—a cosC cos B 
1 
=—]acosC -1 cos A 
a 
acosB cosA -1 


Applying C; >C, + bC, + cC3, then 
0 cosC cos B 
=-|0 -1 


0 cosA -1 


cos A |=0=RHS 


Ex. 38 Without expanding at any stage, evaluate the 
value of the determinant 
2 tan A cotB+cotA tanB 


tan BcotA+cotBtanA 2 
tanC cotA+cotC tanA tanCcotB+cotC tanB 
tan A cotC +cotA tanC 
tan BcotC +cotBtanC |. 
2 


Sol. The given determinant can be written as the product of 
two determinants 


tan A cotA 0 cot A tanA 0 
tan B cotB 0|xX|cotB tanB 0/=0xX0=0 
tanC cotC 0 cotC tanC 0 


Ex. 39 Suppose that digit numbers A28,3B9 and 62C, 


where A, B andC are integers between 0 and 9 are divisible 


A 3 6 
by a fixed integer k, prove that the determinant) 8 9 C 
2 8B. 2 


is also divisible by k. 


Sol. Given, A28,3B9 and 62C are divisible by k, then 
A28 = 100A + 20+8=n,k 
3B9 =300+10B+9=n,k 

and 62C = 600+ 20+ C =n3k 


where nj, 12,3 € I (integers). 


A 3 6 
Let A=/|8 9 C 
2 B 2 


Applying R, > R, + 10R; + 100 R,, then 


A 3 6 
A=/100A +20+8 300+10B+9 600+20+C 
2 B 2 


i) 
ii) 
(iii) 


A 3 6 
=|nk ny ,k ngk [using Eqs. (i), (ii) and (iii)] 
2 B 2 
A 3 6 
=k\|n, ny ng 
2 B 2 


Hence, A is divisible by k. 


sin x sin(x +h) sin(x +2h) 
Ex. 40 IfA =| sin(x + 2h) sin x sin(x +h) |, 
sin(x +h) sin(x +2h) sin x 
find lim (=) 
h>0\ fp? 
Sol. Let a=sin x,b=sin(x +h) and c =sin (x + 2h) 
abe abe 
A=|c a bl=|b c al=(a? +b? +c? —3abc) 
ca c ab 


=> (a+b +0) [(a- by #(b- 0)? +(e a") 
: : h).h 
Now, a—b=sin x —sin(x + h)=—-2 cos ae es 


b—emsin(x-+h)~ sin (x +28) =—2.008 (+ %)sin 2 


and c—a=sin(x+2h)-sin x =2cos(x+h)sinh 


1 
=-(at+tbte 
A ) 


(cay a 


= > [sin x + sin (x + h) + sin (x + 2h)] x 


a 


2 


+ 


3h). h\ 

—2cos| x + — }sin — 2 

2 2 + (Pest ttsnk) 
h h 


A 1 
lim — = = (3sin x)(cos* x + cos? x + 4 cos” x) 
hoo h? 2 


; 2 
=9 sin x cos” x 


x+c, x+a xta 
Ex. 41 If f(x)=| x+b xtc, x+a |, show that 
xtb x+b x+c3 


F(X) is linear in x. Hence, deduce that f(0) = ee 
-a 


where g(x) =(c; —x) (cy — x) (c3 — x). 
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xtc, x+a x+a 
Sol. Since, f(x)=| x+b x+c, x+a 
x+b x+b xt, 


Applying C,; — C, — C, and C3; 4 C3 — Co, then 


x+c, a-cy 0 
f(x)=| x+b c2-b a-cy 
x+b 0 cz —b 
1 a-c(y 0 Cc; a-cy 0 
f(x)=x/1 e2-b a-cy|+|b cy-b a-cy 
1 0 cz; —b b 0 c, —b 
So, f(x) is linear. 
Let f(x) = Px +Q 
Then, f(—a)=-aP+Q, f(—-b)=-—bP+Q 
f(0)=0-P+0=0 
_ bf (a) ~ af (~5) i 
(b- a) 
From Eq. (i), we get 
C;-a 0 0 
f(-a@=|b-a c,-a 0 
b-a b-a cs3-a 


=(¢; — a) (cz —a)(c3 — a) 


Similarly, f(— b) =(c, — b)(c, —b)(c3 — b) 


and &(x) = (cy — x) (Cz — x)(c3 — x) 
g(a) = f(—a) 
gle) = (= 8) 

Now, from Eq. (ii), we get 


bg (a) — ag (b) 


0)= 
f(0) (baa) 


Ex. 42 If f(x) is a polynomial of degree < 3, prove that 


F(a) (x -a) laa 
1 b f(b) Kx—-b)|+|1 b B? 


1a 


1c. f(c)/(x-c) 1c ce? 
7 Fx) 
(x -a)(x — b)(x-c) 
Sol. ft) oo 4 Fy © ee 
(x—a)(x—b)(x—c) (x-a) (x—b) (x-c) 
On comparing the various powers of x , we get 
[y-_f______ fo 
(a—b)(a-c) (a—b)(c — a) 
| a f(2) 
| (b—a)(b-c) (a— b)(b-c) 
Je fe) fe) 
(c —a)(c —b) (b—c)(c — a) 
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Now, from Eq. (i), we get 


f(x) 
(x — a)(x — b)(x —¢) 


f(c) 


. (x — 4) (x — b) 


"(&-2) 


(a— b)(b—c)(c —a) 
1 a_ ff (a)/(x -a) 
1b f(b)/(x —b) 
_|l ¢ f(e)(x-c) 


2 


1aa 
1b Dv 


2 
Lc: 


Ex. 43 If f(a, p= LO FO) ang 
fob jot 


, prove that 


(ca) 
fla) f(b) flc)} | 1 1 1 
f(a,b,c)=| 1 1 1 j/+la bch 
a b c a op < 


Lins fares 


(c — a) 
f(c)— f(b) _ f(b) fla) 
__ (cd) (ba) 
(c — a) 


_ (b= a) tf (c) — f(b} — Ce — b) {f(b) — Flay} 
(b— a)(c — b)(c ~a) 


_ (f(@)-(c — b)— f(b) -(c — a) + F(c)-(b — a) 


(a —b)(b-c)(c —a) 


1 1 1 ff 1 1 
F(a), ~ FE) Bek b 
~ 1 1 1 
a boc 
a b ¢ 
fla) f(b) fle) 
1 1 1 
a b c 
7 1 1 1 
a be 
a’ Bb 
f(a) f(b) fle) oe 
=| 1 1 1 |+| a b- c|=RHS 
a b c ab? 


Ex. 44 Let S be the sum of all possible determinants of 
order 2 having 0, 1, 2 and 3 as their elements. Find the 
common root & of the equations 


x? +ax +[m+1] =0, 
x? + bx +[m+4]=0 
and x* ~cx +[m+15]=0, 


such thata > S, wherea+b+c=0 and 

2n 

m= lim — > — 
n>o Nn r= (n? +r’) 

and [.] denotes the greatest integer function. 


Sol. Let & be a common root of the given equations, then 


r 


a” +aa+[m+1]=0 
> a? +aa+[m]+1=0 ...(i) 


a” + ba + [m+ 4]=0 


> a” + ba + [m]+ 4=0 ...(ii) 
and a”? — ca +[m+15]=0 
> a”? —ca +[m]+15=0 ...(iii) 


On adding Eqs. (i) and (ii) and subtracting Eq. (iii), we get 
a’ +(at+b+c)a+[m]—10=0 


a” +0+[m]-10=0 [eatb+c =0] 
=> a? +[m]-10=0 ...(iv) 
2n r 

Also, m= lim y; 
TEST ot +r 


ae ot ie i ar, I a +x 7 
[j(1 + x 27 = 5-1 
Now, [m]=[v5 -1]=1 
From Eq. (iv), we get 
a? +1-10=0 > a’ =9 
a=+3 
Now, number of determinants of order 2 having 
0,1,2,3 = 4! = 24 
ay 


2 F . : 
be one such determinant and their exists 
a3 ag 


Let A, = 


another determinant. 


a, a 
Let A, = en 


[obtained on interchanging R, and R,] 
a a 


such that A, + A, =0 
**S = Sum of all the 24 determinants = 0 
Since, a>S>a>0 

a=3 


Ex. 45 Ifa,,a),a3 and b,, b),b 3 € Rand are such that 
ajb; #1 for1Si, j $3, 
1-a3b? 1-a3b? 1-a3b3 
1-a,b, 1-a,b, 1 -ayb; 
1-a3b} 1-a3b3 1-a3b3 
1-—ayb, 1-a,b, 1-a,b, 
l=“ teh d-ae 


1 —a3b, 1 —ayb 1 —a;b, 


> 0 provided either 


a, <a) <a; andb, <b, <b; ora, >a, >a; and 
b,>b, >b3. 
3 > a3 - 2 2 
Sol. Since, ey eH tay ty) 
= (x -y) 


Hence, the given determinant becomes 


=x’ +xy+ty’ 


l+ab,+a7b? 1+ab,+a7bs 1+4,b, +4703 
Lt+a,b,+a3b? 1tayb, +a5b3 1t+a,b, +.a5b3 |>0 
1+a3b,+azb? 1+43b. +.a3b? 1+a3;b; + a5 bj 


2 


1a qa 1h a 
> Lae as | MND De BE SO 
1 a; a; 1b; Db 


=> (a, —az)(az —a3) (a3 — a) (b, — be) 


(bz — bs)(b3 — b,) > 0 


1 aa 
F 1b Dv eeheeecel 


Lee 


Casellf a, <a, < az and b, < by < bs, then 
(a, — a2) <0, (a, — a3) <0 


and (b, — b2) < 0,(b, — b3) <0 
(a; — a3) <0 

and (b, — b3) <0 

; (a3 —a,) >0 
(b3 — b,) >0 


Then, (a, — a) (a) —a3) (a, —a) >0 
and = (b, — by) (b, — b3)(b3 — bh) >0 
(a, —az) (az — a3) (a3 — a) (D; — bz) 
(b, — b3)(b3 —b) >0 
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which is true. 

Case IIIf a, >a, >a; andb,>b, >b; 
a a, —ay > 0, ay —a, > 0 

and b, — b, > 0, b, — bs >0 


a, —a, >0> az —-a, <0 
and b, — b, >0>b, — b, <0 


Hence, (a, —d,)(ad, —a3) (a3 —a,) <0 
and (b, — bz) (bz — bs) (bs — b,) <0 
(a, a2) (az — a3) (a3 — a) (b, — bz) 
(bz, — b;)(b3; — by) >0 


which is true. 


Ex. 46 Show that a six-digit number abcdef is divisible by 
11, if and only ifab +cd + ef is divisible by 11. Hence or 
otherwise, find one set of values of two-digit numbers x, y 

x 23 42 
and z, so that the value of the determinant|13 37 y jis 


19 z 34 
divisible by 99 (without expanding the determinant). 
Sol. Since, abcdef = ab0000 + cd00 + ef 

= (9999 + 1)ab+(99 +1) cd + ef 
= 9999 ab+99 cd +ab+cd + ef 


Given, abcdef is divisible by 11, if and only if ab + cd + ef is 
divisible by 11. Now, let x = ab, y = cd andz = ef. 
[each being a two-digit number] 


x 23 42 ab 23 42 
Again, let A=/13 37° y |=|13 37 cd 
19 z 34 19 ef 34 
Applying R,; > R, + 100 R, + 10000 R3, we get 
1913ab ef 3723 34cd 42 
A= 13 37 cd 

19 ef 34 


Now, 1913ab is divisible by 11, if and only if 
19 +13 + ab = 32 + abis divisible by 11 = ab = 01, 12, 23,... 


Again, 1913ab is divisible by 9, if and only if 
1+9+1+3+a+b=14+4+4a+ bis divisibe by 9. 


The above two conditions are satisfied for a = 6, b = 7. Thus, 
x = 67. Similarly, y = 23 and z = 39. 


Determinants Exercise 1: 
Single Option Correct Type Questions 


= This section contains 30 multiple choice questions. 7. If f(x) =a+ bx +cx’ anda, andy are the roots of the 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct 


abe 


equation x* =1,then|]b c_ a|is equal to 


3 1+ f(Q) 1+ f(2) a ce 
. If f(n)=a" +B" and}1+ f(1) 1+ f(2) 1+ f(3) (a) f(a) + f(B) + £0) 
1+ f(2) 1+ f@) 1+ f(4) (b) f(a) f(B) + FCB) flv) + FY) Fla) 

=k(1-a)* (1-f)? (a —B)’, kd is equal to (c) f(a) f(B) fly) 

(a) 1 by-1 (d) — f(a) f(B) fly) 

(c) oB (d) apy cos2x sin’?x cos4x 

xta x+b x+t+a-c 8. When the determinant] sin? x cos2x cos” x |is 

. Let A(x)=|x+b x+e x-1 jJand cos4x cos? x cos2x 


x+ce x+d x-—bt+d 


[ A(x) dx = — 16, where a, b,c andd are in AP, then the 


expanded in powers of sin x , the constant term in that 
expression is 


; (a) 1 (b) 0 (c)-1 (d) 2 
common difference of the AP is equal to 
(a)+1 (b) + 2 (c) +3 (d)+4 9. If [ ] denotes the greatest integer less than or equal to 
. igy? 43 the real number under consideration and 
-1<x<00<y<11<z<2 th If f th 
. If A(x) =] log, (1+ x”) ee” sin x |, then * y 2 eee 
2 [x]+1  [y] [z] 
cos x tanx sin” x ' . 
determinant] [x] [y]+1  [z] |is 
(a) A(x) is divisible by x —_ (b) A(x) = 0 
(c) A(x) =0 (d) None of these [x] y) [J]+1 
(a) [x] (b) [y] 
. Ifa, b and c are sides of a triangle and (c) [z] (d) None of these 
2 b? 2 P 9 
a 7 yo -xy x 
(a+1)’ (b+1)’ (c+1)° |=0, then 10. The determinant} a b c | is equal to 
=i “=i (e= i) . oe ee 
(a) AABC is an equilateral triangle bx+ay cx + by a’x+b’y bx +cy 
(b) AABC is a right angled isosceles triangle b’xta’y c’'xtb'y axt+by b’x+c'y 
(c) AABC is an isosceles triangle 
(d) None of the above (c) bx+cy ax+by ax+by bx+cy 
a a ae b’x+c’y a’x+b’y a’x+b’y b’xt+c’y 
11. If A, BandC les of a triangle, the value of 
bee x B x x = Garp henry eenulis an : are ang es of a triangle, the value o 
x x y x e 2iA e iC a iB 
x x x 6 eC ett B 6A | ig (where i = ./— 1) 
(a) (x — a) (x —B) (x — y) (x - 8) ee ge pe 
(b) (x + &) (x + B)(x + ¥) (x + 8) 
(c) 2x = &) (x =) (x = ¥) (x8) 1 ie a a GLa 
(d) None of the above x" x ht? x 2" 
a b-c c+b 12. If| 1 x? a =0,V xe R wherene N, 
. Iffate b c—a|=0, the line ax + by+c=0 x "tS at AES 
a-~b at+tb c the value of ais 
passes through the fixed point which is (a) n (b)n-1 
(a) (1, 2) (b) (1, 1) (c) (-2, 1) (d) (1, 0) (c)n+1 (d) None of these 


13. 


14, 


15. 


16. 


1, 


18. 


If x, y andz are the integers in AP lying between 1 and 


9 and x51, y41 and z31 are three digits number, the 
5 4 3 


value off x51 y41 z31/is 


x y Zz 
a)x+y+z 
b)x-y+z 


c) 0 
d) None of the above 


Spark ae peek Goa 


If a, by cy,@2 bc, anda3zb3c 3 are three digit even 
cy; a, dy, 
b, |, then A is 


c3 a3 bs 


natural numbers andA=/c, a, 


a) divisible by 2 but not necessarily by 4 
b) divisible by 4 but not necessarily by 8 
c) divisible by 8 

d) None of the above 


ee eae 


If a, bandc are sides of AABC such that 
c bcosB+ch acosA+ba+cy 
a ccosB+aB bcosA+ca+ay |=0 
b acosB+bB ccosA+an+by 


[where a,B,yER* and ZA, ZB, ZC # 4 AABC is 
2 
(a) an isosceles (b) an equilateral 


(c) can’t say (d) None of these 


If x,, x2 and yj, y2 are the roots of the equations 
3x" —18x +9 =Oand y” — 4y +2=0, the value of the 
X1X2 Viy2 1 
determinant} x,;+ x, VW+V2 2) is 
sin(™%@x,;xX2) cos(m/2y;y2) 1 
(a) 0 (b) 1 
(c) 2 (d) None of these 
Wo, Mo, om 
Ifthe valueofA=|"'C, “C, "Cm | is equal to 
Ro, Po, Bc, 
zero, then m is equal to 
(a) 6 (b) 4 
(c) 5 (d) None of these 
The value of the determinant 
1 sin(a-B)O0 cos(a—-f)d 
a sin oO cos 08 is independent of 
a’ sin(a—B)0 cos(a—B)0 
(a) & (b)B 
(c) 0 (d)a 


19. 


20. 


21. 


22. 


23. 
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If f(x), g(x) and h(x) are polynomials of degree 4 and 
f(x) g(x) h(x) 
a b c 
P q r 


identity in x, then 


=mx' +nx? +rx? +sx+tbean 


f°) - FO) gg") - g(0)_—-h’”"(0) - h(0) 
a b c 
P q r 
is equal to 
(a) 2 (Gn +r) (b) 3 (2n — r) 
(c) 3(2n + r) (d) 23n — r) 
cos(x+@) cos(x+PB) cos(x+y) 
If f(x)=| sin(x+@) sin(x+B) sin(x+y) |, then 
sin(B-y) sin(y-@) sin(a -§) 
F(8)— 2f() + FQ) is equal to 
(a) 0 (b)a-f 
()atB+y (dja+B-y 
1 1 1 
If} a bc |=(a-—b)(b-c)(c —a)(a+b+c), where 


a b ¢? 
a,b andc are all different, then the determinant 
1 1 1 
(x - a)’ (x —b)’ (x-c)’ 
(x-—b)(x-c) (x-c)(x-a) (x-a)(x-b) 


when 


vanishes 
(ajatb+c=0 ()x=T (a+ b +o) 
(6) x=7 (at b+o) 


(d)x=a+b+c 


Leta, b,c € Rsuch that no two of them are equal and satisfy 
2a b c 


b c 2a|=0,the equation 24ax” + 4bx + c =Ohas 
c 2a b 


: 1 
(a) atleast one root in c ;| 


pla 
(b) atleast one root in - re ;| 


(c) atleast one root in [—1, 0] 


(d) atleast two roots in [0, 2] 
The number of positive integral solution of the equation 
xi ¢1 0 x? y xz 
2 3 2 _ . 
xy y +1 y°z |=11is 
2 2 3 
XZ yz z +1 
(a) 0 (b) 3 (c) 6 (d) 12 
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24. If f(x) = ax’ + bx +c,a,b,c€ Rand equation 27. Given, f(x) = log, x and g(x) ai 
f(x) - x =0has imaginary roots «, 8 y and 6 be the roots F(x): g(x) (F(*)) ; . 
2a 8 If O(x) =| f(x?) g(x?) (f(x?))®*? 0], the value of 
of f( f(x))- x =0, then 8) 0 Qiis f(x?)- g(x?) (F(x 3s) 1 
y B 1 (10), is 
(a) 0 (b) purely real (a) 1 (b) 2 (c) 0 (d) None of these 
(c) purely imaginary (d) None of these 28. The value of the determinant 
2x —2x 2 2x —2x\2 
25. If the system of equations 2x — y+ z=0,x -2y+z=0, . eo 7 Raey y a eee 
ix — y + 2z =Ohas infinitely many solutions and f(x) be 1 (B™-B*) (B* +B )" pis 
a continuous function, such that f(5+x) + f(x)=2, 1 (yyy? (yey ty? 
then [, i f(x) dx is equal to (a) 0 (b) (aBy)** — (c) (aBy) 2* (d) None of these 
(a) 0 (b) — 2t (c) 5 (d)t 29. If a,b andc are non-zero real numbers and if the 


equations (a—1)x =y+z,(b-l)y=z+x, 


26. If(1+ax+bx7)* =a) ta,xtarx7 +... t¢agx°, 
( ) tn a . (c-—1)z=x+yhas a non-trivial solution, then 


where @, D, dy, ay, ..., ag € Rsuch that ay + a, +a, #0 ab + be + ca equals to 

ay GQ ay (a)at+b+c (b) abc (c) 1 (d) None of these 
and| a; ad) 4d) |=0,then 30. The set of equations Ax — y + (cos 8) z =0, 

a 3x + y+ 2z=0,(cos0) x +y+2z=0,0<6 < 2m, has non- 

3 5 1 5 trivial solution(s) 
ese =— Dee l= (a) for no value of A and 0 
9 (b) for all value of A and 0 

(c)a=1,b= = (d) None of these (c) for all values of A and only two values of 0 


(d) for only one value of A and all values of 0 


Determinants Exercise 2 : 
More than One Correct Option Type Questions 


= This section contains 15 multiple choice questions. (a) 0 (b) independent of n 
Each question has four choices (a), (b), (c) and (d) out of (c) independent of 0 (d) independent of x, y and z 
which MORE THAN ONE may be correct. a b aa +b 

a +x? ab ac 34. The determinant b c ba +c | is equal to 
31. The determinant A = ab be +x? be is aant+b ba+c 0 
a ac be c+ x? zero, if 
divisible by . : : (a) a, band c are in AP 
(a) x (b) x (c) x (d) x (b) a, b, c, are in GP 
32. The value of the determinant (c) a, b andc are in HP 
Je 2i 34/6 (d) (x — Q)is a factor of ax” + 2bx +c 
V12 V¥3+~/8i 3V2+-6i\| is (where i=./—1) 2cos x 1 0 
J1i8 J24+J12i J27 +2i 35. Let f(x) = 1 2cos x 1 |, then 
(a) complex (b) real (c) irrational (d) rational 0 1 2 cos x 
T 
—|=-1 
@ =) 
k-1 1 : 
k { ™ 
kk +1) i : wri) 
33. IfD=| x y z ,then > D, 7 
k=1 = 
sin" Josin 50 (© reydr=0 
gn n 2 d ue d: — 
aa (d) [_ f(x) dx =0 
sin — 


is equal to 


36. 


37. 


38. 


39. 


40. 


x*-5x+3 2x-5 3 
IfA(x)=| 3x? +x+4 6x41 9 

7x? -6x+9 14x-6 21 
=ax? +bx? +cx +d, then 
(a)a=0 (b)b=0 (c)c=0 }§ (d)d =47 
If a, band c are the sides of a triangle and A, Band C are 
the angles opposite to a, b and c respectively, then 

a’ bsinA Csin A 


A=| bsin A 1 cos A | is independent of 
CsinA cosA 1 
(a) a (b) b (c)c (d) A, B, C 
a a’ 0 
Let f(a,b)=|1 (2a+b) (a+b)? |, then 
0 1 (2a + 3b) 


(a) (a + b) is a factor of f(a, b) 

(b) (a + 2b) is a factor of f(a, b) 
(c) (2a + b) is a factor of f(a,b) 
(d) ais a factor of f(a, b) 


sec” x 1 al 


If f(x)= cos’ x cos’ x cosec x | then 


2 2 
1 cos” x cot” x 


Tr/4 I 1 
(@) |) dx=— Gn +8) 


(b) (2) =0 


(c) maximum value of f(x) is 1 
(d) minimum value of f(x) is 0 


a atx? atx’ +x? 
If|2a 3a+2x° 4a+3x° +2x* 
3a 6a+3x* 10at+6x? +3x? 


2 3 4 5 
=a) +a, x +a Xx +a3X +d4Xx + as Xx 


6 7 
+a,x° +a,x’ and 


f(x)=+ a) x” +a, x +a,,then 

f(x) 20,V xe Rifa>0 
b) f(x) = 0, only ifa =0 
F( 


x) = 0, has two equal roots 


41. 


42. 


43. 


44. 


45. 
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4x-4 (x — 2)? x? 
If A(x) =| 8x -—4/2 (x—2V2)? (x+1)? |, then 
12x —4V3 (x —2v3)? (x-1)° 
(a) term independent of x in A(x) = 16(5 — 2 = V3) 
(b) coefficient of x in A(x) = 48(1 + J2 - V3) 
(c) coefficient of x in A(x) = 16 (5 + V2 — V3) 
(d) coefficient of x in A(x) is divisible by 16 


If 
3 3x 3x" + 2a? 
f(x= 3x 3x7 + 2a’ 3x° +6a"x F 
3x° 42a? 3x34+6a?x 3x4 +120" x? +2a4 
then 
(a) f(x) =0 


(b) y = f(x) is a straight line parallel to X-axis 
2 
23554 
(c) J, f(x) dx =32a 
(d) None of the above 


Ifa>b>c and the system of equations ax + by + cz =0, 
bx + cy + az =0, cx + ay + bz =Ohas a non-trivial 
solution, then both the roots of the quadratic equation 
at” + bt +c, are 

(a) real 

(b) of opposite sign 

(c) positive 

(d) complex 

The values of A and b for which the equations 
xty+z=3,x+3y+2z=6andx+Ay+t+3z=bhave 
(a) a unique solution, ifA #5,bER 

(b) no solution, if A #5, b =9 

(c) infinite many solution, A =5, b =9 

(d) None of the above 

Let A and be real. Let S denote the set of all values of 4 
for which the system of linear equations 

Ax +(sin a) y + (cos a) z=0 

x +(cos a) y + (sina) z=0 

—x+(sina) y—(cosa)z=0 

has a non-trivial solution, then S contains 

(a)(- 1,1) (b) [- V2, - 1] 

(c) [1, V2] (d) (- 2, 2) 
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Determinants Exercise 3: 
Passage Based Questions 


51. If a8 +b? +c° —3abe = -3and A = be-a’, B=ca—b’ 
and C = ab—c’, then the value of aA + bB+cC, is 


= This section contains 7 passages. Based upon each of the 
passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), (b), 


(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Q. Nos. 46 to 48) 


Consider the system of equations 
xt ytz=5;x4+2y4+3z=9;x4+3y+Az=u 
The system is called smart, brilliant, good and lazy 
according as it has solution, unique solution, infinitely 
many solutions and no solution, respectively. 
46. The system is smart, if 
(a)A #5 0rA =5andu =13(b)A 45 andp = 13 
(c)A #5 andu #13 (d)A #5o0rA=5andu #13 
47. The system is good, if 
(a)A #5 0rA =5andu =13(b)A =5andp = 13 
(c)A =5andu #13 
(d) A #5, is any real number 
48. The system is lazy, if 
(a)A #50rA =5andu =13 (b)A=5andu =13 
(c)A =5andu #13 (d)A #50rA=5andu #13 


Passage II 
(Q. Nos. 49 to 51) 
4, 42 443 
If A=|aq,  @22_ x3 |andCy = (-1it/ Mj, where M; 
431 432 433 


is a determinant obtained by deleting ith row and 


Ci Ca Cz 
jth column, then| Cy, Cr C93 | = ie 
C31 C32 C33 
1 x x? x 3-1 0 x-x* 
49. If|x x? 1)/=5andA = 0 x-x* x 3-1), 
x? 1 x x-x* x 3-1 0 
then sum of digits of A”, is 
(a) 7 (b) 8 (c) 13 (d) 11 
50. Suppose a, b, ce R, a+b+c>0, A=be —a’,B=ca—-b’ 
A BC 
andC =ab—c* and|B C A |= 49,then the value of 
C A B 
a? +b> +c? —3abc, is 
(a) 7 (b) 7 (c)-2401  (d) 2401 


(a) -3 (b) 3 (c) -9 (d) 9 


Passage III 
(Q. Nos. 52 to 54) 


Ifo,B,y are the roots of x* +2x* —x-3=0 


a BY 
52. The value of} y a 8 |is equal to 
Boy o 
(a) 14 (b) -2 (c) 10 (d) 14 


53. If the absolute value of the expression 


a-1 -1 =1 
+ Y can be expressed as lids where mand 
O+2 B+2 yt+2 n 


: n : 
n are co-prime, the value of , iS 


m-nh m+n 


(a) 17 (b) 27 (c) 37 (d) 47 
54. Ifa=a* +B? +y’, b=aB+Py +ya, the value of 
a b b 
b a Obi,is 
b ba 
(a) 14 (b) 49 (c) 98 (d) 196 
Passage IV 


(Q. Nos. 55 to 57) 


Suppose f (x) is a function satisfying the following 
conditions: 


() fO)=2, fQ)=1 


(ii) f (x) has aminimum value atx = ; 


2ax 2ax —1 2ax+b+1 
(iii) For allx, f’ (x) = b b+] -1 
2(ax+b) 2ax+2b+1 2ax+b 


55. The value of f(2)+ f(3) is 


(a) 1 (b) ; (c)2 (a? 


56. The number of solutions of the equation f(x)+1=0is 
(a) 0 (b) 1 (c) 2 (d) infinite 


57. Range of f(x) is 


Passage V 
(Q. Nos. 58 to 60) 


x eo (x-1) 


If|x-—Inx cos(x-1) (x-1) |= apt a,(x—-1)+ ap (x—-1)' +... 


tan x sin? x cos” x 


58. The value of cos ~'(a,), is 
1 


(a) 0 OF On (d) x 


59. The value of lim (sin x)* is 
x ag 


(a) 1 (b) e (c)e-1 (d) None of these 
60. The equation whose roots are dg and ay, is 
(a) x°-x=0 (b) x? -2x =0 
(c) x°-3x =0 (d) None of these 
Passage VI 
(Q. Nos. 61 to 63) 
—be b> +bhe c +be 
LetA=|a?+ac  -ac c’ +ac| and the equation 
a> +ab b* +ab  —ab 
‘= px? + qx —r=Ohas roots a, b, c, where a,b,c¢ R*. 


61. The value of A is 


(a) <9r? (b) > 27r? (c) $27r? (d) >81r? 


Determinants Exercise 4: 


Single Integer Answer Type Questions 


= This section contains 10 questions. The answer to each 


question is a single digit integer, ranging from 
0 to 9 (both inclusive). 
3 +k 4% 37 434k 
67. If} 4° +k 5° 47 +4+4+k/=0, 
5 +k 6 5° +54+k 


the value of ./2* ak Jak ... 0 is 


68. Let o,f andy are three distinct roots of 
x-1 -—6 2 


=4 
1 1 1 

-6 x-2 -4 |=0, the value of} —+—+— is 
a 6 


2 -4 x-6 Y 

G1 (x -1)3 

69. If} x—Inx cos(x-1) (x-1)? |= ¥ a,(x-1)’, 
0 


a2 2 ue 
tan x sin” x cos” x 


x e 


the value of (27° +37!)%1*1 is 


IfAn=| ab b? +n be 
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62. If a,b,c are in GP, then 
(a)r°=p'q (b)p=r'q (c)p=q'r (d)q=pr 

63. If A =27 anda’ +b? +c* =2, then the value of ¥a’b, is 
(a) 3(2V2 — p) (b) 3(2V2 -r) 
(c) 3(2V/2 —q) (d) 322 — p—q) 


Passage VII 
(Q. Nos. 64 to 66) 


e+y ab ac 
,n€ N and the equation 


ac be Cn 


x? —Ax? +1 1x —6 =0 has roots a, b, cand a,b, care in AP. 


7 
64. The value of > A,, is 
r=1 


(a) (12)° (b) (14)° (c) (26)° (d) (28)° 


65. The value of is 


n 


aes (b) =8 
(c) > 8 (d) None of these 
30 = 
66. The value of ¥ [Fa is 
rail 27r? 
(a) 130 (b) 190 (c) 280 (d) 340 
1 cosa cosh 0 cosa cosh 
70. If| cos o 1 cos Y | =| cos a 0 cosy], 
cos cosy 1 cos cosy 0 


cos” & + cos” B + cos” ¥ is equal to 


(b+c)* a’ a’ 
71. Let f(a,b,c)=|  b? (c +a)’ b? | the 
c? c? (a+b)* 


greatest integer n € N such that (a+ b+ c)" divides 
f(a b,c)is 
72. If0 <@ <7 and the system of equations 
x =(sin 8) y + (cos 8)z 
y=z+t+(cos 0) x 
z=(sin0)x+y 


wich . 80. 
has a non-trivial solution, then — is equal to 
Tt 
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11 1 1 1l+a 1 1 
12 3 4 = 
73. The value of the determinant is i genie ee Vand) teh Aaa : A 
3 6 10 1+ec 1+c 1+3c 
1 4 10 20 the value of |a~' + b”' +c '|is equal to 
74. If a, b,c and d are the roots of the equation 76. If the system of equations 
xi +2x°+4x" +8x+16=0, the value of the ax +hy+g=0;hx + by+ f =0 
lta 1 1 1 and ax” +2hxy+ by’ +2gx+2fy+c+A=0 hasa 
; 1 1+b 1 1 |. unique solution and 
determinant ‘ ; a ‘ is ; i 2 _ by? — oh? 
+¢ 42 fth—af* =br* = 
wr fgh - of Le 8, the value of A is 
1 1 1 1+d h? —ab 


| 


Determinants Exercise 5: 
Matching Type Questions 


= This section contains 5 questions. Questions 77 to 81 have three statements (A, B and C) given in Column I and four 


statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more 
statement(s) given in Column II. 


77. Column I Column II 
(A) | Ifa,b,c are three complex numbers such that a’?+b? +c’? =0 and (p) 2 
b? +c? ab ac 
abc’ +a” be |=Aa°b’c’, then A is divisible by 
ac bc a+b? 
a atb at+b+c 
(B) Ifa,b,c € Rand| 2a 5a+2b 7a+5b+2c | =—1024,then a is divisible by (q) 3 
3a 7a+3b 9a+7b+3c 
() x-1 2x°-5 x? -1 (x) 4 
Let A(x) =| 2x?+5 2x+2 x°+3 | andax+b be the remainder, when A(x) is 
x?-1 x+1 3x?-2 
divided by x” —1, then 4a + 2b is divisible by 
(s) 5 
(t) 
78. Column I Column II 
(A) | Let f(x) =x+q, fi(x) = x? +b,x + by, x, =2, x, =3 and x; =5 and (p) | Even number 
1 1 1 
A=} fil%) file)  filxs) | then A is 
fal) fol2) fas) 
1 b, a 
(B) | If |a,-b,|=6and f(x)=|1 b  2a,-x], then the minimum value of f(x) is (q) | Prime number 
1 2b-x a 
x-2 (x-1) x 
(C) | If coefficient of xin f(x)=|x-1  x° (x +1)° | is A, then|Alis (t) | Odd number 
x (x41)? (x+2) 
(s) | Composite number 
(t) | Perfect number 
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79. Column I Column II 
x? 43x x-1 x43 
(A) | If x°+1 24+3x x-3| =ax' + bx? +cx’ + dxt+e,thene+ ais divisible by (p) 2 
x°-3 x44 3x 
x=1 ax 7 
(B) | If} x?-1 x-1 8|=ax°+ bx’ +cx+d, then (e+ a—3) is divisible by (q) 3 
2x 3x 0 
xe+4x x+3 x-2 
(C) |If | x-2 5x x-1]/=ax°t bx* +cx*? + dx’ +ex+ f,then(f + e) is (r) ? 
x=3 x+2 4x 
divisible by 
(s) 6 
(t) 7 
80. Column I Column II 


(A) | Ifa? +b? +c? =1and 


independent of a 


a’ +(b?+c*)d — ab(—d) ca(1 —d) 
A=|  ab(i-d) b?+(c?+a*)d ~— be(i—d) __|, then Ais 
ca(1—d) be(1 —d) ce’ +(a+b*)d 
1 1 (a+b) 
c c 
(B) IfA= zal 7 2) - a , then A is (y) independent of b 
~bd(b +c) (ad+ abd +cd) a + bybd 
a’c ac ac” 


sina cosa sin(a+d) 
IfA=)sinb cosb_ sin(b+d)|, then Ais 


sinc cose sin(c+d) 


(C) 


independent of c 


(s) 


independent of d 


81. 


(t) ZeYO 
Column I Column II 
(A) | If n be the number of distinct values of 2 x2 determinant whose entries are from | (p) 2 
the set {-1,0,1}, then (n —1)’ is divisible by 
(B) | If nbe the number of 2 x2 determinants with non-negative values whose entries | (q) 3 
from the set {0,1}, then (n —1) is divisible by 
(C) | Ifn be the number of 2 x2 determinants with negative values whose entries from | (r) 4 
the set {-1, 1}, then n(n + 1) is divisible by 
(s) 5 
(t) 6 
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Determinants Exercise 6: 
Statement | and II Type Questions 


= Directions (Q. Nos. 82 to 87) are Assertion-Reason type 


qu 


estions. Each of these questions contains two 


statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 


Ea 


ch of these questions also has four alternative choices, 


only one of which is the correct answer. You have to select 
the correct choice as given below. 


(a) 
(b) 


(c) 
(d) 


82. 


83. 


84. 


Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


Statement! is true, Statement-2 is false 


Statement-1 is false, Statement-2 is true 
r r+1 n 
Statement-1 If A(r) = then } A(r)=~—3n 
r+3 r+4 r=1 
filr) fe(r) 


Statement-2 If A(r) = 


fa(r) falr) 


. flr) > falr) 
then ») A(r)= sete 


r=1 


y 
r=1 = 
» fa) & falr) 


Consider the determinant 


a,t+b,x? a,x? +b, cy 
A= az +b, x? a,x +by (om) =0, 
a, +b3x7 a,x? +b, 3 


where a;,b;,c; € R(i=1,2,3)andxeER 
Statement-1 The value of x satisfying A = 0 are 
x=1,-1 a, b, tt 
Statement-2 If} a, b, c,|=0,thenA=0. 
a3 bz Cs 


Statement-1 The value of determinant 


is zero. 


85. 


86. 


87. 


88. 


Statement-2 The value of skew-symmetric determinant 
of odd order equals zero. 


(1+x)" G+x)" @+x)° 
Statement-1 f(x)=|(1+ x)" (1+x)” (1+ x)” | 
(atx) (1+x)" (1+x)® 


the coefficient of x in f(x) =0 
Statement-2 If P(x) =a) +a,x +d, x" +a3x° 
+...+4a, x", then a, = P’ (0), where dash denotes the 


differential coefficient. 


Statement-1 If system of equations 2x + 3y =a 


and bx + 4y =5has infinite solution, 
15 8 
then a= —,b=-— 
4 i) 


Statement-2 Straight lines a,x + bjy+c,=0 
and a, x + by y+cy =Oare parallel, 

pa b 

f= Ft y St 


a, db, Cy 


1 2 3 
Statement-1 The value of the determinant] 4 5 6/40 
7 8 0 


Statement-2 Neither of two rows or columns of 
1. 2 3 


4 5 6/is identical. 
7 8 0 


Statement-1 The digits A, B and C re such that 
the three digit numbers A88, 6B8, 86C are divisible 


A 6 8 
by 72, then the determinant} 8 B_ 6 |is divisible 
8 8 C 


by 288. 
Statement-2 A = B=? 


Determinants Exercise 7 : 
Subjective Type Questions 


= In this section, there are 20 subjective questions. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


b+c c b 
Prove that] c cta a |=4abe. 
b a atb 
a-—b-c 2a 2a 
Prove that 2b b-c-a 2b =(a+b+c)’. 
2c 2c c-a-—b 


V13+V3 2V5 V5 
Find the value of determinant] J15+ 26 5 +101. 
3+765 V15 5 
be ca ab 
Find the value of the determinant| p qr |, where 


i ode a 
a, band c respectively are the pth,q th and rth terms of a 
harmonic progression. 


Without expanding the determinant at any stage, prove 
=) 345i 2 — 4i 
that} 3—5i 8 4 + 5i | has a purely real value. 
: +41 4-5i 9 
. ah+bg g ab+ch 
Prove without expanding that) bf +ba f hb+bc\=a 
aht+bg ah af+be c bg+fe 
bf +ba h b\. 
aft+be g f 
If A, Band C are the angles of a triangle and 
1 1 1 
1+sinA 1+sin B 1+sin C =0, 
sin A+sin? A sin B+sin? B sinC +sin® C 


then prove that AABC must be isosceles. 
By By’ +By  B’y’ 
Prove that] ya ya’+y‘a y‘o’ 
op a6’ +aB a’B’ 
= (aB’ — a 'B) By’ —B’y) (ya" — ya). 


u ; 
If y = —, where uw and v are functions of x, show that 
v 


u v 0 


30 , 


Vvo—= 


98. 


99. 


100. 


101. 


102. 


103. 


104. 
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Show that the determinant A(x) is given by A(x) = 


sin(x+Q@) cos(x+Q@) a+xsina 
sin(x+B) cos(x+B) b+xsin{ .isindependent ofx. 
sin(x+y) cos(x+y) c+xsiny 

*C, *C, *C; 
Evaluate} »C,; ”*C, C3 | 

7C, 7C, 7Cy 
(i) Find maximum value of 

1+sin” x cos’ x 4 sin 2x 

f(x)=| sin? x 1+cos*x 4sin2x 

sin? x cos? x 1+ 4sin 2x 


(ii) Let A, Band C be the angles of a triangle, such that 
A2=B2C. 


Find the minimum value of A, where 


aco 1D : 2 
sin“ A sin Acos A cos* A 
ae ‘ 2 
A=|sin“° B- sinBcosB_ cos* B|. 
a) : 2 
sin“ C sinCcosC  cos*C 


x? —Ax+6 2x7 4+4x+410 3x7 -2x +16 


If f(x)= x-2 2x +2 3x-1 , 
1 2 3 
2. 
3 
then find the value of / a f (x)dx. 
“3 14+x° 
IfY =sX and Z =X all the variables beings functions of 
xX YY @& 
3/51 fy 
x, then prove that} X, Y, Z,|=X , 
s t 
X,Y, Z, — 


where suffixes denote the order of differentiation with 
respect to x. 


If f, g and hare differentiable functions of x and 
f g h 
A=| (xf)’ — (xg)’ ~~ (xh)’_|, then prove that 
Cry tay ("ny 
i g h 
AN’= f’ g’ h’ ! 
(ery eg)" (x3h”) 
If| a, |>|a2|+|a3 |,]b2|>|b1|+|b3 | and 


a a, a3 
|c3 |>|c,|+]|c. |,then show that) b, b, b, |40. 


Cy Cg C3 


576 ~— Textbook of Algebra 


(a-a,)* 
105. Show that|(a—a,)* (a—a,)' az’ |= 


-2 -1 = 
(a—a3) (a— as) a3 
a’ II(a; —a ay) 2 : 
+ ——____—... Write out the terms of the product in 
Ila; (a-a; ) 
the numerator and give the resulting expression its 
correct sign. 

106. Show that in general there are three values of t for 
which the following system of equations has a 
non-trivial solution (a—t)x + by + cz =0, 
bx +(c —t)y +az =Oand cx + ay +(b-t)z=0. 

Express the product of these values of t in the form of a 
determinant. 


Determinants Exercise 8 : 


107. Eliminates 
(i) a4, band c 


(ii) x, y, z from the equations 


b 
qt Sag -b4 24 Sag 
z y x Zz 
b 
and re eae 
y x 


108. If x, z and y are not all zero and if 


ax + by +cz =0, bx + cy +az=0 
and cx +ay+bz=0,then 
prove that x: y:z=1:1:lor1:@:@° or 1: 0° :@ 


Questions Asked in Previous 13 Year's Exam 


= This section contains questions asked in IIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 to 
year 2017. 
109. Ifa® +b* +c? =-2 and 
lt+a’x (1+b7)x (1+c")x 


f(x)=|(1+a?)x 14+b?x (1+c”)x |, then f(x)isa 
(1+a7)x (1+b?)x l+c°x 

polynomial of degree [AIEEE 2005, 3M] 

(a) 3 (b) 2 (c)1 (d) 0 


110. The system of equations 
aoxt+ty+z=a-1, 
x+Qy+z=a-1 


and x+ytaz=a-1 
has no solution, if & is [AIEEE 2005, 3M] 
(a) not —2 (b) 1 
(c) -2 (d) Either —2 or 1 
111. If a,, a2, a3,..., A,,... are in GP, then the determinant 
log an log an+1 log an+2 
A=|loga,,3; loga,,4 loga,+s5 | is equal to 
logadn+6 logany7 loganys [AIEEE 2005, 3M] 
(a) 1 (b) 0 (c) 4 (d) 2 
1 1 1 
112. If D=|1 1+x 1 |for x #0, y#0,then Dis 
= [AIEEE 2007, 3M] 


a) divisible by neither x nor y 
b) divisible by both x and y 
c) divisible by x but not y 

d) divisible by y but not x 


Sas 


113. Consider the system of equations 
x=2y+3z7==1 
—x+y-2z=k 
x—3y+4z=1 
Statement-1 The system of equations has no solutions 
for k #3. [IIT-JEE 2008, 3M] 
and 1 3 41 
k | #0, fork #3. 
1 4 1 


Statement-2 The determinant |-1 —-2 


(a) Statement-1 is true, Statement-2 is true and Statement-2 
is a correct explanation for Statement-1. 

(b) Statement-1 is true, Statement-2 is true and Statement-2 is 
not a correct explanation for Statement-1. 

(c) Statement-1 is true, Statement-2 is false. 


(d) Statement-1 is false, Statement-2 is true. 


114. Let a, b, cbe any real numbers. Suppose that there are 
real numbers x, y, z not all zero such that 
x =cy+bz, y=az+cx andz = bx + ay. Then, 


a’ +b’ +c” +2abc is equal to [AIEEE 2008, 3M] 


(a) -1 (b) 0 (c) 1 (d) 2 
115. Let a, b, c be such that b(a+c) #0. If 
a ati a-1 at+1 b+1 c-1 
—b b+1 b-1}+| a-l b-1 c+1 |=0, 
e c-1 ctl] |(-1)"*2a (-1)""b (-1)"c 
then the value of n is [AIEEE 2009, 4M] 
(a) any integer (b) zero 


(c) an even integer 


(d) any odd integer 


116. 


1 tan 1 
If f(8) =|- tanO 1 tan6|, then the set 
-1 -—tan0 1 
{Fo <0< *| is 
2 [IIT-JEE 2011, 2M] 
(a) (-29,-1) U(L, ©) (b) [2,¢9) 


(c) (-~, 0] U[2,-) (d) (—e,—1] U1, ) 


117. The number of values of k for which the linear equations 


118. 


119. 


120. 


121, 


4x+ky+2z=0 

kx+4y+z=0 

2x +2y+z=0 
Possess a non-zero solution is 
(b) 3 (c)2 


If the trivial solution is the only solution of the system 
of equations 


[AIEEE 2011,4M] 
(d) 1 


(a) zero 


x-ky+z=0 
kx +3y—kz=0 
3x+y-z=0 
Then, the set of values of k is 
(a) {2, -3} (b) R—{2, -3} 
(c) R-{2} (d) R-{-3} [AIEEE 2011, 4M] 


The number of values of k for which the system of 
equations (k + 1)x + 8y = 4k; kx +(k+3)y =3k-1 


has no solution, is 

(a) 1 (b) 2 

(c) 3 (d) infinite 

Ifa, B #0 and f(n)=a" +B” and 
3 1+ f(1) 1+ f(2) 

1+ f(1) 1+ f(2) 1+ f(3)|=kG-a)’(-B)’(a-B)’, 


[JEE Main 2013, 4M] 


1+ f(2) 1+ f(3) 1+ f(4) 
then k is equal to [JEE Main 2014, 4M] 
(a) 1 (b) -1 
(c) a8 (d)1/ of 


The set of all values of 4 for which the system of linear 
equations 
2x, —-2x +x, =Ax, 
2x, —3xX2 +2x; =Ax, 
—x,+2x,=Ax, 
has a non-trivial solution [JEE Main 2015, 4M] 
(a) contains two elements 
(b) contains more than two elements 
(c) is an empty set 
(d) is a singleton 


122. 


123. 


124. 


125. 


126. 
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Which of the following values of & satisfy the equation 


(ita)? (1420)? (1430)? 
(2+a)? (2+20)? (2+3a)? |=-6480? 
(3+a)? (3420)? (34+3a)? 
[JEE Advanced 2015, 4M] 

(a) -4 (b) 9 
(c) -9 (d) 4 
The system of linear equations 

x+Ay-z=0 

Ax-y-z=0 

x+y-Az=0 


has a non-trivial solution for [JEE Main 2016, 4M] 
(a) exactly one-value of A 

(b) exactly two values of A 

(c) exactly three values of A 


(d) infinitely many values of A. 


The total number of distinct x € R for which 


x x? 1+x° 
2x 4x* 148x?|=10is 
3x 9x? 1427x°3 


[JEE Advanced 2016, 3M] 
Let a,A, UE R. Consider the system of linear equations 
ax+2y=h 
3x-2y=U 
Which of the following statement(s) is (are) correct? 

[JEE Advanced 2016, 4M] 
(a) If a = —3, then the system has infinitely many solutions 

for all values of A and u 
(b) If a # —3, then the system has a unique solution for all 

values of A and uw 
(c) If A+ =0, then the system has infinitely many solutions 

for a = -3 
(d) If A+ #0, then the system has no solution for a = —3 


If S is the set of distinct values of ‘b’ for which the 
following system of linear equations 
x+y+z=1 
x+ay+z=1 
ax+by+z=0 
has no solution, then S is [JEE Main 2017, 4M] 
(a) an infinite set 
(b) a finite set containing two or more elements 
(c) a singleton 
(d) an empty set 


Exercise for Session 1 
1. (d) 2. (d) 3. (c) 4. (b) 
7. (b) 
Exercise for Session 2 
1. (c) 2. (d) 3. (a) 4. (c) 
7. (b) 8. (b) 9. (d) 10. (c) 
Exercise for Session 3 
1. (b) 2.(c) 3.(c) 4.(b) 5.(b) 
7.(d) 8.(a) 9.(b) 10. (c) 11. (c) 
13. (a) 14. (a) 


Exercise for Session 4 


Answers 


5. (c) 6. (d) 
5.(a) 6. (b) 
11. (d) 
6. (d) 
12. (a) 


l(c) 2. (b) 3. (b) 4.(d) 5.(d)~—-6. (b) 


7.(b) 8c) 9.(d) 10. (a) 


Chapter Exercises 


1. (a) 2. (b) 3. (a) 4. (c) 
7. (d) 8. (c) 9.(c) 10. (d) 
13. (c) 14. (a) 15.(b) 16. (a) 
19. (d) 20.(a) 21. (b) ~—-22. (a) 
25. (b) 26.(b) —-27.(c) —28. (a) 


31. (a, b, c, d) 
35. (a,c, d) 36. (a, b, c) 37. (a, b, c, d) 

39. (a, b, c, d) 40. (a, c, d) 41. (a,b) 42. (a, b) 
43. (a, b) 44.(a,c) 45. (a, b, c) 


47. (b) 48. (c) 49.(c) —-50.(b) 


32.(b,d) 33. (a, b, c, d) 


5. (a) 6. (b) 
11.(d) = 12. (c) 
17. (c) 18. (a) 
23.(b) 24. (b) 
29.(b) 30. (a) 
34.(b, d) 
38. (a, b, d) 


46. (a) 
51. (b) 


52.(c) 53. (c) 54. (d) 55. (a) 56.(a) 57. (c) 


58.(c) 59. (a) 60.(d) 61.(b) 62. (d)_—«63. (b) 
64.(b) 65.(a)  66.(c) _—67. (2) ~—68. (9) 69. (2) 
70.(1) 71.(3)  -72.(6) ~—-73.(1)~—s 74. (8) 75. (3) 


76.(8) 77. (A) >(p,¥); (B) > (@,r); (C) > (p, a, 8, t) 
78. (A) >(p,8,t); (B) > (r,t); (C) > (p, a) 

79. (A) > (1); (B) > (r,t); (C) > (p, a, 8) 

80. (A) > (p,q,¥); (B) > (p, a, 1,8, t); (C) > (p, 4, 7,8, t) 
81. (A) >(p,v); (B) > (p,,1, t); (C) > (pr, 8) 


82. (c) 83. (b) 84. (a) 85. (a) 86. (b) 
88. (c) 91. 15/2 — 25/3 
92.0 99. nH — y\(y- z)(z- x) 
100. (i) 6 (ii) 0 101.0 
105. a (a, Ay )(aq — 43)(43 — ay) 
abe 
106.|b cia 
cab 
107. (i) 2 + + Me1=0 (ii) +b +0 =5abe 
ry yp P 
109.(b) 110.(c) 111. (b) 112. (b)_—-113. (a)_—:114. (c) 
115.(d) 116.(b) 117. (c)_—-118. (b)_—-:119. (a)_—:120. (a) 
121.(a) 122. (b,c) 123.(c)  124.(2) 125. (b,c,d) 


126. (c) 


87. (b) 


Applying R, > R, — R,, then 


Oo 
xta x+a+D 
Solutions ~ 


2D 2D 
=2D(x+a—x-—a-—D)=-2D" 


2 
1. 2 f(n) =a" +8" Also, iP A(x) dx = -—16 
3 1+ fl) 1+ f(2) > —2D°(2)=-16 
Let A=(|1+ f(1) 14+ f(2) 1+ f@) a D?=4 or D=#2 
1+ fl2) 1+ f@) 1+ F(a) os 
3 1+a+B 1407+? ‘ oe 
; ; 24 Ry a 3. Let A(x) =/log,(1 + x”) e~ sin x 
7 : EP a BP = . = P cos x tanx  sin’x 
1+0°+BP° 1+0°+BP° 14+a°+8 
F =atbx+cx? +... 
1 I, i 1 1 1 1 


1 1 
On putting x = 0, we get 
=|1 a B|xjl1 a Bl=l1 a 8B . : 


1 a? B? 1 a? B? 1 a? B? 


Applying C, > C, — C, andC, > C, — C,, then 
2 


{Ses 0 iets 0 
. 0=a 
A ; ; ‘ or a= 0, then 
aii al B- A(x) = bx + cx? +... 
s Pa, B?-1 Hence, A(x) is divisible by x . 
2 2 2 
a b c 
Expanding along R,, we get 
7 3 : . ; ei 4, Given, |(a+1)’ (b+1)* (c+1)?/=0 
A=|, | =@-1)? (B-1)? 1)” (b-1) 1) 
ate geal eV OM gay (a1)? (b-1)? (e-1) 
=(0 - 1)(B - 1)? (B -a)*=(1 - a)? (1 — B)* (@ - By” a b c 
=k ~a)’ (1-8)? (a —B)° [given] => a?+2a+1 b*+2b41 c?+2c+1/=0 
ee a’ —-2a+1 b’-2b+1 c*-2c+1 
2. -. a,b,c andd are in AP. Let D be the common difference,then Applying R, > R, — R3, then 
b=a+D,c=a+2D,d=a+3D (i) a b? ce 
xta x+b x+a-c 4a 4b 4c =0 
and A(x)=|x+b x+c x-1 a’ -2a+1 b?-2b+1 c?-2c+1 
xt+te xtd x-b4+d 


Applying R, ~ R,—-R, + oh, then 
On putting the values of b, c and d from Eq.(i) in A(x), then 2 


x+a x+at+D x-2D a b? ¢ 
A(x)=|x+a+D x+a+2D x-1 4)a b cl/=0 
xtat+2D x+a+3D x+2D 1 1 1 
i at 1 1 1 
Applying R, > R, (R, + R,), then 
2 > -la b cl=0 [“ R, > Rs] 
xta x+ta+D x—-2D 2 732 
: ab <¢ 
‘ ‘ ‘ , 1 1 1 
(x) . => a b cl=0 
: a’ b? ¢? 
x+a+t+2D x+a+t+3D x+2D 
> (a — b)(b -—c)(c—a)=0 
Expanding along R, , then r 4=h=06rb =c= Oot a=0 
x+a x+at+D > a=borb=corc=a 


A(x) = 
x+a+2D x+a+3D Hence, AABC is an isosceles triangle. 
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Qa x x x abe 
5 taAal* B x x 7. |b c al=—(a° +b? +? —3abc) 
x x y x c a b 
x x x 8 =-(a+b +c) (a +b@ + ow’) (a + bw” + co) 
Applying C, > C, — C,, C; > C; — C, and C, > C, — C, then [where @ is cube roots of unity] 
Ce =— fla) f(B) FY) [-0 =1,B=0,7=0"] 
x B-x 0 0 2 
A= cos2x  sin”°x cos4x 
a eS 8. LetA=|sin?x cos2x cos’x 
x 0 0 b-x 2 
cos 4x cos’x cos2x 
Expanding along first column, then ; . ; ‘: 
A=a(B-x)(y—x)(8—x) —x(x-a)(y—x)(8- x) 1-2sin°x sin‘x  1-—8sin*x(1—sin’x) 
+ x (8 — x) (x — a) (x —B) — x (x — a) (B - x) (Y— x) = sin’ x 1 —2sin’ x 1 —sin*x 
=(x —a)(x —B)(x — y) (x —8) — x [(x —@)(x — y) (x -8) 1—8sin’x(1—sin’x) 1 -sin’x 1-2sin’x 
+ (x —B)(x — y) (x -8) 101 
+ (x — )(x — B) (x —8) +(x -a) (x -B)(x-)] [given] The required constant termis|0 1 1 
= f(x)—x f(x) 111 
f(x) =(x — a) (x —B) (x — y) (x -8) Applying C, > C, — C,, then 
a b-c ct+b 1 sae OO) Se. 6 
6. Given, a+c b  c—al=0 : 
a-b a+b c 0 i 1)=1(0-1) =-1 
a’ b-c ct+b 
> Sl awe & exal=0 1 1 0 
a 
a’—ab a+b c 9-5 -1<x<0 = [x]=-1 
Applying C, > C, + bC, + cC;, then 0Sy<1 = [y]=0 
pa hoe each 1<z<2 => []=1 
> 2 a+b? +c? b c—al= : : ; 
a . [x+1 bl] El : 
a+b°+c° a+b c Let A=| [x] [y]41 [zZ] |=|-1 -- dove 1 
Applying R, > R, — R, and R, > R, — R,, then [x] [vy] [z]+#1 : 
atbhtc boc  eH-b a 0 
01 
1 Expanding along C,, then A = =1=[z] 
=> 0 c —b-al=0 -1 2 
a 
: yy -xy x xy? —xy xy 
0 atc —b 10. Let A=| a b 6 |S =-lax b cy 
x 
Expanding along C,, then eo ft) le c’y 
2,72, 2 = pes 
si (@i+b +e')) © vee =0 Applying C, > C, + yC, and C, > C, + xC,, then 
a ate —b 0 He xy 0 
2,72, 2 : 
a +b' +e : 
( )K be + (b+ a)(a+c)]=0 1 
a A=—| ax + by b bx + cy 
24 B24 C2 Lg? 4 med : 
_, @ +b +e)Cbet abt be+a tac) _) 
a ax+b’y b’ b’xt+c’y 
BiG 88 = 
= (aD ee arb bea Expanding along R,, then 
a+b’ +c’ #0 1 ax + by bx + cy 
= yy. 
a+b+c=0 xy 3 a’x+b’y b’xt+c’y 


Therefore, line ax + by + c = 0 passes through the fixed point 
(1, 1). = 


ax + by bx + cy 


ax+b’y b’x+c’y 


11. -: Inatriangle A+ B+ C=mande” =cosa+isina =—1 


gi(B+C) _ pi(m-A) _ gin ,iA __ iA 
ay ei (B+C) __ pid 
Similarly, e A+B) = _ pC ange HC+A) —_ 9B 
Taking e'“, e'®,e'“ common from R,, R, and R, respectively, 
we get 
eiA e (Ate) e (A+ B) 
A =elA eB. piC]p-iB+C) 2B 7 (At B) 
e i (B+C) e (At ©) etc 
eiA — eB —eic 
=e™ =|_ iA iB et 
iA _ iB iC 


we get 
jc 
A=(-1)e'4-e -e|-1 1 -1 
= 1 
teal 
=(-1)e"7-1 1 -1 
2 a1 1 
t =1 =1 {+4 =1 
=(-1)(-1)]-1 1 -1J/=/-1 1 -1 
=f = @) |i <4 4 


Applying C, > C, + C, and C, > C, + C,, then 


1 0 0 
A=|-1 0 —2/=1(0—4)=-4 
=4 =. 4 


12. Taking x° common from R ,, then 


n n+2 2n 
x x 


x 
x} 1 x a|\|=0,.VxeER 
gh fh? at 
= a+1l=n+2 5 a=n+1 
13. Since, x, y andz are in AP. 
2yext+z ...(i) 
5 4 3 
Let A=|x51 y41 231 
x y Zz 
) 4 3 
=|100x+50+1 100y+ 404+1 100z+30+4+1 
x y Zz 


Applying R, > R, — (Rs + R,), then 


5 0 3 

=/100x+50+1 0 100z+30+1 [from Eq. (i)] 
x 0 4 

=0 [' all elements of C, are zeroes] 
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14. Asa,b,c,, a,b,c, and a,b,c, are even natural numbers each of 
C1, Cy, C3, is divisible by 2. 
Let C, =2A, for i = 1, 2,3 and A; € N, then 
2A, a 0, A, a 2, 
A=|2A, a, b,|=2]A, a, b,)=2m 
20, a, b; A, a, b, 
where mis some natural number. Thus, A is divisible by 2. 


That A may not be divisible by 4 can be seen by taking the 
three numbers as 112, 122 and 134. 


2 11 
A=|2 1 2/=2(3-2)-1(6 -8)+1(2-4)=2 
4 1 3 
which is divisible by 2 but not by 4. 
c bcosB+cB acosA+ba+cy 
15. LetA=|a ccosB+aB bcosA+ca+ay 
b acosB+bB ccosA+aa+ by 
Applying C, > C,-BC, and C, > C, — yC,, then 
c bcosB acosA+ ba 
A=|a ccosB bcosA+co 
b acosB ccosA+ aa 
Applying C,; > C; —@ sec B C, , then 
c bcosB acosA c b 
A=|a ccosB bcos A|=cosAcosBla c b 
b acosB ccosA bac 
abe 


Applying C, © C;, then A=—cos AcosB/b c a 


c ab 
=~ cos A cos B(a+ b + 0)-“[(a by 8 eal 
Given, cos A#0,cosB#0anda+b+c#0 
A=0 
(a—b)? + (b—c)? +(c—a)*? =0 


which is independent, when a — b = 0,b -c =O andc-—a=0 


i.e., a=b=c 
Hence, AABC is an equilateral. 
16. Here, xX +X, =6, XXy (i) 
and y+y.=4 Wo =2 
XQ ViV2 1 
Let A=| x, + x, Yi + Vo 2 


: Tt 
sin(™@x,X,) cos Pen 1 


2 1 
=| 6 2 [from Eq. (i)] 


4 
P T 
sin3% cos (=) 1 
4 


3 2 1 
Applying R, — R, —2R,,thenA=|/0 0 0/=0 
0 : 1 
V2 
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Mei. Ce "CL Now, subtracting Eq. (iv) from Eq. (v), we get 
17. k=|"c, "Cc, "c,., F"(0) — (0) g” (0)—g" (0) h"(0) —h”(0) 
ee om Oe cy a b c 
. : P q r 
Applying C, > C, + C, and use Pascal’s rule 
("C.+"C,_,="*'C), then =6n —2r=2(3n-1r) 
cos(x+@) cos(x+B) cos(x+y) 
Wo uE 1c ; ; ; 
4 5 m 20. -. f(x) =|sin(x+@) sin(x+)  sin(x +) 
A=|"Co Ce. “Ci 3.5|=0 [given] ns Seta ee 
m y) sin(y-q@) sin(a —f) 
Ro BO BE 
' mre On differentiating both sides w.r.t. x, then 
m=5 sin(x+Q) —sin(x+B) —sin(x + y) 
1 sin(a-B)® cos(a-f)9O f(x) =| sin(x+@)  sin(x+§) — sin(x+ y) 
18. LetA=| a sin a cos a0 sin(B-y) sin(y-a@)  sin(a—§f) 
a* sin(a —B)@ cos(a —B)@ cos(x+@) cos(x+B) cos(x+y¥) 
Applying R, > R, — R,, then +|cos(x +) cos(x+B) cos(x + 7) 
1-q@ ... 0 a 0 sin(B—y) sin(y—@)  sin(a —B) 
: sin(x +) sin(x+f) sin(x+y) 
A=| a sin 08 2osa8 =—|sin(x+@) sin(x+ PB) sin(x+y) 
sin(B—y) sin(y—a) sin(a —f) 
a sin(a — B) 6 cos (a —B) 0 cos(x +) cos(x+B) cos(x +7) 
+ + + + 
Expanding along R,, then ene) — ery) pis ee) 
sin(B—y) sin(y-—@) sin(a—f) 
c=G9) sin a0 cos 8 oie pe 
= = = pee 
sin(o.—B)® cos(o —B)8 — [.. R, and R, are identical] 
=(1 —a’) [sin &@- cos (& — B) 0 — cos &@-sin (& — B) 0] o f(x) =c [constant] 
=(1—a’) sin (@@ — 00 + BO) =(1 —a’) sin BO Now, ~ = f(y)=c-2c+c=0 
1 
f(x) g(x) h(x) 21. LetA=|a b c 
19. Let F(x)=| a b c J=mx' + nx +r? +sx4t a bb @ 1141 
Pog a be 
(i) Taking a, b,c common from C,, C,, C3, then=abe}1 1° 1 
On differentiating twice and thrice of Eq. (i) w.r.t.x , then a bh ¢ 
F(x) g(x) h(x) On multiplying in R, by abc, then 
F'(xy=| a b . be ca ab Te 1. ll 
P q ji A=|}1 1 1 \=-/be ca ab [R, © R,] 
=12mx" + 6nx + 2r ...(ii) a bp ee ab ¢ 
ipo (x) g” (x) h’”’ (x) 1 1 1 
F’ (x)=| a b c |=24mx+6n _...(iii) =|a’ Bb? ¢? [R, © Ra] 
p q r be ca ab 
On putting x = 0 in Eqs. (ii) and (iii), we get =(a—b)(b—e)(c—a)(at+ b +c) 
1 1 1 
FO 8 - Oo) . Now, D=| (x—a)? (x —b)? (x—c)? 
: aa iia iv) (x= b)(x-c) (x-c)(x-a) (x—a)(x—b) 
P q r 
=(b -—a)(c — b) (a -—c) (3x -—a—b-c) 
£0) gO) h”(0) Now, given that a, b andc are all different, then D = 0 
and a b c |=6n .(v) 3x-a-b-c=0 
p q ’ > x= ; (a+b+c) 


22. Given, determinant 


2a (be — 4a”) — b (b? — 2ac) + c (2ab — cc”) = 0 
=> —[(2a)? +b? + c? —3-2a-b-c] =0 
=> > (2a + b +c) [(2a—b)*? + (b —c)? +(c —2a)*] = 
> 2a+b+c=0 (i) [bb #c] 
Let f(x) =8ax* + 2bx? +ex+d 
‘ fl0)=d and for(+)] =a : : q=Mtete ed 
=S+d=d [from Eq. (i)] 
1 
=> fo = (5) 


So, f(x) satisfies Rolle’s theorem and hence f’(x) = 0 has 
rn eee 
atleast one root in | 0,—-}. 
a! 


x?41 x’y xz 
23. Given, xy’ 


2 
xz yz 


y+ yz =11 
a 41 


Taking x, y, z common from C,, C,, C, respectively, then 


x3+1 2 2 
x x 
x 
3 
+1 
> xyz y? Z y? =11 
y 
3 
z +1 
z 2 
Zz 


On multiplying R, by x, R, by y and R, by z, we get 


x41 x? x3 
> y? yr4+1 y? =11 
z 2 241 


Applying R, > R, + R, + R3, then 


xitytezhgd xotyPtztg1 xi ty? 472541 
9 ye+1 y? =11 
z3 z z+] 


Applying C, > C, — C, and C, — C, — C,, then 


xity?+z?41. 0 0 
3 1 0|=11 

ze 0° 1 
=> xity?4tz%41=11 
=> xity?4+z%=10 


Therefore, the ordered triplets are (2, 1, 1), (1, 2, 1) and (1, 1, 2). 
24. -. f(x) —x =0has imaginary roots. 


Then, f(x) -—x>0or f(x)-—x,0,.VxER 
for f(x) -x>0VxeER, 
then SUP) - f(x) >0,V x ER 


On adding, we get 
fif()]-x>0,VxeER 


25. 


26. 


27. 
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Similarly, f[f(x)]-—x<0,VxeER 
Thus, roots of the equation f[f(x)] — x = 0 are imaginary 


2a 6 
Let z=|—B 0 a 
y a 
2 @ 8 |2 B yx |2 a 8 
Then, z=|—B 0 @l=la 0 Bl=|B 0 al=z 
y B 1] [6 a 1 y Bp 1 


Hence, z is purely real. 


For infinitely many solutions 
A=A,=A,=A,=0 
20 1,1 
A=0 > ]|1 -2 1/=0 > t=5 
t -1 2 
For ¢=5,A,=A,=A,=0 
—2t —10 =5 —10 
Now, I, f(x) dx = I, f(x) dx = I, f(x) dx + f _ f(x) dx 
= [ fx +5) de + [. f(x) dx 
—10 
=|, Lf +5)+ flx)] dx 
= |. 2dx =2(-10 +5) 
=—-10=—-2t 
On putting x = 0, we get a) =1 
On differentiating both sides w.r.t. x and putting x = 0, we get 
a, =4a 
On differentiating again w.r.t. x and putting x = 0, we get 
2a, = 12a” + 8b 
or a, =6a° + 4b 
4 G% & 
Also, given|a) a, a )|=0 
4, 4% 4 
=> -(aj+a}+a}—-3a,a,a,)=0 


1 
> 5 a+ a1 +42) [lay ay) + (a, ~ an)" 
+(a,—a,)"]=0 
a,+a,+a,#0 


(ao a)’ + (a, ag) + (ay 


=> 


=> 


1 = 4a =6a’ + 4b 


1 5 
a=—andb=— 
4 3 


“: f(x) = log, x and g(x) =e™* 
f(10) = log,,10 =1 
and g(10) =e =(-1)'° =1 
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f (10) = log,,10° =2 


and g (10) = ¢ 1" = (— 1) =4 
f(10*) = log,,10* =3 

and £10 )SeO™ Ss)" = 1 
f(x)-gx) [FE 1 


Given, (x) =|flx?)- g(x) [fl2ye@) 0 
flx*)- g(x?) Lf )BO 1 

f(10)- (10) [f(10) 8° 

6 (10) =| f(10")- g(10”) [f(20?) 8%") 0 
fio’). g(10*) [fao%ye 0) 4 


111 
=|2 2 0;/=0 
3-3) 
1 (a?* -~Qr Baye (a?* 4 oa °*)? 
Let A=/1 (B* = Bo Baye (B2* a Bo BEE 
1 (y2* = y sa (y>* He y i 
1 (a?* 2")? 
Applying C, > C,—C,, then A=|1 (B’* —B*)? 
1 (y* -y 


The given equations can be written as 
(a-1)x-y-z=0, 
—x+(b-l1)y-z=0 


and —x-y+t(c-1)z=0 
For non-trivial solution 
@=1. = =] 
-1 b-1 -1/=0 
=i =] ¢=1 


Applying C, > C, — C; and C, > C, — C;, then 
a 0 -1 
0 b —1)/=0 
=C = C=] 


Expanding along R,, then 


> a(be —-b —c) —0-1(0+ bc) =0 
> ab + be + ca =abc 
~  -1 cos® 
For non-trivial solution} 3 1 2 |=0 


cos® 1 2 


Applying R, > R,—R,, then 


nr -1 cos 0 
3 1 2 ('=0 
cos8-3 ++ QO +: 0 


Expanding along R 3, then 
= (cos 8 —3)(—2 — cos 9) =0 


> (cos 8 —3) (2+ cos @) =0 
cos8 = 3,—2, where —2 is neglected. 
X  -1 cos® 


Hence, 3 1 2 
cos® 1 2 


> 0 only trivial solution is possible. 


a+ x? ab ac 
37. A= ab b+ x? be 
ac bc c+ x? 


Taking a, b, c common from R,, R,, R3 respectively, then 


2 2 
a+x 
b c 
a 
bet x? 
A=abc a c 
b 
2 2 
Co Axe 
a b 
c 


On multiplying in C,, C,, C, by a, b, c respectively, then 


a’ +x? b? ce? 

2 2 2 2 

A= a b° +x c 
a’ b? c+ x? 


Now, applying C, > C, + C, + C,, then 


22 2 ie, 22 2 2 

x +a b’ +c b c 

2 2 2 a 42 2 2 
A=|x°+a°+b°+c° bo +x c 

+a thee? b? c+ x? 


Applying R, — R,—R,andR,— R, — R,, then 


rtathrtec? b? . 
A= 0 a: 0 
0 oe 


=x! (x?+ 47+ b? +c’) 


V6 2i 3+ 6 
32. LetA=|V12 V3+V8i 3V2+-V6i 
Vis V2+V12i 27 +2i 


Applying R, > R, — V2 R, and R, > R,—~3 R,, then 


W6 ++ Qi 3+V6 
A=|0 V3 -2y/3 + 61 
0 V2 3/2 + 2i 
Expanding along C,, we get 
ade Ja HB let 
2 32 42 
= 6 [-3V6 + 2iV3 + 2V6 — 2:3] 
= V6 (- V6) =-6 {real and rational] 
33. yrat-t=1424274 $2" = 2" 4 


k=l 
1) 1 on 
1 nt+i1 n+i1 
a sin (7 ‘| 6 sin (=| 
d ink@ = 
an yisin (2) 
k=l sin | — 
2 
KoA Z sinké 
k(k +1) 
x y Zz 
Given, D, = . (=) . (=) 
sin 5 6 sin rs 
n 
2" 4 
n+1 i (?} 
sin | — 

2 
ye a 1 Yi sin k0 
kel to k(k +1) k=l 

n = % y Zz 
py | (ns ) . (x 
k=l n sin 6 sin | — 
2" -1 4 2 2 
ina (? 
sin | — 
2 
sin ("2 0 sin(™} 
2" -1 
n+1 2 °) 
sin | — 
2 
=| x y Zz =0 
n+1 _ (nd 
sin ; 6 sin > 
n 
2" -1 
n+1 °) 
sin | — 
2 
a b aa+b 
34. We have, b c ba+c}=0 
aa+b ba+c 0 


Applying C, > C,; — aC, — C,, then 
a b 0 


dat+b + bate ~(aa* + 2ba +c) 
Expanding along C, , we get 

—(aa* + 2ba + c) (ac — b?) = 0 
> (aa” + 2b + c)(b* — ac) =0 


> b* —ac =O and am” + 2ba +c =0 


36. 


37. 
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i.e. a, b and c are in GP and (x — @) is a factor of 
ax’ + 2bx +c =0. 


2 cosx 1 0 


f(x)=| 1 
0 1 


2 cosx 1 

2 cosx 

=2 cosx (4 cos* x —1) —1(2cosx — 0) + 0 
=2 cosx (4 cos’x —1-1) 

= 4 cosx(2cos” x —1) 

= 4 cosx cos 2x 


=2 (cos 3x + cosx) 
Option (a) 


§ (E) =2 (cos % + cos £)—2( 1+2)- 1 


Option (b) 
f (x) =2 (—3 sin 3x —sin x) 


r{2)=2/ 3 sin 1 sin -2(0-2|--s8 


Option (c) 


[feo dx =2 [- (cossx + cos x) dx=2 Ee 2s + sin x 


0 
=2[(0 + 0) -(0+ 0)]=0 
Option (d) 


TT tT TT 
i f(x) dx =2 | (cos3x + cos x) dx=4 | (cos 3x + cos x) dx 
0 -1 0 
=0 [from option (c)] 
x*-5x+3 2x-5 3 


A(x) =/3x°+x+4 6x41 9 
7x -6x+9 14x-6 21 


Applying R, > R, —3R, and R; > R; —7R,, then 


x? -—5x4+3 Qx-5 + 3 

=| 16x—5 16 0 

29x —12 29 0 
16x-5 16 


Expanding along C,, we get =3 
. on eee 29x -12 29 


Applying C, > C, —xC,, then 


-5 16 
=3(-145 +192) =3 x47 


=141 =ax? + bx*+cex+d [given] 


a=0,b=0,c=0,d =141 


a’ bsinA csinA 


-*A=|bsinA 1 cosA 


csinA cosA 1 
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Taking common a from each R, and C,, then 


‘ bsinA csinA 
7 a a 1 sinB sinC 
inA 
A= = 1 cosA |=|sinB 1 cosA 
a 
: sinC cosA 1 
csinA ee 1 
a 
[ by sine rule] 
Applying C, — C, -sin BC, and C; > C; —sinCC,, then 
1 aes 0 aes 0 
A=|sinB 1 —sin’ B cos A —sinB sinC 
sinC cos A —sin B sinC 1-—sin’C 


Expanding along R,, then 
m—-(B+C 
cos” B oat ( i 
A= —sin BsinC 
cos [t —(B+ C)]—sin B sin C cos’C 
[e A+B+C=n] 


_ cos’ B —cos(B + C) -sin B sin C 
—cos(B + C)-sin B sin C cos*C 
= cos” B —cosB cosC 
—cos B cosC cos’C 
= cos’ B cos’C — cos’ B cos’C =0 
a a’ 0 
38. f(a,b)=|1 (2a+b) (a+b)? 
(0) 1 (2a + 3b) 
Applying C, > C, — aC,, then 
a 0 0 
f(a, b) =| 1 (a+b) (a+b) 
0 1 (2a + 3b) 


Expanding along R,, then 


(a+b) (a+b) 


b)= 
ie 1 (2a+3b) 


1 (a+b) 
=a(a+tb) 

1 (2a + 3b) 
=a(a+ b)(2a+ 3b-—a-—b) 
=a(a+t+b)(a+ 2b) 


sec’ x 1 1 
39.°- f(x) =|cos’x cos*x cosec’ x 
1 cos’x cot’x 


Applying C, > C, - cos’ x C,, then 


sec’ x 0 1 


f(x) = cos’ x cos’ x — cos’ x cosec’ x 
1 0 cot?x 
Expanding along C,, then 
2 
‘ sec” x 1 
f(x)= sin’ x cos” x : 
1 cot” x 


= sin’ x cos’ x (cosec” x — 1) 


=sin’ x cos’ x cot? x= cos* x 


option (a) 


i f( \d =("" 
eh aa Oe 
=2["" (? + cos 2x) ee 
0 2 
2 
1 /2 (1+ 
oe 
2°70 2 


1 px/2 
= | (1 + 2 cos x + cos” x) dx 


4 1/4 4 
cos x dx =2 | cos x dx 
0 


440 

1 pxi2 1 
=—[ 1-d -| cos x dx + — cos’ x dx 
4 

1/(% 117 
+(Z-o}+3(sina) Oey ee 

4\2 0 422 

T mT 1 
= t 1—0)4 = 2n+8+7)=—(3074+8 
5 i, ) iz i ) ( ) 
option (b) 


f(x) = 4 cos® x -(—sin x) 


re) 


option (c) and (d) 
a 0<cos'x <1 
Maximum value of f(x) is 1. 
and minimum value of f(x) is 0. 
a+x?4+x' 
4a+3x" + 2x" 
10a + 6x? + 3x4 


a atx’ 
40. LetA=|2a 3a+2x’ 


3a 6a+3x? 


Applying R, — R, —2R, and R, > R, —3 R,,then 


a atx? at+x*+x! 
A=]0 a 2a+x? 
0 3a Ta+3x? 


Applying R, > R,—3R,, then 


a. atx atx?4+x' 
A=|0 * a 2a+ x" 
0 0 | “ 
3 2 3 4 5 


+a,x°+a,x’ [given] 


0, a, = 0, ag = 0, a, = 0, a, = 0, ag 


and f(x) =a, x? + a,x + a, =a>x? 
option (a) f(x) 20> ax’ >0 
Ifa? > 0, then x” >0 


os a>0,xeER 
option (b) Ifa = 0, then f(x) =0 


and If x = 0, then f(x) =0 
.. Aliter (b) is fail 
option (c) f(x) =0 
=> a’x? =0 or x’ =0 
x= 0,0 


option (d) For a = 0, f(x) = 0 is an identity, then it has more 
than two roots. 


4x —4 (x — 2) x3 
41. Let A(x) =|8x—4V2  (x—2V2)? (x +1)° 
12x —4V3 (x —2v3)? (x-1)° 


=a, +axt+a,x° +... ... (i) 
On putting x = 0 in Eq. (i), then 
—4 4 0 
—-4/2 8 1|=a, 
493 12. A 
or ad) =—-4(-8—12) —4(4V2 + 4v3) 


=16(5— V2 — V3) = term independent of x in A. 
Also, on differentiating Eq. (i) w.r.t. x and then put x = 0, we 


get 
4 -4 0 = 4 0 
=43 © A|4+| 8 <8 3 
SA 12. 8) as 41a 24 
=a 4 0 
+4+4/2 8 I1l=a, 
i? =43 5 
a, =4(-8—12) + 4(4V2 + 43) 
4 (4/2 — 36) —4(-8 + 123) 
4(24¢-de/3)— 4 (1242 = 12) 


= 48 + 48/2 — 48/3 = 48 (1 + V2 — V3) 
= Coefficient of x in A(x) 

3 3x 3x° + 2a” 

42. -- f(x)= 3x 3x" + 2a® 3x° + 6a°x 
3x° + 2a? 3x°4+6a°x 3x4 + 12a°x? + 2a4 

Applying C; > C, — xC, and C, > C, — x C,, then 

3 0 2a’ 

f(x)= 3x 2a” 
3x° + 2a" 


4a*x 


4a°x 6a’x* + 2a* 


43. 


44, 
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Applying C, > C,—xC,, then 
2 


3 0 2a 
=| 3x 2a° 2a°x 
3x°+2a* 4a’x 2a’x* + 2a‘ 
3 0 1 
= 4q'* 3x 1 x 
3x° + 2a" 2x x*+a’ 


Applying C, — C, -3 C,, then 


0 0 1 
f(x) =4a* |) 0 1 x 
-a’ 2x x +a’ 


Expanding along C,, we get 
= 4a‘ [- a’ (0 -1)]= 4a° 
f(x) =0 


ie. y = f(x) is a straight line parallel to X-axis. 


"a >b > cand given equations are 
ax + by + cz =0, 
bx + cy +az=0 

and cx tay + bz =0 


For non-trivial solution 


abe 
bc aj=0 
c a b 
=> 3abe —(a° +b? +c?) =0 
85 at+b+c=0 
Ifa andB be the roots of at” + bt + c =0 
at+p= Beda! 
a a 


and D=b? — 4ac =(—a-—c)* — 4ac =(a—c)’ > 0 


For opposite sign | a —B| >0 


> (a-B)? >0 => (a+ 8)’ — 408 >0 
b? 4c 2 

— 77 >0 = (-a-c)" -4ac>0 
a a 

> (a—c)* > 0, true 


Hence, the roots are real and have opposite sign. 
1 1 1 
Here, A=/1 3 2 
1 Ar 3 

=-(A—-5) 


=1(9 —2A) -1(3 -2) + 1(A —3) 


1 
2) =3(9 -2A) 
3 
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1(18 — 2b) + 1(6A —3b) 
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i anes ee 
A,=|1 6 2|=1 
1 b 3 
(18 — 2b) -3(3 —2) + 1(b -6) =-(b-9) 
1 1 3 
and A,=|1 3 6|=1 
1A b 


(3b — 6A) —1(b —6) + 3(A —3) =(2b — 3A —3) 
Aliter (a) for unique solution A # 0 
ie. X#5,beER 


Aliter (b) for no solution 
D = 0 and atleast one of A,, A,, A, is non-zero 


N=5,b4#9 
Aliter (c) For infinite many solution 
A=A, =A, =A,=0 
A =5,b=9 
45. For non-trivial solutions 
X sina cosa 
1 cosa sina |=0 


-1 sino —cosa 


Expanding along C,, we get 


=> 2 (—cos’a —sin’o) —1(—sina cosa — sina cose) 
—1(sin?a — cos*a) = 0 


47. The system is good, if 
A=A, =A, =A, =0 
> X=5 and w=13 
48. The system is lazy, if 
A = 0 and atleast one of A,,A,,A; #0 
> A =5andu #13 
Sol. (Q. Nos. 49 to 51) 
be—a” ca—b” ab-c’| |a 
ca—b” ab-c’® be-a*\=|b c a 
2 


ab—c? be-a® ca—-b’ c a b 


Fora =1,b=xandc=x° 


x1 0 x—x' 1 x x 

0 x-xt x?-1l=| x x? 1 

x—-x' x3-1 0 x? 1 x 
A=5? =25 


49. -- A? =(25)? =625 
Sum of digits of A’ =6+2+5=13 
50. From Eq. (i), we get 


A BC bec 
BC Al=|b c 
C A B c ab 
b cl 
=> 49 = (ol 
c a 
bc 
=> q c aj=xt7 
cab 
= 4a’?+b? +c? -3abe) = +7 
=> a@+b+c?-3abe =F7 
a’ +b? +c? —3abe =7 
abe 
51. aA+bB+cC=|b c al=a?+b>+c*—3abc) 
c ab 
= (-3) =3 


Sol. (Q. Nos. 52 to 54) 
* O+8+y=-2,08+By+ yo =-1landapy=3 
a By a Bp y 


3 


...(i) 


[-a+b+c>0] 


> —h + sin2a + cos2a =0 
>  =(sin2a + cos2a) 
— V2 <sin20 + cos2a < 2 
awe Shaya 
=> S =[- v2, v2] 
Sol. (Q. Nos. 46 to 48) 
1 21d 
A=|1 2 3/=(A-—5), 
13 2 
5 1 1 
A, =|9 3)=(A +p —18), 
U3 A 
15 1 
A,=|1 9 3/=(44-20+6) 
on, 
11 £5 
and A,=|1 2 9/=("-13) 
13 uy 
46. The system is smart, if 
A#¥05)A45 
or A=A,=A,=A,=0 
=> A =5 and wp =13 


52./y a BJ/=-|\B y al=a%+P*+y'%-3aBy 


y a B 
=(0+ B+ y)(a? +B’ + y° —aB -By— yo) 
(a+B+y)[(a+B+ y)? -308 + By+ yo)] 
= (-2)(4—9) = 10 


a-1 2x+1 
53. Let x= so=% 
Q+2 


B y a 


1—x 
0 is a root of x? +2x”-x-3=0 
=> o> + 207?-a-3 =0 


2x+1 2x+1 . 2x+1 
=> +2 3=0 
1x tx i=x 


=> x2 46x"? +21x-1=0 (i) 
a-1 B-1 y-1 : 
Hence, A and are the roots of Eq. (i), then 
a+2B+2 yt2 
a-1 B-1, y-1_ 
a+2 B+2 y+2 
a-1,B-1, y-1]_6_m 
a+2 B+l y+2) 1. 7 
=> m=6andn=1, 
m n? 6 1 
then = = 42-5 =37 
m-n m+n 5.7 
a b b| la B yf 
54." |b a bI=|B y a) =@°+B' +> -30By)’ 
b bal jy a B 


=(4+B+y)'[@+B+ y)’ -3B + By + yo]? 
=(-2)*[(-2)? +3]? =4x 49 =196 
Sol. (Q. Nos. 55 to 57) 


2ax 2ax-1 2ax+b+1 
- f(x)=| 0 b+1 -1 
2ax+b) 2ax+2b+1 2ax +b 


Applying C, > C,—C, and C, > C, —C,, then 


2ax -1 b+1 
fae b 1 -1-b 
2ax + 2b 1 —b 


Applying R; > R,—R, , then 
2ax —1 b+1 


f(=| 6 1 -1-b 
2b 2 -2b-1 
Applying R; > R,—2R, , then 
2ax -1 b+1 
f(x)=| 6 1 -1-b 
0 0 1 
> f(x) =(2ax + b) 
f(x) =ax’ + bx +e 
f(0)=2 >c=2 (i) 
and fQ)=154+b4+2=15a+b=-1 ..(ii) 


Also, f’ (;) =035a+b=0 (iii) 


From Eqs. (ii) and (iii), we get 
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55. +: f(2)3 fo)=(4 +2) [ 


5 
56. -- f(x)+1=0 = ~--*43=0 
4 4 
25 23 
=~? _3=-“ <0 
16 16 
.. Number of solutions = 0 
25 
D {e) 7 
57. Minimum value of f(x) = 
4a 1 16 


Hence, range of f(x) is [a ~| 


Sol. (Q. Nos. 58 to 60) 


Put x =10n both sides, we get 
1 1 0 
1 1 0 


tan1 sin71 


=a, >0=a) 
cos”1 


we observe that 


x ext (x—-1)° 
where f(x) =|x-—Inx cos(x-1) (x—1)° 
tanx sin? x cos’ x 

1 e~! — 3(x-1)° 
f(x) =|x-Inx (x—1)? 


2 
tanx cos’ x 


cos(x —1) 


2 
sin x 


x er (x-1)3 


2(x -1) 


1 
+/1 sin(x —1) 
x 


tan x sin’ x cos’ x 
x e** (x—-1)° 
+|x—Inx cos(x—1) (x—1)° 
sec’ x sin2x —sin2x 
1 1 0 1 1 0 
=> fds 1 1 0 |4+/0 0 0 
tanl sin71 sin’1 cos"1 
1 1 0 
+) 1 1 0 


cos"1| |tan1 


sec’1 sin2 —sin2 

=0+0+0=0 

a,=0 

= i = Tt 

58. cos ‘(a,) = cos (0) = a 
59. Let P = lim(sin x)*= lim(sin x)* 

xa x0 

“. Inp = lim xInsinx 

10 [form (0 x °¢)] 


[ by L’ Hospital’s Rule] 
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2 


, 
=—lim =-1x0=0 
x90 tanx 
* P=e=1 
60. Required Equation is 
(x —d)(x —a,) = 0 
> (x-0)(x-0) =0 
> x =0 


Sol. (Q. Nos. 61 to 63) 
Multiplying R,, R,, R, by 
common 
we get 


be 


a,b,c respectively and then taking a,b,c 
from C,,C,,C3, 


ab+ac act+ab 


A=|ab+ bce —ac bc +ab 


act+tbe bce+ac —ab 


Applying C, — C, -—C, and C; — C, —C, and then taking 
(ab + be + ca) from C, and C;, we get 


—be 1 1 


A=(ab+be+ca)*|ab+be -1 0 
ac + be 0 -1 


Applying R, > R, + R, + R;, we get 


ab+be+ca ++ 0 + 0 
=(ab+be+ca)*| ab+be -1 0 
ac + be 0 -1 


=(ab + be + ca)? 


0 3 
; = (ab + be + ca) 


Also, a,b and care the roots of 


x? — px? + 


qx—-r=0 


a+b+c=p,ab+bc+ca=q,abe=r 


=> 


61.» AM >GM 


A=q° (i) 


b+bce+ 
=> (Ate) > (ab- be-ca)'!3 
=> a2)" => qg >27r° 
or A>27r° 


62. «- a,bandcare in GP. 


[from Eq. (i)] 


mb? =ac => b® =abe =r = b=r'? 
and b is a root of x? — px’ + qx—r=0 
=> b°— pb’ +qb-r=0 
> r—pr? Bagr'F—-r=0 
= pr? =q'r 
Fp q=pr 
63. > A=273q° =27 
q=3 


or ab+be+ca=3anda’+b* +c? =2 


ya _ 7-8(147 + 59-7+28) _ 


Yi a’b =a’b+a’ct+b’atb'ce+c’atc’b 
=(a+b+c)(ab + be + ca) —3abe 
=3p-—3r 
= 62 -3r 
[e (at b+)? =a’ +b? +c? +2(ab+ be + ca)| 
= 3(2/2 —r) [-.p? =8 => p=2v2] 


Sol. (Q. Nos. 64 to 66) 


Taking a,b,c common from R,, R,, R; respectively and then 
multiplying by a,b,c is C,,C,,C, respectively, we get 


a’ +n b? ce 
A,=| @  b?4+n 
a’ b? cC+n 


Applying C, > C,+C,+C;, then 


nta°+b°+c" b? Cc 
A =|n+a°+b?4+c? b’ +n c 


n 


nta°+b° +c? b? c+n 


Applying R, > R,—R, and R, > R, —R,, then 


nt+a°+b? +c? b? C 
A, = 0 n 0 
0 0 n 
A, =n +n(a? +b? +c’) (i) 
Also,atb+c=AX 
3b=X [a,b,c are in AP ] 
nr 
b=— 
3 
Also, b is root of x? -Ax?+11x-6 =0 
> b?—Ab° +11b-6 =0 
8 110 
=> ft 4" _6=0 
ar 9. 3 
> 243-990 + 162 =0 
X =6 
Then, equation becomes x* —6x? + 11x-6 = 0 
js x=1,2,3 
Let a=1,b=2andc =3 


From Eq. (i), we get 
A, =n? +14n? 


“, _ n(n+1)(3n? + 59n +28) 


LA 12 


3 
a (14) 


r=1 


A,, _ &n+7) 2k 


A, (n+14) 
Aon 
A 


n 


<8 


66. -. A, = re +14r’ 
27A,—As, _ 28 
27r° 3 
30 (27A,-A 28 
> y 1 x)= x30 = 280 
27r 3 


r=1 


74k 4% 374+34+k 
67. Wehave, | 4° +k 5° 4°4+4+4+k/= 
Stk 6 5°74+54+k 


Applying C; > C, — C,, then 


37 4+k 47 3 
vik 5° 4/=0 
+k 6 5 


Applying R, — R, — R, andR,— R, — R,, then 


9+k 16 3 
7 9 1}/=0 
16 20 2 


= (9 + k) (18 —20) — 16 (14 — 16) + 3 (140 — 144) =0 
=> 18 —2k+32-12=0 => 2k=2 
k=1 


1 
38h 
i? 
(2k) 2 =2k =21=2 
C1) —6 2 
68. We have, -6 x-2 -4 /=0 
2 -4 *x-6 


Applying C, > C, + 3 C;, then 
x1 0 2 
-6 x-14 —4 |=0 
2 3x22 3-6 
Expanding along R,, then 
(x —1) {(x — 14) (x —6) + 4(8x —22)}-04+2 
{- 18x + 132 —2x + 2}=0 


=> (x—1)(x? —8x — 4) + 2(— 20x + 160) =0 
=> x? —9x* — 36x + 324=0 


(x —9) (x —6)(x+6)=0 
x=9 or 6 or —6 


Y 


Now, let a =9,B =6, y=-6 
1 1 12 47-21 

b+ = >4 = 
ao Bp y 9 6 6 9 


(2 1 i)" 
—+=4+-] =9 
a Bp y 
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x e** (x —1)° 
69. We have, x-Inx cos(x-—1) (x-1) 
tanx sin? x cos’ x 

=a, + a,(x—1) +a, (x-1)? +...4 a, (x-1)" (i) 


1 1 0 
1 1 0 |=a,+0+0+... 


tan1 sin?1 cos?1 


a a =0 [. R, and R, an identical] 
On differentiating Eq. (i) both sides w.r.t.x, then 
1 et 3 (x —1)° 
x—-Inx cos(x-1) (x-1)° 
tanx sin? x cos’ x 
x ent (x -1) 
+ (1 :) sin(x—1) 2(x -1) 
x 
tanx sin? x cos’ x 
x er? (x —1)° 
+|x—-Inx cos(x—1) (x-1) 
sec” x sin2x — sin2x 
=0 +a, + 2a, (x -1)+ 3a, (x-1)'+...+ na, (x-1)"! 
Now, on putting x = 1, we get 
1 1 0 1 1 0 
1 1 0 |+] 0 0 0 
tan1 sin*1 cos"1 tanl sin’1 cos71 
1 1 0 
+) 1 1 0 


sec’1 sin2 —sin2 
=a,+0+0+..4+0 
“@,=0+0+0=0 


Hence, (2% + 3%1)°!*? 


=(P 49)" S@4iy =2 =2 
1 cosa cosB 0 cosa cosB 
70. Given,| cosa 1  cosy|=|cosa 0 cosy 


cosB cosy 1 cosB cosy 0 
> 1 (1 — cos” Y) —cos & (cos & — cos B cos ¥) 


+ cos B (cos Y cos & — cos B) 
= 0-cosa (0—cosB cosy) + cosB (cosy cosa — 0) 


= 1-cos’ a — cos” B — cos” y 


+ 2 cos cos B cos Y=2 cos a cos B cos Y 


=> 1-cos’ a —cos*B — cos? y= 0 
Hence, cos’o + cos’B + cos’ y =1 
(b+cy a? a 
71. Sf@tcs| Bo feta 8’ 


ce ce) (a+ by’ 
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Applying C, > C, —C, and C, > C, — C,, then ae _ 3h [0 €[0, x] 
(b+c)2 a2—(b+c)? a —(b +0) a : 
fiab,c)=| b®  (c+a)? —b? 0 Hence, = 
2 2 2 
c 0 (a+ b)"-c i ck 
(b+c)? (atb+c)(a—b—c) (atbt+c)(a—b—c) 73. Let ja SA 
=| Bb? (c+a+b)(c+ta—b) 0 13 6 10 
c2 0 (at b+c)(a+b—c) 1 4 10 20 


Applying R, — R, — R, R; > R, —R, and R, > R, — R,, then 


=(at+b+c), b? cta-b 0 se ne tee ae 
ce 0 at+b-c 
Applying R, > R, —(R,+ R;), then : ! : 
2be — — 2c ~2b A=: 
f(ab.c)=(atb+c)|b? cta—b 0 : : 3 ? 
a 0 a+b-c ; 
1 1 0 3 9 19 
Applying C, — C, + — C, and C, > C, + — C,, then 
b c 12 3 
abe ss 0 + 0 Expanding along C,, then A=|2 5 9 
39 19 
2 
f@b,c)=(a+b+c)"| B" cta re 12 3 
: Applying R, — R, —2R, and R; > R,-—R,,then=|0 1 
2 0 3 10 
a — a+b a 
; Expanding along C,, we get A=1 =10-9=1 
Expanding along R,, then 3 10 
f(ab,c)=(at b +c)’ [2be {(c + a) (a + b) — bc}] l+a 1 1 1 
=(a+b +c)? { 2be (ac + be + a” + ab — be)} 7h asl 1+b 1 1 
=2be(a+b+c)°a(at+b+c) 1 tee a 
1 1 1 1+d 


=2abe (a+ b +c)? 


We get, greatest integer n € N such that (a + b + c)" divides DARIN GG @ Cota OM ANCE EA ait gad He TERR OVENy: 


then 
f(a b,c) is 3. 1 1 1 
72. The system of equations has a non-trivial solution, then 1+ Fi ai 7 
1 —sin® -—cos@ 1 4 1 1 1 
-css® 1 -1 |=0 Rnied | © “bob b 
-sin@ 1 1 i 2 aac 2 
c C c c 
Applying C; > C; + C,, then 1 1 1 1 
1 ++ —sin@ --- —sin@—cos@ d d d Pa a 
: Applying R, > R, + R,+R,+ R, and taking 
— cos 0 1 0 =0 fe 4 > ees & 
: 1+ —+—-+-—+—J]common, we get 
a boc d 
—sin@ -1 0 
" aqabed (1+ 4424242) 
Expanding along C;, then abcd 
(—sin @ — cos 6) (cos @ + sin @) = 0 i : : 
> (sin 8 + cos @)” =0 b a 5 b 
> sin 8 + cos 0 =0 1 1 441 1 
=> sin 8 =— cos ®@ © c c € 
tan0=-1 : : : ie 
d d d d 


Applying C, > C, —C,, C, > C, —C, and C, > C, — C, then 


tT ft A 
asabed (142424242) 

a bed 
1 0 0 0 
z 1 0 0 
b 
Z 0 1 0 
c 
= 0 0 1 
d 


-abed (14242424 F) iat 
a bce ad 


= abcd + (bed + acd + abd + abc)=0,+ 0, 


1+a 1 1 
75. Given,|1+b 1+ 2b 1 |=0 
1+c l1+c 1+3c 
Taking a, b,c common from R,, R, and R respectively, then 
1 1 1 
a = 
a a a 
abc|it++ 241 1 Jao 

bob 
i4t tak ay4 
CG (33 Cc 


Applying R, > R, + R, + R, and taking (s + : + 7 + *) 
a c 
common, we get 


1 1 1 
abe(s4iatat}ie2 aot 1 |=0 
a bc b b ob 
122 a2 get 
c c c 
Applying C, — C, — C, and C, > C, — C,, then 
1 see Qi. see 30 
1 
1 1 4 ce 
abe(3+44242)/ - 1 l_9 
a bee : 
1 
1+- 0 2 
c 
Expanding along R,, we get 
1 1 1 
abe[3+ 242+ 2)=o 
a boc 
a#0,b#0,c#0 
De. Me. = = = 
—4+=+-=-3 or la't+b'4+e'[=3 
a boc 
76. Given equations 
ax+hy +g =0, (i) 
hx + by + f =0 (ii) 


and ax® + 2hxy + by’ +2gx+2fy+c+A=0 ..-(iii) 
Eq. (iii), can be written as 
x(ax+hy + g)+y(hxt+ by + f)t+ gxt+ fy+ct+2X=0 


Chap 07 Determinants 593 


=> x-0+y-0+gx+ fy+c+2X=0 [from Eqs. (i) and (ii)] 
> ext fy+c+X=0 ...(iv) 
According to the question Eqs. (i), (ii) and (iii) has unique 


solution. So, Eqs. (i), (ii) and (iv) has unique solution, 


ah g 
then h b f |=0 
g f ctr 


=> a(be+ ba— f*)—h(ch+ ha — fe) + g (hf — bg) 
=> (abe +2 feh —af® — bg” — ch’) = X(h? — ab) 
abe + 2feh —af® — bg? — ch? 


=r 
h? —ab 


According to the question, A =8 
77. (A)> (p.1); (8B) > (p09): (C)> (p. & 5, 1) 
(A) Using a? + b’ +c? = 0, we get 


b? +c? ab ac -a® ab ac 
A=| ab c?+a® ~~ be |=|ab -b’ be 
ac be a+b’ ac be -c? 
-—a a 
=abc| b -b b 
c oc Hc 


[taking a, b, ccommon from C,, C,, C, respectively] 


Applying C, > C,+ C, andC, > C,+ C,, then 


=A ace 0 ay 0 
A=abc}| b 0 2b 
c 2c 0 


= (abc) (-a) (—4 be) = 4a? b* c* 


AN=4 
a a+b at+b+t+c 
(B) Let A=|2a 5a+2b 7a+5b+2c 
3a 7a+3b 9a+7b+3c 
Applying R, > R, —2R, and R; > R, —3R,, then 
a: a+b at+b+t+c 
A=|0 3a 5a+3b 
0 4a 6a+ 4b 
3a 5a+3b 
= 4a 6a+ 4b 


= a(18a" + 12ab —20a* —12ab) 
=-2a? =—1024 
=> a’ =512 =8° 
a=8 


[given] 
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x-1 2x?-5 x°-1 
(C) Let A(x) =|2x° +5 2x+2 x°4+3 ...(i) 


x?-1 x+1 3x?-2 


According to the question, 
A(x) =(x? —1) P(x) + ax+b 


*, AQ) =a+ band A(-1) =-a+b ..(ii) 
From Eq. (i), we get 
0 3 0 
A(1) =|7 4 4|=3(7-0) =21 
0 2 1 
—2 -3 2 
and A(-1) =| 7 0 2) =3(7+ 4) =33 
—2 0 1 


From Eq. (ii), a+ b =21 and —a+ b =33, 
we get a =—6, b =27 
4a + 2b =—-24+54 =30 
78. (A) > (p.s,t);B) > (sO (p.@) 
1 1 1 1 1. 1 
(A) A=) fil) fil) fils))=|fi@) AG) AG) 
fA%)  fol%2)  fal%s)| |A2) f:8) f26) 


1 1 1 
=| 2+4 3+a, 5+ a, 
44+2b,+b, 94+3b,+b, 254+5b,+), 
Applying C, > C, —C, and C, > C,—C,, then 
A=| 2+4, 1 3 
44+ 2b, +b, 5+), 21+3b 
| 1 3 
(54d, 21430, 


=2143b, -15—-3b, =6 
1 b, a, 
(B) fix)=]1 
1 2b,-x a, 


Applying R, > R, — R, and R, > R,— R,, then 


Lew bo a 
f(x) =|0 0 a,—x 
0 med 0 


= -(a,—x)(b, - x)= x? 4 (a, + b,)x —a, b, 


D_ (a+b) —4a,b, 
4a 4(-1) 
_py2 
= (a, — b;) = 36 -9 
4 4 
(C) - f(x) is a polynomial of degree atmost 6 in x. 


If f(x) =a, +ax+a,x? + a,x° + a,x* + a;x° + gx 


Minimum value of f(x) = 


6 


=>h=a, = f(0) 
1710 —2—2 0 —21 0 
=|1 0 1/+\/-1 0 1/+/-10 3 


1 1 8 0 2 8 0 1 12 
=—8—-12+18=-2 
|A|=2 
79. (A) (@): 8) (ts C)> (pas) 
x°43x x-1 x43 
(A) Let f(x) =| x7+1 2+3x x-3 
x°7-3 x+4 3x 


f(x) =ax* + bx? +cx*+dxte ...(i) 
O-1 3 
e=f(0)=| 1 2 -3|=0+1(0-9)+3(44+6) =21 
3 4 #0 


Dividing both sides of Eq. (i) by x* ive. C, by x”, C, by x 
and C, by x and then taking lim, we get 
111 _ 
a=|1 3 1/=1(8)—1(2)+1(-2) =4 
1 1 3 
Hence, e+ a =25 
X-1- 5x 7 


(B) Let f(x) =|x’-1 x-1 8 =ax?+bx’+ex+d ...(i) 
2x 3x 0 
1 O 7 =1 5 7 -1 0 
c=f(0)=|0 -1 8/+/-1 1 8/+/-1 -1 0 
2 0 0 0 3 0 0 0 0 


=2(0+7)-3(-8 +7) + 0=17 
Dividing both sides of Eq. (i) by x? ie., c, by x’, c, by x and 


taking lim , we get 
Xoo 


0 5 7 
a=|1 1 8} =—1(0—21) =21 
0 3 0 


Hence, c+ a—3 =35 
xe+4x x43 x-2 
(C) Let g(x) =| x-2 5x x-1 
x—-3 x+2 4x 


=ax>t+bx* + ex? +dx’+ex+ f 


03 -2 
f =g(0)=|-2 0 -1)/=0-3(0—-3)—2(-4-0) =17 

3 2 0 

4 3 -2) |o 1 -2| |o 3 1 
ande=g’(0)=|1 0 —-1/+|-2 5 -1]+|-2 0 1 

1 2 0] -3 1 Of |-3 2 4 


=1-23+11=-11 
Hence, f +e =17-11=6 
80. (A)> (p,q. 1); (B) > (p,q. 4,8, t (C) > (p,q. 5, t) 
(A) Taking common a, b, c from R,, R, and R, respectively and 
then multiplying in C,, C, and C; by a, b, c respectively, then 


a+(b?+c*)d b°(1—d) c’(1—d) 
A=| a(i-d)  b?+(c?+a’)d c*(1—d) 
a(1—d) b*(1-d) ce’ +(a° +b")d 
Applying C, > C,+ C, + C;, then 
1 b°(1-d) c°(1—d) 
A=|1 b?+(c?+a’)d c°(1—d) 
1 b*(1—-d) ce? +(a*+b?)d 


[ea +b? +c? =1] 


Applying R, > R, —R, and R, > R, — R,, then 


1 b°(1-d) c*(1—d) 
A=|0 d 0 |=d° 
0 0 d 


[ea +b? +c? =1] 


(B) Multiplying C, by a, C, by b and C, by c, then 


a b _{a+b) 
c c c 
Az| te) iu c 
abc a a a 
bd(b+c) bd(a+2b+c) (a+ b)bd 
ac ac ac 
Applying C, > C, + C, + C;, then 
‘ b _(a +b) 
c c 
abc a a 
bd(a+2b+c) (a+ b)bd 
ac ac 


(C) Applying C, > C, —cosd C, —sind C, , then 
sina cosa 0 
A=|sinb cosb 0/=0 
sinc cosc 0 
81. (A) > (p, 1); (B) > (p, 4.6, t); (C) > (p, 1s) 
(A) Possible values are —2 , —1, 0, 1, 2 and numbering 
determinant =3* =81 
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: 1 0 1 -1 0 1 1 -1 
16. =1, = 6, =~, =2, 
-1 1 0 0 1 -1 1 1 
-1 1 7 
=-2 ..n=5 => (n-1)° =16 
11 


(B) There are only three determinants of second order with 
negative value 
0.1 


1 Oo} 


1 
1 


1 
al’ 


01 
1 1 


Number of possible determinants with elements 0 and 1 
are 2‘ = 16. Therefore, number of determinants with 
non-negative values is 13. 
Be n=13 
> (n—1) =12 
(C) There are only four determinants of second order with 
negative value 
= 1 
1 1 


1 -1 
1 1 


1 
1 


1 
1 


-1 -1 
1 1)’ 


> > 


* n=4 => n(n+1)=20 
82. Statement-1 


Age eee er es 
r+3 rt+4 
=(r? + 4r) —(r? + 4r + 3)=-3 
LAr) = 2-3) 
=(—3) + (—3) + (-3)4 + (—3) =-—3n 
n times 


= Statement-1 is true. 
Statement-2 

r r 
Aw liO Ao 


far) fal) 


VAM=Y LAM AO-AM AM 


r=1 


=f) AO) — LO) AO) 


n 


=) [AM AOI- YAM AO (i) 


r=1 


YAM YAM 


Dy Ar) by fir) 
r=1 r=1 


. i no is ie) - [s ft) i ra) (ii) 


n 


and 


n 


From Eqs. (i) and (ii), we get y? A(r) 4] 7) 
ra YAM YS fl 
r=1 r=1 


fir) ¥ fry) 
1 r=1 


.. Statement-2 is false. 
Hence, Statement-1 is true and Statement-2 is false. 
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2 2 
at+bhx ax +h ¢ 


83." A - ay + bx? ayx? +b, cy 
a,+b,x° a,x°+b, cy 

a bh «¢ 1 x 

=|a, b, c,|x|x* 1 0 Ai) 


a, b, C3 0 o 41 
Statement-1 If A = 0, then 


a bh G 1. x 0 
a, b, c,|/X|x° 1 O;=0 
a, b, c;| |O O 1 
1 x? 0 
2 ; 4 4 
> x 1 0j=O0>1-x Oor x 1 
[eo x? #-1] 
0 0 1 
Statement-1 is true 
a hb G 
Now, if a, b, c,|=0, then 
a, 93 Cy 
A=0 [from Eq. (i)] 


Statement-2 is also true. 
Hence, both the statements are true but Statement-2 is not a 
correct explanation of Statement-1. 


84 


Statement-2 is always true for Statement-1 


me om- (som 


Therefore, determinant given in Statement-1 is skew-symmetric 
and hence its value is zero. Hence, both statements are true and 
Statement-2 is a correct explanation of Statement-1. 


(1+ x) (1+ x)? (1+ x) 
85. |(1+ x)" Gtx)” Gtx)*J=A + Axt A x? +... [let] 
Q+x) Gtx? (+ x)® 


On differentiating both sides w.r.t.x and then put x = 0, we get 
11 12 «13 Pt 4 : ee | 
1 1 1)+ ]21 22 23/+/1 1 1/=0+A,+0+0+... 
f 4: 1 2 A 31 32 33 


_ 0+0+0=A, «. A, =0 
Coefficient of x in f(x) = 0 


Both statements are true, Statement-2 is a correct explanation 
of Statement-1. 


86. 


87. -. 


88. 


2 
Here, A= -s — 3b, 
b 
a 
A, = = 4a —15 
5 4 
2 
and Ag), =10-—ab 


For infinite solutions, A = A, = A, = 0 
15 8 
We get, a=—andb=- 
4 3 
. Statement-1 is true and if lines a,x + by + c¢, = 0 
and a,x + b,y + c, = Oare parallel, then 
Sere 
a, by Cy 


.. Statement-2 is true, but in Statement-1 


2 3 _a 
b 4°55 
3. 3° 3 
=> -=>-— > 
4 4 4 


[ both equation are identical] 


-, Statement-2 is not a correct explanation for Statement-1. 


123 
4 5 6 =1(0-48) —2(0— 42) + 3 (32 —35) 
78 0 

=- 48+ 84-9 

=84-—57=2740 


.. Statement-1 is true. 


Also, in given determinant neither two rows or columns are 
identical, Statement-2 is true, Statement-2 is not a correct 
explanation for Statement-1. 


‘ A88, 6B8, 86C are divisible by 72, then A88 = 72A, 6B8 =72u 
and 86 C = 72, where A, U, v € N. 


A 6 8 
8 B 6 
8 8 C 


Applying R, > R,;+10R, + 100R,, then 
A 6 8 
8 B 6 
100A +80+8 600+10B+8 800+60+¢ 


A 6 8 A 6 8 
=|8 B 6 |=72/8 B 6 ...(i) 
72X 72 720 A Ww Dv 


Now, A88 is also divisible by 9, then 

A+8+8=A + 16is divisible by 9 

fy A=2 

and 6B8 is also divisible by 9, then6+ B+8=B+ 14is 
divisible by 9 
: B=4 


89. 


90. 


From Eq. (i), we get 
2 6 8 13 4 
=72/8 2 6|=288/4 1 3/=288 
A uw ov A ub vd 


[integer] 


Statement-1 is true and Statement-2 is false. 
b+e c b 

A=| c cta a 

b a atb 


Applying R, > R, -(R, + R;), then 
0 -2a —2a 


A=|c cta a 
b a 


Let 


at+b 


Taking (—2a) common from R,, then 
0 1 1 


Applying C, > C, — C;, then 
0 0 1 
A=(-2a)|c  c a 
b -b at+b 
Expanding along R,, we get 


eee ; | | = (~ 2a) (-2bc) 


Hence, A = 4abc 
a-—b-c 2a 2a 
Let A= 2b b-—c-—a 2b 
2c 2c c-a-—b 
Since, the answer is (a + b + c)*, we shall try to get(a + b +c). 
Applying R, > R, +R, + R;, then 


atb+c at+b+c a+bte 
A= 2b b-c-a 2b 
2c 2c c-a-—b 
Taking (a + b +c) common from R,, we get 
1 1 1 
A=(a+b+c)|2b b-c-a 2b 
2c 2c c-a-—b 


Applying C, >C, — C, and C; > C, — C, 


1 0 0 
A=(a+b+c)| 2b a-—b-c 0 
2c 0 —c-a-—b 


[by property, since all elements above 
leading diagonal are zero] 
=(a+b+c)-1:(-a—b-c)-(—c-—a-—b) 


Hence, A =(a + b +c)? 
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413 +73 2V5 V5 
91. LetA=|VJ15+V26 5 10 
3465 Vi5 5 

V3 25 (V5 V13 2v5 (V5 

=|J15 5 vVi0|/+//26 5 Vi0 

3 V5 5 V6o5 V15 5 


92. 


Taking common from 1st determinant V3, V5 and V5 from 
C,,C, and C, respectively and taking common from 2nd 
determinant V13, V5 and V5 from C,, C, and C, respectively, 


we get 1 2 1 
=V3 xV5 xv5/75 V5 V2 /4+ v13 x5 x5 
V3 V3 V5 a ae 
v2 V5 V2 
12 1 V5 V3 v5 
=J3x5|/J5 V5 2/40 [. C, and C, are identical] 
V3 V3 V5 
1 2 1 
=5v3/J/5 V5 v2 
3 V3 v5 
Applying C, — C, -C,, 
1 1 1 
then A =5¥3|V5 0 V2 
v3 0 V5 
Expanding along C,, then 
A =5v3-(-1) . ie =—5,3(5 — V6) 
= —25y3 +152 
=152 -25V3 
Given that, a, b and c are p th, q th andr th terms of HP 37,5 


and : are p th, q th andr th terms of an AP. Let A and D are the 
c 


first term and common difference of AP, then 
1 


—=A+(p-1)D (i) 
a 
1 “i 
Pica: -1)D ...(ii) 
1 ane 
—=A+(r-1)D ...(iii) 
c 
Now, given determinant is 
oie aot (2 22 
c ca a o 7. 
A=|p q r|=abe)p q r 
1 1 1 1 1 1 
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On substituting the values of = and 2 from Eqs. (i), (ii) and 


ab c 
(iii) in A, then 


A+(p-1)D A+(q-1)D A+(r-1)D 
A = abc Pp q r 
1 1 1 
Applying R, > R, -(A-— D)R, — DR,, then 
0 0 0 
A=abe|p q r|=0 
|. “ddl 
_ 3 : 
-5 3+51 oo 
93. Let z=|3—-5i 8 4+5i 
a aay 4—-5i 9 
2 


[interchanging rows into columns] 


Hence, z is purely real. 
ah+bg g ab+ch 
bf +ba f hb+be 
af+be c bg+fe 
ah+bg g a ah+bg g h 
=b\bf+ba f h\j+clbf+ba f b 
af+be c g af+be ec f 
In second determinant, applying C, > C, — bC, — aC;, then 
ah+bg bg a 0 gih 
=|bf+ba bf h\+c]0 f b 
af+be be g Qc Ff 
In first determinant, applying C, > C, — C,, then 


94. LHS 


ah+bg -ah a ah+bg ah 
=|bf+ba -—ba h|+0=a\bf+ba h b|=RHS 
af+be -af q af+be g f 
1 1 1 
95. LetA=| 1+sinA 1+sin B 1+sin C 


sin A+ sin? A sin B+ sin? B sinC +sin? C 


Applying C, > C, — Cand C, > C, —C,, then 
1 0 


A= 1+sinA 
sin A+sin? A (sin B —sin A) (sin B + sin A +1) 
0 
sin C —-sin A 
(sin C — sin A) (sin C +sin A +1) 


sin B —sin A 


[i.e., conjugate of z] 


Expanding along R,, then 
sin B—sin A 


(sin B —sin A) (sin B +sin A +1) 


sin C —sin A 
(sin C —sin A) (sin C +sin A +1) 
= (sin B —sin A)(sinC —sin A) 
4 1 
sinB+sinA+1sinC+sinA+1 


=(sin B —-sin A) (sinC —sin A) (sinC —sin B) 
But, given A = 0 
(sin B —sin A) (sinC —sin A)(sin C —sin B) = 0 
sin B -sin A=0 or sinC —-sinA =0 
or sinC-sin B=0 
> sin B =sin A or sinC =sin A or sin C =sin B 
B=AorC=AorC=B 
In all the three cases, we will have an isosceles triangle. 


By By +By BY 
96. LetA=|Ya Yory¥a Yo’ 
oB af +a'B wp 
Taking B’y’, y’ a’ and a’B’ common from R,, R, and R, 
respectively, then 


ey Pat 4 
By poe 
A=(BY) (Yo) @’B)}L2 45 1 
¥ Y a 
OE Mad 4 
of w Pv 
Applying R, > R, — R, and R, > R, — R, 
BY Pauw 4 
By’ BY 
TAS OR Ty ne B) E °] 0 
y\o" B a’ 
HE-3) 4 
Ble y) lw ¥ 
2 Me ee 
Py Fy 
-opry (© Bie ") Yo 1 0 
B a v, y 
B ; a 
p’ 


Expanding along C,, then 


seni eBIE-BEB 


pope) & (B\( BRB -¥\(¥. @ 
OPN) (< alt ale =) 


2 (a’ — a’B) BY —B’Y) (yo’ — ya) 
By’ )° 
Hence, A =(af’ — a’ B) (By’ —B’y) (yo’ — ya) 


=(aBy’) 


97. Since, y= kad 
v 
du _ dv 
dy es dx vu-—uv 
dx Vv v 
> ve gw — ww’ (i) 
dx 


98. 


On differentiating both sides w.r.t. x, we get 


2d’y dy 
vi + = 2yv’ =(vu" + uv’) —(uv” + Vv’) 
dx dx 
2 
=> wt ae sag =vu" —uv” 
dx” dx 


On multiplying both sides by v, then 


dx dx 
a 
> Vv a + 2v’(vu’ — uv’) =v*u” — uv” [from Eq. (i)] 
Be 
PL 
> Vv a =2uv* — uw" — 2 v'+ vu" (ii) 
dx 
vow 0 
and |v ov ov j=u(2v? — vu") v(2u'v’—u’ v) 


” ” 


vv” av” 
=2uv’? — 4vv” —2vu'v’ +v"u" (iii) 


From Eqs. (ii) and (iii), we get 


‘ uv 0 
d 
3 us = u Vv v 
dx la ” 
uv 2v 


Here, we have to prove that A(x) is independent of x. So, it is 
sufficient to prove that A’(x) = 0 

sin(x+Q) cos(x+Q) a+xsina 
Now, A(x) =| sin(x +B) cos(x+B) b+xsinB 

sin (x + Y) 


On differentiating w.r.t. x, we get 


cos(x+ Y) c +xsiny 


cos(x+Q) cos(x+Q) a+xsina 
A(x) =| cos(x +B) cos(x+B) b+xsinB 
cos(x+Y) cos(x+Yy) c+xsiny 

sin (x +0) sin(x+Q) a+xsing 

+|sin(x+B) -sin(x+B) b+xsinB 

x sin Y 


x+Q) cos(x+Q) sing 
x+B) cos(x+B) sinB 
x+y) cos(x+y) siny 


( 
( 
sin(x+y) -—sin(x+Y) c 
( 
( 
( 


sin(x+Q) cos(x+Q) sing 
=0-0+]sin(x+ 8) cos(x+B) sinB 
sin(x+ y) cos(x+y) siny 


100. (i) -- 
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sin(x+Q) cos(x+Q) sina 
=|sin(x +B) cos(x+f) sinB 


sin(x+Y) cos(x+y) siny 


Applying C, >C, —(cos x) C,; and C, >C, + (sinx)C;, we get 
sin xcos® cos xcos® sina 
A(x) =| sinxcosB cos xcosf sinB 


sinxcosY cosxcosy siny 
cosa cosa sing 
=sinx-cosx| cosB cosB sinB 
cosy cosy siny 
=sinx-cosx xX 0 
=0 
Thus, A(x) is independent of x. 


[*. C, and C, are identical] 


” x(x-1) x(x-1)(x-2) 
mC Es. MCS 12 1-2-3 
99. LetA= aC en XC. =/y yy -1) yy -1)0 — 2) 
7 Z p 1-2 1-2-3 
C, °C, °C; . z(z-1) z(z-1)(z—-2) 
1-2 123 
1 x-1 x’-3x+2 
=~? | 4 yl y’ 3y +2 
12 7 
1 z-1 2° -3z+2 


Applying C, > C, + C, then 

1 x x°-3x4+2 
1 sy y? —3y+2 
1 z z°-3z4+2 


Aa 
12 


Applying C, > C, + 3C, —2C,, then 
2 


1 x x 
XYZ 2 1 
A=—~|1 y y |=— xyz (x—y)(y—z)(@ — x) 
12 ; 12 
1 zz 
1+ sin’ x cos’ x 4 sin 2x 
f(x)= sin’x 1+ cos’x 4 sin 2x 
sin’ x cos’ x 1+ 4sin2x 


Applying R, > R, — R, and R, > R, — R,, then 
1+sin’x cos’x 4sin2x 
f(x) = =1 1 0 
=1 0 1 
Applying C, > C, + C, then 


1+ sin’ x 2 4 sin 2x 
F(x)=} -1 0. OO, 0 
—1 ai 1 
Expanding along R, , then 
2 4sin2x . 
f(x) = =2+ 4sin 2x 


=u 
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Maximum value of 
f(x) =2 + 4(1) =6 


sin?A sin Acos A cos*A 
(ii) A=|sin’?B sin BcosB  cos’B 
sin?C sinC cosC_ cos*C 

tan’A tanA 1 

=cos’ A cos’B cos*C| tan?B tanB 1 

tan?C tanC 1 


1 tan A tan’A 

=-cos*Acos*Bcos’C|1 tanB tan’?B 

1 tanC tan?C 

=— cos’ A cos’ B cos’ C (tan A — tan B) 
(tan B — tan C) (tan C — tan A) 
=-—sin (A — B) sin(B —C) sin (C — A) 
=sin (A — B) sin(B—C) sin (A —C) 20 
A220 
Hence, minimum value of A is 0. 


[- A2B>C] 


x*-—4x+6 2x7 4+4x4+10 3x7—-2x +16 
2x+2 3x-1 
1 2 3 


101. Let f(x) = 


x= 2 


On differentiating w.r.t. x , we get 

2x-4 4x+4 6x-2 

x2 2x42 3x-1 
1 2 3 


F(x) = 


x? -—4x+6 2x°4+4x+10 3x” -2x4 16 
+ 1 2 3 
1 2 3 


x? -4x+6 2x7 +4x4+10 3x? -2x 4 16 


+ x-2 2x+2 Sx 1 
0 0 0 
f (x) =0, V x € Rand f(x) = Constant 
6 10 16 
As, f()=|-2 2 -1]=2.. f(x) =2 
1 2 3 
No I [ x80 gy af x’ sin x 
Ww, = x) dx = Kc 
-3 14x° -3 14 x° 
2. 
x sin x 
Let (x)= 
gtx) 1+ x® 
2% 
—x* sin x 
a(- x)= 5 =~ a(x) 
1+x 
Hence, g is an odd function. 
& I=0 
102. Since, Y =X and Z =tX 
Y, =sX, + Xs, ...(i) 


Y, =sX_. + Xs. + 2X5, ..-(ii) 


Z, =tX, + Xt, (iii) 
and Zy =tX, + Xt, + 2X,t, ...(iv) 
xX Y Z 
LHS =| X, Y¥ Z, 
X, Y, 2, 
x sX tX 
=| X, sX, + Xs, tX, + Xt, 
X_ SX_+ XSy+ 2X8, tX, + Xt, + 2Xyh 


(using Eggs. (i), (ii), (iii) and (iv)] 
Applying C, > C, — sC, and C, >C, —#tC,, then 


x 0 0 
=| X, Xs, Xt, 
X, Xs,+2Xs, Xt, +2Xt, 
Expanding w.r.t. R,, then 
1g $4 h 
7 Xs, +2X,s, Xt, + 2Xjt, 
Applying R, > R, — 2X,R,, then 
~y2| * Hh |p| 71 | pie 
XS5 Xt, So t, 
103. Given determinant may be expressed as 
§ 
A= xf +f xe +g 
(x?f” + 4xf? +2f) (x*g” + 4xg’ + 2g) 
h 
xh +h 


(x?h” + 4xh’ +2h) 
Now, applying R, > R, — 4R, +2R,, then 


r g h 
A=|xf+ f xe’ +g xh +h 
xf? x2g” 2h” 
f og oh 
Applying R, > R,-R,thenA=| xf? xg’ xh 
xf? xt” xh” 
f og oh 
> A=x| f’ gs i 
xf” x2g” xh” 
f «g« &k 
= A=| ff ££ # 
xf? xig” 33h” 
f & « fo og oh 
v=| fg Wh |+| f% B® hl” 
x3f” x3g” x 3h” x3f” x3g” xh” 
7 g h 
+f gk 


ery eer ary 


f g h 
=0+0+ f X h 
(x ope y (x $y” y (x 3p” y 
f g h 


Hence, A’=| ff’ & hr 
ery Gey ary 
104. Let the given determinant be equal to zero. Then, there exist 
x, y and z not all zero, such that 
ax+aytaz=0, bhx+ by + bz =0 
and ¢x+c,y+c.z =0 
Assume that, |x| 2|y|2|z| and x # 0. Then, from 
ax =(— ayy) + (~a3z) 


|a,x| =|— a, y — a3z| Sa, y| + |as2| 
= 1a] |x| S]a.||y] + [as] |2| 
But x # Oie.|a,| S|a,| + |a,| 
Similarly, |b,| S|, | + |b| 


les] S|q| + les 
which is contradiction. Hence, the assumption that the 


determinant is zero must be wrong. 
1-1 


(a-a)" (a-a) a, 
105. LHS =|(a-a,)* (a-a,)' a;' 
(a—a,) * (a-a,)' a,’ 


1 (a-a@) a'(a-a)’ 
=(a-a) *(a-a,) (a-a,) 11 (a-a) a;*(@-a,) 


1 (a—as3) a (a —a;)° 


Applying R, > R, — R, and R, > — R, — R,, then 


1 (a-a) a,‘ (a-a,)” 
1 (a* — a,a,) (a, — a) 
LHS = 0 (a,—a,) pee ne 
Ila —a;) = aay 
0 (4, —a,) (a? — aa) (a, — a5) 
Hg at, 


Expanding w.r.t. 1st column, then 


) (a” = ay) (a, — ay) 


1 (a, — a na 
LHS = ————. is 
2 
II (a —a;)’ (a, —a,) = Mts) (a — 45) 
aa, 
a’ — ajay 
= (a, = 4y) (@, — as) a9, 
II (a-a,)’ 1 a’ — aa, 
443 
_ (@, 4a) (a, —a,) a? (a,—a,)_ — a" IT (@,—a,) 
a,a,a, 11 (a —a,) Ila, I (a-a,)’ 
Numerator =-—a’ (a, —a,) (a,— a3) (a, — a) 


The resulting expression has negative sign. 


106. The given system of equation will have a non-trivial solution 
in the determinant of coefficients. 


a-t b c 
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A = 0is a cubic equation in t. 
So, it has in general three solutions tf, t, and t,. 


Let A=at? + at? +a,t+ a, 
Clearly, a) = Coefficient of °= —1, 

a a . 
so tt,t; = -—* =— —* =a, =Constant term in the expansion 


ay =1 
of A. ie. A (at t = 0) 

bic 
tiot,=a,=|b c 


c a b 


107. (i) Eliminating a, b and c from given equations, we obtain 


ag WS 
z y 
Zz Xx 

-1 = =|=0 
x 

127 
y @ 


Applying R, > R, — R, and R, > R, — R,, then 


4 & # 


N 
< 


| 
yn IV nxn i[& 
| 


Sw I[Ne in 


0 


<[e & IN 
eI nxn [e 


Expanding along C,, then 


eee uel 


> t t ae Lao 


(ii) To eliminate x, y and z. 


Zz x 
Leta = ¥ B =— and y = — in the given equations, 
Zz x y 


ba + — =a, (i) 
Qa 
a 
cBh+—=b (ii) 
B 
b oe 
and ayt+—=c (iii) 
Also, apy =1 


From Eqs. (i), (ii) and (iii), we get 


fess) lors)leetl= 


= 2abe + ac? BY ep bc Bi 
(ef 


+ arc = abc 
oB yo Y 
[- oBy = 1] 
2 2 
> ac’ —, + a’b ~~ 
+ b’c - ta’cy’ + be’B’ + aba” =— abc 
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On squaring Eqs. (i), (ii) and (iii), we get 
2 2 
b?a? + «=a? — 2be, cB’ + <= b? —2ca and 
ot B 
22,0 _ 2 
ay + =c" —2ab 
Y 
On putting these values in Eq. (iv), we get 
a(a” —2be) + b(b® — 2ca) + ¢ (c? — 2ab) = — abc 
a+b +c? =5abe 
abe 


108. Here, A=|b c a, According to the question, x, y and z not 


c ab 
all zero. Hence, the given system of equations has non-trivial 
solution. 
A=0 
abe 
c aj=0 
c a b 


or (a 
Casel Ifa+b+c=0 
From first two equations, 

ax + by —(a+ b)z =0 

bx —(a+ b)y+ax=0 

[by cross-multiplication law] 
x = y _ Zz 
ab—(a+b)? —b(a+b)-a? —a(a+b)-b° 


= x _ y _ Zz 
—(a°+ab+b*) -(a?+ab+b’) -(a* +ab+b’) 
“ x:y:zZ=1:1:1 
Case II If(a —b)* + (b —c)* + (c—a)’ =0 
It is possible only, when 
a-—b=0,b-—c=0 andc—a=0 
a=b=c 


Then, 
In this case all the three equations reduce in the forms 


x+y+z=0 (i) 


Then, Eq. (i) will be satisfied, if 
x=k y=ka,z =k’ 

or x=k y=ko’,z =ko 

where @ is the cube root of unity. 


Then, x:y:z=1:0:@7 or1:07:@ 
Hence, combined both cases, we get 
x:y:Z=1:1:1 
or 1:0:@° 
or 1:07: 
109. Applying C, > C, + C, + C;, then 


1 (1+b?)x (1+c")x 
f(x)=|1 14b?x (14+c?)x [ea +b? +07? +2=0] 
1 (1+b*)x 14c?x 


Applying R, > R,—R, and R, > R, —R,, then 
1 (1+b7)x (1+¢7)x 
=|0 Tx 0 
0 0 1-x 


=(1-x’) 


Hence, degree of f(x) =2 


110. For no solution or infinitely many solutions 


Oo 1 1 
1 a 1/=0 
1 1a 


Applying C, > C,+C,+C,, then 


@+2 1 1 
a+2 @ 1/=0 
a+2 1a 


Applying R, > R, —R, and R, > R, — R,, then 


a@+2 1 1 
0 a-1 0 |=0 > (@-1)*(a+2)=0 
0 0 a-l 

a =1,-2 


For & = 1, clearly there an infinitely many solutions and when 
we put & =—2 in given system of equations and adding them 
together LHS #RHS. i.e., no solution. 


111.°- ,, A, Az,... are in GP. 


, =f ‘ ‘ 
. Using a, =a,r"™, we get the given determinant, as 


log(ar"") — log(ar") log(a,r"*") 
log(ar"*”) log(ar"**)  log(a,r"**) 
log(a,r"*°) log(a,r"*°) log(a,r"*’) 


Applying C, — C,-—C, and C; — C, —C, and 
: m 
using log m—logn = log (=) we get 
n 
log(ar"') logr 2logr 


nv ey 


log(ar logr 2logr)=0 


me?) 


log(ar logr 2logr 
[. C, and C, are proportional] 


112. Applying R, > R,—R, and R, > R, —R,, then 


1 1 1 
D=|0 x O|=xy 
0 0 y 
dl ae, 3 
113. °. D=|-1 1 -2/=0 
1 =3 
=1 =2 3 
and D,=| k 1 -2|/=(3-k)=0,ifk =3 
1, =3 4 
1. 1 
D,=|-1 k —-2)=(k-3)=0,ifk =3 
1 —-3 4 


—2/=(k =3)=0, ifk =3 
—3 4 
.. System of equations has no solution for k #3. 


114. The system of equations 


x—cy—bz=0, -—cx+y-—az=0 and —bx-ay+z=0 
have non-trivial solution, if 
1 -c -b 
=¢ 1 —a!=0 
—b -a 1 
=> 1+2(—a)(—b)(—c)—a’® —b* -c’ =0 
or a’ +b? +c"? +2abe =1 
aa+1a-1 a+1 b+1 c-1 
115.|—b b+1 b-1\+(-1)"}a-1 b-1 c+1]/=0 
c c-1 c+1 a —b c 
a a+1 a-1 at+1 a-1 a 
=>|-b b+1 b-1/+(-1)"}b+1 b-1 -b/=0 
¢ ¢c=-1 cl c-1 ctl c 
[by property] 
a at+1 a-1 a a+1a-1 
=>/-—b b+1 b-1\/+(-1)"")/-b b+1 b-1]/=0 
¢ c=) ck Cres. “etl 
116. Applying R, > R, + R;, then 
(a) oe 0 Be 2 
f(®) =|—tan® 1 tan@ 
-1 —tan0d 1 


= 2(1+ tan’@) = 2sec”@ >2 
“ £(8) €[2, &) 


117. Non-zero solution means non-trivial solution. 
For non-trivial solution of the given system of linear equations 


4 k 2 

k 4 1/=0 

2.24 
=> 4(4—2)—kk—2)+(2k—8) =0 
=> —k’ +6k-8 =0 
=> k? -6k+8=0 
> (k—-2)(k-4) =0 


k=2,4 
Clearly, there exist values of k. 
1 kh A 
118. For trivial solution |k 3 —-k/ #0 
3 sl 
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=> 1(-3+k)+k(-—k+3k)+1(k—-9) #0 


> 2k? + 2k-12 #0 
=> k’+k-6 #40 
=> (k+3)(k-2) #0 
> k #2,-3 
or keR-2-3) 
k+1 8 
119. A= =(k+1)(k+3)—8k =k? — 4k 43 
k k=3 
A =(k—1)(k-3) 
4k 7 
A, = = 4k° + 12k —24k + 8 = 4k° -12k +8 
3k-1 k+3 
Ay = 4k —1)(k -2) 
k+1 4k 2 % 
and A, =(k + 1)(3k -1)— 4k? = -k? +2k +1 
kk 3k-1 
A, =-(k-1) 
As given no solutions 
> A, and A, #0 
but A=0 
k=3 
3 1+ f(l) 1+ f(2) 
120... |1+ f(1) 14+ f(2) 1+ f@) 
1+ f(2) 1+ f(3) 1+ f(4) 
14141 14048 14+07+8? 
=| 14+a0+B 14+07+8? 1407+ 8° 
ito’ sp? 140° 48? 140° 46" 
ak tt 4 apie ae 2h 
=/1 a BIxj/1 a Bl=]1 a B 
1 a? B? 1 a? B? 1 a? B? 
= {(1-a)(1 —B)(@ —B)}? 
=(1-a)*(1—B)*(a —B)’ 
So, k =1. 
121. The given system can be written as 
(2-A)x, -2x,+ x, =0 
2x, -(3+ A)x, +2x, =0 
—x,+2x,-Ax, =0 
For non-trivial solutions, A = 0 
2-X —2 1 
2 -+3+A) 2 |=0 
-1 2 -hr 
=> (2-A)(A> +3 — 4) + 2-20 + 2) + 1(4-3-A) =0 
> M+2°-5143=0 
> A =1,1,-3 


Hence, A has two values. 


604 


122. 


123. 


124. 


Textbook of Algebra 


Applying R, > R, — R, and R, > R, —R,, then 
(1+o)? (1420)? (1+3c)* 
20 +3 40, +3 6a+3 |=—6480 
40+8 8H+8 120 +8 


Applying R; > R,—2R, , then 

(i+o)? (1420)? (1+3c)* 

204+3 40+3 644+3 |=-648a0 
2 2 2 


Applying C,— C,- iG +C;), then 


(1+a)? = -a? = (1430)? 
20 +3 40. +3 64+3 | =-6480 
2 0 2 
=> 0°(40 + 6 —120 —6) = —6480 
=> —8a.? = 6480 
=> a? -810 =0 
a = 0,9,-9 


For non-trivial solution 


[1 A -1] 


~7 -1 -1/=0 
1 ft =A 


=> 1UA+1)—-A(-A? +1)-1(A +1) =0 


=> MA -1) =0 
> A =0, +1 

[ft tee 

x}2 4 14+8x?]=10 
3.9 14+27x° 
f1 1 1] ft 1 1] 

=> x)2 4 1]+x°/2 4 8]=10 
3 9 1 3 9. 27] 


Applying C, > C,—C, and C, > C, —C,, then 
[1 0 0] f1 0 O| 

a 2 -1|+x°}2 2 id 
3 6 -2 3 6 24 
=> 2x°4+12x° =10 or6x°+ x°-5=0 
or (6x? —5)(x* +1) =0 


125. 


126. -.- 


> x = or x° =-1 
6 
-(2)" 7 
x=|/-]|] ,-1 
6 
i.e. Two distinct values of x. 
A= : : =-2a-6, 
3 2 
|) =-2(A +.) 
uy 
or A, = : ‘ =OU-3r 
System has unique solution for A # 0 
+. a #—3 for all values 1 andu 
System has infinitely many solution for 
A=A,=A,=0 
a=-3, X+H=0, ab—-3A =0 
and system has no solution 
A=0 > a=-3 
and A+ #0 
f1 1 1] 
- a 1}/=1(a—b)-1(1—a)+1(b—a”)=—(a-1)’ 
a b 1] 
ft 1 1] 
A, =|1 a 1}/=a—b)-101)+1(b) =(a-1) 
0 b 1] 
f1 1 1] 
= 1 1/=1(1)-10—a)+1(0-a)=0 
a 0 1] 
f1 1 1] 
andA,=|1 a 1|=1(-b)-1(-a)+1(b—a’)=-a(a-1) 
a b 0 


Fora =1, A=A, =A, =A, =0 
and for b = 1 only 


xty+z=1 
xty+z=1 


x+y+z=0 
i.e. no solution (‘.. RHS are not equal) 


Hence, for no solution b = 1 only. 
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J. J. Sylvester was the first to use the word “Matrix” in 1850 and later on in 1858 Arthur Cayley developed the theory of 
matrices in a systematic way. ‘Matrices’ is a powerful tool in mathematics and its study is becoming important day by 
day due to its wide applications in almost every branch of science. This mathematical tool is not only used in certain 
branches of sciences but also in genetics, economics, sociology, modern psychology and industrial management. 


Session 1 


Definition, Types of Matrices, Difference Between 
a Matrix and a Determinant, Equal Matrices, Operations 
of Matrices, Various Kinds of Matrices 


Definition 

A set of mn numbers (real or complex) arranged in the 
form of a rectangular array having m rows and n columns 
is called a matrix of order m Xn or anm Xn matrix (which 
is read as m by n matrix). 


Anm Xn matrix is usually written as 


44, Ayn 3 Qin 
49,  4z2— Ag Aon 
43; 432 Ags azn 
Gm, am, Im, amn 


In a compact form the above matrix is represented by [a;; } 
i=1,2,3,...,m, j=1,2,3,...,nor simply by [4j ]mxn, Where 
the symbols a;; represent any numbers (a;; lies in the ith 
row (from top) and jth column (from left)). 


Notations A matrix is denoted by capital letter such as A, B, 
Cu: Z: 


Note 
1. A matrix may be represented by the symbols [a 1, (a; ), | ay | 
or by a single capital letter A (say) 
A=[4)] mun OF (4) )mxn OF] a; | 
Generally, the first system is adopted. 
2. The numbers 4;, a, ..., etc., of rectangular array are called 
the elements or entries of the matrix. 


3. A matrix is essentially an arrangement of elements and has no 
value. 


4. The plural of ‘matrix’ is ‘matrices’. 


Example 1. If a matrix has 12 elements, what are the 
possible orders it can have? What will be the possible 
orders if it has 7 elements? 

Sol. We know that, if a matrix is of order m X n, it has mn 


elements. Thus, to find all possible orders of a matrix with 
12 elements, we will find all ordered pairs of natural 
numbers, whose product is 12. 


Thus, all possible ordered pairs are (1, 12), (12, 1), (2, 6), (6, 2), 
(3, 4), (4, 3). 

Hence, possible orders are 1 x 12,12 x 1,2 x 6,6 2,3 4 
and 4 x 3. 


If the matrix has 7 elements, then the possible orders will be 
1x7 and7 x1. 


Example 2. Construct a 2x 3 matrix A =[a, ], whose 
elements are given by 


(+2)? : a 
ia; =~ (i) ay =| 21-3) 
a fin pies 
(iii) qj = ies 


where [.] denotes the greatest integer function. 


2i 
(v) ai = {| , 


where {.} denotes the fractional part function. 


(vi) dij (=) 


where (.) denotes the least integer function. 


[a,; a2 ay; | 


Sol. We have, A = 
| an Ao as, x3 


i+2j)° 
(i) Since, a, = ee therefore 
(1+2)? 9 (1+4)* = 25 
a= =a) = =—, 
11 3 5 2 , 5 
(1+6)? 49 (2+2) 
13 = Fp Ga = 8, 
2 2 2 
2+ 4) 2+6 
Ayo eee 18 and a,, = ( y = 32 
2 2 
9 25 49 
Hence, the required matrixisA=|2 2 2 |. 
8 18 32 
(ii) Since, a; = = |2i- 
i 1 1 
a,=-|2-3|=-|-1|/=— 
2 2 2 
1 1 4 
a, =-|2-6|=-|-4|=—=2, 
2 2 2 
1 i 7 
a= 2-9|= -7\|=-, 
a3 2 | 2 
1 oa8 1 1 | 1 
dy =-|2-3/=—|-1]=-, 
ae 2 2 
Higaeies 4 | —) 
ee hl Neale 
sale 2 2 
1 1 5 
and a), = 4—9|= |-5 |= 
2 2 2 
[tg 7 
Hence, the required matrix is A = E : . 
2? 3 


i-j, i2 
(iii) Since, a, = ; d thevetore 
i+ j, i<j 


1 =1-1=0,a, = 


1+3=4, 


1+2=3,a,, = 


91 = 2-1=1, ay, 
Hence, the required matrix is 
[0 3 4] 
. t 0 5| 


=2-2=0anda,,=2+3=5 


iv) Since, a; , therefore 
(iv) 
ri] 1 
=|=|=fij=1,¢,=|=|=03]= 
qy i [1] 2 H [0.5] 
ie ; = [0.33] = 0, on={']= [2]=2 
2| 2 
and dy. = > = [1]=1and a,, -|§]- 00 =0 


1 0 0 
Hence, the required matrix is A = ‘ ; 


Chap 08 Matrices 


(v) Since, aj = 


(vi) Since, a; = 


1 

3 
2 4 1 1 
Se a 
9 9 3 3 3 
4 2 2 4 4 

Ay = = =-anda,, = = 
6 3 3 9 9 
[2 1 2] 
Hence, the required matrix is A = | : ; ; | 
Ib 3 9 
3i+ 47 
( ! i) therefore 


_[4 6 8] 


Types of Matrices 


1. Row Matrix or Row Vector 


[. (x)= x] 


A matrix is said to be row matrix or row vector, if it 


contains only one row, i.e. a matrix A =[a 
be row matrix, ifm =1. 


For example, 
(i) A=[4,, ap a3 
(ii) B=[3 5 -7 hiya 


are called row matrices. 


Qin Neen 


2. Column Matrix or Column Vector 


A matrix is said to be column matrix or column vector, if 
it contains only one column, ie., a matrix A=[a 


said to be column matrix, if n= 1 For example, 


ig lmxn 


is said to 


i |mxn 


608 = Textbook of Algebra 


ay, 
Ay, 0 
(i) A=] a3, (ii) B=|-8 
: 2 
ann mxX1 - 5x1 


are called column matrices. 


3. Rectangular Matrix 


A matrix is said to be rectangular matrix, if the number of 
rows and the number of columns are not equal ie., a 
matrix A=[4; }mn x» is called a rectangular matrix, iff 
m#n. For example, 


13 45 2 =3 
(i) A=|2 0 -3 8 (ii) B=|3 0 
TA 8 Bliss AS Bl. 


are called rectangular matrices. 


4. Square Matrix 


A matrix is said to be a square matrix, if the number of 
rows and the number of columns are equal i.e., a matrix 
A= [a; ] 


For example, 


is called a square matrix, iffm =n. 


pel? ? 
" “Le 4, x2 


mxn 


G4, Ayn 43 


(i) A=] ay, ay yg 
43, 432 433 Ian 


are called square matrices. 


Remark 

If A= [aj ] is a square matrix of order n, then elements (entries) 
441 App, 4g3, evA_, are Said to constitute the diagonal of the matrix A 
The line along which the diagonal elements lie is called principal 


[14 0] 
or leading diagonal. Thus, if A= : 3 3 , then the elements 
92 5 


of the diagonal of Aare 1, 3, 5. 


5. Diagonal Matrix 


A square matrix is said to be a diagonal matrix, if all its 
non-diagonal elements are zero. Thus, A =[a is 
called a diagonal matrix, if a iy =, when i # j. 


tlie 


For example, 
-1 
(i) A=[2] 


; 3 0 0 
ii) B= iii) C=|0 5 0 
(ii) ¥ | (iii) 

007 


are diagonal matrices of order 1, 2 and 3, respectively. A 
diagonal matrix of order n having d,,d,,d3,...,.d,, as 


diagonal elements may be denoted by diag (d,,d,,d3,..,d,,). 


Thus, A = diag (2), B= diag (— 1, 2) and C= diag (3, 5, 7). 


Remark 
(i) No element of principal diagonal in a diagonal matrix is zero. 


(ii) Minimum number of zero in a diagonal matrix is given by 
nn—1), where nis order of matrix. 


6. Scalar Matrix 


A diagonal matrix is said to be a scalar matrix, if its 


diagonal elements are equal. Thus, A =[a;;],., is called 
scalar matrix, if 
O,if iz] ; 
a, =4,. , where k is scalar. 
Y lkifisy 
F l 
or example, 5 ay af 
. | 2 9 = 
(i) [7] (ii) (iii)}0 5 0 
0 2 
005 


are scalar matrices of order 1, 2 and 3, respectively. They 
can be written as diag (7), diag (2, 2) and diag (5, 5, 5), 
respectively. 


7. Unit or Identity Matrix 


A diagonal matrix is said to be an identity matrix, if its 
diagonal elements are equal to 1. 


Thus, A =[aj ], x, is called unit or identity matrix, if 
0,if i# j 
sf men Der eee 
‘ Lif i=j 
A unit matrix of order nis denoted by I, or I. For example, 
1 0 0 
re 1 0 bis 
(i) I, =[1] (ii) I, -|; 1 (iii) I, =}0 1 0 
00 1 


are identity matrices of order 1, 2 and 3, respectively. 


8. Singleton Matrix 

A matrix is said to be singleton matrix, if it has only one 
element i.e. a matrix A =[a is said to be singleton 
matrix, ifm=n=1. 


i len 


For example, [3],[k], [-2] are singleton matrices. 


9. Triangular Matrix 


A square matrix is called a triangular matrix, if its each 
element above or below the principal diagonal is zero. It is 
of two types: 


(a) Upper Triangular Matrix A square matrix in 
which all elements below the principal diagonal are 
zero is called an upper triangular matrix i.e., a matrix 
A=[4j ]nxn is said to be an upper triangular matrix, 
if a;; =0, when i> j. 


For example, 


0 0 0 O> 


are upper triangular matrices. 

(b) Lower Triangular Matrix A square matrix in 
which all elements above the principal diagonal are 
zero is called a lower triangular matrix i.e., a matrix 
A= [a ij jn xn 
a; =0, when i < j. For example, 


is said to be a lower triangular matrix, if 


eo (10.0 0 0 
‘70 0 —_—- 
ie ap 2-2 ° 
i) |! x ii) | e 
S 15 6 67 0 
12 3 4/3x3 ‘\ 
pees arer 1 2 3 4fs 


are lower triangular matrices. 


Note 

Minimum number of zeroes in a triangular matrix is given by 
An ; : 

———, where nis order of matrix. 


10. Horizontal Matrix 


A matrix is said to be horizontal matrix, if the number of 
rows is less than the number of columns i.e., a matrix 


A=[4i | xn iS said to horizontal matrix, iffm <n. 
2 3 4 5 

For example, A=|8 9 7 -2 is a horizontal 
it i a ee 


matrix. [*.: number of rows (3) < number of columns (4)] 


11. Vertical Matrix 


A matrix is said to be vertical matrix, if the number of 
rows is greater than the number of columns i.e., a matrix 
A =[a; ] 


mxn is Said to vertical matrix, iffm >n. 
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2 3 4 
0: =1 7 
For example, A=|_ 3 5 4 is a vertical matrix. 
2 Ff 9 
—L PB 3 Jase 


['.. number of rows (5) > number of columns (3)] 


12. Null Matrix or Zero Matrix 
A matrix is said to be null matrix or zero matrix, if all 


elements are zero ie., a matrix A=[a;; ],,., is said to be a 


zero or null matrix, iff a; =0, Vi, j. It is denoted by O. 
For example, 
00 0 
(i) 02x35 = 


0 0 0 


oo co 


0 0 
(ii) O35 =| 0 0 
0 0 


are called the null matrices. 


13. Sub-Matrix 


A matrix which is obtained from a given matrix by 
deleting any number of rows and number of columns is 
called a sub-matrix of the given matrix. 


— 8 9 5 
For example, ; ; is a sub-matrix of }2 }3 4}. 
3 42.5) 


14. Trace of a Matrix 


The sum of all diagonal elements of a square matrix 


A=[4i Inxn (Say) is called the trace of a matrix A and is 
denoted by Tr (A). 
Thus, Tr(A) = y Qi 
i=l 
2 =F 9 
For example, If A=| 0 3 2\|, then 
8 9 4 


Tr (A) =2+3+4=9 
Properties of Trace of a Matrix 
Let A=[a;], x. B=[b; ] 
(i) Tr (kA) =k-Tr (A) 
(ii) Tr (A + B) = Tr (A) + Tr(B) 
(iii) Tr (AB) = Tr (BA) 
(iv) Tr (A) =Tr(A’) 
(v) Tr(,) =n 
(vi) Tr (AB) # Tr (A) Tr (B) 
(vii) Tr(A)=Tr(C AC"), 
where C is a non-singular square matrix of order n. 


nxn and k is a scalar, then 
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15. Determinant of Square Matrix 


Let A=[a;; ],., be a matrix. The determinant formed by 
the elements of A is said to be the determinant of matrix 
A. This is denoted by| A |, 


For example, 


3 4 5 3 4 =5 
If A=|6 7 8|then|A|=|6 7 8|=-39. 
2 =3 5 2-3 5 
Remark 
1. fA, A, Ayo. A, are square matrices of the same order, 


Mie Aenea |= |e (al eae | 


2. Ifkis ascalar and Ais a square matrix of order n, then 
| KA] =A" | Al 


16. Comparable Matrices 


Two matrices A =[a; ],,, and B =[b; ],4 are said to be 
comparable, ifm = p and n=q. 


: and P 4 
f s t 
oa 2 4 
but the matrices and 
4 8 5 


For example, 


a r 
The matrices ; are comparable 


6 
i are not comparable. 


Difference Between a Matrix 
and a Determinant 


(i) A matrix cannot be reduced to a number but 
determinant can be reduced to a number. 

(ii) The number of rows may or may not be equal to the 
number of columns in matrices but in determinant the 
number of rows is equal to the number of columns. 

(iii) On interchanging the rows and columns, a different 
matrix is formed but in determinant it does not 
change the value. 

(iv) A square matrix A such that | A | #0, is called a 
non-singular matrix. If| A |=0, then the matrix A is 
called a singular matrix. 


(v) Matrices represented by [ ], (), ! but determinant is 


represented by | |. 


Equal Matrices 


Two matrices are said to be equal, if 
(i) they are of the same order i.e., if they have same 
number of rows and columns. 
(ii) the elements in the corresponding positions of the 
two matrices are equal. 


Thus, if A =[a;; ] B=[b, ], xq, then A= B, iff 


mxXn? 


(i) m=p,n=q (ii) ay =b;, Vi, j 
-1 2 4 
For example, If A= and 
0 SIox3 


s b 
B= 
de 


a=-1,b=2,c=4d =3,e=0, f=5 


X+3 +X -x-1 0 
Example 3. If = , then 
Z-1 4w-8 3 2w 


find the value of | x+ y |+|z+wi. 


Sol. As the given matrices are equal so their corresponding 
elements are equal. 


are equal matrices, then 
2x3 


x+3=-x-1> 2x=-4 (i) 
x=-2 
2y+x=0 
> 2y—-2=0 [from Eq. (i)] 
= y=1 ..-(ii) 
z-1=3 
> z=4 ...(iii) 
4w —8=2w 
= 2w =8 
aA w=4 ..(iv) 
Hence, xty|+|z+w |=|-24+1]/+|4+4]=1+8=9 
Z 
Example 4. gee a |. oa ae 
l Oo £B -56| 0 -—6 


find the equation whose roots are a and B. 
Sol. The given matrices will be equal, iff 
2a+1=a+3>a=2 
3B =B? +258? -3B +2=0 


B=1,2 and B?-5B=-6 (i) 
=> B? -5B+6=0 
- B = 2,3 ..(ii) 
From Eqs. (i) and (ii), we get B =2 
> a=2,8=2 


-. Required equation is x? —(2+2)x + 2-2=0 


=> x? -4x+4=0 


Operations of Matrices 
Addition of Matrices 


Let A, B be two matrices, each of order m X n. Then, their 
sum A + Bis a matrix of order m X n and is obtained by 
adding the corresponding elements of A and B. 


Thus, if A=[4i5 |mn xn then 


A+ B=[a, +d; ] 


and B=[b;;] 
Vij 


mxXn? 


mxXn? 


| 13 «5 ie 
Example 5. Given, A=|-2 0 2),B=|-2 
04 -3 0 
b Tt +2 
andCc=)3 2 1}. Find (whichever defined) 
E -1 7 
(i) A+B. (ii) A+C. 


Sol. (i) Given, A is a matrix of the type 3 x 3 
and Bis a matrix of the type 3 x 2. 
Since, A and Bare not of the same type. 
.. Sum A + Bis not defined. 


(ii) As A and C are two matrices of the same type, 
therefore the sum A + C is defined. 
—2] 


fi 3 5] [4 1 


 A+C=|-2 0 2| + 3 2 1 


0 4 =3| 2-1 #7 
f1+4 341 5-2] [5 4 3] 
=|-24+3 042 241 ]=/1 2 3 

0+2 4-1 -34+7] |]2 3 4 


Example 6. If a,b;b,c and c, a are the roots of 


x? —4x+3=0, x* —8x+15=Oand x*—6x+5 
respectively. Compute ie oe ie 
bec a er 
2ac 
+| 
Sol. -. x*—4x+3=0 
> (x -1)(x -3)=0 x=1;3 
x? —8x +15=0 
> (x —3)(x-5)=0 x =3,5 
and x? —6x+5=0 
> (x —5)(x -1)=0 x =15,.1 
It is clear that a=1,b=3 andc=5 
ow la2+c? a2 4+b?| [ 2ac —-2ab] 
le ee ate -—2be —2ac 


H +c? + 2ac 


b? +c¢%—2be a’ +c* —2ac (b—c/y 


_[(i+5)? (-3)']_[36 4] 
lia—5)" a—5)| 4 16 


=0, 


—2ab 
—2ac 


| 


a+b? as i +c) (a- | 


(a—c)’ 
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Properties of Matrix Addition 
Property 1 Addition of matrices is commutative, 
A+B=B+A 


where A and B are any two m Xn matrices, i.e. matrices of 
the same order. 


Le. 


Property 2 Addition of matrices is associative 
(A+ B)+C=A+(B+C) 


where A, B and C are any three matrices of the same order 
m Xn (say). 


Le. 


Property 3 Existence of additive identity 
A+O=A=O+A 
where A be any m X n matrix and O be the m Xn null 


matrix. The null matrix O is the identity element for 
matrix addition. 


Le. 


Property 4 Existence of additive inverse 


If A be any m Xn matrix, then there exists another m x n 
matrix B, such that A+B=O=B+A 


where O is the m X n null matrix. 


Here, the matrix B is called the additive inverse of the 
matrix A or the negative of A. 


Property 5 Cancellation laws 


If A, B and C are matrices of the same order m X n (say), 
then A+B=A+C=>B=C _ [left cancellation law] 


and B+A=C+A=>B=C _ [right cancellation law] 


Scalar Multiplication 


Let A=[a;] x» be a matrix and k be any number called a 
scalar. Then, the matrix obtained by multiplying every 
element of A by k is called the scalar multiple of A by k 
and is denoted by kA. 


Thus, kA =[ka, ] 


mxXn 


Properties of Scalar Multiplication 

Adil es 

scalars , then 
(i) k(A+B)=kA+kB 
(iii) (k1)A =k (IA) = (kA) 
(iv) (-k)A =—(k A) =k(— A) 
(vy) 1A=A,(-1)A=— A 


B=[Dij | xn are two matrices and k, | are 


(ii) (k +1) A=kA+I1A 


Example 7. Determine the matrix A, 
| 1 2 i & 4 "| 
—2 -3)4+2)3 2 4 


ls 2 6] [3 6 2] 


when A=4 
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[ 4 


[4410 
=|-4+6 
16+6 


of Algebra 

8 12] [10 8 2] 

-8 -12/+16 4 8 

8 24 6 16 4 

8+8 1242] [14 16 14] 
-8+4 -12+8]/=|2 -4 -4 
8+16 2444 22 24 28 


2b 


0 2 O 3a 
Example 8. ta-| |ana ka-| } then 
3-4 24 


find the value of b—a-—k. 


fo 2 0 2k 
Sol. We have, A= | = [ | 
3 -4 | | 3k ~4k| 
fo 3 
But kA = a| 
2b 24| 
0 2k] [0 3a 
3k -4k| |2b 24 
=> 2k = 3a, 3k = 2b, —4k = 24 
=> k=-6a=-4,b=-9 
Hence, b—a-—k=-9-(-4)-(-6)=-94+4+6=1 


Subtraction of Matrices 


Let A, B be two matrices, each of order m X n. Then, their 
subtraction A — B is a matrix of order m X n and is 
obtained by subtracting the corresponding elements of A 
and B. Thus, if A=[4@j Jn xn and B=[Di mn xn> 


then A-B=[ay — diy lnxn Vil 
2 3 a b 
For example, If A=|4 5]andB=|c d\, 
6 7 e f 
2 3 a b 2-a 3-b 
then A-B=|4 5]-|c d|=|4-c 5-d 
6 7 e f 6-e 7-f 
[1 2 -3] 
Example 9. Given, A=|5. 0 2 |and 
1-1 #1 


3-1 2 


B=;4 2. 5, Find the matrix C such that A+2C =B. 


2 0 3 
Sol. Given, A+2C = B 


3-1 2 1 2 | 
2C=B-A=]4 2 5)/-15 0 2 
2 0 5 


[3-1 -1-2 243] 

=|4-5 2-0 5-2 

}2-1 O+1 3-1 
[2-3 5] [2-3 5] 
ec=|-1 2 3/>c=1l-1 2 3 
|} 1 1 2 “yi 12 

1 3/2 ae 

=j-1/2 1 3/2 

| 1/2 1/2 1 | 


Example 10. Solve the following equations for X and 


3 -3 0 4 1 5 
Y.2X-Y= 2Y+tX= 
3. 3 2 -1 4 -4 
Sol. Given, axel © 
I 3 2 
On multiplying both sides by 2, we get 
5. -=3 0 6 -6 0 
4x —2¥ =| } x -21 =| (i) 
3 3 2 6 6 4 
also given X +2Y = Pea 2 (ii) 
ere | 


Adding Eqs. (i) and (ii), we get 
f6 -6 0] [4 1 5 


| 
5X = 
Is 6 4|* 1 4 -4| 
_|6+4 O+5} |10 —5 
6-1 4-4 5 10 0 
1/10 -5 5 2 =1 1 
== => 
5|5 10 0 1 
Putting the value of X in Eq. (ii), we get 


[2 -1 Hl al 4 1 5] 


264 1 
6+4 


12 0) |-1 4 -4| 
4 1 5] f2 -1 1 
z ‘iia a ] 
|-1 4 24] i 2 o| 
_[4-2 141 5-1] [| 2 4| 
|-1-1 4-2 -4-0 |-2 2 -4 
f11 2 
Y= | 
|-1 1 -2| 
2-1 1 11 2 
Hence, X= and Y= 
1 2 -1 1 -2 
Remark 


lf two matrices Aand B are of the same order, then only their 
addition and subtraction is possible and these matrices are said 
to be conformable for addition or subtraction. On the other 
hand, if the matrices Aand B are of different orders, then their 
addition and subtraction is not possible and these matrices are 
called non-conformable for addition and subtraction. 


Multiplication 
Conformable for Multiplication 


If A and B be two matrices which are said to be 
conformable for the product AB. If the number of columns 
in A (called the pre-factor) is equal to the number of rows 
in B (called the post-factor) otherwise non-conformable 
for multiplication. Thus, 
(i) AB is defined, if number of columns in A = number of 
rows in B. 
(ii) BA is defined, if number of columns in B = number of 
rows in A. 


Multiplication of Matrices 


Let A=[aj], x, and B=[b, ],x, be two matrices, then 
the product AB is defined as the matrix C =[C;; ] 


mxp? 
where Ci =) ity by,1Sism,1sk <p 
j=l 
= Giz Diy + Ain Doy + jg Dap +--+ Gin Ong 
ie., (i, k) th entry of the product AB is the sum of the 
product of the corresponding elements of the ith row of A 
(pre-factor) and kth column of B (post-factor). 
Note 


In the product AB, Aare MetOh 


8 = Post-factor 


fo 1 2] [1 -2] 
Example 11. If A=|1 2 3jandB=/-1 0}, 
2 3 4 2 -i 
obtain the product AB and explain why BA is not defined? 
Sol. Here, the number of columns in A =3 = the number of 


rows in B. Therefore, the product AB is defined. 
Cc, C, 


° 1 2) R [4 4 
AB=|1 2 3;R,xj)-1 0 
2 3 4}, z: 4| 


R,, R,, R, are rows of A and C,, C, are columns of B. 


[ RC, RC, 
AB=|R,C, R,C) 
RC, RC, },,., 
1 =2 
012 -1 012 0 
=< 
1 -2 
123 -1 123 0 
=1 
=2 
23 4) |- 234 0 
| 1} | 3x2 
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For convenience of multiplication we write columns in 
horizontal rectangles. 


| {era 
3} ES! 
a} (eat 


B]ir fe lTellallo 
i 


ee oO eS 


[Ox1+1x(-1)+2x2 0x(—2)+1x0+2x(-1)| 
1x14+2x(-1)+3x2 1x(-2)+2x0+3-x(-1) 
}2x1+3x(-1)+4x2 2x(-2)+3x0+4x(-1) 


3x2 
fo-14+4 ie E =| 


1-2+6 -—-2+0-3 =)5 = 

2-3+8 pas . 3 

L 3x2 3x2 

Since, the number of columns of B is 2 and the number of 
rows of A is 3, BA is not defined (-." 2 # 3). 


Remark 
Verification for the product to be correct . 
From above example 


fo 4s) Ta sep [3 23] 
1 2 3y;x|j-1 O;=|]5 —-5 
2 3 4 2 -1 7 -8 
Sum3 6 9 15 -15 
1} =3x1+6x(-1)+9x2 
Now, |3 69 1} =3-64+18 
2; =15 
2| =3(-2)+6x0+9x(-1) 
and 369 0} =-6+0-9 
-1) =-15 
0 — tan (a /2 
Example 12. el  sndieig 
| tan (/2) 0 | 
a 2x2 unit matrix, prove that 
[cosa —sing | 
I+A=(I-A)| . | 
sin a COS 
Sol. Since, I = oo and given A= : ie 
0 1 tan (a/2) 0 
Peel 1 —tan (0/2)] @ 
| tana. /2) 1 
niis=(0— 4)) 8 — sin a| 
sin®@ cosa 
ah 1 tan (a/2)| [cosa — sino] 
. Le tan(a / 2) 1 sin cosa 
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[ 1 tan (a/2)| 
[- tan(a / 2) 1 
li= tan?(o / 2) 
1+ tan?(o /2) 
2tan (0 / 2) 
; + tan?(o /2) 


—2 tan (0/2) | 
1+ tan?(a /2) | 
1— tan?(o, /2) 

1+ ae 


Let tan (0/2) = X, then 


le a. 
2 2 
peal 2 Al}1+4? 144A 
-A 1|| 2a 1-2’ 
1447 14+2? 
[ t29Pe se eni=7)] 
= 1+A? 1+A? 
-A(1—A7)+2A 9-207 41-1? 
1417 1+2? 
ren? —10'422)| 
_| 1+47 1+? |_|1 -A 
Mita?) 141? nr 1 
1417 1+ 2? 
| SUE) enceia 
| tan(cu/2) 1 | 
=I+A [from Eq. (i)] 
= LHS 


Pre-multiplication and 
Post-multiplication of Matrices 


The matrix AB is the matrix B pre-multiplied by A and the 
matrix BA is the matrix B post-multiplied by A. 


Properties of Multiplication of Matrices 


Property 1 Multiplication of matrices is not commutative 


Le. AB# BA 
Note 
1. If AB = — BA then Aand Bare said to anti-commute. 
2. lf A= [1 0] andB= is OT ia AB = BA= [3 0] 
lo 2| lo 4| lo s| 


Observe that multiplication of diagonal matrices of same order 
will be commutative. 


Property 2 Matrix multiplication associative if 
conformability assumed. 

Le. A(BC) =(AB) C 

Property 3 Matrix multiplication is distributive with 
respect to addition. ie. A(B + C) = AB + AC, whenever 
both sides of equality are defined. 

Property 4 If Ais anm Xn matrix, then],, A= A=AI,. 


Property 5 If product of two matrices is a zero matrix, it 
is not necessary that one of the matrices is a zero matrix. 
For example, 


@) tt) [a 2) eejeta tise 
1 x = 
29) 4 =a) (Saaeoei Sears.) 
0 0 
= =O 
0 0 0 0 0:0+0-0 0-0+0-1 0 0 
(ii) x a = =O 
1 0 Oi 1-0+0-0 1-0+0-1 0 0 
None of the matrices on the LHS is a null matrix 


whereas their product is a null matrix. 


Note If A and B are two non-zero matrices such that AB = 0, then 
A and B are called the divisors of zero. Also, if 

AB=0 = |AB|=0 5] Al| 8] =0 
> |A| =0 or| 8B] =0 but not the converse. 


Property 6 Multiplication of a matrix A by a null matrix 
conformable with A for multiplication. 


3 4 
0 0 0 
For example, If A=|5 6 and O = F 
0.0 0) x3 
7 845 x0 
0 0 0 
then AO=|0 0 O , which is a3 X3 null matrix. 
0.0 O},K5 


Property 7 Multiplication of a matrix by itself 
The product of A A A...m times =A” and(A™)” =A™ 


Note 
1. If/ be unit matrix, then /? =/8=...=/" =/(me/,) 
2. If Aand Bare two matrices of the same order, then 
(i) (A+ B)? = A? + AB+ BA+ B? 
i) (A-B)* = A? - AB- BA+ B? 
) 


(iv) (A+ B)(A-B) = A? - AB + BA-B? 
(v) A(-B) =(-A)(B) = -AB 
1 2 2 1 
Example 13. asl . ‘| e-|> : and 
[-3 1] 


C =| . of verify that (AB) C = A(BC) 


and A(B+C)= AB+ AC. 


1 2 2 1 
Sol. We have, AB = x 
—2 3 2 3 


_[ 1242-2 1:14+2:3 | [6 7] 
~ | (-2)-243-2 (-2)-143-3] [2 7| 


[-3 1]_[2-(-3)+1-2 2-1+1-0] 
“lo of [2(-3)43-2 2143-0 


aa 

oe al ; , 
6+6 2+0| |0 2 

liga i ig 3 1] | 1-(-3)+2-2 1:14+2-0 | 

|-2 2 of Ko —2):(—3)+3-2 (-2)-143-0| 

| 344 


1+0] 
6+6 -2+0| 


f2 1] [-3 1] 


AC = 


a 3 ae ll=t 2| 


B+C= + 
l2 3 | 2 0| ~ lo 4a 3+0 4 3 
fo 7| [-3 1] [-18+14 6+0 
Now, (AB)C = x 7 
2 7| | 2 0] | -6+14 2+0 
[-4 6 : 
= wel 
ls (i) 
f1 2] [-4 2 
ree) 2 «(3 ; 
[-4+0 2+4] [-4 6] . 
= = (ii) 
| 8+0 -4+6 1 8 2| 


Thus, from Eqs. (i) and (ii), we get, (AB)C = A(BC) 


meteor if les 
[4 " 
wt mover Tle Hea 2] 
‘ ¥ ; ..iv) 


Thus, from Eqs. (iii) and (iv), we get 
A(B+C)=AB+ AC 


0 1.0 
Example 14. if ml 0 i show that 
Ip qv] 
A® =pI+qA+ 1A’. 
Sol. We have, A? =A-A 


fo 1 0] fo 1 0] 
=|/0 0 1|x]0 0 1 
Pqr Pqr 
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[0 0 1 | 
=| p q r 
pr ptqr qtr’ 
[fo 0 1 | fo 1 9] 
=A AS p q r |x]/0 0 1 
pro ptar qtr’| |p qr 
[ p q r ] 
=| pr p+aqr qtr (i) 
pqtr'p pr+q°t+qr’ pt2qr+r? 
k 0 °| bi 1 °| 
and pl+qA+rA*=pj0 1 O;+q)0 0 1 
F 0 i lp q | 
| ° 0 1 
+r) p q r 
ie ptqr qtr 


aed ie 
0 0 0 O 


mY be 0 r 
2 
7 


Pp + q |+) pr qr 
E 0 | bee q° a ie pr+qr° qrt+r?| 
[ p+0+0 0+q+0 0+0+r | 

0+0+pr p+0+qr O+gtr’ 

|0+ pq + pr* O+q? +prt+qr’ ptartaqrtr’ 
[ p q e 7 

pr ptar qtr (ii) 
| pq + pr’ gq’ + prt+qr’ pt2qr+r? 


Thus, from Eqs. (i) and (ii), we get A® = pl + gA + rA’ 


Example 15. Find x, so that 


1 3 2iht) 


[1x j)0 5 1);1);=0. 
0 3 2\|x 


Sol. We have, [1 x 


Y 


"] 
[1 5x+6 x+4])1;=O 
| 


[1+5x+6+x°+4x]=O 
x? +9x+7=0 


9 + (81-28) _, goats 


2 2 


x= 
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Various Kinds of Matrices 


Idempotent Matrix 


A square matrix A is called idempotent provided it 


satisfies the relation A” = A. 
Note 
A =A n>2,neN. 
Example 16. Show that the 
[2 -2 -4] 
A=|-1 3. 4 |is idempote 
1 —2 -3 
[ 2 
Sol. A’=A-A=|-1 3 
1 -2 


-4] 
4 |x 
-3 
[2-2+(—2)-(—1)+(-4)-1 
=| (-1)-2+3-(-1)+4-1 
124(=2):(=1)4 Eat 
alm 2)a(= 2a (=a) 2) 
(= (243-94 4-(= 9) 
1-(—2)+(—2)-3+(—3)-(—2) 


f2 -2 -4] 
=|-1 3 4|/=A 
1-2 3 


matrix 


nt. 


[2 


-1 3 4 
1 -2 -3 


2: (—4)+(-2)-4+(- 4) -3)] 
(—1)-(-4)+3-44+ 4 -(-3) 
1-(—4)+(—2)-4+(— 3) | 


Hence, the matrix A is idempotent. 


Periodic Matrix 


A square matrix A is called periodic, if A‘*! = A, where 


kis a positive integer. If k is the least positive integer 
for which A‘*! = A,then k is said to be period of A. 


For k=1, we get A® = Aand we 


idempotent matrix. 
Note 


Period of an idempotent matrix is 1. 


Nilpotent Matrix 


called it to be 


A square matrix A is called nilpotent matrix of order m 
provided it satisfies the relation A‘ =Oand A*"' #0, 


where k is positive integer and O 
order of the nilpotent matrix A. 


is null matrix and k is the 


f1 1 3] 
Example 17. Show that; 5 2 6 |is nilpotent 
—2 -1 -3 
matrix of order 3. 
fi. 1 3] 
Sol.LetA=| 5 2 6 
=2 =] =3 
fF. 1 3] [1 1. 3] 
A°=A-A=| 5 2 6/]xK] 5 2 6 
-2 -1 -3| |-2 -1 -3 
[1+5-6 1+2-3 346-9 | 
=|5+10-12 5+4-6 15+12-18| 
[a2=5e0, 2 ao Sooo +7 
0 oOo 0 
=| 3 3 9 
-1 -1 -3 


- AM =A*®-A=| 3 3 9 
=] <1 


0+0+0 0+0+0 0+0+0 0 0 0 
=)}3+15-18 3+6-9 9+18-—27;=|0 0 0;=O 
=1=3+46 —Ll=24+3 =—3-—6+9 0 0 0 


A’ =Oie., A* =O 
k=3 


Hence, the matrix A is nilpotent of order 3. 


Here, 


Involutory Matrix 


A square matrix A is called involutory provided it satisfies 
the relation A’ = I, where J is identity matrix. 


Note A="! for an involutory matrix. 


Example 18. Show that the matrix 
-5 -8 O 
A=| 3 7) 


| 12 


0 | is involutory. 


1 | 


im -8 0 re -8 o 
Sol. A? =A-A=| 3 5 O;X] 3 5 0 
E 2 ei e 2 4] 
feaeeaan 40 — 40 +0 pele fe 0 : 
=}-15+15+0 -—24+25+0 0+0+0/=]0 1 O;=I 
oom —8+10-2 pees k 0 i 


Hence, the given matrix A is involutory. 
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Exercise for Session 1 


[a 2 
. IfA=lo Jana| A? | =125, is equal to 
2 a] 
(a) +2 (b) +3 
(c)+5 (d) 0 
[1 -1 1 
. A= | [4 aid CARI a Ae oe Ghavalueeteenbie 
l2 -a|"> |b 1] 
(a) 4 (b) 5 
(c) 6 (d) 7 
[t 21... 45 
. IfA= > haa — 1A -—I, = O, then A is equal to 
(a)-4 (b)- 2 
(c)2 (d) 4 
0 b 
: nal | and (A+ 1)°—50A=|2 ae ee cere ae 
lo o| le a| 
(a)1 (b) 2 
(c) 4 (d) None of these 
6 sin®é 
. A= [ cos sing | , then A? =/ is true for 
—sin® cos | 
a)0=0 byo= 2 
(a) (b) ; 
(c) e= 5 (d) None of these 
[a BI, ; 
. ui - to be the square root of two rowed unit matrix, thena, B and y should satisfy the relation 
vy joe 
(a) 1-0? + By =0 (b) a? + By - 1=0 
(c) 1+ a2 + By =0 (d) 1-0? - By = 0 
1 0 
. IfA mt | , then A’ is equal to 
| 
[1 0] [1 0| 
05 o| i504] 
f 1 Oj 


(c) Lav oy'00 1| (d) None of these 


617 


[1 1][1 2][1 3] [1 nv], [1 378] . 
. Ifthe product of n matrices bs is equal to the matrix , the value of n is equal 
lo alo tJlo 1J~o 1] lo 1] 
to 
(a) 26 (b) 27 
(c) 377 (d) 378 
. lf AandB are two matrices such that AB = B and BA=A, then A? +B? is equal to 
(a) 2AB (b) 2BA 


(c) A+B (d) AB 


Session 2 


Transpose of a Matrix, Symmetric Matrix, Orthogonal 
Matrix, Complex Conjugate (or Conjugate) of a Matrix, 
Hermitian Matrix, Unitary Matrix, Determinant of a Matrix, 
Singular and Non-Singular Matrices, 


Transpose of a Matrix 


Let A=[a;j] nx, be any given matrix, then the matrix 
obtained by interchanging the rows and columns of A is 
called the transpose of A. Transpose of the matrix A is 
denoted by A’ or A’ or A’. In other words, if 


A=[ay|nxn» then A’ =[@ jg Inxm- 
For example, 
2 3 4 5 
If A=|2 -1 4 8 
Le ete 
[2 -2 7 
, /3> al 5 
then A= 
4 4 3 
L> 8 Tay 


Properties of Transpose Matrices 


If A’ and B’ denote the transpose of A and B respectively, 
then 
aay Sa 
(ii) (A+ BY = A’ + B’; Aand Bare conformable for 
matrix addition. 
(iii) (kA)’ = kA’; k is a scalar. 
(iv) (ABY = B’ A’; A and B are conformable for matrix 
product AB. 
In general, (A, A,A3...4,54,) =A, Ane 
A’, A’, A’, (reversal law for transpose). 


Remark 
/’= 1, where / is an identity matrix. 


cos8@ —sin®@ 


cos 8 


Example 19. aml 


} find the values 


of @ satisfying the equation A’ + A=1). 


Sol. We have, A’ + A= 1, 


| cos 8 sin @| | [cos @ -sin@] [1 0| 
—sin 0 cos6 | {0 1| 


2cos 8 0 fl 0 
0 2cos0} lo 1 


1 T T 
=> cos8=-—=cos => 0=2nm7+—,nel 
2 3 3 


cos 8 sin 8 


Symmetric Matrix 


A square matrix A=[a;; ],,,, is said to be symmetric, if 


A’=Aie., ay =a, Vij. 

For example, 
ah gg ah eg 

If A=|h b f|thenA’=|h Db f 
gfe gs fe 

Here, A is symmetric matrix as A’ = A. 

Note 
1. Maximum number of distinct entries in any symmetric matrix 
of order nis Ua) 


2. For any square matrix Awith real number entries, then A+ A’ 
is asymmetric matrix. 


Proof (A+ A)V=A44+(A)VHA+ A=A4A 


Skew-Symmetric Matrix 


A square matrix A =[a;; ],,,,is said to be skew-symmetric 
matrix, if A’ =— A,i.e. aj; =-aj,V i,j. (the pair of 
conjugate elements are additive inverse of each other) 
Now, if we put i= j, we have a,, =—a;;. 

Therefore, 2a;, =0 or a;; =0, Vi's 

This means that all the diagonal elements of a 
skew-symmetric matrix are zero, but not the converse. 


For example, 


0 Ah g 
If A=|-h 0 f |, then 
Lg -f 0 
0 -h -g 0 Ah g 
A=|h 0 -fl=-|-h 0 fl=-A 
le f 0 —p =f 0 
Here, A is skew-symmetric matrix as A’ =— A. 


Note 

1. Trace of a skew-symmetric matrix is always 0. 

2. For any square matrix Awith real number entries, then A — A’ 
is a skew-symmetric matrix. 
Proof (A-A’)’=A4 -(4)’=A-A=-(A- A) 

3. Every square matrix can be uniquely expressed as the sum of 
asymmetric and a skew-symmetric matrix. 
i.e. If Ais a square matrix, then we can write 


A=!(A+ 4) 41 (A- 24) 
D 9 


Example 20. The square matrix A= [dj Imxm given 
by a, =(i—j)", show that A is symmetric and 
skew-symmetric matrices according as n is even or 
odd, respectively. 

Sol. a, =(i- jy" =(-1)" (j- i" 


n is odd integer 


a,,,n is even integer 
= 1 1 = yt 
=(-1) aii = 

—a 


ie 
Hence, A is symmetric if n is even and skew-symmetric if 
n is odd integer. 


Example 21. Express A as the sum of a symmetric 


3.5 
and a skew-symmetric matrix, where A = i. at 
Sol. We have, 
Ael| = Naa it “1 
[-1 2] Is 2] 
Let paiasayad|t 4 -[ 5-2" 
2 2|4 4] [2 2 


1 Pe : : 
Thus, P=—(A+ A’)is asymmetric matrix. 
2 


1 if 0 6] [fo 3 
Also, let Q=—(A - A’) == = 
peeks. aS | P ; 


a ,_fo -3]_ fo 3]__ 
el o} [3 o|. Q 


Thus, Q= ; (A — A’)is a skew-symmetric matrix. 
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[3-2] [oS] [Ss al 
ee EAs 2|*|-3 of [1 ae 


Hence, A is represented as the sum of a symmetric and a 
skew-symmetric matrix. 


Properties of Symmetric and 
Skew-Symmetric Matrices 


(i) If A be a square matrix, then AA’ and A’ A are 
symmetric matrices. 
(ii) All positive integral powers of a symmetric matrix are 
symmetric, because 
(A")'=(A‘)" 

(iii) All positive odd integral powers of a skew-symmetric 
matrix are skew-symmetric and positive even integral 
powers of a skew-symmetric matrix are symmetric, 

(A")’=(A‘)" 

(iv) If A be a symmetric matrix and B be a square matrix 
of order that of A,then —A, kA, A’, A~’, A" and B’ AB 
are also symmetric matrices, whereneé N and kis a 
scalar. 


because 


(v) If A be a skew-symmetric matrix, then 
(a) A®” is a symmetric matrix for ne N. 
(b) A*"*? is a skew-symmetric matrix for née N. 
(c) kA is a skew-symmetric matrix, where k is scalar. 
(d) B’ AB is also skew-symmetric matrix, where B is 
a square matrix of order that of A. 
(vi) If Aand B are two symmetric matrices, then 
(a) A+ B, AB+ BA are symmetric matrices. 
(b) AB — BA is a skew-symmetric matrix 
(c) AB is a symmetric matrix, iff AB = BA 
(where A and B are square matrices of same order) 
(vii) If A and B are two skew-symmetric matrices, then 
(a) A+ B, AB— BA are skew-symmetric matrices. 
(b) AB + BA is a symmetric matrix. 
(where A and B are square matrices of same order) 
(viii) If A be a skew-symmetric matrix and C is a column 
matrix, then C’AC is a zero matrix, where C’AC is 
conformable. 


Orthogonal Matrix 


A square matrix A is said to be orthogonal matrix, iff 
AA’ =I, where [is an identity matrix. 


Note 
1. If AN =/,thenA'=A 


2. If Aand Bare orthogonal, then AB is also orthogonal. 
3. If Ais orthogonal, then A' and 4’ are also orthogonal. 
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[o 2B | 
Example 22. If}~ 6 —-y |is orthogonal, then find 
a -B ¥ 
the value of 20° +68? + 3y°. 
0 2B Y 0 a a 
Sol.Let A=j;a 6B -y;, then A’=/2—B B -f 
a -B Y | i a | 
Since, A is orthogonal. 
AA’=1 
[fo 28 ylfo a a] [1 0 of 
>lo B -y|/2B B see 
ao -B ¥jLy -yY ¥]} [9 oO 1 
4B7 4+? 2B?-y? — -2B? +. y? | [1 0 0] 
=| 2B°-y? a?+B*+y* a -B*-y*? |=]0 1 0 
28° +y? a?-p?-y¥’ 0? +p? +P | 001 
Equating the corresponding elements, we get 
4p? +? =1 ...(i) 
2p? - y? =0 ...ii) 
and a? +B? +? =1 ... (iii) 
From Eqs. (i) and (ii), we get 
1 1 
BY =~ andy’ =~ 
From Eq. (iii), 
2 2 2 1 1 
a° =1-B*-y a a 
Hence, 202 + 6B? +3y? =2x 46x 143x1=3 
2 6 3 
Aliter 
The rows of matrix A are unit orthogonal vectors 
RR, =0 => ?-y? =0 = 2’ =y" ..(i) 


——’ 
RR, =0 > a’ -B?-y? =0 > B+ =a? |i) 
32 (8 

and R,-R,=1 => a°+B?+y’=1 


...(iii) 
From Eqs. (i), (ii) and (iii), we get 


1 1 1 
os 8 = andy" = 
2 6 3 


20 + 6B? +3y? =3 


Lt 2 2] 
Example 23. If A=|2 1 -2 | is a matrix 
a2 Db 


satisfying AA’ = 91,, find the value of |a|+|b]. 


Sol. Since, AA’ = 91, 
ke 2 all 2 4) | 

=> |2 1-2}/2 1 2 
wee. ere 


| 9 0 | ? 0 °| 
=> 0 9 2a—2b+2}=|0 9 0 
Rew 2a—2b+2 Bava lo 0 5 


Equating the corresponding elements, we get 

a+2b+4=0 (i) 
2a—2b+2=0 
a+b? +4=9 


os 
=910 1 0 


and 

From Eqs. (i) and (ii), we get 
a=-2andb=-1 

Hence, |a| + |b| = |-2|+|-1)=2+1=3 


Complex Conjugate 
(or Conjugate) of a Matrix 


If a matrix A is having complex numbers as its elements, 
the matrix obtained from A by replacing each element of A 


by its conjugate (a tib=a+¥ib, where i= Sl ) is called 


the conjugate of matrix A and is denoted by A. 

2+5i 3-1 7 
-2i 6+i 7-5i| wherei=~-1, 
1=1 3 61 


For example, If A= 


2=5]7 Shi 7 
then A=| 3% @=i Fa5i 

t+; F <6 
Note 


If all elements of Aare real, then A= A. 


Properties of Complex Conjugate 
of a Matrix 
If A and B are two matrices of same order, then 
(i) (A)=A 
(ii) (A + B) = A+ B, where A and B being conformable for 
addition. 
(iii) (kA) =k A, where k is real. 
(iv) (AB) = A B, where A and B being conformable for 


multiplication. 


Conjugate Transpose of a Matrix 


The conjugate of the transpose of a matrix A is called the 
conjugate transpose of A and is denoted by A® ie. 
A® =Conjugate of A’ =(A’) 


For example, 


2+4i 3 5-91 
If A=| 4 5+2i 3i |, 
2 —5 4-i 


where i=~+-1, 
2-41 4 2 
then A®° =(A’)=| 3 5-21 5 


5+9i —-3i 4+i 


Properties of Transpose Conjugate Matrix 
If A and B are two matrices of same order, then 
() (AY =(4) (ii) (AP)P =A 
(iii) (A+ B)® = A® + B®, where A and B being 
conformable for addition. 
(iv) (kA)® =k A®, where k is real. 
(v) (AB)®° = B° A®, where A and B being conformable for 
multiplication 


Hermitian Matrix 


A square matrix A =[a;; ],,., is said to be hermitian, if 
A° =A i.e., ayy =aji, V i, j. If we put j =i, we have a;, = aii 
= a,; is purely real for all i’s. 


This means that all the diagonal elements of a hermitian 
matrix must be purely real. 


For example, 


(or A+im 8+i0 
If A=|A-iw B 
0-ib x-iy y 
where o,f, y, A,U,9,0, x, ye Randi= A, then 
a A-in 8-io 
A =|A+in B x -—iy 
O+ib x+tiy y 
o A+i 0+ 
A®=(A’)=|A-i BB 
0-ib x-iy y 


x +i1y 


x+iy|=A 


Here, A is hermitian matrix as A® =A. 
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Note 


For any square matrix Awith complex number entries, then 
A+ A® isa Hermitian matrix. 


Proof (A+ A°)® = A® + (A°)® = A® + A= At AP 


Skew-Hermitian Matrix 


A square matrix A=[q;; ],,, is said to be skew-hermitian 


matrix. If A® =— A, ie. a, =— ai, Vi,j. If we put j =i, we 
have a;; =— ai => aj + ai =0 => a,; is purely imaginary 
for alli’s. This means that all the diagonal elements of a 
skew-hermitian matrix must be purely imaginary or zero. 


For example, 


ot 223) as 

If A=|2-3i -i 3i_ |, where i= V-1, 
| 2+i 3i 0 
| 8% B@=97 B44 
then A’=|-2-3i  -i 3i 


—2+i 3i 0 


“07. Beat Dai 
A® =(A’)=|-24+3i i -3i 
a: ae: 
2i —2-3i -—2+i 
=-|2-3i -i 3i |=-A 
2+i 3 i 0 


Hence, A is skew-hermitian matrix. 


Note 


1. For any square matrix Awith complex number entries, then 
A- A® is a skew-hermitian matrix, 


Proof (A— A°)® =(A®) — (A°)® = AP - A=- (A- A®) 

2. Every square matrix (with complex elements) can be uniquely 
expressed as the sum of a hermitian and a skew-hermitian 
matrix i.e, 
f Ais a square matrix, then we can write 


A=l(A+ 2) +1 (4-2) 
9 9 


Example 24. Express A as the sum of a hermitian 
and a skew-hermitian matrix, where 
2+3i1 7 
fe Ol eslog 
| ie 2i| 
243i 


2-31 1+i 
7 —2i 


Sol. We have,A = 1 , then A® = (A’) = 
i 


1-1 


i 
: 2 a+] 
4 8+i | 2|_ pe 
8-i 0 re 0 


Let P=tasat)=2] 
2 2 
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1 
Thus, P = —(A + A®)is a hermitian matrix. 
2 


Also, let o=t(a-ayet] | 
[ “7 fon ai] 
2 


3i | —3i -3+- 
i ; i ; Q 
ba 2i | et —2i | 
2 2 


1 
Thus, Q = . (A— A®)is a skew-hermitian matrix. 


[ t) ge ete 


2 4+-— 


31 3-- 
Now, P+ Q= 24 2 
1 
4—- | —3-- 2i 
2 
[2+3i 7 | 
= =A 
|1-i 2i 


Hence, A is represented as the sum of a hermitian and a 
skew-hermitian matrix. 


Properties of Hermitian and 
Skew-Hermitian Matrices 


(i) If A be a square matrix, then AA® and A® A are 
hermitian matrices. 
(ii) If Ais a hermitian matrix, then 
(a) iA is skew-hermitian matrix, where i = /—1. 
(b) iff A is hermitian matrix. 
(c) kA is hermitian matrix, where ke R. 
(iii) If A is a skew-hermitian matrix, then 
(a) iAis hermitian matrix, where i = /—1. 
(b) iff Ais skew-hermitian matrix. 
(c) kAis skew-hermitian matrix, where ke R. 
(iv) If A and B are hermitian matrices of same order, then 
(a) k, A+k,B is also hermitian, where k,,k, € R. 
(b) AB is also hermitian, if AB = BA. 
(c) AB + BA is a hermitian matrix. 
(d) AB — BA is a skew-hermitian matrix. 


(v) If A and B are skew-hermitian matrices of same order, 
then k,A+k, Bis also skew-hermitian matrix. 


Unitary Matrix 


A square matrix A is said to be unitary matrix iff AA® = I, 
where I is an identity matrix. 
Note 
1. If AAZ® =/, then A! = AP 


2. If Aand Bare unitary, then AB is also unitary. 
3. If Ais unitary, then A | and 4’ are also unitary. 


x 1[ el 
Example 25. Verify that the matrix | __. is 
3 nei —1 | 


unitary, where i = J—1. 


Sol. Let A=] - eae 
3/1-i -1| 
Nae 
e_1{ 1 +i} aif 1+i| 
V3 |1-i -1| V3 |1-i -1 | 
_1/3 0] [1 0]_ 


lo af 


Hence, A is unitary matrix. 


Determinant of a Matrix 


Let A be a square matrix, then the determinant formed by 
the elements of A without changing their respective 
positions is called the determinant of A and is denoted by 
det A or | Al. 


3[0 3 


a4, 4, a, 4, a, Gz 
ie, IfA=|b, b, b,|then|A|=|b, b, bs} 
C, Cy Cg C, C2 Cs 


Properties of the Determinant 
of a Matrix 
If A and B are square matrices of same order, then 
(i) | A| exists <= A is a square matrix. 
(ii) |A’|=|4| 
(ii) | AB|=| A] B| and | AB|=|B4| 
(iv) If A is orthogonal matrix, then| A|=+1 
(v) If Ais skew-symmetric matrix of odd order, then 
| A|=0 
(vi) If Ais skew-symmetric matrix of even order, then| A| 
is a perfect square. 


(vii) |kA|=k”| Al, where n is order of A and k is scalar. 
(viii)| A" | =| A|", where ne N 


(ix) If A=diag(a,,a,,a5,...,a,,), then 


|A|=a, +a, -a3...a, 


Example 26. If A,B and C are square matrices of 
order n and det (A) =2, det (B) = 3 and det (C) = 5, then 
find the value of 10det (A°B? C7). 


Sol. Given, | A| =2, |B] =3 and|C|=5. 
Now, 10det(A® B’C7') = 10 x|A® B?C™| 


=10x|A*| x|B?|x|C7|=10x|A/> x |B|? x|c|7 
_10x|AP> x|B?|__ 10x 2° x3? _ 


144 
|C| 
a b ‘| 
Example 27. If A=|b c aj, abc=1, A'A=I, then 
c a b 
find the value of a®+b* +c’. 
Sol... A'A=I 
=> |A7Al=|1| = |A7|A]=1 
=> | A|| A] =1 [-|A7]=|A]] 
=> |AJ=+1 
abe 
> bc aj=H#i1 
c a 


=> 3abe-(at+bet+c*)=+1 
or 3-(a +b +c*?)=4#1 [abe = 1] 


or a+b? +c? =3+1=2o0r4 


Singular and Non-Singular 
Matrices 


A square matrix A is said to be a singular, if| AJ=0 anda 
square matrix A is said to be non-singular, if | A| #0. 


For example, 


1 2 3 
(i) A=|-1 0 2/]isa singular matrix. 
2 4 6 
Since, | A| =0. 


(ii) A= k ‘1 is a non-singular matrix. 


Since, 


A|=10-12=—2#0 


Example 28. If @#1is a complex cube root of unity, 
then prove that 


[1+ 207" 4208 @ 208 
1 14 @ 208 4.2@ 207 
207 @ 208 
| 
go is singular. 
24 20" 42q 2018 
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[1 $2207 4 qy218 2018 
Sol. Let A = 1 14078 4 2@70"” 
2!” 2018 
| 
2017 
2+ p20!” + 2q2018 
rats" =a 
and = @7!8 = @’, then 
[1420 +02 wo” 1 | 
A= 1 14+ 0° +20 o 
o wo” 2+@ +207 
oo 11 
=|1 @ a | [-1+0+@ =0] 
o @° -o | 


oO oO 
Now, |A|=/|1 © @ |=@|/1 1 wo |=0 
0 0 -w o @ 


Thus, | A| = 0. 
Hence, A is singular matrix. 


Example 29. Find the real values of x for which the 
[x+1 3 5 


matrix} 1 x+3 5. |is non-singular. 
1 5° XxX+5 
x1 3 5 
Sol.Let A=; 1 x+3 5 
1 3 x+5 
x+1 3 5 
o [A[=| 1 x43 5 
1 3 x+5 


Applying C, > C, + C, + Cs, then 
x+9 3 5 

|AJ=|x+9 x+3 5 

x+9 3 x+5 


Applying R, > R, — R, and R, > R, — R,, then 


e259 3 5 
|AJ=| 0 x O | =x*(x+9) 
0 07: x 


* A is non-singular. 
|AJ#0 => x7(x+9)#0 
. x #0,-9 
Hence, x € R— {0, — 9}. 
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Exercise for Session 2 


[ 4 x+2], ; 
1 IfA= is symmetric, then x is equal to 
l2x-3 x41] 
(a) 2 (b) 3 
(c) 4 (d) 5 
2 \fAandB are symmetric matrices, then ABA is 
(a) symmetric matrix (b) skew-symmetric matrix 
(c) diagonal matrix (d) scalar matrix 
3 If AandB are symmetric matrices of the same order andP = AB + BAand Q = AB - BA, then (PQ) is equal to 
(a) PQ (b) QP 
(c) -QP (d) None of these 
4 IfAisa skew-symmetric matrix andn is odd positive integer, then A” is 
(a) a skew-symmetric matrix (b) a symmetric matrix 
(c) a diagonal matrix (d) None of these 


5 If Ais symmetric as well as skew-symmetric matrix, then Ais 


(a) diagonal matrix (b) null matrix 
(c) triangular matrix (d) None of these 
6 If Ais square matrix order 3, then|(A — A’ )7°"| is 
(a) |A| (b) |A’| 
(c) 0 (d) None of these 
7 The maximum number of different elements required to form a symmetric matrix of order 6 is 
(a) 15 (b) 17 
(c) 19 (d) 21 


8 \fAandBare square matrices of order 3 x 3 such that Ais an orthogonal matrix and B is a skew-symmetric 
matrix, then which of the following statement is true? 


(a) |AB|= 1 (b) |AB|=0 
(c) |AB|=- 1 (d) None of these 
i 1-2i 
9 The matrix A= : | , wherei = /—1, is 
= a 
(a) symmetric (b) skew-symmetric 
(c) hermitian (d) skew-hermitian 


10 \fAandBare square matrices of same order such that A = A and B’ =B, where A denotes the conjugate 
transpose of A, then (AB — BA)* is equal to 


(a) null matrix (b) AB - BA 
(c) BA- AB (d) None of these 
wg 1f1 fl, Ro. sd 
11 \f matrix A= Bl-i al =/-1is unitary matrix, a is equal to 
(a) 2 (b)- 1 
(c) 0 (d) 1 
12 If Ais a3 x3 matrix and det (3A) =k {det(A)} , k is equal to 
(a) 9 (b) 6 
(c) 1 (d) 27 


13 \fAandB are square matrices of order 3 such that | A| =— 1,|B| =3, then |3AB| is equal to 
(a)-9 (b) — 81 
(c) — 27 (d) 81 


14 


15 


16 


17 


18 


19 
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If Ais a square matrix such that A’ = A, then det (A) is equal to 


(a) 0 or1 (b) — 2or2 
(c) - 30r3 (d) None of these 
If / is a unit matrix of order 10, the determinant of / is equal to 
(a) 10 (b) 1 
1 
c) — d)9 
oF (d) 
[oe 4g] = 

lf A, = ; _|, then § det(A,) is equal to 

ji Is" >| L (A\)is eq 

3 5 
a)~ b)~ 
i) ey 

5 7 
c6)= dj 
( 7 (9) 144 

[3-x 2 2 | 
The number of values of x for which the matrix A=] 2 4-x 1 is singular, is 
-2 -4 -1-x 

(a) 0 (b) 1 
(c) 2 (d) 3 


f 3 -14+x 2 | 
The number of values of x in the closed interval [— 4, — 1, the matrix) 3 -1 X + 2/is singular, is 
xXx+3 -1 2 


(a) 0 (b) 1 
(c)2 (d) 3 
[-x x 2] 
The values of x for which the given sa 2 x -X [ be non-singular are 
2 =X 
(a)-2<x<2 (b) for all x other than 2 and - 2 


(c)x22 (d)x<-2 


625 


Session 3 


Adjoint of a Matrix, Inverse of a Matrix (Reciprocal Matrix), 
Elementary Row Operations (Transformations), Equivalent 
Matrices, Matrix Polynomial, Use of Mathematical Induction, 


Adjoint of a Matrix 


LetA =[a,; ] be a square matrix of order n and let C;; be 
cofactor of a; in A. Then, the transpose of the matrix of 
cofactors of elements of A is called the adjoint of A and is 
denoted by adj (A). 


Thus, adj (A) = [C; V 
= (adj A), =C,; =Cofactor ofa, in A 


G3, Ayn Ay 


Le. if A=]@, 2 Qo, |, then 
L431 432 433 
Pr , 
Cy Cy Cy Cy Cy Coy 


adj A=|Cy, Cy Coy 
[C31 Cy. C33 Ciz Cyg C35 


where C i denotes the cofactor of a;; in A. 


Ay. 4g3 | 
Here, Cy = = 479433 — 473 A305 
432 As3 
C.= Gy, 493 | 
12 > = 431493 — 43349) » 
G3, 433 
C.= Gx, An2 | 
13 = 71432 — 43149, 
43, 432 
C.< Gyn 3 | 
21 > = 413432 — 12433; 
432 433 
oe Gy, 43 |] 
22 = 411433 — 431443; 
43; 33 
Cnx Gy, Ayn |] 
23 = = 41943) — 411439, 
43; Asp 
C= Gyn 943 | _ 
31 = 412493 — 479443, 
92 a3 
Cxc Gy, 443 | 
32 =~ = 413491 — 411493 
49, a3 
a a 
rel 12 
and C33 = = 411499 — 471412 
45, Age 


Rule to Write Cofactors of 
an Element aj 


Cross the row and column intersection at the element a;, 
and the determinant which is left be denoted by D, then 


D, if i+ j =even integer 


Cofactors of ay = 
aD, 


if i+ j =odd integer 


[3 1 4] 


Example 30. Find the cofactor of a,; in ; 2 -14 


1-3 5 
p14 
Sol. Let A=|0 -+-2 a 
1 -3 5 
Cofactor ofa,, = — D [2+ 3 = odd] 
1 
where D= 
4 
[after crossing the 2nd row and 3rd column] 
=-9-1=-10 
Hence, cofactor of a,, = — (— 10) = 10 


Note 


The adjoint of a square matrix of order 2 is obtained by 
interchanging the diagonal elements and changing signs of 
off-diagonal elements. 


_fa 6] 
If aa ape 
Le 


Example 31. Find the adjoint of the matrix 
[a 2:3 
A=|0 5 O}. 
2 4 3| 
Sol. If C be the matrix of cofactors of the element in | A], then 
ke Cs Ce 


C=)Cy, Cop Cy; 
Ic, Cx c.,| 


| 
So NO OE SS 
SCWwWwWwo 
CWW WW OS 

| 
oOorRPNFRDYN OO 
un PF DOB 

| 

a 

| 

i) 

i) 

———- 


Maha Shortcut for Adjoint 
(Goyal’s Method) 


This method applied only for third order square matrix. 


1 2 3 
Method: Let A=|0 5 0 
2 4 3 
Step I Write down the three rows of A and rewrite first two 
rows. 
Le. 
1 2 3 
0 5 O 
2 4 3 
1 2 3 
0 5 O 
Step II After Step I, rewrite first two columns. 
Le. 
123 1 2 
05 00°55 
243 2 4 
12 3 1 2 
05 00°55 


Step III After Step IL, deleting first row and first column, then 
we get all elements of adj A ie., 


{. Ge8 2 ee Bo See OL. tee 2 
0 ) 0 0 5 
x => 15 0 —10 
2 4 3 2 first column of adj A 


xXx 7-6 -3 0 
second column of adj A 


1 2 3 1 
x Xx XN 3-15 0 5 
third column of adj A 
0 5 0 0 5 
15 6 —15 
or adjA=| 0 -3 0 
-10 O 5 
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Properties of Adjoint Matrix 
Property 1 If A be a square matrix order n, then 
A(adj A) =(adj A)A =| AIL, 


ie., the product of a matrix and its adjoint is commutative. 


Deductions of Property 1 

Deduction 1 If A be a square singular matrix of order n, 
then A(adj A) =(adj A) A=O [null matrix] 
Since, for singular matrix, | A| =0. 

Deduction 2 If A be a square non-singular matrix of order 
|adj Al=|A|"™ 


Since, for non-singular matrix, | A| #0. 


n, then 


Proof :. A(adj A) =| AJ, 
Taking determinant on both sides, then 
| A(adj A)|=|| Al J,| 
= | Al|adj A]=|A]"|Z,] =|Al" (|, |=] 
= |adj A|=|A|"~" [| A] #0] 


Note 
In general |adj (adj (adj... (adj A)))| =| A)("~” 


adj repeat m times 


m 


Property 2 If A and B are square matrices of order n, then 
adj (AB) =(adj B)(adj A) 
Property 3 If Ais a square matrix of order n, then 
(adj A)’ = adj A’ 

Property 4 If A be a square non-singular matrix of order 

n, then adj (adjA)=|A|""" A 

Proof °. A(adj A) =|A|I,, ...(i) 

Replace A by adj A, then 

(adj A)(adj (adj A)) =|adj A|/, 

=|AP" I, 
=1,|A/~" 


[.|adj AJ=|A|"~"] 


Pre-multiplying both sides by matrix A, then 

A(adj A)(adj (adj A)) = AT, | Al""" = A|Al"™ 
=> |AlI,(adj(adj A)) = A] A" 
= (adj (adj A)) = A|A|"~* 
or adj (adj A) =|A|""?.A 
Property 5 If A be a square non-singular matrix of order 
n, then 

jadj (adj A)|=|A|"~” 

Proof :. adj (adj A)=|A|""7 A 


Taking determinant on both sides, then 
|adj (adj A)|=||A|"~* A| 
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=|A|"@-2) | A] [KAJ =k" | Al] 
=|A|" ~2741 =|Ale-? 

Note 

In general, |adj (adj (adj ... (adj A))) | =\aee-0” 


adj m times 


Property 6 If A be a square matrix of order n and k is a 
scalar, then 
adj (kA) =k"~' -(adj A) 


Proof °. A(adj A) =|A|I,, .-(i) 
Replace A by kA, then 
kA(adj (kKA)) =|KA|I,, =k" | A|1, 
> A(adj (KA)) =k" ~"| AJ, 
=k"~' A(adj A) 
adj (kA) =k" ~' (adj A) 


[from Eq. (i)] 
Hence, 
Property 7 If A be a square matrix of order n and me N, 
then (adj A” ) =(adj A)” 


Property 8 If A and B be two square matrices of order n 
such that B is the adjoint of A and k is a scalar, then 
| AB + kI,,|=(|A] +k)" 

Proof :. B=adj A 
AB = A(adj A) =| A|I,, 

LHS =| AB+KkI,,|=||A|I, +4I,|=|( Al +4)1,| 

=(/A|+k)"|I,|=(/Al +k)" =RHS 

Property 9 Adjoint of a diagonal matrix is a diagonal 
matrix. 


a 0 0 be 0 O 
ie. If A=]0 b O],thenadjA=|0 ca 0 
0 0c 0 O ab 
Note 
adj (/,) = 1). 
—1 1 1 
Example 32. If A=} 1-1 1 |, find the values of 
1 4 zi 
() |Al adj | (i) |adj(adj (adj ))| 
(iii) |adj @A)| (iv) adj (adj A) 
f-1 1 11] 
Sol. -. A=/1 -1 1 
1 1 -1 


. |Al=(-1)0-1)-(Q(-1-)+()A+1)=440 


= A is non-singular. 


(i) |Alladj A| =|A]|A/? 
=|AP> =a" =64 
(ii) |adj (adj (adj A))|=|A]°~ =| Al? = 48 = 28 
(iii) | adj (3.A)| = |3° adj Al = (3°)*| adj A| 
= 3°|A|’ =729 x 4” = 11664 
(iv) adj( adjA) =|A|?A =16A 


[3 -3 4] 
Example 33. If A=|2 -—3 4|andBis the adjoint 
0 -1 1 


of A, find the value of | AB+ 2I|, where | is the identity 
matrix of order 3. 


3 -3 4] 
Sol. :. A=|2 -3 4 
0-11 

3-3 4 

|AJ=|2 -3 4 

0-1 1 


= 3-34 4) +3(2-0) + 4(—2-0)=140 
.. |AB + 2I| = (|A|+2)° [by property 8] 


=(1+ 2)? =3° =27 


Inverse of a Matrix 
(Reciprocal Matrix) 


A square matrix A (non-singular) of order nis said to be 
invertible, if there exists a square matrix B of the same 
order such that AB=I, = BA, 

then B is called the inverse (reciprocal) of A and is denoted 
by A’. Thus, A’ =Be& AB=I, =BA 


We have, A(adj A)=|AII,, 
=> A A(adj A)= AI, |A| 
=> I, (adj A)= A | A|I, 
djA 
AY s TAT provided | A| #0 


Note The necessary and sufficient condition for a square matrix A 
to be invertible is that| A #0. 


Properties of Inverse of a Matrix 


Property 1 (Uniqueness of inverse) Every invertible 
matrix possesses a unique inverse. 
Proof Let A be an invertible matrix of order n x n. Let B 
and C be two inverses of A. Then, 

AB=BA=1, ...(i) 


and AC=CA=I, (ii) 
Now, AB=I, 
=> C(AB)=CI,, —__[ pre-multiplying by C ] 
> (CA)B=CI,, [by associativity] 
=> 1,B=Cl,  [ CA=I, by Eq. (ii)] 
=> B=C 


Hence, an invertible matrix possesses a unique inverse. 


Property 2 (Reversal law) If A and B are invertible 

matrices of order n X n, then AB is invertible and 

(AB)* =B" A". 

Proof It is given that A and B are invertible matrices. 
|A|#0and|B|#0 => |A||B|+40 

=> | AB |#0 

Hence, AB is an invertible matrix. 


Now, (AB)(B-'A~') = A(BB~')A™! [by associativity] 


=(AI,)A~ BB =f, ] 
=AA™ (PAT, =A] 
=f, P:AA~ =f] 
Also, (B~'A™')(AB) = B“'(A7'A)B [by associativity] 
=B‘(I,B) [<ATA=1,] 
=B'B [i B= 5] 
=T, [.B-'B=I,] 


Thus, (AB)(B~'A™') =I, =(B~'A™')(AB) 
Hence, (AB) "'=B ‘A! 


Note 
If A B,C,...,Y, Z are invertible matrices, then 


(ABC...YZ)'=Z7Y"... CBA [reversal law] 


Property 3 Let A be an invertible matrix of order n, then 
A’ is also invertible and(A’)™' =(A™')’. 
Proof «. A is invertible matrix 

| A| #0 =| A’| #0 


= 2 : : 
Hence, A is also invertible. 


[-|Al=|4°] 


Now, AA'=I,=A'A 
= (AA)’=(1,)'=(A TAY 
= (AVY A=], =AAy 
[by reversal law for transpose] 
=> (A’)* =(ATY [by definition of inverse] 


Property 4 Let A be an invertible matrix of order n and 
ke N, then 
(A®)>* =(A1)* =A‘ 
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Proof We have, 
(A‘) 1 =(Ax AX AxX...x A)! 


repeat k times 


=A'xAtxA?x...xA7 


repeat k times 


[ by reversal law for inverse] 
=A) =A~ 
Property 5 Let A be an invertible matrix of order n, then 
(A*y* =A. 
Proof We have, A’'A=I, 
-. Inverse of A't=A >(A')'=A 


Note 
I,'=I1,asf,' I, =I, 
Property 6 Let A be an invertible matrix of order n, then 
1 
|A“|=—. 
|A| 
Proof «.: A is invertible, then | A| #0. 


Now, AA St = ACA 
= |AA™ |=|I,,| 
=> |A||A7"|=1 
[."| AB |=|A]| Bl] and|J,,|=1] 
= |At=— [|| #0] 


|A| 


Property 7 Inverse of a non-singular diagonal matrix is a 
diagonal matrix. 


a 0 0 
ie. IfA=|0 b OJ}and|A|#0, then 
0 0 c 
1 
— 0 0 
a 
= 1 
A =/0 — 0 
b 
1 
0. 20: r= 
c 


Note 

The inverse of a non-singular square matrix A of order 2 is 
obtained by interchanging the diagonal elements and changing 
signs of off-diagonal elements and dividing by | A]. 


For example, 
If gel" Ol nal = (ad — bc) #0, then 
le a] 
A! = 1 [ d -b | 


(ad — bc) |-c a | 
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Example 34. Compute the inverse of the matrix 


[oO 1 2] 
A=;1 2 3} 
5 1 1 
fo 1 2 
Sol. We have, A=j1 2 3 
| 3 1 1 
0 1 2 
Then, |Aj=|1 2 3]/=0-(2-3)-1(1-9)+21-6) 
ae a 
=-240 
- A”! exists. 


Now, cofactors along R, = — 1, 8,-5 
cofactors along R, = 1, — 6,3 
cofactors along R, = — 1, 2,—1 


Let C is a matrix of cofactors of the elements in | A| 


ee. 
| 


. [1 =i 
Hence, At= aga =- 4 8 -6 2 | 
| Al 2 
[=3 3 =I 
| 


Example 35. If A and 8B are symmetric non-singular 
matrices of same order, AB=BA and A~'B™! exist, 


prove that A7'B™' is symmetric. 
Sol. -. A’ =A, B’= B and|A| #0, |B|’ #0 
(A7'B ay = (B7')’(A7)’ 


[ by reversal law of transpose] 


=(BY Ay" 
= BAS 
=(AB)" 
=(BAY" 
= AB 


== : 
Hence, A B ~ is symmetric. 


[by property 3] 

[. A’ = A and B’= B] 

[ by reversal law of inverse] 
[- AB = BA] 


[by reversal law of inverse] 


Example 36. Matrices A and B satisfy AB=B"", 


—2 
| find the value of 4 for which 


where B =| ‘ 


1A —2B7' +1= O, without finding B. 


Sol. -- AB = B or AB’ =1 
Now, XA-2B'+I=O 
=> i AB-—2B'B+ IB=O [post-multiplying by 
B 
=> i AB- 21+ B=O 
=> i AB’ — 2IB + B’ =O 
[again post-multiplying by B] 
=> i AB’ — 2B + B? =O 
=> AM —-2B+ B? =O [-« AB’ = I] 
_4\1 0| | 2 -2] [2 -2][ 2 -2] [0 0] 
lo a} |-1 of {1 off-1 of [o o 
_ [A o] | 4 -4]_[ 6 -4|_[0 0] 
Lo i |-2 0 | | -2 2 | 0 0 
A+2 0 0 0 
=> — 
0 A+2] jo 0 
=> AX +2=0 


Example 37. If A,B and C are three non-singular 
square matrices of order 3 satisfying the equation 
A* =A! and let B= A® and C= A’, find the value of 


det (B — C). 

Sok? Bas’ =(A*ye(a y 
=(A*ty'=(A?’y? 
=(A*) "= (Ary 
=((ATy"Y =A? =C 

So, B=C=>B-C=0 
det (B-C)=0 


[ASA] 


Elementary Row Operations 
(Transformations) 


The following three types of operations (transformations) 
on the rows of a given matrix are known as elementary 
row operation (transformations). 


(i) The interchange of ith and jth rows is denoted by 
R, OR, or R;. 


(ii) The multiplication of the ith row by a constant 
k(k #0) is denoted by R; > kR; or R;(k) 


(iii) The addition of the ith row to the elements of the jth 
row multiplied by constant k(k #0) is denoted by 
R; > R; +kR; or R;(k). 


Note 
Similarly, we can define the three column operations, 
Cy (G eo Ci), G(k)(C > kC,) and Cy (AMG, 7 G+ KC; ). 


Equivalent Matrices 


Two matrices are said to be equivalent if one is obtained 
from the other by elementary operations 
(transformations). The symbol ~ is used for equivalence. 


Properties of Equivalent Matrices 
(i) If A and B are equivalent matrices, there exist 
non-singular matrices P and Q such that B = PAQ 
(ii) If A and B are equivalent matrices such that B = PAQ, 
then P-'BQ"'=A 


(iii) Every non-singular square matrix can be expressed 
as the product of elementary matrices. 


ft 3] 
Example 38. Transform|2 4 10|into a unit 
3.8 4 
matrix. 
13 3 
Sol. Let A=|2 4 10 
3 8 4 


[3 


A~j0 —2 4 
0 -1 =e 


Applying R, > (- *)R and R, > (— 1)R,, we get 


1 3 3] 
A~|O 1 -2 
01 5 


Applying R, > R, — 3R, and R, > R, — R,, we get 


10 9 
A~|0O 1 -2 
[0 0 7 | 


Applying R, > (=}e. we get 
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l1 0 9] 
A~|O 1 -2 
1 


Applying R, > R, —9R, and R, > R, + 2R,, we get 


[1 0 0 
A~l0 1 0 
001 


4 
Example 39. Given A=|2 4 
2 3 


[1 0 1 
P such aa os, 


1041 
Sol. Given, BPA= 


...(i) [ by property] 


ki i] 3 1 E z CS | 
B= => Bo =— = 
3 4 (-1)|-3 2 3-2 


A ia sé 
B -| 4 4 (ii) 
f1 1 1] 
and A=|2 4 1 
2 3 1 
| A] = 1(4 —3) - 1(2-2) + 1(6-8)=-1#0 
=> A‘ exists. 
1 2 -3 
Now, adj A=; 0 -1 1 [by shortcut method] 
=o. Sl 2 
f-1 -2 3] 
at Ne a et ...(iii) 
|A| 2 1 -2 


Substituting the values of A~' and B™' from Eqs. (ii) and (iii) 
in Eq. (i), then 
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To Compute the Inverse of a Non-Singular 
Matrix by Elementary Operations 
(Gauss-Jordan Method) 


If A be a non-singular matrix of order n, then write 
A=1,A. 
If Ais reduced to I,, by elementary operations (LHS), then 
suppose I, is reduced to P(RHS) and not change A in RHS, 
then after elementary operations, we get 

I, = PA, 
then P is the inverse of A 


P=A™ 


Example 40. Find the inverse of the matrix 
W Qos 


2 3 1}, using elementary row operations. 
-1 1 °«7 
| 1 2 | 
Sol. Let A=} 2 3 1 
E 1 | 
12.5 
|AJ=| 2 3 1) =133-1)-2(2+1)+5(2+3)=2140 
-1 11 
A’ exists. 


We write A=IA 
| i “2 | 1 0 ° 
=> 2 3 =}0 1 O|A 
a1 1 | r 0 | 
Applying R, > R, — 2R, and R, > R, + R,, we get 
5 2 a | 1 0 ° 
0 -1 -9);=;-2 1 O|A 
' 3 6 | 1 0 | 


Applying R, > (— 1)R, and R, > Giz we get 


5 
1 


m2 3] {it 0 o| 


0 1 |= =1 0/4 
1 


2 
1 
pe ly al 


Applying R, > R, — 2R, and R, > R, — R,, we get 


: ae 3 2 0 


01 9 
a = I- 


Applying R, > (- *)Ry we get 


[1 0 -13] |-3 2 0 


01 #Of=| 2 -1 #O|A 
00 1 oe ee 
[21 7 a1 
Applying R, > R, —9R, and R, > R, + 13R,, we get 
[ 2 1 ae 
f1 0 o]| | 21 7 21 
otaeet 2 Sl, 
7: 7 7 
00 1 5 1 1 
| 21 7 21 
[ 2 1 13 | 
21.27 21 
7 1 2 3 
Hence, Al=|- 
7 7 7 
5 1 1 
ce 7 | 


Matrix Polynomial 


Let f(x) =a, x” +a, x" +a, x77 +...44 9 X+Om 
be a polynomial in x and let A=[a;;],,.,,, then expression 
of the form 
f(A)=a,A™ +a,A™" +a,A"”? +...44, , AtapI, is 
called a matrix polynomial. 
Thus, to obtain f(A) replace x by A in f(x) and the 
constant term is multiplied by the identity matrix of order 
equal to that of A. 
For example, If f(x) =x” —7x +32 isa polynomial in x and A 
is a square matrix of order 3, then f(A) = A® —7A +321, isa 
matrix polynomial. 
Note 
1. The polynomial equation f(x) =0 is satisfied by the matrix 
A= [a Jnxn then f(A) =0. 
2. Let A= lai], xn satisfies the equation 
at axtaxr+...t ax’ =0, 
then Ais invertible of a #0,| A] =0 and its inverse is given by 
At = (al, +aAt...+aA7), 


0 


| 


k 
Example 41. If A= : n| and kn Im, show that 


A? —(k+n) A+(kn—Im) 1=0. Hence, find A7'. 
l 


k 1 k 
Sol. We have, A = } then | A| = 
mon mon 
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=kn— ml #0 [given] f11 4] [3 1] [1 Oo] fo 0] 
=> +a +b = 
-, A exists. | 8 3 l2 i| lo 1| lo o| 
k Ik 1 2 11+3a+b 4+a 0 0 
we _[ ke +lm kl+in J- 
m n||m n mk +nm ml+n2 8+ 2a 3+at 0 0 


v A? =(k + n)A +(kn -Im)I 


Equating the corresponding elements, we get 


; r 1 0) 11+3a+b=0 (i) 
k 1 1 0 . 
-| +m were deem] eet | 4+a=0 sailtd) 
mk+nm ml+n mn 8+2a=0 ...(iii) 
_|k?+Im kl+In|_ | k?+nk  kl+nl 3+a+b=0 ...(iv) 
~ aed: eae? km+nm kn+n? From Eqs. (ii) and (iv), we geta=— 4 andb=1 
este oc 4 |al+|b|=|+4|+|1)= 44+1=5 
As A’ +aA+bl=0O 
0 kn —Ilm 
=> A®-4A4+1=0 = 1=4A-<A’ 
+im—k° —nk+kn-—Ilm & 
[k? + Im—k? — nk +kn-1 7 ce 
= => IA =(4A-A*)A 
mk +nm—-—km—-—nm 
= A! =4(AA™')— A(AA™) 
kl+1n—kl—-In are ae, 
l+n?-—kn-n?+kn-1 
as _ ee 4) o| [3 1] [4 o] [3 1] 
-|; ‘|-° ~ "lo af [2 a} lo 4} [2 4] 
0 0 | alt “A 
As A* —(k+n)A+(kn—Im)I=O , “lo 3 


> (kn —Im)I =(k+n)A- A’ 
=>  (kn—Im)IA=((k+n)A-A’)A~ 
=> (kn —Ilm)A7' =(k +n) AA! — A(AA™') 
=(k+n)I — Al [AAT = 
=(k+n)I-A 
10 k 1 
=(k+n))) i-[f 1 
_[kt+n 0 | [k 1] 
“| 0 k+n |v n| 
1 _| 7” —l 
> (kn —Im)A -|* ‘| 
Hence, tet" ‘ 
(kn-Im)|-m  k 


31 
Example 42. If a=) find the value of |a|+|b| 


such that A* + dA+bl =O. Hence, find A7. 


3. 1 3 
Sol. We have, A = ; , then | A] = 


1 
=3-2=1#0 
1 


-1 . 
A exists. 


Since, A? + aA + DI =O 


Use of Mathematical Induction 
fo 1] 


, show that 
lo | 
(al+bA)" =a"l+na"' bA, VneN. 
Sol. Let P(n):(al + bA)" = a"I + na" 'bA 
Step I Forn =1, 
LHS = (al + bA)'=al + bA 
and RHS =a' I+1-@ bA=al+bA 
LHS = RHS 
Therefore, P(1) is true. 
Step II Assume that P(k) is true, then 
P(k):(al + DAY’ = ak 1+ka* bA 
Step III For n = k +1, we have to prove that 
P(k +1):(al + DAYS *1 = ak*1 14+ (k +1) aXbA 
LHS = (al + bA)‘ *! = (al + DA)‘ (al + DA) 
=(a'I+ka*~'bA)(al+bA) [from step II] 
= ak! 1? + akb(IA) + ka“b (Al) +k ab? A? 
=a"! 1+(k+1)abA+0 
[. A= A, A? =Oand I? =T] 
=a] + (k + 1)a“bA = RHS 
Therefore, P(k + 1) is true. 


1 Example 43. Let A= 


Hence, by the principal of mathematical2 induction P(n) is 
true for allne N. 
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-4 


3 
Example 44. a= 3 


} use mathematical 


14+2n —4n 
induction to show that A° -| ,Vv 


n 1-—2n 


neN. 


Sol. Let P(n):A" = i ell 


1-—2n 
Step I Forn =1, 
LHS = A'=A 
1+2 -4 3-4 
and RHS = = -A 
1 1-2 1. =1 


= LHS = RHS 
Therefore, P(1) is true. 


Step II Assume that P(k) is true, then 
Pk): Ak i —-4k | 

k 1-2k 
Step III For n = k + 1, we have to prove that 
342k —4(k+1)| 
k+1 —1-2k 
LHS = A‘*1= A‘. A 


1+2k -4k ||3 -4 
= : [from step II] 


Piety :al =| 


k  1-2k{}1 1 
_[3(1+2k)- 4k -4(1+2k) + 4k 
| 3k+41(1-2k)  —4k — (1-2k) 

3+2k -4(k+1) 
= = RHS 
k+1 —-1-2k 


Therefore, P(k + 1) is true. 
Hence, by the principal of mathematical induction P(n) is 
true for allne N. 


Exercise for Session 3 


(c) 3A (d) 3A” 


2 \fAis a3 x3 matrix and Bis its adjoint such that |B|=64, then | A] is equal to 


[-1 -2 -2] 
1 IfA=| 2 1° -2], then adj A equals to 
2 -2 1 
(a)A (b) AT 
(a) 64 (b) + 64 
ae [10 
3 For any 2 x 2 matrix A, if A (adj A) = 
l 
(a) 0 (b) 10 
4 \fAisa singular matrix, then adj Ais 
(a) singular (b) non-singular 
f1 2 -1] 
5 lfA=|-1 1 2], then det (adj (adjA)) is 
2-1 1 
(a) 14* (b) 14° 


6 Ifke Ro, then det (adj (k /,,)) is equal to 


(a) kn (b) knr-") 


0 10| 


(c)+ 8 (d) 18 


, then |A| is equal to 


(c) 20 (d) 100 


(c) symmetric (d) not defined 


7 With1,o, w* as cube roots of unity, inverse of which of the following matrices exists? 


er: a 


lo o 


(c) 14? (d) 14 
(c)k” (d)k 
(b) lw? 1] 

1 @ 


10 


11 


12 


13 


14 


15 


16 
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2 
(c) fo o7| (d) None of these 
lo? 4] 
ot [1 2] [4 1h, 
If the matrix A is such that A = ,then A is equal to 
ls 1] 17 7| 
1 1 1 1 1-1 -1 1 
el ] (by! | ) i a | 
aes |-2 3| ie 3] | 2 3] 
[cosx sinx 0O| 
lf A=|-sinx cosx 0|=f(x), then A” is equal to 
0 0 1 
(a) F(-x) (b) F(x) 
(c) -f (x) (d) -f(-x) 
[1 2 -3] 
The element in the first row and third column of the inverse of the matrix}O 1 2 |,is 
00 1 
(a) -2 (b) 0 (c) 1 (d) None of these 
fO 1 -1] 
IfA=|2 1 3 |, then (A(adjA) A) A is equal to 
3.2 #1 
Fira ee | 
[6 0 0] 6 6 [3 0 0] [1 0 0] 
(a)| 0-6 0 | 2 3 (c)2/0 3 0 (d) 2/0 1 0 
0 0 -6 14 1 00 3 00 1 
a3 6 
fO 1-1] i 
Ais an involutory matrix given by A=|4 -3 4 |, then the inverse of 3 will be 
3-3 4 
A! 
(a) 2A (b) —- 
2 
A 2 
c) — dA 
(c) ; (d) 
If A satisfies the equation x? —5x? + 4x + 4 =0, then A” exists, if 
(a)A #1 (b)A #2 
(c)A#-1 (d)A #0 
A square non-singular matrix A satisfies the equation x? —x +2=0, then A ‘is equal to 
(a)l-A (b) (( — A)/2 
(c)l+A (d) (+ A)/2 
Matrix Ais such that A? =2A —/, where / is the identity matrix, then forn >2, A” is equal to 
(a)nA-(n-1/ (b)nA-! 
(c) 2"-'A- (n= 1) (d) 2"-"A-1 
[3-4] 


lf X = , the value of X” is 
[1-1] 


[3n —4n] [2n+n 5-n] 
Qn “| (b) 7 =f 
[3" (-4)" | 


(d) None of these 
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Solutions of Linear Simultaneous Equations Using 
Matrix Method 


Solutions of Linear | ___Pre-multiplying Eq, (i) by A“, we get 
Simultaneous Equations Using A'(AX)= AB = (A1A)X = AB 
Matrix Method . IX=A™'B 


Let us consider a system of n linear equations in n unknowns = X=A 'B= 
say X1,X5,X3,..,X, given as below 

A,X, +Qy. Xy +A,, X45 4+...+4,,X, =), 

Any X1 + Ag? Xp + Az Xy +... FAX p = dy Types of Equations 

G3, Xy + G52 Xz +53 X3 +... + A5,X, =b5 (i) (1) When system of equations is non-homogeneous 
(i) If| A | #0, then the system of equations is 
consistent and has a unique solution given by 
X=A™'B. 


An X1 + Ang Xp +Gy3X_t...+4,, X, =5, 


Ifb, =b, =b, =...=b, =0, then the system of Eq.(i) is (ii) If} A = and (adj) -B #0, then the System of 
called a system of homogeneous linear equations and if equations is inconsistent and has no solution. 
atleast one of b,, b,, by, ...,b, is non-zero, then it is called (iii) If] A |=0 and (adjA)-B =O, then the system of 
a system of non-homogeneous linear equation. We write equations is consistent and has an infinite 
the above system of Eq. (i) in the matrix form as number of solutions. 
yy yg yg + Ay | 1 b, (2) When system of equations is homogeneous 
@q, 49g 93 «+» Gan || X2 b, (i) If| A| #0, then the system of equations has only 
Gee ey Mes Da Bey ||| b, trivial solution and it has one solution. 
7 (ii) If| A |=0, then the system of equations has 
non-trivial solution and it has infinite solutions. 
o (iii) If number of equations < number of unknowns, 
Lani an? an3 ose Gan LX n Ln : Poe - 
7 then it has non-trivial solution. 
> AX =B (ii) 
r Note 
44, yg 4430 + Gt 
Non-homogeneous linear equations can also be solved by 
G9, 42, Ang +s Aan Cramer's rule, this method has been discussed in the chapter on 
determinants. 
a a a a 
sine Aza| 731 732 433 an | 
Example 45. Solve the system of equations 
x+2y + 3z=1, 2x+3y+2z=2 and 3x+3y+4z=1 
Lap: gn Qng ves Any with the help of matrix inversion. 
r r Sol. We have, 
=| b, 
b x+2y+3z=1, 2x +3y+2z=2 and 3x +3y+4z=1 
x 
The given system of equations in the matrix form are 
ae X3 canis b, written as below. 
te ae f1 2 3]{x] [1] 
one aa albia 
Lx, Lb [3 3 4\lz} [4 


AX =B 
= X=A™"B 
1 2 “| x 1 
where A= 2 3 2|,X =|y;andB=|2 
3.3 | Zz 1 


| A | =1(12 — 6) — 28 — 6) + (6 — 9) 
=6-—4-9=-7#0 
. A’! exists and has unique solution. 
Let C be the matrix of cofactors of elements in | A | ‘ 
Now, cofactors along R, = 6, — 2,—3 
cofactors along R, = 1, — 5,3 


and cofactors along R, = — 5, 4,—1 


i) 


6 -2 -3 
C=} 1 -5 3 
I-54 1 
adj A=C* 
Pe =o eg E 1 = 
=> adjA=] 1 -5 3] =;-2 -5 4 
I-54 1] |-3 3 ‘ 
; 6 1 -5 
7 A 1 
= Atta elo 5 
|Al 7 
=3 3 =1| 
fs 1 5] 
| 7 7-7 | 
_| 2 5 4 
7 7 7 
3 3 1 
7 7 7 
From Eq. (i), X = A~'B 
Ei 1 a] ES 
*] 7 7 714 7 
2 5 4 8 
> y\= - ‘a — 
7 7°29 7 
Zz 3 3 1 | {1 2 
7 7 7 7 
3 2. : 
y= eae the required solution. 


Example 46. Solve the system of equations 


X+y+z=6,x+2y+3z=14 and x+4y+7z=30 


with the help of matrix method. 


Sol. We have, x+y+z=6, 
x +2y+3z=14 
and x+4y+7z=30 


The given system of equations in the matrix form are 
written as below : 
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[t &: a}fel’ Pe] 
1 2 3| y|= 14 
1 4 7| z | 30 
AX =B 
t 2. 4 x 6 


where, A=}1 2 7, and B= | 


Z 30 


|A |= 1(14 — 12) -1(7 — 3) + 1(4- 2)=2-44+2=0 
.. The equation either has no solution or an infinite 
number of solutions. To decide about this, we proceed to 
find 
(adj A) B. 
Let C be the matrix of cofactors of elements in | A . 
Now, cofactors along R, = 2, — 4,2 
cofactors along R, = — 3, 6,— 3 
and cofactors along R, = 1,— 2,1 
| 2 -4 2 


C=|-3 6 -3 
a ~2 | 
Pa -3 1 
=> adj=C’=|-4 6 -2|, 
| 2 -3 | 
ape eal 
then (adj A) B=|-4 6 -2));14;=)0;=O 


2-3 xjfoo} [of 


Hence, both conditions | A | =0and (adj A) B=O are 


li) 


satisfied, then the system of equations is consistent and has 


an infinite number of solutions. 


Proceed as follows : 


k ee 6 
[A:B]=|]1 2 3: 14 
P 4 7 : 30] 


Applying R, > R, —R, and R, — R, —R,, then 


1 t 4 <6] 
[A:B]=|0 1 2: 8 
| 0 24: 16| 
Applying R, > R, — 2R,,then 


a a 
[A:B]=|0 1 2 : 8 
| 9 00: 

Then, Eq. (i) reduces to 
2 1 alae 
poole bl Le 
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On comparing x +y+z=6andy+2z=8 
Takingz=keR, theny=8-2kandx =k —2. 


Since, k is arbitrary, hence the number of solutions is 
infinite. 


Example 47. Solve the system of equations 

X+ 3y —2z =0, 2x -— y+4z =O and x-1ly + 14z =0. 
Sol. We have, x+3y—2z=0 

2x-yt+4z=0 
x—-lly+14z=0 
The given system of equations in the matrix form are 
written as below. 


[1 3 -2][x] [o] 
2 -1 4]/y/=|0 
1 -11 14 || z 0 

AX =O 


i [ x] 
where A=/2 -1 4|,X =|y}andO=|0 
1-11 14 z 0 


| A |=1(— 14 + 44) — 3(28 — 4) — {- 22+ 1) 
= 30-72+ 42=0 


and therefore the system has a non-trivial solution. Now, 
we may write first two of the given equations 


x + 3y =2z and2x - y=-— 4z 


Solving these equations in terms of z, we get 


10 8 
x=-—zandy=-z 
7 7 


10 8 
Putting x = — 5 zandy= ‘ z in third equation of the 


given system, 
we get, LHS = — > 2— "2 + 142 =0=RHS 
Now, if z =7k, then x = — 10k and y =8k. 


Hence, x = — 10k, y = 8k and z =7k (where k is arbitrary) 
are the required solutions. 


Example 48. Solve the system of equations 


2x+ 3y— 3 =0, 
3x— 3y+z=0 
and 3x -—2y —3z=0 


Sol. We have, 2x + 3y —3z=0 
3x —3y+z=0 
3x — 2y —-3z =0 
The given system of equations in the matrix form are 
written as below. 


AX =O i) 


2 3 -3 z °| 

where A=;3 -3 1),X =| yjandO=/)0 

3-2 -3 -| 0 

| A |= 2(9 + 2) -3(-9 —3)- 3-6 +9) 
=22+36-9=49 #0 


Hence, the equations have a unique trivial solution x = 0, 
y =0and z = Oonly. 


Echelon Form of a Matrix 


A matrix A is said to be in echelon form, if 
(i) The first non-zero element in each row is 1. 
(ii) Every non-zero row in A preceds every zero-row. 


(iii) The number of zeroes before the first non-zero 
element in 1st, 2nd, 3rd, ... rows should be in 
increasing order. 


For example, 


: 123 4 
2 
le kA rt 
1 ll 
001 9 
[0 0 
0001 
[123 45 
a TE B43 
(iii) 
0012 5 
00000 


Rank of Matrix 


The rank of a matrix is said to be r, if 
(i) It has atleast minors of order r is different from zero. 


(ii) All minors of A of order higher than r are zero. 
The rank of A is denoted by p(A). 


Note 


1. The rank of a zero matrix is zero and the rank of an identity 
matrix of order nis n. 


2. The rank of a matrix in echelon form is equal to the number 
of non-zero rows of the matrix. 


3. The rank of a non-singular matrix (| A] #0) of order nis n. 


Properties of Rank of Matrices 
(i) If A=[a;; ] and B=[Di |mxn» then 
p(A+B) <p(A) +p(B) 
and B=[b, ],,, then 


p(AB) <p(A) and p(AB) <p(B) 
then p(A) =p(A’) 


mxn 


(ii) If A=[a,] 


mxn 


(ii) If A=[a,] 


nxn? 


=s-I 
WN 
| 
= 


Example 49. Find the rank of|-3 1 2|. 


Sol. We have, 


Let 


Applying R, > R, + R, and R, > R, + 2R,, we get 


ot 
A=|0 0 4 
}o 0 8| 
Applying R, > R, — 2R, , we get 
3 -1 2] 
A=|0 0 4 
0 0 O 


Applying R, > (;) R, and R, > (5) R, , then 


{<3 2) 
3 3 


A=|9 


poe 


This is Echelon form of matrix A. 


Rank = Number of non-zero rows => p(A)=2 


3 -1 2 
Aliter |A |= 3 1 2 
6 2 4 


= 3(4 — 4) + 1(-12 + 12) + A-6 +6) =0 


.. Rank of A #3 but less than 3. 


There will be °C, x °C, =9 square minors of order 2. Now, 


we consider of there minors. 


1 2 = 
ii 
. a (ii) 


=0 


2 
= 2440 
4 


Hence, all minors are not zero. 
Hence, rank of A is 2. => p(A)=2 


Solutions of Linear Simultaneous 

Equations Using Rank Method 

Let us consider a system of n linear equations in n 

unknowns say x,,X», X43, ...X, given as below. 
A,X ty. Xp +44, X45 4+...+4,,xX, =), 
Ag, X14 +Agy Xq +g, X34 +...+4y,X, =p 


Az, X1 tAg9 Xq tAqg X34 +...+G5,X, =D, 


n=bn 


aAmiX1 + ano Xo +A3X 3 Eines pia x 


r —...(i) 
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We write the above system of Eq. (i) in the matrix form as 


G44, Ayn 3 Gin || X14 by 
49, 427 Ag Aon || X2 by 
43, 432, 433 Asn || X3 | __ b, 
Lami Am2 Am3 Qimn LX n Om 
=> AX=B ...(ii) 
G4, Ayn yg Qin 
G9, Ag2 gg Gon 
a a a a 
31 32 33 3n 
where A= ; 
L4m1 Ame Am3 Amn 
x4 by 
a) b, 
x b 
3 3 
X= and B= 
L*n | Om 
The matrix A is called the coefficient matrix and the matrix 
G4, Ayn yg ai, : Oy 
49, Ann gg Aon by 
a a a a b 
31 32 33 3n 3 
C=[A:B]= 
Nog: ig Mya, ae ee “Bigg Dy 


is called the augmented matrix of the given system of 
equations. 


Types of Equations 


1. Consistent Equation If p(A) =p(C) 
(i) Unique Solution If p(A) =p(C) =n, where n= 
number of knowns. 
(ii) Infinite Solution If p(A) =p(C) =r, where 
r<n. 
2. Inconsistent Equation If p(A) #p(C), then no 
solution. 


Example 50. Determine for what values of A and 
the following system of equations 
X+V+Z=6, 
X+2y + 3z=10 
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and X+2y+Az=u 
have (i) no solution? (ii) a unique solution? 
(iii) an infinite number of solutions? 


Sol. We can write the above system of equations in the matrix 


form 
ES TELS 
1 2 3}; y}=}10 
b 2 alle) LJ 
=> AX =B 
fi 1 1] [ x] 
where A=] 2 34], x=|y and B=| 10| 
2a} i} | 
“. The augmented matrix 
i 2 7 | 
C=[A:B]=|1 2 3 : 10 
112A : wp 
Applying R, > R, —R, and R, > R, — R,, we get 
jl 1 1 : 6 | 
C= )/0- 1 2 : 4 
}O.1 A-1 line 
Applying R, > R, — R, , we get 
jl 1 1 : 6 | 
c=)0 1 2 : 4 
Jo 0 A-3 hots 


(i) No solution p(A) # p(C) 
ie. A —3=Oandu —- 1040 
: A =3and uw #10 
(ii) A unique solution p(A) = p(C) =3 
Le: X-3#0andweR 
: X#3andueR 
(iii) Infinite number of solutions 
p(A) = p(C) (23) 
ie. A -3=Oandu -10=0 
A =3 andy =10 


Reflection Matrix 


(i) Reflection in the X-axis 


Let P(x,y) be any point and P’(x,,y,) be its image after 
reflection in the X-axis, then 


y 
1P wy) 

0 = me 
i (%, Y) 


Xp =x 
| : [O’ is the mid-point of P and P’ ] 

yi-=—y 
These may be rewritten as 

x,=1-x+0-y 
y, =0-x+(-1)-y 

These system of equations in the matrix form are written 
as below. 


Pe IE] 


1 
Thus, the matrix ; 


0 
Al describes the reflection of a 
point P (x,y) in the X-axis. 


(ii) Reflection in the Y-axis 


Let P(x, y) be any point and P’ (x,, y,) be its image after 
reflection in the Y-axis, then 


é =-x 
V1 = a 
These may be written as 


x, =(-1):x+0-y 
yy, = O-x+1-y 


[O’ is the mid-point of P and P’] 


yA 
(4, Yj) Pl---------------+ P (x,y) 
O 
X’< O >X 
YY 


These system of equations in the matrix form are written 


oe [2 EF] 


-1 0 
Thus, the matrix | ; describes the reflection of a 


point P (x,y) in the Y-axis. 


(iii) Reflection through the origin 


Let P(x,y) be any point and P’(x,, y,) be its image after 
reflection through the origin, then 


Mite is F : ; 
[O’ is the mid-point of P and P’] 
Vi=7y 


These may be written as 


(* =(-1)x+0-y 
y, =0-x+(-1)-y 


These system of equations in the matrix form are written 


GE 


-1 
Thus, the matrix ‘ 


0 
describes the reflection of 


a point P (x, y) through the origin. 


(iv) Reflection in the line y= x 


Let P(x,y) be any point and P’ (x,, y,) be its image after 
reflection in the line y = x , then 


xi, =y ys : : ; 
[O’ is the mid-point of P and P’] 
te 
These may be written as 
x,=0-x+1-y 
y, =1-x+0-y 


These system of equations in the matrix form are written 


as below. 
Vy 1 OJLy 
01 
Thus, the matrix b 3 describes the reflection of a 


point P (x,y) in the line y=x. 


(v) Reflection in the line y =x tan® 


Let P(x, y) be any point and P’(x,, y,) be its image after 
reflection in the line y = x tan 9, then 
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x, =xcos20+ysin20 
: = xsin28—ycos20 
[O’ is the mid-point of P and P’] 
These may be written as 
x, =x-cos20+y-sin20 
i =x-sin20+y-(—cos2@) 


These system of equations in the matrix form are written 


as below. 
x,;] |cos2@  sin20 || x 
Vy ~ | sin20 -cos20 y 


cos20 = sin20 

sin26 —cos20 

reflection of a point P (x, y) in the line y = x tan®. 
Note 


By putting 6 =0, - : , we can get the reflection matrices in the 


Thus, the matrix describes the 


X-axis, Y-axis and the line y = x, respectively. 


Example 51. The point P (3,4) undergoes a reflection 
in the X-axis followed by a reflection in the Y-axis. Show 
that their combined effect is the same as the single 
reflection of P (3,4) in the origin. 
Sol. Let P, (x,, y,) be the image of P (3, 4) after reflection in the 
X-axis. Then, 


el EL 


Therefore, the image of P (3, 4) after reflection in the 
X-axis is P, (3, — 4). 


AY 
P (3, 4) 
X’~< 710 | >X 
cin (eee 4 
Po (-3,-4) Py (3-4) 
Yy 


Now, let P, (x , y2) be the image of P, (3, — 4) after reflec- 
tion in the Y-axis, then 
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[x.|_[-1 o][ 3]_[-3 
Ly. O 1||-4 -—4 
Therefore, the image of P (3, — 4) after reflection in the 
Y-axis is P, (— 3, — 4). 
Further, let P, (x3, y,) be the image of P (3, 4) in the 
origin O. Then, 
[xs]_[-1 o][3]_[-3] 
LyJoLo -jlaL-4] 
Therefore, the image of P (3, 4) after reflection in the 
origin is P, (— 3,— 4). It is clear that P, = P, 


Hence, the image of P, of P often successive reflections in 
their X-axis and Y-axis is the same as P;, which is single 
reflection of P in the origin. 


Example 52. Find the image of the point (— 2,—7) 
under the transformations (x, y)—> (x —2y,— 3x+ y). 
Sol. Let (x,, y,) be the image of the point (x, y) under the 
given transormations, then 
xX, =x-2y=1-x+(-2)-y 
age a ee y 


= Be a 
[1 -2][-2] 
“Ls a jl-7}°| 6 


Therefore, the required image is (12, — 1). 


f—24+14] [12 


7 LA] 


Example 53. The image of the point A(2, 3) by the 


line mirror y = x is the point B and the image of B by 
the line mirror y =O is the point (a, B). Find a and B. 
Sol. Let B(x,, y,) be the image of the point A(2,3) about the 
line y = x, then 
* _fo 1][2]_ [3] 
x} Le ofl} | 
Therefore, the image of A (2, 3) by the line mirror y = x is B 
(3, 2). 
Given, image of B by the line mirror y = 0 (X-axis) is (a, B), 


then 
a] [1 o]f3]_f[ 3 
B| |o -1 }}2] |-2 
On comparing, we get & =3 andB = — 2. 
Example 54. Find the image of the point (—V2,2) 
by the line mirror y = x tan (=) 


Sol. Let (x,, y,) be the image of (- V2,.]2) about the line 


= xtan( =) 
y 3) 


On comparing y = x tan wel) by y = xtan® 


0= 
fcos20 sin20 2 
nen * 7 | sin2 0 ere 
[1 1 |; ol 
_|v2 v2 ||-v2|_[ 0] 
ati] ve 1-2] 
v2. V2 
On comparing x, = 0 and y, = — 2. 


Therefore, the required image is (0, — 2). 


Rotation Through an Angle 6 


) N M 
Y 

Let P (x, y) be any point such that OP = r and ZPOX = 9. 

Let OP rotate through an angle 0 in the anti-clockwise 

direction such that P’(x,, y,) is the new position. 


OP’ =r, [ OP = OP’] 

fies x, = xcos®— ysin® 

x, = xsin® + ycosO 
These system of equations in the matrix form are written as 
below. 

x,|_ [cos®@ —sin®O]|x| 

yy | sind cos8 

cos® —sin® 


Thus, the matrix] | 
sin® cos 


describes a rotation of a 


line segment through an angle 0. 
Remember Use of complex number 
oP’ = OP e®i=./-1 
(x, + iy,) =(x + iy) (cos® + isin®) 
=(x cos@— ysin®) + i(x sin®+ ycos@) 
x, = x cosO0— ysin® 


and y, = x sin® + ycos® 


Example 55. Find the matrices of transformation 
T,T, and T,T, when T, is rotation through an angle 60° 
and T, is the reflection in the Y-axis. Also, verify that 
TT, #151. 


1 v3] 
Sie — sin 60°] _ 2 2. _1if _/3| 
sin60° —_cos60° | V3 1 2 3 1 
a 2 
-1 0 
and r,-| | 
lo 1 
_ -1 0 _ = 
rr, =| 3 3|, _1/ -1+0 0-3 
21/3 1 Gd) 2ews 40. 04 
)_1 _¥ 
soa) A 
ae 1 || ‘| 
2 2 
=1 0 _./3 | = 
and T, T, = ee : v3 ]_1 140 V3 +0 
0 1] 2[v3 1 | 2/0+V3 o+1 
; [1 3 
1!-1 v3 > 2 as 
=_ = (ii) 
215 1 | EE 1 
3 a 
It is clear from Eqs.(i) and (ii), then 
Lite TT, 


Example 56. Write down 2 x 2 matrix A which 
corresponds to a counterclockwise rotation of 60° about 
the origin. In the diagram the square OABC has its 
diagonal OB of 2V2 units in length. The square is 
rotated counterclockwise about O through 60°. Find the 
coordiates of the vertices of the square after rotating. 


Sol. The matrix describes a rotation through an angle 60° in 
counterclockwise direction is 


Ya 
Cc = B 
& 
x ee Xx 
* 0 x A ~x 
YY? 
1 3 
cos60° —sin60° _| 2 2 fa] _13| 
sin60° —cos60° Fe | 23 1 | 
a "2 


Since, each side of the square be x, 
x? +x? = (2/2)° 


=> 2x7 =8 = x*=4 


then 


x =2 units 
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Therefore, the coordinates of the vertices O,A,B and C are 
(0, 0), (2, 0), 

(2, 2) and (0, 2), respectively. Let after rotation A map into 
A’,B map into B’, C map into C’ but the O map into 
itself. 


If coordinates of A’,B’ and C ‘are (x’, y’),(x”, y”) and 
(x”’, y”’), respectively. 


[x]_1f1 -v3lf2]_if 2]_[f1] 
Ly’ 2/3 1 Ilo] 2 |2v3| v3 


x’=1y’=13 = A(2,0)> A’(1, V3) 

“che Arbeit 
yu | alas ot 2) 2paws+e) |aG4a 
x” =1-V3,y”=V3 +1 

=> B(2,2)—> B(1—- V3, v3 +1) 
eh REE 
g | alae ot NB ey B 1 
¢7 245," 21 

=> C0 2-4 C43, 1) 


Eigen Values or Characteristic roots 
and Characteristic Vectors of a 
Square matrix 


Let X be any non-zero vector satisfying 
AX =AX ..-(i) 
where A is any scalar, then A is said to be eigen value or 
characteristic root of square matrix A and the vector X is 
called eigen vector or characteristic vector of matrix A. 
Now, from Eq. (i), we have 
(A-Al) X =O 

Since, X # O, we deduce that the matrix (A — AJ) is 
singular, so that its determinant is 0 
Le. 

|A—Al|=0 


is called characteristic equation of matrix A. 


(ii) 


If A be n Xn matrix, then equation | A — AJ| =0 reduces to 
polynomial equation of nth from degree in A, which given 
nvalues of A i.e., matrix A will have n characteristic roots 
or eigen values. 


Important Properties of Eigen Values 
(i) Any square matrix A and its transpose A’ have the 
same eigen values. 


(ii) The sum of the eigen values of a matrix is equal to the 
trace of the matrix. 
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(iii) The product the eigen values of a matrix A is equal to 
the determinant of A. 


(iv) IfA,,A2,43,A4,...,A, are the eigen values of A, then 
the eigen values of 

(a) kA are kX, kN,, kN 3, kAg,...,kX,. 

(b) AY are Ay Ag Ag ha aia = 
1 1 1 1 1 

oe yh heh 


n 


(c) A’ ar 


Remark 
1. All the eigen values of a real symmetric matrix are real and 
the eigen vectors corresponding to two distinct eigen values 
are orthogonal. 
2. All the eigen values of a real skew-symmetric matrix are 
purely imaginary or zero. An odd order skew-symmetric 
matrix is singular and hence has zero as an eigen value. 


| 4 6 6 
Example 57. Let matrix “| 1 3 2), find the 
-1 -4 -3 


non-zero column vector X such that AX =AX for some 
scalar 2. 
Sol. The characteristic equation is |A — Al|=0 


[4-A 6 6 | 

=> 1 3-A 2 |=0 
-1 -4 -3-h 

=> M- 40? -214+4=0 


or (A +1)(A -—1)(A — 4) =0 
The eigen values are A = — 1,1, 4 
If A =— 1, we get5x + 6y +6z=0,x + 4y + 2z=0 


and —-x—4y-2z=0 
[ 6] 
Giving *aVa7 xa! 2 
6 2 -7 
—7 
If A = 1, we get 3x + 6y + 6z =0,x + 2y + 2z=0 
and —-x —4y-4z=0 
[ 0] 
Giving, ~=%=4%, x5] 1 
0 1 -!1 1 


If A = 4, we get 0-x+6y+6z =0,x-y+2z=0 
and —x —4y—7z=0 


, 
= 3 

Giving, Xara? x= 1 
3 1 -1 

-1 

6]|] 0 | 

Hence, vector are X =; 2},; 1); 1 

7} Ls | | 


Example 58. If A and P are the square matrices of 
the same order and if P be invertible, show that the 
matrices A and P~'AP have the same characteristic 
roots. 


Sol. Let P'AP=B 
|B—AI| =|P"'AP - Al| 
=|P"'AP — P™'AP| [. PUP =1] 
=|P'(A-AI)P| 
=|P"||A — Al||P| 


1 
=—|A-Al||P|=|A—Al| 
P| 


Example 59. Show that the characteristic roots of an 
idempotent matrix are either zero or unity. 
Sol. Let A be an idempotent matrix, then 
Av =A ...(i) 
If A be an eigen value of the matrix A corresponding to 
eigen vector X, so that 
AX = AX 
X #0 
A(AX)= A (AX) 


(ii) 
where 
From Eq. (ii), 


= (AA) X = (AX) 

=> A°X =X (AX) [from Eq. (ii)] 

=> AX =A" X [from Eq. (i)] 

=> 1S aw 4 [from Eq. (ii)] 

=> (A —17)X =0 

=> V-A2 =0 [. X #0] 
A =0 

or N= 1 


Example 60. If 3,—2 are the eigen values of a 
non-singular matrix A and | A|=4, find the eigen values 
of adj (A). 
Sol eat =24 
|A 
value of Av’. 
Thus, for adj(A)X =(A™'X)|A|=|A|A 7 


, if A is eigen value of A, then A! is eigen 


4 
Thus, eigen value corresponding to A = 3 is — and 
3 


4 
corresponding to A = — 2is —=- 2 


Cayley-Hamilton Theorem 


Every square matrix A satisfies its characteristic equation 
|A—Al|=0 


nes; ay" +a,n" | +a,h"~? +...+.a, =0 
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By Cayley-Hamilton theorem > (2-2)? -3=0 
a, A" +a,A""' +a,A"-* +...+a,1 =O => MW - 424 +1=0 
_ a _ a Z a = a, . By Cayley-hamilton theorem, 
SAtea4 Art gas A 4. gat ‘ ; 
an a, a, a, A*-4A+I=O or I=4A-A 


Example 61. Find the characteristic equation of the 


Multiplying by A7', we get 
A7=4A71A- AAA 


matrix A= and hence find its inverse using =4I-IA=4I-A 
_4l' %_[2 3 
Cayley-hamilton theorem. = rbee ael has 
Sol. Characteristic equation is 
[2 -1| 
|A-Al|=0 > ae : =0 ~|-3 2 | 
3 2-A 


Exercise for Session 4 


If the system of equations ax + y =1,x + 2y =3, 2x + 3y =5 are consistent, then a is given by 
(a) 0 (b) 1 (c) 2 (d) None of these 


2 The system of equations x + y +z =2,2x + y —z =3,3x + 2y + Az =4 has unique solution if 


(a) A #0 (b)- 1< <1 (c)A=0 (=2eh<2 


3 The value of a for which the following system of equationsa°x + (a + 1)°y + (a + 2)°z =0, 


ax +(a+1)y+(a+2)z =0,x + y +z =0has a non-trivial solution is equal to 
(a) 2 (b) 1 (c) 0 (d) -1 


4 The number of solutions of the set of equations 


2x2 y? z2 x | 2y2 Zz? x2 y? , 22 
a b* ¢ ~ a* p* @ ~~ of p* ef 
(a) 6 (b) 7 (c) 8 (d) 9 
Ae 4). ; a 
5 The matrix 1 o| is the matrix reflection in the line 
(a)x=1 (b)x+y=1 (c)y=1 (d)x=y 
6 The matrix S is rotation through an angle 45° and G is the reflection about the line y = 2x, then (SG) is equal to 
(a) 7 (b) 5/ (c) 3 (d)/ 
7 tte | then It 
=| a4 4|" en A” is equal to 
(a) 2A (b) A (c) 2. (d)/ 
[2 2 1] 
8 ifA= ; 3 i and the sum of eigen values of Ais m and product of eigen values of Ais n, thenm +n is equal 
12 2 
to 
(a) 10 (b) 12 (c) 14 (d) 16 
[4.2] 
9 IfA= [1 4| and 6 be the angle between the two non-zero column vectors X such that AX = 1X for some 


scalar 4, then 9sec? 0 is equal to 
(a) 13 (b) 12 (c) 11 (d) 10 


Shortcuts And Important Results To Remember 


7 | A\ exists <= Ais square matrix. 


2 


10 


11 


12 


No element of principal diagonal in a diagonal matrix is 
zero. 


If Ais a diagonal matrix of order n, then 
(a) Number of zeroes in Ais rn (n — 1) 
(b) Ifdy,d2,d3,...,d,, are diagonal elements, then 
A=diag {d;,d5,d3,...,0,,} 
|A =dd.d,...d, 
A‘ =diag 7',d3',d5',...,d7') 
(c) Diagonal matrix is both upper and lower triangular. 
(d) diag {a, a, a3,..., a,} x diag {b,, Dy, b3,..., b,} 
= diag {ajb,, ayb5, agb3, ..., Ab, } 


‘| and 


and 


fa “a 
ee: 1| 
a =|, py ken 


and B= ; | then AX = i 


If Aand B are square matrices of order n, then 


(a) | KA] =k"| A], k is scalar 

(b) | AB] =| A|| B| 

(c) | kKAB| =k"| A|| BI, k is scalar 

(d) | AB| =| BA| 

(e) | A’| =| A =| A®|, where A® is conjugate transpose 
matrix of A 

(f) |Al” =| A™|, meN 


Minimum number of zeroes in a triangular matrix is given 


by one) where rn is order of matrix. 


If Ais a skew-symmetric matrix of odd order, then| A| = 0 
and of even order is a non-zero perfect square. 


If Ais involutory matrix, then 

(a) |A=+1 

(b) xt + A)and xt — A) are idempotent and 
1 1 
—(/ + A).= 

| ) 2 

If Ais orthogonal matrix, then| A| =+ 1 


(|-A)=0 


To obtain an orthogonal matrix B from a skew-symmetric 
matrix A, then 


B=(!-A) (1+ A)orB=(1-A)(1+ A) 

The sum of two orthogonal matrices is not orthogonal 
while the sum of two symmetric (skew-symmetric) 
matrices is symmetric (skew-symmetric) 

The product of two orthogonal matrices is orthogonal 


while the product of two symmetric (skew-symmetric) 
matrices need not be symmetric (skew-symmetric) 


13 


14 


19 


20 


21 


22 


23 


24 


25 


The adjoint of a square matrix of order 2 can be easily 
obtained by interchanging the principal diagonal elements 
and changing the sign of the other diagonal. 


a Db d -b 
i.€., vel ee adj (ay=| | 
lc d | |+c a | 
If| A #0, then| A”) a, 
| Al 
lf A and B are invertible matrices such that AB =C, then 
py <ICl 
|B =—.. 
| Al 


Commutative law does not necessarily hold for matrices. 
lf AB =— BA, then matrices A and B are called 
anti-commutative matrices. 

lf AB =O, it is not necessary that atleast one of the matrix 
should be zero matrix. 


For example, If A= ‘| and B= ; | then 


lO 


0 
AB = lo joie neither A nor B is the null matrix. 


lf A.B and C are invertible matrices, then 
(a) (AB)! =B'A 
(b) (ABCY'=Cc'B'A" 

If Bis anon-singular matrix and Ais any square matrix, 
then det (B~'AB) = det (A) 


If Ais anon-singular square matrix of order n, then adj 
(adj A) =|A"~* A 


If Ais anon-singular square matrix of order n, then 
| adj (adj (adj... (adj (adj A))))| =| A’ 
m times 
0 
taz|° “Lam so,vm22 
lo o| 
(A+ /\’=14+nA 
If Aand B are two symmetric matrices, then 


A+ B, AB + BAare symmetric matrices and AB — BAis a 
skew-symmetric matrix. 


If Aand B are two square matrices of order n and A be a 
scalar, then 


(i) Tr (AA) = ATr(A) 


(ii) Tr (A+ B)=Tr(A) + Tr(B) 
(iii) Tr(AB) = Tr(BA) 
(iv) Tr(A) = Tr(A’) 
(v) Tr(l,)=7 
(vi) Tr) =0 
(vii) Tr(AB) # Tr(A)- tr(B) 


contd... 


26 


27 


If rank of a matrix Ais denoted by p(A), then 

(i) p (A) =0, if Ais zero matrix. 

(ii) p (A) =1, if every element of Ais same. 

(ili) If Aand B are square matrices of order n each and 
p (A) =p (B) = 7, then p (AB) =n 

(iv) If Ais a square matrix of order n and p (A) =n —1, then 
p (adj A) =1and if p (A) <n —1, then p (adj A) = 0 

System of planes 

4X 


oy + AgzZ =, 
1X + AooY + AogZ = Dy 


and €31X + AgoV + A33Z = bg 
Augmented matrix C =[A: B] and if Rank of A=r and 
Rank of C =s, then 
(i) Ifr =s =1, then planes are coincident 
(ii) Ifr =1,s =2, then planes are parallel 
(ili) If =s =2, then planes intersect along a single straight 
line 


28 


29 


(iv) If r =2, s = 3, then planes form a triangular prism 
(v) Ifr =s =3, then planes meet at a single point 
If P is an orthogonal matrix, then det (P)=+ 1 
(i) P represents a reflection about a line, then 
det (P)=-1. 
(ii) P represents a rotation about a point, then 
det (P) =1. 
Cayley-Hamilton Theorem : Every matrix satisfies its 
characteristic equation. 
For Example, Let Abe a square matrix, then| A — A/| = Ois 
the characteristic equation for A. 
If A° — 6A? + 114 — 6= is the characteristic equation for 
A, then A® — 6A? + 11A — 6! =O. Roots of characteristic 


equation for A are called eigen values of A or 
characteristic roots of A or latent roots of A. IfA is a 
characteristic root of A, then 47! is characteristic root of 
AT. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


which ONLY ONE is correct. 


» Ex. 1 If A is a square matrix of order 2 such that 


ies 1] [1 
a ‘-| i and A? ‘=|é} 7 sum of elements and 


product of elements of A are S and P, then S + P is 


(a) -1 (b) 2 (c) 4 (d) 5 
Sol. (d) Let A= k i 

From first part, B = | (i) 
fa oP apa 

le a}l-a}"| 2] 
or a-b=-1 ...(ii) 
and c-d=2 ..-(iii) 
From second part, 

ie 1))_ [1] 
“Lilt = «(ED eed 
From Eq. (i), we get 
Pe - a b -1/_]1 
Paella 
or —-a+2b=1 ...(iv) 
and —c+2d=0 ..(v) 
From Eqs. (ii) and (iv), we get 
a=-1,b=0 
and from Eqs. (iii) and (v), we get 
c=4,d=2 

2 S=at+bt+ct+d=5 
and P=abcd =0 
Hence, S+P=5 


Ex. 2 If P is an orthogonal matrix and Q = PAP! and 


B=p' QP. then B~' is, where A is involutory matrix 


(a) A (b) Ar” (c) 1 (d) None of these 
Sol. (c) Given, P is orthogonal 
Peet ax()) 
and Q = PAP! ...(ii) 
Now, B= P'Q'” p= P'(PAP’ )' P [from Eq. (ii)] 
= P™pap™( pap’) p 


= IAP’ - PAP’( PAP’ )°*8 p 
= AIAP’ (PAP")”* p 


This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 


= A’P" PAP! (PAP')°”” P 
= A*IAP™(PAP’)*” p 
= Ap" (PAP’)*”’ P 


= 41000 pT p— 41000 _ 7 [‘. A is involutory] 
Hence, a ee 


® Ex. 3 If A is a diagonal matrix of order 3 x3 is 
commutative with every square matrix of order 3 x 3 under 
multiplication and trace (A) =12, then 
(a)| A|=64 (b)| A| = 16 
(c)| A] = 12 (d)|A|=4 
Sol. (a) A diagonal matrix is commutative with every square 
matrix, if it is scalar matrix so every diagonal element is 4. 


[4 0 Oo 
A=/]0 4 0 
0 0 4 
=> |A|=4:4-4=64 
2, when i= j 
Ex. 4 IfA=[a; , such that a; = , then 
FA =Laijlaxe ’ 10, wheni# j 


det (adj (adj A 
ed, is [when {+} represents fractional part 


7 
function] 
1 2 3 4 
a)— b) = c)— d)— 
a D) is i 
[2 0 0 Ol 
020 0 
Sol. (a) *- A= 
002 0 
0 0 0 2| 
2 00 0 
020.0) 4 
|A|= =2' = 16 
0 O° 2 0 
00 0 2 


* det (adj (adj A)) =| adj (adj A)|=| A> =|A?? 
_ (24)? = 236 = (23)? _ (1 + ia 
=14+ °C,(7)+ °C,(7) +... 

det (adj(adj A)) 1 
7 

{eed (adj ay 1 

7 7 


+ Positive integer 


1 #1 
Ex. 5 yal i and det (A” —1) =1-A", neéN, then 


the value of x, is 


(a)1 (b) 2 (c) 3 (d) 4 
Sol. (b)*- a= : 
»_[2 2]_,f1 1]_ 

A “la a\"L Ales 
=> AP =A*-A=2A7=2°A 
Similarly, A" =2"-'A 

eo. gn-1 gn-l JA 0| 

A |. | lo 1| 


=> det (A” —1)=(2"7'- 1)? -(2" 7 'y 
=1-2=1-" 
A =2 


[given] 


Ex. 6 ya); 1 and f(x) =~ ali * then f(A) i 


11 2 2 
of] of] 


[= =] 
(c) 1 | (d) None of these 
Sol. (-: f(x) = = a3 


=> (1-x)f(x)=1+x 
= (I-A) f(A)=(I+A) 
=> f(A)=(1- A)" (1+ A) 


a a a 


Ex. 7 The number of solutions of the matrix equation 
; 1 i ; 
X* = Is 


2. 3 
(a) more than 2 (b) 2 
(c) 0 (d) 1 
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Sol. (a) Let X = |: | 


x2a a’ + be Wa + d)| _ 1 1 idivedl 
c(at+d) be+d’ 2. 3 
> a’ + be =1, (a+ d)=1, 
c(a+d)=2and be + d? =3 
> d’—a’ =2 
> d-a= : = 2b and sees 
d+a b 
1 1 
2d =2b+ — and 2a=—-—2b 
b b 
Also, c=2b 
Now, from be + d? =3 
Meg 1 
=> 2? +(>+ 2) =3 => 3b°+—_-2=0 
2b b? 
=> 12b* — 8b? +1=0 
or (6b? — 1) (2b? —1)=0 
1 1 
> b=t orb=+ 
v6 V2 
Therefore, matrices are 
i i ie 1 | 2 1] 
0 — 0 == 7 7 
zl BAIS lana ve 3 
V2 /2||-v2 _2||— : oe 
ve V6 vo v6 
. 1 2r-1 
Ex. 8 For a matrix A = e at the value of 
50/1 2r—1]. 
II is equal to 
r=1/0 1 
[1 100] 1 4950] [1 5050] [1 2500] 


ole Oe PT] ef Sf ef, 


esi @ 1) *T/- ; 1+34+5+...+99| 


fi cil i 
“lo 1 | {o 1 


Ex. 9 If A,, A, A3,...; Aon —1 are n skew-symmetric 


matrices of same order, then B = (2r —1) (A, -1)*"~! will be 
r=1 
(a) symmetric 
(b) skew-symmetric 


(c) neither symmetric nor skew-symmetric 
(d) data not adequate 
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Sol. (b)-- B= A,+3A} +5A2 +...4+(2n -1)(Agy—1)"~ 
». BT =(A, + 3A} +5A2 +... +(2n—1)(Ag,-3)"') 
= Al +3Az)? +5(AL) +... +(2n —1) (AZ, 4)" 
=—A,+3(-A3)? + 5(-As)° +... + 
(2n — 1)(—Agy—1)"~* 
=—(A,+3A3 +5Ae +... +(2n-1) AZ” "f) 


=-B 


Hence, B is skew-symmetric. 


JEE Type Solved Examples : 


® Ex. 10 Elements of a matrix A of order 10 X10 are defined 
as ay = w'*/ (where w is cube root of unity), then trace (A) 


of the matrix is 


(a) 0 (b) 1 (c) 3 (d) None of these 
Sol. (d) ty (A) = 3 a= y oti = 2 wo?! 


i=j=l i=j=l i=1 
=o? +0*+@°+o°+...4+07 
=(@? + +1)+(@? +@+1)+(@’? +@+1)+0” 


=04+04+0+4+0° =’ 


More than One Correct Option Type Questions 


more than one may be correct. 


b 
» Ex. 11 IfA= |: i (where bc #0) satisfies the 
c 


equations x? +k =0, then 


(a)at+d=0 (b)k=-|A| 
(c)k =|A| (d) None of these 
[a blfa b] [a2+be ab+bd| 


Sol. (a, c) We have, A* = lc d| le d| 7 bag +ced be+ | 


As A satisfies x” + k = 0, therefore 


A’? +kI=0 


, [a?+be+k (a+d)b |_[0 0] 
(a+d)c ars aie lo 0| 
> a’ +be+k =0,(at+d)b=0, 
(a+d)c=0 and be+d*?+k=0 
As be #05bD#0,c #0 
So, at+d=0 => a=-d 


Also, k = —(a’ + bc) =—(-ad + bc) = (ad — bc)=| A| 


Ex. 12 If A=[a;, nxn and f is a function, we define 
* 9 6 


F(A) = A (Gi nxn. LetA = 2 T , then 
-6 —-8@ 
2 
(b) sin A= cos A 
(d) sin 2A = 2 sin Acos A 


(a) sin A is invertible 
(c) sin A is orthogonal 


This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 


cos 8 


cos 8 cos 8 


in ® in 0 ) 
Sol. (a,c) sin A= ou and eee sin®@ cos 
~ sin 8 sin 8 


|sin A |= cos*@+sin?@=1#0 


Hence, sin A is invertible. 


6 sin®@ 6 -sin®@ 
Nise. Gea AN Gin ay _ [ cos sin 0] [ cos sin 0| 
|- sin® cos@ Lan 6 cos 8 
= =f 
0 1 
Hence, sin A is orthogonal. 
6 sin @|| sin® 0 
Also, 2sin A cos A= Al 7 sin 6] / sin cos 6] 
le sin® cos@||cos@ sin@ 
| sin 28 No aA 
= sin 
Lens 20 o| 


» Ex. 13 Let A and B are two square idempotent matrices 
such that AB + BA is a null matrix, the value of det (A — B) 
can be equal 


(a) -1 (b) 0 
(c)1 (d) 2 
Sol. (a, b, c) 


"(A — B)’ = A® — AB— BA + B? 
=A+B  [*AB+ BA=0and A’ = A, B’ = B] 
|A-B/>=|A+B| (i) 
and (A + B)* = A* + AB+ BA + B’ 
=A+B [.AB+ BA =Oand A’ = A, B’ = B] 
=> |A+B|?=|A+ BI 
=> |A+B|(|A+B|-1)=0 
| A+ B|=0,1 


From Eq. (i), 
|A-B/?=01 > |A-—B|=0,+1 
or det (A — B)=0,-1,1 


» Ex. 14 If AB= A and BA=B, then 


(a) A’B = A? (b) B*A = B? 
(c) ABA=A (d) BAB = B 
Sol. (a, b, c, d) 


We have, A’B= A(AB)=A-A= A’, 
B’A = B(BA) = BB= B’, 
ABA = A(BA) = AB= A, BAB = B(AB) = BA = B 


© Ex. 15 If A is a square matrix of order 3 and | is an Iden- 
tity matrix of order 3 such that A? — 2A” — A+ 21 =0, then 


A is equal to 
2 -1 2 2 1- 
a 0 a al 0 i 


lo rof for ol 


JEE Type Solved Examples : 
Passage Based Questions 


(a) | (b) 2 


= This section contains 2 solved passages. Base upon each 
of the passage 3 multiple choice question have to be 
answered. Each of these question has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 16 to 18) 
2 -2 “4 -4 -3 3] 
IfAy=;-1 3 4 jandBy)=; 1 O 1 jand 
1 -2 +3 4 4 3 


B, = adj(B, _,),n € N and Jis an identity matrix of order 3. 
16. det (Ay +A Bj + Aj + Ap By +... upto 12 terms) is 


equal to 

(a) 1200 (b) -960 

()0 (d) -9600 
17. B, + B; +B, +...+ Bso is equal to 

(a) Bo (b) 7Bo 

(c) 49B, (d) 491 


18. For a variable matrix X, the equation Ay X = By will 
have 
(a) unique solution 
(b) infinite solution 
(c) finitely many solution 


(d) no solution 
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Sol. (a, b, d) It is clear that A = I and A = 2I satisfy the given 
equaion A* — 2A* — A + 2I =O and the characteristic 


equation of the matrix in (c) is 


|2-A -1 2 | 

| 1 -A 0 |=0 

| 0 1 -A| 
=> = 207 +4 -2=0, 


giving A? -2A7+A-2I=0 
# A> —2A?—-A+21=0 


and the characteristic equation of the matrix in (d) is 


|2-A 1 -2] 

| 1 -r’ 0 }|=0 

| 0 1 -A| 
= M20? -1 +2=0, 
giving A? -2A*-A+21=0 


Sol. (Ex. Nos 16 to 18) 


Berl 


“Tl, 3 ‘al 


1 -2 -3 
[41 4]’ [-4 -3 -3] 
and adjBy =| -3 0 4| =| 1 0 1 |= 8 
Ls 1 2 | | 4 4 3 | 


B, = adj(B, _;),né N 
B, = adj( By) = Bo 
= By = adj(B,) = adj( By) = Bo, 
Similarly B; = Bo, By = Bo,... 
B, =B) VneN 


16. (c) det (Ay + AZ Bi + Aj + Aj Bj +... upto 12 terms) = det 
{Ay (I + ApBi + Ag + A} Bj +...upto12 terms)} 
=|A,|(I+ A,)Be +A? +A} Bj +... upto 12 terms) 
=0 [Aol =0] 
17. (c) B, + Bz + By t+... + Bog = By + By + By +... + By = 49By 
18. (d) *" |Ao| =0 
=> Aj’ is not possible. 


Hence, system of equation Ay X = By has no Sol. 
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Passage II 
(Ex. Nos. 19 to 21) 


? 0 ° 
ee”, 0 1|satisfies A” = A"? + A? —I forn>3and 
0 1 0 


consider a matrix U with its columns as U,,U,,U3, such that 
3x3 


AOU = .s AS Ue= Hl and AU, = A 
Isp bt 


19. The value of |A*’| equals 


(a)-1  (b) 0 ()1 (d) 25 
20. Trace of A*° equals 

(a)0 —(b) 1 ()2 (d) 3 
21. The value of |U| equals 

(a)-1— (b) 0 (c) 1 (d) 2 
Sol. (Ex. Nos. 19 to 21) 

“ A" =A"? 4+ A°-1 > AM =A* +A? =I 


Further, A“ = A* + A? -I 
A*® =A“ 4+ A?-I 


A‘ =A? +A? -I* 
On adding all, we get 


A’ =25A® — 241 ...(i) 
i oo 
19. (c) |A™|=|APo=]1 0 1) =(-1) =1 
010 


JEE Type Solved Examples : 


Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 


(both inclusive). 


» Ex. 22 Let A be a3 X3 diagonal matrix which commutes 
with every 3 X 3 matrix. If det(A) =8, then tr A is 


a 0 0 
Sol. (6) Let A=|0 B 0 
00 ¥ 
ss | ame (ee | ee 
0 £B h b fi=i;h b fijo B O 
aciocalle at ok ie at loc te 


f1 0 olf1 0 o| f1 0 O] 
20. (a) A? =]1 0 1]]/1 0 1/=|1 1 0 
0 1 o//o 1 0] |1 0 1 
is 0 °| re 0 e 
A” =25A* —241=|25 25 O}-|0 24 0 
Ee 0 05 i 0 o4| 
fi Eq. (i 
rd 0 0 [from Eq. (i)] 
=|25 1 0 ...(ii) 
25 0 1 
Hence, trace of A*? =1+1+1=3 
rs 
21. (c) Let U,=\y 
| 
fi} [a oO olfee] [a] 
Given, A*°U,;=|25}=>|/25 1 0|| y|=|25| [from Eq. (ii)] 
| 25 25 0 1\|z| {25 
f x | [1] 
=> |25x+y]}=|25|, we get x =1, y=20andz=0 
25x +2 25 
[1] 0 
U, =; 0}, similarly U, =}1 
o , 
lo] 1 0 °| 
and U;=|0; >U=)0 1 Oj=I 
|| 0 0 | 
|U|=1 
=> a=p~=yY 
a 0 °| 
A=j}0 a 0 
lo 0 ‘| 
=> det (A) = a =8 [given] 
oO=2 
[2 0 Ol 
A=|0 2 0 
00 2 
=> trA=24+24+2=6 


© Ex. 23 Let A and B be two non-singular matrices such 
that A #1, B’ =! and AB= BA’, where | is the identity 


matrix, the least value of k such that AX = 1 is 
Sol. (7) Given, AB= BA? => B=A~'BA® => B=I 
= (A! BAA)(A~' BAA)(A~'BAA)=1 


=> (A7'BA)(BA)(BAA) = I [e ATA =T] 
=> A” 'B(AB)(AB) AA = 1 

=  A'B(BA’)(BA’) AA=I [" AB = BA*] 
=> A’ 'BBA(AB) A* =I 


JEE Type Solved Examples : 
Matching Type Questions 


= This section contains 2 examples. Example 24 have three 
statements (A, B and C) given in Column I and four 
statements (p, q, r and s) in Column II and example 25 
have three statements (A, B and C) given in Column I 
and five statements (p, q, r, s and t). In Column IIT any 
given statement in Column I can have correct matching 
with one or more statement(s) given in Column II. 


© Ex. 24 


Column I Column II 


(A) | If A is a square matrix of order 3 and (p) 3 
det (A) = 3, then 
det (6A ') is divisible by 


(B) | If A is a square matrix of order 3 and (q) 4 
det (A) = - then det [adj (adj (2.A))] is 
divisible by 

(C) | If A and B are square matrices of odd (r) 5 


order and(A + B)’ = A’ + B?, if det 
(A) = 2, then det(B) is divisible by 


(s) 6 
Sol. (A) — (p, q, s); (B) >(q); (C) >(p, «a. © 8) 
iy 2 gp rartys. 00 2 
(A) det (6A) =6° det (A) ao 3 72 


(B) det [adj (adj (2A))] = [det(2A)]* = [2 det (A)]* 
= 2"? [det(A)]! 


4 
-2"(3) =2'=16 
4 


(C) -- (A+B) =A’ + AB+ BA+ B* 
=> A® +B’ = A? + AB+ BA+ B’ 
[(A + B)’ = A’ + B’] 


= AB+ BA=O => AB=-— BA 
Be det (AB) = det (— BA) = — det (BA) 
= det (A)-det (B) = — det (B)-det (A) 


YuUUUY YU dU 
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A’ 'BBA(BA’) A* =I 
A” 'BB(AB)A® =1 
A” 'BB(BA*) A° =I 
A BAe =I 
(A7'1) A® =I 

AM et 


.. Least value of k is 7. 


=> 2det(A)-det(B)=0 = 4 det(B)=0 


© Ex. 25 


det (B) =0 


[- AB= BA*] 


[: AB = BA*] 


[BP =1] 


[-. A® =1] 


[." det (A) = 2] 


Column I 


Column II 


(A) 


f1 2 afl [1 18 2007] 
If}0 1 4] =/0 1. 36 |, 
001 00 1 

then (n + a) is divisible by 


4 


(B) 


If A is a square matrix of order 3 

such that | Al = a, B = adj (A) and 

| B| = b, then (ab’ + a’b + 1)X is 

divisible by, 

whee ta + a +... upto 
2  b bw »B 


coanda =3 


(C) 


la b cl 
Let A=|p q rjandB= A’. 
1 11 
If (a —b)” + (p —q)* =25, 
(b —c)’ + (q—r)? =36 and 
(c—a)? + (r—- p)? = 49, then det 


() is divisible by 


10 


(s) 


12 


15 


Sol. (A) > (p, 1); (B) >(t); (C) > (q, s) 


on 
A=|0 1 4 


1 
0 


1 4 2a+8 


oa e 
loo a) fo 


8 
1 
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k 4 sd | 2 ‘| k 6 Weal 
=> A=i0 1 8 |l0 1 44=J0 1. 12 
faa © Medea) foe a 


Similarly, we get 
1 18 sal 
r=0 


n-1 

1 2n na+8)r 
A" =|0 1 4n =)0 1 36 
0 0 1 0 0 1 | 


=> 2n=18 > n=9 


n-1 8 
na+8 yr =2007 => 9a+8)r = 2007 


r=0 r=0 
> 90+ 8-(2%2) = 2007 => 9a = 2007 — 288= 1719 
Pie a=191 
Hence, n+a=9 +191 = 200 
(B) B=adjA 
=> b=|B\|=|adjA|=|A|* =a’? =9 > a=3,b=9 


1 3. 37 33 
and -A=—+-——+-—+...+0 
2 9 93 9° 


JEE Type Solved Examples : 
Statement | and Il Type Questions 


= Direction example numbers 26 and 27 are 
Assertion-Reason type examples. Each of these examples 
contains two statements: 


Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these examples also has four alternative choices, 
ONLY ONE of which is the correct answer. You have to 
select the correct choice as given below. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 
is correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


Ex. 26 Statement-1 A is singular matrix of order n Xn, 
then adj A is singular. 
Statement-2|adjA|=|A|" | 
Sol. (d) If A is non-singular matrix of order n x n, then 
|adj A|=| A)" 


Hence, Statement-1 is false and Statement-2 is true. 


[given] 


{ 
dk aod 1 3 9 
3 81 27x81 1-1. 26 
27 
9 
=> A= — 
13 


9 
Now, (ab’ + a’b +1)A =(3X814+9X941)X —=225 
13 


a bc] ja 1 api 
(C)-det(Adelp @ rlelb ¢ 1J=2x |b gf 
1 1 4 c r il ct 


= 2x Area of the triangle with vertices 
(a, p),(b, q) and (c,r) with sides 5, 6, 7 
=2x /s(s —a)(s — b)(s —c) =2 x 6V6 = 12V6 


3 
Hence, det (| = (;] det (B) = : det (A’) 
2 2 8 


= : (det A)? = (126) = 108 


Ex. 27 Statement-1 /f A and B are two matrices such 
that AB = B, BA = A, then A? +B? =A+B. 
Statement-2 A and B are idempotent matrices, then 
A? =A, B* =B. 

Sol. (b) .- AB= B 


=> B(AB) = B- B 

> (BA) B= B? [by associative law] 
=> AB = B’ [. BA =A] 
=> B=B [: AB = B] 
and BA=A 

_ A(BA)=A-A 

> (AB) A= A? [by associative law] 
=> BA= A’ [: AB = B] 
=> A=A’ [ BA= A] 
Hence, ... A’+B°=A+B 


Here, both statements are true and Statement-2 is not a 
correct explanation for Statement-1. 


Subjective Type Examples 


= In this section, there are 12 subjective solved examples. 


Ex. 28 If A” =0, then evaluate 
(i) f+ A+A?+A2+...4A"| 
(ii) —-A+A? —A? 4+...4(-1)""'A"™! for odd ‘n’, 


where / is the identity matrix having the same 
order of A. 


Sol. (i) A°=0 = A" -I=-I 
=> Av -[?=-I => ["-A"™ =I 
=> (I-A\I+tA+A°+A?+...4¢ A" "=I 
=> (ItAt+A?+A?+...4A"') 
=(I- A)'I=(I- A)! 
(ii) A” =O A" +I=1 
=> A™ +I" =I 
= +A" =I 
=> (It A)(I-A+A®?-A' +... 4A" ')=I 
[ nis odd] 
=> I-A+A*?—-A?+...4+ A"! 
=(1+ A)‘I=(1+ A)" 


Ex. 29 If A is idempotent matrix, then show that 
(A+/)" =1+(2" -1)A, Vn EN, where | is the identity 
matrix having the same order of A. 


Sol. -. A is idempotent matrix 
A® = A, 
similarly A= A? = A® = A* =...= A" ...(i) 
(A +I)" =(1+ A)” 
=I+"C\A+"C, A? +"C,A°+...+"C, A” 
[from Eq. (i)] 


Now, 


=I1+("C,+"C, + "C3, +...4+"C,)A 
=[1+(2"-1)A 
Hence,(A +J)" =I +(2" -1)A,VneN. 


a 


iC 


1 2 b 
Ex. 30 If the matrices A = E ’ and B -| i (a, bc, 


d not all simultaneously zero) commute, find the value of 
d—b 


7 Also, show that the matrix which commutes with A 
at+c- 


2p 
is of the form a —B 3 | 
B oa 
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Sol. Given, AB = BA 
[1 2][a b| [a blf1 2] 


Is alle a] le alls 4 
a+2c b+2d|_|at+3b 2a+ 4b 
ie ee adl"|oeae neo 

On comparing, we get 
a+2c=a+3b 


2c 
=> b= — wld 
- (i) 
b+ 2d =2a+ 4b 
= d=at+ > Me 
> 3a+4c=c+3d 
d=at+c (iii) 
and 3b+ 4d =2c + 4d 
2c 
=> b= — (iV 
: (iv) 
> aaa a [from Eq. (iii)] 


Now, 


ef et F 


2p 
Ifc =B andd =a, then B= w= 3 


B a 
—] 3 5 

Ex. 31 Given the matrix A=| 1-3 -5 | and X be 
—] 3 5 


the solution set of the equation A* = A, where x € N — {I}. 


3 
xX + 

Evaluate | | ; 
x=] 


where the continued extends for all 


ie 3 ae 3 >| ie 3 a 
Sol. A? =| 1 -3 -5{/ 1 -3 -5E/ 1 -3 -5 
-1 3 ae 3 5 | e 3 5| 
=A 
Ma a=At=A’ a= A 
but given A*=A 
> =12,.3;4,.5: [x #1, given] 


On putting x = 2,3,4,5,... 
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3 n 
+1 + 
Is = lm [] = 
baa | BPs a = 


apa 


x? -x41 
x 4x41 


_ im 3-4-5...(n—1)n(n +1) 


n— oo 


1-2-3... (n — 3)(n — 2)(n — >) 


7...(n? —n +1) 


x lim 
RP ONT TS cae 


+1 3 
‘a ) sg 


nao = 2 (n? +n+1) 


me, 


(1 +0) 


(n®? —n+1)(n? +n +1) 


= 


, (1++) 
= lim : 


oo i. 4 
Qn (14245) 2 (1+0+0) 2 


Ex. 32 If P is a non-singular matrix, with adj(P~') in 
terms of ‘P ’, then show that adj(Q~'BP~') = PAQ. Given 


that, adj(B) = A and|P|=|Q|=1. 
Sol. - adj(P™) =|P\(P')"' =|P|P =P 


and adj(Q-'BP™') = adj(P"')- adjB- adj(Q’') 


oF Ae 
IP| [QI 


= PAQ 


[-|Pl= 


[-|P|= 1] 


|Q| = 1] 


Ex. 33 Let A and B be matrices of order n. Prove that if 
(! — AB) is invertible, (I — BA) is also invertible and 


(I — BA)"' =1+B(I— AB) 'A, where | be the identity matrix 


of order n. 


Sol. Here, I — BA = BIB~™' — BABB! = B(I — ae 


Hence, |I — BA] =|B||I — AB||B™| =|B||I — AB|— 


=|I- AB 
If |I — AB| #0, then|I — BA| #0 


i) 


|B| 


ie. if(J — AB) is invertible, then (J — BA) is also invertible. 


Now, (I — BA)[I + B(I — AB)‘ A] 


= (I — BA)+(I— BA)B(I — AB)'A 
= (I - BA) + B(I — AB)B"B(I - 
=(I — BA)+ B(I — AB)(I- AB')A 


=(I- BA)+ BA=I 


Hence, (I — BA) | =I + B(I — AB) ‘A. 


ji 


A 
Ex. 34 Prove that the inverse of . 


[using Eq. (i)] 
AB)'A 


A’! O 
a | where A, Care non-singular matrices and 


—C7'BA"' C 


1 

. . '. . 1 

O is null matrix and find the inverse] ; 
1 


=— —_— — © 


0 
0 
1 
1 


- OC CO CO 


| 


A Olf at | 
. We have, First part = e 
B C}|-—c"'BA™ Cc 
_[  Aat O | 
| Bast - CeNBA GC" | 


f of O|_[I 0] 
|pat— Ba 1] lo 1 


as ok ae [A oO] 
is the inverse of ; 
—C'BA! Cc! |B c| 


; 


1 


1 0 tb I 0 0 0 
vores] berks + |anao-| ] 
1 4d i, = 11 0 0 


Second part 


ep Se SF CO 


— 


and A= [1 & 


Oo 


0 
ii 
igyai. | os ONE ve o] fo 1] 
Now OAL allt afer} oo] 
0 
1 
1 
1 


i 0 0] i 0 0 a 
*. Inverse of : oo is oe 
1 1 0 0 -1 1 0 
1 1 1 0 oO -1 1 
3 a —1 
Ex. 35 LetA=|2 5 c | is symmetric and 
b 8 2 
d 3 a 


B=|b-a e -—2b-—c|is skew-symmetric, find AB. If AB 


39. 6 =F 


is symmetric or skew-symmetric or neither of them. Justify 
your answer. 


** A is symmetric 


c=8,b=-1landa=2 ..-(i) 
and B is skew-symmetric 
d=e=f =Oand2b+c=6a=2,b—a=—3 ..-(ii) 


Fists Eqs. (i) and (ii), we get 
a=2,b=-1,c=8d=0,e=0, f =0 
3 2 -1] fo 3 2] 


A=| 2 5 8]jandB=|/-3 0 -6 


-1 8 2 2 6 0 
[-4 3 -6| 

=> AB=|-31 54 —26 
-28 9 -50 


which neither symmetric nor skew-symmetric. 


Ex. 36 If B, C are square matrices of order n and if 
A=B+C, BC =CB, C? =0, show that for any positive inte- 
ger p, AP*'=B?[B+(p+1)C]. 

Sol. A=B+C = A?*!=(B+C)P*! 


afte pet) 4 PC BCs PMC BP IC +... 


+1 +1 
tC pai 


= BPtt + PIC BPC +0404... 
DC? =03C?=C=...=9 


= BP[B+(p+1)C] 
Hence, A? *' = BP[B+(p+1)C] 

Ex. 37 If there an three square matrices A, B, C of same 
order satisfying the equation A* = A“ and let B= A” " and 
Gane , prove that det(B — C) =0. 

Sol.-- B= A?” = A??""=(A?y" =(A71)"" [AP = AY 
Sar aa yea 


=[(A1)?"yt=(A7y4)? 
=> B-C=0 = det(B-C)=0 


n-2 n-2 


=-A* =C 


Ex. 38 Construct an orthogonal matrix using the 


2 
skew-symmetric matrix A = 


= cay jana ear 2, i 


Let B be the orthogonal matrix from a skew-symmetric 
matrix A, then B=(I— A) ‘(I+ A) 


3 4 
_if1 2|j[1 2]_4[-3 4]_|"5 ‘] 
ele alle a Slee al" | 23 
5 5 
3 2 2 
Ex. 39 IfA=| 2 4. 1|andX,Y are two non-zero 
a 


column vectors such that AX =X, AY =WY, A #u, find 
angle between X andY. 
Sol.» AX =1X >(A-AI)X =0 
se X #0 
det(A — AI) =0 
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-1-A 
Applying R; > R; + R, , then 
3-2 2 2 
2 4-iAX 1 |=0 
0 -A -A 
Applying C, > C, — C3, then 
3-2 0 2 


> 2 3-AK 1 |=0 
0 0 -A 
> -A(3—-1)? =0 
=> XA =0,3 
It is clear that A =0,u =3 
3 2 2 


x 

ForA =0, AX=0>5j]2 4 = 1 J) y;=/0 
-2 —-4 -1])/z 0 

=> 3x + 2y + 2z =Oand2x + 4y+z=0 


_& 
8 


ee ay 
Eo Jere 


=> 0-0 + 28 + 2y =0and2a0+B +y=0 
ee a 
0 4 -4 
=> a_B_Y 
0 -1 1 
0 


Ss mae 
| 


If@ be the angle between X and Y, then 
0-(—6)+(—1)-141-8 7 


cos 8 = 
V(0+1+1)J36+1+64 202 
-f( 7 
8 = cos (+) 
/202 
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= This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 


Matrices Exercise 1: 


Single Option Correct Type Questions 


which ONLY ONE is correct 


1 


If A> = Osuch that A" #1 for1<n< 4, then(I — A)” is 


equal to 
(a) A® (b) A® 
(c)I+A (d) None of these 
a be 
. Let A=|p q_ rj|and suppose that det (A) = 2, then 
x y Zz 
4x 2a —p 
det (B) equals, where B=| 4y 2b —q 
4z 2c -r 
(a) -2 (b) -8 (c) -16 (d) 8 


. If both A — Z Tand A+ : I are orthogonal matrices, then 
2 2 


(a) A is orthogonal 
(b) A is skew-symmetric matrix of even order 


3 
c) A? ==] 
(c) F 


(d) None of the above 


3 
cata | 
. Leta= lim = : , b= lim a sad | 
x>1lInx xInx x30\| qx + x? 


ota oo a aay 


x70 x 


(x +1)? 
d= lim > 
x -13[sin (x + 1)—(x +1)] 


a bj. 
then is 
Ee 


(b) involutory 
(d) nilpotent 


(a) idempotent 
(c) non-singular 


1 4 
» Let A= | If @ is the angle between the two 


non-zero column vectors X such that AX = AX for some 
scalar i, then tan @ is equal to 


(a) 3 (b) 5 
(c) 7 (d) 9 
. If a square matrix A is involutory, then A” *! is equal to 
(a) I (b) A 
(c) A? (d)(an+1)A 
6 sin® . 
.IfA= = ont then lim 2 is (where 0€ R) 
—sin® cos@ nao n 


(a) a zero matrix 


i) 


1] 
(c) |-1 o| 


(b) an identity matrix 


fo 1] 
lo | 


8. 


10. 


11. 


12. 


13. 


14. 


15. 


-1 2 5 
The rank of the matrix] 2 -4 a-4|is 
1 -2 atl 
(where a=—6) 
(a) 1 (b) 2 (c) 3 (d) 4 
0 1 -1 
. Ais an involutory matrix givenby A=|4 -3 4],the 
3 -3 4 


inverse of ule will be 
2 


-1 


(a)2A (b) <- (= (a) A? 


Let A be a nth order square matrix and B be its adjoint, 
then | AB+ kI, |, is (where k is a scalar quantity) 

(a) (| A| + ky" (b) (| A| +k)" 

()\(VA| +k) (d)(| A] + k)"*? 

If A and B are two square matrices such that 

B=-—A 'BA, then(A + B)’ is equal to 

(a)O (b) A* + B’ 

(c) A? + 2AB + B® (d) A+B 

If matrix A =[a, ],,.,, matrix B=[D;, ],,.,, where 

ay +a; =Oand b, —b,, =0, then A* -B? is 


(a) skew-symmetric matrix (b) singular 


(c) symmetric (d) zero matrix 


Let A be an Xn matrix such that A” =QA, where ais a 


real number different from 1 and —1. The matrix A + I,, is 
(b) invertible 
(d) None of these 


(a) singular 
(c) scalar matrix 


ae bet] 
IfA=| 2 ai _ | i=V-1and f(x)=x? 
ee ins ,i=J-1an Flax" +2, 
2i a | 
then f(A) equals to 
[1 0] 3-iv3\/1 0] 
la | oP f] 


(a) (2 + iv3) " 


© 2 = ws) [1 0] 


ain al 


The number of solutions of the matrix equation X* = I 
other than I is 

(a) 0 (b) 1 

(c) 2 (d) more than 2 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


2006 


If A and B are square matrices such that A” ” =0 and 


AB= A + B, then det (B) equals to 


(a) -1 (b) 0 
(c) 1 (d) None of these 
cos— sin — 11 
If P= 6 : A| Jando ap", then 
—sin— cos — ot 
6 


P'Q”"” Pis equal to 


[1 ¥3/2l [1 2007] 
“5 2007 | |g i | 

[3/2 2007] [V¥3/2 1/21 
)] 0 1 af 1 2007 


There are two possible values of A in the solution of the 
A+1 -5]'[ A-5 B] [14 D 

-4 , leet a's d 
where A, B, C, D, E, F are real numbers. The absolute 
value of the difference of these two solutions, is 


matrix equation 


8 ile 1 19 
(a) 3 (b) 3 (c) 3 (d) a 
cos?@ cos@sin@ —sin@ 
If f(8) =| cos @sin® sin’ 0 cos @ |,then f (=| is 
sin 9 —cos 0 0 


(a) symmetric (b) skew-symmetric 


(c) singular (d) non-singular 
In a square matrix A of order 3 the elements a,;’s are the 
sum of the roots of the equation x? —(a+b)x+ab=0; 


a, ;,, 8 are the product of the roots, a; ;_,’s are all unity 
and the rest of the elements are all zero. 


The value of the det (A) is equal to 

(a) 0 (b) (a + b)? 

(c) a? —b? (d) (a? +b?) (a + b) 

If A and B are two non-singular matrices of the same 
order such that B” = I for some positive integer r > 1. 
Then A~'B’~'A— A™'B™' Ais equal to 

(a) I (b) 21 (c) 0 (d) -1 


sin 8 
iB 

— cos 
A'C"A,neI* equals to 

[oe 8] lt sale ole ca] [1 0] 
@)) é J lo af Ql, a) @La a] 

1 0 0 1 1 = —n JI 

If A is a square matrix of order 3 such that | A | = 2, then 
| (adj Aq’) |is 
(a) 1 (b) 2 


cos 8 


sin 8 


1 0 . 
IfA= = , pe ee , then 


(c) 4 (d) 8 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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If A and Bare different matrices satisfying A* = B’ and 
A’ B= B’A, then 

(a) det (A? + B*) must be zero 

(b) det (A — B) must be zero 

(c) det (A* + B*) as well as det (A — B) must be zero 


(d) atleast one of det (A” + B”) or det (A — B) must be zero 


If Ais a skew-symmetric matrix of order 2 and B, C are 


: 1 4 9 
matrices ; 
2 9)|-2 


A>(BC)+ A°(B?C?)+ A’(B°C?) +... 


—4 
i respectively, then 


+A™**(B"C"), is 
(b) a skew-symmetric matrix 
(d) None of these 


(a) a symmetric matrix 
(c) an identity matrix 


a bc q -b y 
IfA=|x y z|,B=|-p a -x|andif Ais 
pqr ro-¢ Z 


invertible, then which of the following is not true? 
(a)| A| =| BI 

(b)| A|=-| 3] 

(c)| adj A| =| adj B| 

(d) A is invertible © B is invertible 


i ; , 

,B= and 

1 2 3 

C -| 2 then tr (A) + tr (=) +tr ae 
—2 3 2 4 


A(BC)* 
+ tr —— +...+00 equals to 


(b) 9 (d) 6 
If Ais non-singular and(A — 21 )(A — 41) =O, then 


2 
Let three matrices A = 
4 


(a) 4 (c) 12 


1 ae 
- A+— A" is equal to 
6 3 


(a)O (b) I 
(c) 2I (d) 61 
012 1/2 -1/2 1/2 
IfA=|1 2 3landA'=| -4 3b, then 
4 a 4 5/2 -3/2 1/2 
1 
(a)a=1,b=-1 a alee 
oe (a= b=) 
x 3. 2 


Given the matrix A=| 1 y 4}. Ifxyz=60and 
22 2 


8x + 4y + 3z = 20, then A (adj A) is equal to 
(a) 641 (b) 881 (c) 681 (d) 341 
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Matrices Exercise 2 : 


More than One Correct Option Type Questions 


= This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 


which MORE THAN ONE may be correct. 


111 
31. If A=|1 1 1), then 
111 
(a) A7=9A (b) A? =27A 
(c) A+ A=A? (d) A does not exist 


32. A square matrix A with elements from the set of real 
numbers is said to be orthogonal if A’ = A’. If A is an 
orthogonal matrix, then 


(a) A’ is orthogonal (b) A” is orthogonal 


(c) adj A= A’ (d)| AT |=1 
1 2 2 
33. Let A=|2 1 2), then 
2 2 1 
(a) A? -4A -51, =O (b) AT! = : (A — 41.) 
(c) A? is not invertible (d) A’ is invertible 


34. Dis a3 x3 diagonal matrix. Which of the following 
statements are not true? 
(a) D' =D 
b) AD = DA for every matrix A of order 3 x3 


( 
(c) D” if exists is a scalar matrix 
(d) None of the above 


-1 2 a) 
35. The rank of the matrix] 2 -4 a—4|,is 
1 -2 at+l 
Giiifeo-s (b) 2, ifa=1 
(ch1, fa=2 (d) i, fa=—6 
3 -3 4 
36. If A=|2 -3 4],then 
0 -1 1 


(a) adj(adj A) = A (b) | adj (adj(A)| =1 
(c) | adj(A) | =1 (d) None of these 
37. If Bis an idempotent matrix and A = / — B, then 
(a) A? =A (b) A? =I 
(c) AB=O (d) BA=O 
38. If Aisa non-singular matrix, then 
(a) A”! is symmetric if A is symmetric 
(b) A | is skew-symmetric if A is symmetric 
()|A7|=| 4] 
(d)| A“ | =| A> 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


Let A and B are two matrices such that AB= BA, then 
for every ne N 

(a) A"B = BA" 

(b) (AB)" = AB" 

(c)(A + B)" ="CyA" + "C,A"~'B +... + "CB" 

(d) A” — B™ =(A" — B")(A" + B") 

If A and B are 3 X 3 matrices and| A| #0, which of the 
following are true? 

(a)| AB]=0=>|B|=0 

(b)| AB|=0 > B=0 

()|A*|=|AT™ 

(d)| A+ A|=2|A| 

If A is a matrix of order m xX m such that 

A® + A+2I=0, then 
(a) A is non-singular 


(c)| A| #0 


(b) A is symmetric 


(a) A =-3(A+ 1) 


If A? —3A +21 =0, then A is equal to 
(a) I (b) 21 
[> 2] Le a] 


Oh | > o| 


If A and B are two matrices such that their product AB is 
a null matrix, then 
(a) det A # 0 > B must be a null matrix 


(b) det B #0 => A must be a null matrix 


(c) atleast one of the two matrices must be singular 

(d) if neither det A nor det B is zero, then the given statement 
is not possible 

If D, and D, are two 3 x3 diagonal matrices where none 

of the diagonal elements is zero, then 

(a) D,D, is a diagonal matrix 

(b) D.D, = DD, 

(c) D? + D} is a diagonal matrix 

(d) None of the above 


ee 0 
Let, C, = "C, for0<k<nand A, =| ~*-} fr 
o C 
k2=1and 
k, 0 
A, +A, +A; +...+ A, = , then 
0 k, 
(a) k, =k, (b)k, +k, =2 
(c) k= "C,-1 (d) k. i One 


Matrices Exercise 3 : 
Passage Based Questions 


= This section contains 6 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I (Q. Nos. 46 to 48) 


Suppose A and B be two non-singular matrices such that 
AB = BA™, B" = I and A” = I, where J is an identity matrix. 


46. If m=2andn=5, then p equals to 


(a) 30 (b) 31 
(c) 33 (d) 81 

47. The relation between m,n andp, is 
(a) p= mn’? (b) p=m" -1 
(c) p=n™"-1 (d) p=m"™ 


48. Which of the following ordered triplet (m, n, p) is false? 
(a) (3, 4, 80) (b) (6, 3, 215) 
(c) (8, 3, 510) (d) (2, 8, 255) 


Passage II (Q. Nos. 49 to 51) 
la b cl 


Let A=/b c 


c a b 


a| is an orthogonal matrix and abc = A(< 0). 


49. The value of a*b? + b?c? +c7a’, is 


(a) 2A (b) -2A 
(c) A? (d) -A 
50. The value of a? +b? +c, is 
(a) (b) 2a 
(c) 3A (d) None of these 


51. The equation whose roots are a, b,c, is 
(a) x? -2x° +2 =0 (b) x8 -Ax? + Ax t+ A=0 
(c) x8 —2x7 + 2Ax+X=0 (d)x?tx*-A=0 


Passage III (Q. Nos. 52 to 53) 


Let A = [a, ]; , 3. If tr is arithmetic mean of elements of rth row 
and a; + aj, + a; =0 holds for all1<i, j,k <3. 


52. y? y a,, is not equal to 


1<i j <3 
(a) t, +t, +t, (b) zero 
(c) (det(A))” (d) tytats 


53. Matrix A is 
(a) non-singular 
(b) symmetric 
(c) skew-symmetric 
(d) neither symmetric nor skew-symmetric 
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Passage IV (Q. Nos. 54 to 56) 
[1 0 0| 


Let A=|2 1 0j|bea square matrix and C,, C,,C, be three 


3.2 1 
sl gestae le 
column matrices satisfying AC, =|0), AC, =; 3) and AC, =) 3 
Jb) 


of matrix B. If the matrix C= (A -B). 


54. The value of det(B'), is 


(a) 2 (b) ; (c)3 (a) 


1 
3 
55. The ratio of the trace of the matrix B to the matrix C, is 


9 5 2 3 
Qe. A a 5 Ss 


56. The value of sin“'(det A) + tan “| (9 det C), is 


™ 1 30 
— b) — ae d) % 
(a) 7 (b) : (c) i (d) 
Passage V (Q. Nos. 57 to 59) 
If A is symmetric and B skew-symmetric matrix and A + Bis 


non-singular and C =(A + B) ‘(A — B). 


57. C'(A+B)C equals to 


(a) A+B (b) A—B 

(c) A (d) B 
58. C'(A—B)C equals to 

(a) A+B  (b)A-B (c) A (d) B 
59. C' AC equals to 

(a) A+B (b) A— B 

(c)A (d) B 


Passage VI (Q. Nos. 60 to 61) 


Let A be a square matrix of order 3 satisfies the matrix equation 
A*® -6A* +7A —8I =O and B= A — 21. Also, det A = 8. 


60. The value of det(adj(I — 2A~'))is equal to 
q 


25 125 
ae he 
(a) iz (b) Fi 
64 16 
maa d) 
(©) 125 (d) 25 
BY" 
61. If adj (2) | = [2}e where p, gE N, the least value of 
q 
(p + q)is equal to 
(a) 7 (b) 9 (c) 29 (d) 41 
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Matrices Exercise 4: 


Single Integer Answer Type Questions 


= This section contains 10 questions. The answer to each question is a single digit integer, ranging 


from 0 to 9 (both inclusive). 


62. Let A, B,C, D be (not necessarily) real matrices such 
that A’ = BCD;B'’ = CDA;C' = DABand D’ = ABC 
for the matrix S = ABCD, the least value of k such that 
SF Sis 

1 tan x 


—tanx 1 


63. wa-| 


f(x) =det(A7A“!) and if f(f(f(F--- F(x) is (n= 2), 


the value of 2” is 
he Nid» 
64. Ifthe matrix A=|’,A, 4 
Nad, Agr, he 


the value of Mu + MN + he is 


AA, 


65. Let A be a3 X3 matrix given by A = [a;; ]. If for every 


column vector X, X’ AX = O and ay, = — 1008, the sum 


of the digits of a3, is 


66. Let X be the solution set of the equation A* = I, where 


Matrices Exercise 5: 
Matching Type Questions 


and a function f(x) is defined as 


XA, | is idempotent, 


4 |and IJ is the corresponding unit matrix 


67. 


68. 


69. 


70. 


71. 


and x CN, the minimum value of © (cos* 6+ sin* 8), 


Ge R- ne} is 

2 

If A is an idempotent matrix and J is an identity matrix 
of the same order, then the value of n, such that 
(A+J)" =1+127 Ais 


3a b c¢ 
Suppose a,b,c€ Randabe =1,if A=| b 3c aJ|issuch 
c a 3b 


that A’ A = 4"? Tand| A|>0, the value of a°+ b’+c? is 
01 8 6 4 2 0 
If A= — and(A° +A°+A° +A°+I)V= ul 


where V is a vertical vector and I is the 2 x 2 identity 
matrix and if A is sum of all elements of vertical vector 
V, the value of 11A is 


3 
Let the matrix A and B be defined as A= 4 


3 1 
B= ; , then the absolute value of det (2A” B”')is 


2 
and 


0 o a a-1 b-1 

Let A= and(A+I)" —70A= , the 
0 0 c-1 d- 

value ofat+b+c+dis 


This section contains 4 questions. Question 72 has four statements (A, B, C and D) given in Column I and four 
statements (p, q, r and s) in Column II and questions 73 to 75 have four statements (A, B, C and D) given in 
Column I and five statements (p, q, r, s and t) in Column II. Any given statement in Column I can have correct 
matching with one or more statement(s) given in Column II. 


72. Suppose a, b, c are three distinct real numbers and f(x) is a real quadratic polynomial such that 


7 2 
4a” 4a 1\{ f(-1)] |3@° +3a 
4b? 4b 1)| f(1) |=|3b? +30]. 
4c° 4c 1 f(2) 3c” +3c 
Column I Column II 
(A) | x-coordinate(s) of the point of intersection of y= f(x) with the X-axis is (p) —2 
(B) Area (in sq units) bounded by y= ; f(x) and the X-axis is (q) | 
(C) | Maximum value of f(x) is (r) 2 
(D) | Length (in unit) of the intercept made by y= f(x) on the X-axis is (s) 4 


73. 


If A is non-singular matrix of order n X n, 


Column I Column II 


(A) 
(B) 


A (det A)" 
(det A)”"! (adj A) 


adj (47!) is 
det (adj (47')) is 


adj (adj A) 
(det 4)""! 
(det 4)!” 


(C) | adj (adj A) is 


(D) | adj (A det (4)) is 


(t) 2 
(det A) 


74, 


Column I Column IT 


(A) | If A is a diagonal matrix of order 3 x 3 is 
commutative with every square matrix of 
order 3 x 3 under multiplication and tr 


(A) = 12, then | A|is divisible by 


(p) | 3 


(q) 


(B) | Let a,b,c € R* and the system of equations 
(l-a)x+ y+z=0,x+(1-b)y+z=0, 

x+ y+(-c)z=0 

has infinitely many solutions. If A be the 
minimum value of a bc, then A is divisible by 


(C) | Let A = [a ]3x3 be a matrix whose 
elements are distinct integers from 1, 2, 3, 
..., 9. The matrix is formed so that the sum 
of the numbers is every row, column and 
each diagonal is a multiple of 9. If number 
of all such possible matrices is A, then A is 


divisible by 


Matrices Exercise 6 : 
Statement | and II Type Questions 


= Directions (Q. Nos. 76 to 85) are Assertion-Reason 
type questions. Each of these questions contains two 
statements: 
Statement-1 (Assertion) and Statement-2 (Reason) 
Each of these questions also has four alternative 
choices, only one of which is the correct answer. You 
have to select the correct choice as given below. 


(a) 
(b) 


(c) 
(d) 
76. 


Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 


Statement] is true, Statement-2 is false 
Statement-1 is false, Statement-2 is true 


Statement-1 If matrix A =[a, ],,,;, B=[by ];,.3, where 
a; +a; =0 and bi - b ii =0, then A*B? is non-singular 


matrix. 
Statement-2 If A is non-singular matrix, then | A | #0. 


79. 


77. 


78. 


79. 


80. 
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Column I Column II 


(D) | If the equations x + y=], (t) 9 
(c+ 2)x + (c+ 4) yv=6, 


(c+ 2)°x + (c+ 4yy = 36 are consistent 


and c;, Cy (c, > c) are two values of c, then 
C; C is divisible by 


Column I Column II 


(A) invertible 


IfC is skew-symmetric matrix (p) 
of order n and_X is n x lcolumn 


matrix, then X"CX is 
If A is skew - symmetric, then 
I — Ais, where J is an identity 
matrix of order A. 

lo 1 1] 
IfS i 0 se 


(B) (q) singular 


(r) 


symmetric 
(C) 
1 1 0 
[b+c c-a b-a| 
A=|c-—b ct+ta a-b 
b-c a-c a+b 
(a, b, c #0), then SAS! is 
If A, B,C are the angles ofa 
triangle, then the matrix 
fsin2A4 sinC sinB | 
A=| sinC sin2B sind jis 
snB sind sin2C 


non-singular 


(D) 


(t) | non-invertible 


Statement-1 If A and Bare two square matrices of order 
n xX nwhich satisfy AB= A and BA = B, then 

(A +B)’ =2° (A+B). 

Statement-2 A and Bare unit matrices. 

Statement-1 For a singular matrix A, if AB=AC> B=C 
Statement-2 If| A|=0, then A‘ does not exist. 
Statement-1 If A is skew-symmetric matrix of order 3, 
then its determinant should be zero. 

Statement-2 If A is square matrix, 

det (A) = det (A’ ) = det (— A’). 

Let A be a skew-symmetric matrix, B=(I — A)(I+ A)" 
and X and Y be column vectors conformable for 
multiplication with B. 

Statement-1(BX)! (BY) = XY 

Statement-2 If A is skew-symmetric, then (J + A) is 
non-singular. 
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81. 


82. 
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Statement-1 Let a2 x 2 matrix A has determinant 2. If 
B=9A’, the determinant of B! is equal to 36. 


Statement-2 If A, Band C are three square matrices 
such that C = AB, then|C|=| A|| Bl. 


1-1 =1 
Statement-1If A=|1 -—1 0 | then 
1 0O -1 


AP +A°4+AH=lL 


Statement-2 If 
det (A—AI)=CyA*? + CA? +C,0A+C, =0, 
then C,A* +C,A2 +C,A+C,I=0. 


Matrices Exercise 7 : 
Subjective Type Questions 


= In this section, there are 12 subjective questions. 


86. 


87. 


88. 


89. 


90. 


91. 


If Sis a real skew-symmetric matrix, the show that I — S 
is non-singular and matrix 

A=(I+S)(I-S)' =(I-S) (1 +S) is orthogonal. 
If M is a3 X 3 matrix, where det M = I and MM! = Ee 
where I is an identity matrix, prove that det(M — I) =0. 
— sin " om ies 28 sin 28 


sin 28 —cos 28 


cos O 


a-| | over 


sing cosa 


0<B< a then prove that BAB= A '. Also, find the least 
2 


value of a for which BA*B= A™. 


Find the product of two matrices 
cos” @ cos dsin q 


: 2 
r= cos @sin 8), _ cos* ~ 
cos 8 sin 8 sin’ @ cos Osin sin’ 
Show that, AB is the zero matrix if 0 and 9 differ by an 
odd multiple of uy 
2 lL om, ny 


Show that the matrix|/, m,n, |is orthogonal, 


I, m, n, 

1=21 ; pHs and 
LL, =0=XI,1, =XIsl,. 
A finance company has offices located in every division, 
every district and every taluka in a certain state in India. 
Assume that there are five divisions, thirty districts and 
200 talukas in the state. Each office has one head clerk, 
one cashier, one clerk and one peon. A divisional office 
has, in addition, one office superintendent, two clerks, 
one typist and one poen. A district office, has in 


addition, one clerk and one peon. The basic monthly 
salaries are as follows: 


= 


Ll, +mym, + n,n, 


pad 2 2 
ifly +my +n, 


83. 


84. 


85. 


92. 


93. 


94. 


95. 


Statement-1 A = [aj ]be a matrix of order 3 x 3, where 
ai ee — : 
i+2j 
and skew-symmetric matrix. 
Statement-2 Matrix A = [a, ] 


cannot be expressed as a sum of symmetric 


2 is neither 
i+2j 


nXn? aij = 
symmetric nor skew-symmetric. 
Statement-1 If A, B, C are matrices such that 
|A3x3|=3|B3,3|=—-land|C,,.|=2|2ABC|=— 12 
Statement-2 For matrices A, B, C of the same order 

| ABC |=|A|| B/C}. 

Statement-1 The determinant of a matrix A = [qj Jn, 
where a; + a; =0 for alli and j is zero. 


Statement-2 The determinant of a skew-symmetric 
matrix of odd order is zero. 


Office superintendent % 500, Head clerk % 200, cashier 

= 175, clerks and typist 

% 150 and peon % 100. Using matrix notation find 

(i) the total number of posts of each kind in all the offices 
taken together, 

(ii) the total basic monthly salary bill of each kind of office 

(iii) the total basic monthly salary bill of all the offices taken 
together. 


In a development plan of a city, a contractor has taken a 
contract to construct certain houses for which he needs 
building materials like stones, sand etc. There are three 
firms A, B, C that can supply him these materials. At one 
time these firms A, B, C supplied him 40, 35 and 25 truck 
loads of stones and 10, 5 and 8 truck loads of stone and 
sand, respectively. If the cost of one truck load of stone 
and sand are = 1200 and 500 respectively, find the total 
amount paid by the contractor to each of these firms A, 
B, C separately. 


a Qa aa 
b B  bBJis of rank 3 
coy oy 


provided no two of a, b, c are equal and no two of a, B, Y 
are equal. 


1 
Show that the matrix A =| 1 
1 


By the method of matrix inversion, solve the system. 
1 1 1||x u 9 2 


2 5 7 y vi=l52 15 
21 -1}//z w QO =1 
Tf x, =3y, +2y. -y3, Wy =2%1 — 22 +25 
Xp =~ +42 +5Y3, V2 =Zy +323 
X 3 =Vi—Y2 +3ys5, V3 = 22,42, 
express X;, X,, xX, in terms of z,,Z,,Z3. 


96. For what values of k the set of equations 
2x —3y+6z—-5t=3,y—4z+t=1, 
4x —5y+8z—-9t =k has 
(i) no solution? 
97. Let A, BU, V and X be the matrices defined as 
follows. 


(ii) infinite number of solutions? 
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fa 10] fa 11] [fl] [a?l [x] 
A=/1 b d|,B=|0 d cj,U=|g|,V=|0|,X=|y 
1 be f gih h 0 | Zz 


If AX =U has infinitely many solutions, show that BX = V 
cannot have a unique solution. If afd #0, show that BX =V 
has no solution. 


Questions Asked in Previous 13 Year's Exam 


= This section contains questions asked in IIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 
2005 to year 2017. 


1 0 0 100 
98. A=|0 1 1/;I=/0 1 O/and 
0 -2 4 001 


AT = [A* +cA+dI]where c, dé R, the pair of 


values (c, d) [IIT- JEE 2005, 3M] 


(a) (6,11)  (b)(6,-11) (c)(-6,11) (d)(—6,—11) 
v3 1 : 
a. L 4 
99.1fp-| 2 2 .A-| and QO = PAP’ , the 
a1 flo 
2 2 


P(Q?5) PT equal to [lIT- JEE 2005, 3M] 


[1 2005] [3/1 2005] 
(a) | a 4 | (b) 
| 1 0 
fF 1 2005] [1 ¥3/21 
d 
| Bre 1 | cal 2005 
1 0 1 0 
100. If A= and J = , which one of the 
1 1 0 1 
following holds for all n= 1, (by the principal of 
mathematical induction) [AIEEE 2005, 3M] 
(a) A” =nA+(n—-1)I (b) A” =2""' A+ (n-1)1 
(c) A” =nA—(n—-1)1 (d) A" =2""' A-(n-1)1 
101. IfA*-A+I= 0, then Ais equal to [AIEEE 2005, 3M] 


(a) A~? (b) A+ I (c) I-A (d) A-I 


100 
102. If A=|2 1 0 ,U,,U, andU, are column matrices 
3 2 1 


1 2 2 
satisfying AU, =|0}| AU, =|3]and AU, =/3]and 
0 0 1 


U is 3 X 3 matrix when columns are U,, U,,U, then 
answer the following questions 


103. 


104. 


105. 


106. 


107. 


(i) The value of | U| is 


(a) 3 (b) —3 (c) 3/2 (d) 2 
(ii) The sum of the elements of U~! is 
(a)-1 (b) 0 (c) 1 (d) 3 
3 
(iii) The value of (3 2 0) U| 2] is 
0 [lIT- JEE 2006, 5+5+5M] 
(a) 5 (b) 5/2 (c) 4 (d) 3/2 


Let A= ( _ and B= ° | a, be N. Then, 
3 4 0.6 [AIEEE 2006, 412M] 
(a) there cannot exist any B such that AB = BA 
(b) there exist more than one but finite number of B’s such that 
AB =BA 
(c) there exists exactly one B such that AB = BA 
(d) there exist infinitely among B’s such that AB = BA 


If A and Bare square matrices of size n X n such that 

A® — B® =(A-B)(A +B), which of the following will be 
always true? [AIEEE 2006, 3M] 
(a) A=B (b) AB = BA 

(c) Either of A or B is a zero matrix 

(d) Either of A or B is identity matrix 


5 50 O 
Let A=|0 @ 5Q).If| A* |=25, then|a| equals to 

0 0 5 [AIEEE 2007, 3M] 
(a) 5° (b) 1 (c) 1/5 (d) 5 


Let A and B be 3 X 3 matrices of real numbers, where A is 
symmetric, Bis skew-symmetric and(A + B)(A — B) 
=(A —B)(A+ B). If(AB)! =(-1)* AB, where (AB)! is the 
transpose of matrix AB, the value of kis [IIT- JEE 2008, 1*2M] 
(a) 0 (b) 1 (c) 2 (d) 3 


Let A be a square matrix all of whose entries are integers. 

Which one of the following is true? [AIEEE 2008, 3M] 

(a) Ifdet A#+1, then A ' exists and all its entries are 
non-integers 

(b) If det A=+ 1, then A“ exists and all its entries are integers 

(c) If det A=+1, then A ' need not exist 

(d) If det A=+1, then A ' exists but all its entries are not 
necessarily integers 
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108. Let A be a2 X 2 matrix with real entries. Let I be the 2 x 2 
identity matrix. Denote by tr(A), the sum of diagonal 
entries of A. Assume that A? =f: [AIEEE 2008, 3M] 


Statement-1 If A # J and A #-—I, thendet A=—-1. 
Statement-2 If A # I and A # —1, then tr(A) #0. 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is not 
a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


109. Let A be the set of all 3 x 3 symmetric matrices all of 


whose entries are either 0 or 1. Five of these entries are 
1 and four of them are 0. [IIT- JEE 2009, 4+4+4M] 


(i) The number of matrices in A is 


(a) 12 (b) 6 
(c) 9 (d) 3 
(ii) The number of matrices A for which the system of linear 
[x] [1] 
equations A] y |=] 0 | has a unique solution, is 
z 0 


(a) less than 4 (b) atleast 4 but less than 7 
(c) atleast 7 but less than 10 
(d) atleast 10 


(iii) The number of matrices A in which the system of linear 


[x] [1] 
equations A] y | =| 0 jis inconsistent is 
Zz 0 
(a) 0 (b) more than 2 
(c) 2 (d) 1 


110. Let A be a2 x 2 matrix 

Statement-1 adj (adj A)=A 

Statement-2 | adj A|=| A| [AIEEE 2009, 4M] 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is not 
a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 
111. The number of 3 x 3 matrices A whose are either 0 or 1 


x 1 


and for which the systemA] y|=|0] has exactly two 


Z 0 
distinct solutions, is [IIT- JEE 2010, 3M] 
(a) 0 (b) 2° -1 
(c) 168 (d) 2 


112. Let p be an odd prime number and T, be the following 


set of 2 x 2 matrices. 


a b 
T, =)A= - ; a,b,c, € {0,1,2,...,p—1} 


[IIT- JEE 2010, 3+3+3M] 


(i) The number of A in T, such that A is either symmetric or 
skew-symmetric or both and det (A) divisible by p, is 
(a) (p -1)° (b) 2(p -1) 
(c)(p-1)° +1 (d)2p-1 

(ii) The number of A in Zi, such that the trace of A is not 
divisible by p but det (A) is divisible by p, is 


[Note The trace of a matrix is the sum of its diagonal entries] 


(a) (p — 1) (p? — p +1) (b) p> -(p-1)° 


(c)(p — 1) (d) (p — 1) (p* —2) 

(iii) The number of A in T, such that det (A) is not divisible 
by p, is 
(a) 2p” (b) p° —5p (c)p’—3p (d) p* — p* 


113. Let k be a positive real number and let 

2k-1 2k 2Wk 0 2-1 vk 
avk 1 —2kland |1-2k 0 2vkj. 

—2Jk 2k -1 vk -2vk 0 


If det (adj A) + det (adj B) = 10°, then [k]is equal to 
[IIT- JEE 2010, 3M] 
Note adj denotes the adjoint of a square matrix M and [A] 
denotes the largest integer less than or equal to k}. 


A= 


114. The number of 3 x3 non-singular matrices, with four 
entries as 1 and all other entries as 0, is [AIEEE 2010, 8M] 

(a) 5 (b) 6 

(c) atleast 7 (d) less than 4 


115. Let A be a2 X 2 matrix with non-zero entries and let 
A® =I, where J is2x2 identity matrix. Define 
Tr(A) = sum of diagonal elements of A and 
| A| = determinant of matrix A. 

Statement-1 Tr(A) =0 

Statement-2 | A | =1 [AIEEE 2010, 4M] 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is not 
a correct explanation for Statement-1. 

(b) Statement-1 is true, Statement-2 is false. 

(c) Statement-1 is false, Statement-2 is true. 

(d) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1. 

116. Let M and N be two 3 x 3non-singular skew-symmetric 
matrices such that MN = NM. If P’ denotes the 
transpose of P, then M’N* (M'N)!(MN~!)! is equal 
to [IIT- JEE 2011, 4M] 
(a) M? (b) — N? (c)— M? (d) MN 


117. Let a, band c be three real numbers satisfying 


118. 


119. 


120. 


19 7 
[abc]|8 2 7/=[000] 
3 7 


..(E) 


(i) If the point P(a, b,c), with reference to (E), lies on 
the plane 2x + y+z=1, then the value of 7a+b+c 


is 
(a) 0 (b) 12 (c)7 (d) 6 

(ii) Let be a solution of x? —1=0 with Im(q@)> 0. If 
a=2 with b and c satisfying (£), the value of 
ee ee equal to 
oO @ @ 
(a) —2 (b)2 (c)3 (d) -3 


(iii) Let b=6 with a and c satisfying (E£). If « and B are 


the roots of the quadratic equation ax” + bx + c =0, 


E (eta) * 


then ¥ 


(a) 6 
6 
(c) 7 


[lIT- JEE 2011, 3+3+3M] 
(b)7 


(d) 


Let @ #1 be a cube root of unity and S be the set of all 
1 ab 


non-singular matrices of the form] @ 1 = c]} , where 


o o 1 


each of a, band c is either @ or @”. The number of 


distinct matrices in the set S is [IIT- JEE 2011, 3M] 


(a) 2 (b) 6 
(c) 4 (d) 8 
fo] [-1 
Let M be a3 X 3 matrix satisfying M|1}=| 2 |, 
lo} | 3 
1 1 ji] [o 
M\-1)=] 1 |and M/1)=] 0}. 
o} |-1 [1] [12 


The sum of the diagonal entries of M is [IIT- JEE 2011, 4M] 


Let A and Bare symmetric matrices of order 3. 

Statement-1 A (BA) and(AB) A are symmetric matrices. 

Statement-2 AB is symmetric matrix, if matrix 

multiplication of A with Bis commutative. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is not 
a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is false 

(c) Statement-1 is false, Statement-2 is true 


(d) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 [AIEEE 2011, 4M] 


121. 


122. 


123. 


124. 


125. 


126. 


127. 
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Let P=[a; 
bi =2iti aij for 1<i, j <3. If the determinant of P is 2, 
[lIT- JEE 2012, 3M] 


; be a3 x 3 matrix and Q = [b;; |, where 


the determinant of the matrix Q is 
(a) gil (b) gi2 
(c) 213 (d) 10 


If Pis a3 X 3 matrix such that P’ =2P + I, where P’ is 
the transpose of P and I is the 3 x 3 identity matrix, then 


x 0 
there exists a column matrix X =| y|#]|0| such that 
Zz 0 
lo] [IIT- JEE 2012, 3M] 
(a) PX = (b) PX =X (c)PX =2X (d) PX =-X 
14 4 
If the adjoint of a3 x3 matrix Pis}2 1 7], then the 
1 1 3 


possible value(s) of the determinant of P is (are) 
[IIT- JEE 2012, 4M] 


(a) —2 (b) -1 (c)1 (d) 2 
1 0 0 
IfA=|2 1 0} u, anduw, are the column matrices such 
3.2 1 
0 
that Au, = we and Au, =|1}|, then u, + uw, is equal to 
0 [AIEEE 2012, 4M] 
-1 -1 
(a)|-1 (b))-1 (c)| 1 (d)| 1 
0 -1 0 =1 


Let P and Q be 3 x 3 matrices with P # Q. If P? = Q* and 
P’Q=Q’P, the determinant of (P? + Q” ) is equal to 
[AIEEE 2012, 4M] 


(a) 0 (b)-1 (c)-2 (d) 1 
1 Qa 3 
IfP=|1 3 3}is the adjoint of a3 x 3 matrix A and 


2 4 4 


| A|= 4, then & is equal to 
(a) 11 (b) 5 (c) 0 


For 3 x 3 matrices M and N, which of the following 


[JEE Main 2013, 4M] 
(d) 4 


statement(s) is (are) not correct? 

(a) N'MN is symmetric or skew-symmetric, according as M 
is symmetric or skew-symmetric 

(b) MN — NM is skew-symmetric for all symmetric matrices 
Mand N 

(c) MN is symmetric for all symmetric matrices M and N 

(d) (adj M) (adj N) = adj (MN) for all invertible matrices M 
and N [JEE Advanced 2013, 4M] 
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128. Let @ be a complex cube root of unity with @ #1 and 
P= [pi ] be an Xn matrix with pj ='*/. Then, #0, 
when n is equal to [JEE Advanced 2013, 3M] 
(a) 55 (b) 56 (c) 57 (d) 58 

129. If Ais a3 X 3non-singular matrix such that AA’ = A’ A 
and B= A ' A’, then BB’ equals to [JEE Main 2014, 4M] 
@B' OB'Y (@l+B (dT 


130. Let M be a2 x 2 symmetric matrix with integer entries. 
Then, M is invertible, if 


(a) the first column of M is the transpose of the second row of 
M 


(b) the second row of M is the transpose of the first column of 
M 


(c) mis a diagonal matrix with non-zero entries in the main 
diagonal 

(d) the product of entries in the main diagonal of M is not the 
square of an integer [JEE Advanced 2014, 3M] 


131. Let M and N be two 3 X 3 matrices such that MN = NM. 
Further, if M# N? and M? = N’, then 
(a) determinant of (M? + MN?) is 0 
(b) there is a3 x 3 non-zero matrix U such that (M? + MN*) U 
is the zero matrix 
(c) determinant of (M? + MN’) >1 
(d) for a3 x3 matrix U, if(M? + MN’) U equals the zero 


matrix, then U is the zero matrix 
[JEE Advanced 2014, 3M] 


1 2 2 
132. If A=|2 1 —2]isa matrix satisfying the equation 
a2 b 


AA! =9I, where I is3 x3 identity matrix, then the 
ordered pair (a, b) is equal to [JEE Main 2015, 4M] 
(a) (2, 1) (b)(-2,-1) ()@-1) = (d)-2,1) 

133. Let X and Y be two arbitrary 3 x 3 non-zero, 
skew-symmetric matrices and Z be an arbitrary 3 x 3 
non-zero, symmetric matrix. Then, which of the following 
matrices is (are) skew-symmetric? 

[JEE Advanced 2015, 4M] 
(a) Y°Z* — z*y? (b) Xx“ +" 
(QX*Z? =Z°x* (Dx? +y”? 


5a —b 
134. If A -| : , and A adjA= AA", then 5a+ bis equal 


to [JEE Main 2016, 4M] 
(a) 5 (b) 13 
(c) 4 (d) -1 
3-1 -2 
135.Let P=|2 0 |, where ve R Suppose Q = [qi isa 
3: =) 0 


matrix such that PQ = kI, where k € R,k #0 and I is the 
identity matrix of order 3. If q,, =— K and 
8 


2 


det. (Q) = a , then 
2 [JEE Advanced 2016, 4M] 


(a) @ =0,k =8 (b) 40 —k +8 =0 
(c) det (Padj (Q))=2? —(d) det (Q adj (P)) =2" 


136. Let z = —— where i = ,/—1, andr, s = {1,2,3}. 


r 2s 
Let P= [ 2) - i and Ibe the identity matrix of 
Zz Zz 
oreder 2. Then the total number of ordered pairs (r, s) 
for which p* =—Tis [JEE Advanced 2016, 3M] 
1 1 
—|a-—b b)—|a+b 
(a) 5 | | (b) = | 
(c)|a—b | (d)|a+ b| 
1 0 0 
137.Let P=| 4 1 O|andIbe the identity matrix of order 
16 4 1 
3.IfQ= [ay] is a matrix such that P*® —Q = J, then 
+ 
931 + 932 equals 
Var [JEE Advanced 2016, 3M] 
(a) 52 (b) 103 
(c) 201 (d) 205 


9 3 
138. If A = } then adj (3A” +12A) is equal to 
== [JEE Main 2017, 4M] 


[ 72 -63] [ 72 -84] 
| 34 51 )) 63 51 
[51 63] [51 84] 
©) | 84 72| (@) |63 72 | 


Exercise for Session 1 
1. (b) 2. (b) 3. (d) 


7. (b) 8. (b) 9. (c) 
Exercise for Session 2 
1. (d) 2. (a) 3. (c) 
7. (d) 8. (b) 9. (d) 
13. (b) 14. (a) 15. (b) 
19. (b) 
Exercise for Session 3 
1. (d) 2. (c) 3. (b) 
7. (d) 8. (c) 9. (a) 
13. (d) 14. (b) 15. (a) 


Exercise for Session 4 
1. (a) 2. (a) 3. (d) 
7. (d) 8. (b) 9. (d) 


Chapter Exercises 


1. (d) 2. (c) 3. (b) 

7. (a) 8. (a) 9. (a) 
13. (b) 14. (d) 15. (d) 
19. (d) 20. (d) 21. (c) 
25. (b) 26. (a) 27. (d) 
31. (a, d) 32. (a, b, d) 
35. (b, d) 36. (a,b,c) 37. (a,c, d) 
39.(a,c,d) 40. (a,c) 41.(a,c, d) 
43. (c, d) 44. (a, b, c) 
46. (b) 47. (b) 48. (c) 
52. (d) 53. (c) 54. (d) 
58. (b) 59. (c) 60. (a) 


62. (3) 63.(2) 64. (1) 


Answers 


4.(b)  5.(a)—-6.(b) 


4. (a) 5.(b) 6.(c) 
10.(c) 11.(b)_—:12. (a) 
16.(b) 17.(c) 18. (b) 


4.(d)  5.(a) 6. (b) 
10.(d) -11.(c) ‘12. (a) 
16. (d) 


4.(d) 5.(d)—-6.(d) 


4. (d) 5. (c) 6. (b) 
10. (b) 11.(b) = 12. (b) 
16. (b) 17.(b) 18. (d) 
22. (d) 23.(c) 24. (d) 
28. (b) 29.(a) 30. (c) 
33. (a, b, d) 34. (b, c) 

38. (a, d) 
42. (a,b,c,d) 


45. (a, c) 


49. (b) 50.(d) 51. (d) 
55. (a) 56.(c) 57. (a) 
61. (a) 

65.(9) 66.(2) 67. (7) 


68. (9) 69. (1) 70.(2) 71. (6) 
72. (A) > (p, 1); (B) > (s); (C) > (q); (D) > (s) 
73. (A) > (r, t); (B) > (s); (C) > (p); (D) > (q) 
74. (A) > (q, s); (B) > ©, t); (C) > @, g, 1, s); (D) > (@, 8) 
75. (A) > (q, t); (B) > (p, s); (C) > (p, 5, s); (D) > G, r, t) 
76. (d) 77. (c) 78.(d) -79.(c) —-80.(a)_—-81. (d) 
82. (d) 83. (d) 84.(d) 85. (a) 
88. n= 2n aa [ cosOcosdcos (8 ~ >) cosOsin dcos(0 ~ 6)| 
3 | sin@cos 6 cos @~ 6) sin@sin dcos(@ ~ 4) 


91. (i) Number of posts in all the offices taken together are 5 office 
superintendents; 235 head clerks; 235 cashiers; 275 clerks; 5 
typists and 270 peons. 

(ii) Total basic monthly salary bill of each division or district and 
taluka offices an 71675, ¥875 and %625, respectively. 
(iii) Total basic monthly salary bill of all the offices taken together 
is = 159625. 
92. %53000; ¥44500; %34000, respectively 


94.x=lu=-l y=3,v=2,7z=5,w=1 


95.x, = Zz, —2z, + 9z3,x, =9z, + 10z, + 11z,,x, = 7z, + z,— 22, 


96.(i)k#7 (ii) K=7 


98. (c) 99. (a) 100. (c) 

101.(c) 102. (i) (a), (41) (b), (iii) (a) 103. (b) 104. (b) 

105. (c) 106. (b,d) 107.(d) 108. (c) 

109. (i) (a), (41) (b), (iti) (b) 

110. (b) 111. (a) 

112. (i) (d), (ii) (c), (it) (d) 113. (4) 114. (c) 

115. (b) 116. (c) 

117. (4) (d), (ii) (a), (ait) (b) 

118. (a) 119.(9)  120.(a)_—- 121. (c) 

122. (d) 123.(a,d) 124.(b) 125.(a) 126.(a) 127. (c,d) 
128. (a,b,d) 129.(d) “130. (c, d)_ 131. (a, b) 132. (b) 133. (c, d) 


134. (a) 135. (b,c) 136.(1) 137. (b) 138. (c) 


Solutions 


2. 


1.5 A‘(I-A)=A*I- AS =A*-0=A* FI 
AX(I—-A)=A*1-A*‘=A?- A‘ 41 
(I+ A)(I-A)=?-A?=I1-A’ #1 
| 4x 2a —p | | x a p | 
* det (B)=|4y 2b -q|=-8|y b q 
4z 2c -r ye ae 
x y Zz a be 
=-8/a b cl=8|x y z 
par| |p qr 
abe 
=-8|p q r|=-—8 det (A)=—16 
x y z 
E 
A 1] A 1] =T 
2 2 
it 
and A+>1)(a+27] =f 
2 2 
=> [4-31)(4"-Z)=1 
2 2 
and (a+ ii)(at+ir)=1 
2 2 
=> A+Al=0 
=> A'=-A 


*. Ais skew-symmetric matrix. 


From first result, we get 


= nis even. 


. x 
* a= lim | —-— 
x>1\( nx x 


Aa a a 
4 
Ae 
4 
)a2)=|—-3 7 
| 4 | 


1 — fx-1 
= lim 
Inx) x31\xInx 


[by property] 


[subtracting the two results] 


[by L’Hospital’s Rule] 


. In(i+sin x) 
c= lim 


x70 ee 


. sinx 
lim =1-1=1 
x70 x 


In (1 + sin x) | 


sin x 


= lim 
x30 


(x +1)? 

d= lim 

x 3[sin (x + 1) —(x + 1)] 
3(x +1)" 

x -1 3[cos(x + 1)-1] 

. 1 — 
“oS fr=eosGe +I” 
(x +1)? 


{using L’Hospital’s Rule] 


[2 2 = A’=0 


5. (A-AI) X =0 


4-1+(-3)-1 1 


- Jae +9) (a +1) ~ 5y2 


*. cos0 


. tan @ =,/(sec’@ — 1) =./49 = 
6. A™*1 =(A*)"-A=(I)"-A=IA=A 


re cos@ sin@| 


| a ‘ 
—sin® cos@ 
An _[ cosn@ sin n@ | 
~|—sinn® cos nO 
[ lim cos nO lim sin nO | 
n n—- co n— co im 0| 
=> lim —= : n ‘ = 
n>0 Nn — lim sinnd lim cos n6 lo o| 
n> coo n> o _ 
n n 
=a zero matrix ['.. —1 < sinceo <1 and ~—1 < cose <1] 
[-1 2 5 | 
8 LetA=| 2 -4 -10 [.a=-6] 
1-2 5 
Applying R, > R, + 2R, and R, > R, + R,, then 
[-1 2 5] 
A=| 0 0 0} => p(A)=1 
0 0 0 


10. -. 


11. °- 


12. 


13. 


14. °- @ 


15. °. 


16. °. 


B=adjA 
=> AB = A(adj A) =| A| I, 
AB +kI, =| A| I, +kI,=(|Al+4) I, 
= | AB + kI, | =|(| A| +k) I, |=(| A] +k)" 
B=-A''BA 
> AB=-—BA 
> AB+ BA=0 
Now, (A+B)? =(A+B)(A+B) 
= A’? + AB + BA + B* 
=A? +0+ B* 
= A’ +B’ 
Since, A is skew-symmetric. 
| A|=0 
2 | A'B*|=|A*|| B*|=|A[' |B) =0 
Let B=A+lI, 
A=B-I, 
Given, A" =QA 
> (B-1,)" =a (B-I,) 
=> B" —"C,B""1 + "C,B"-7 +...+(-1)" I, 
=OB-al, 
=> B(B""'—"C,B"~? + "C,B" 3 +...+(-1)""' I, -al,) 
=[(-1)"*'-a] I, #0 [-a#+1] 
Hence, B is invertible. 
-1+ iv3 ¢ S13 
= 7 and @* = - 
Also, ©? =1and@+@’* =-1 
Thus =|, a 
io” io 
ie) ia —io? | -iw io’ |_| Oo" +o 0 | 
| iw? ia | ia” io | l 0 “6 40 
Now, f(A)=A? +2re|-?' *° ‘i le{o a 
l 0 at ei 0 2 
[-w? +0 +2 0 | 
7 0 -o?+0+2| 


[4 


Sao), 


0| et 
Porn|, il 


X* =1>(X1X)X=X 1 
> Ix =X"! 
> xe 


which is self invertible involutory matrix. 
There are many such matrices which are inverse of their own. 
AB=A+B 


=> B=AB-—A=A(B-1) 
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=> det (B) = det (A)- det (B—1)=0 
[- A2% = 0 => det A = 0] [..det A = 0] 
pt ~ po 
Q = PAP" = PAP" 
(Ohags = PAZ? p-1 
P7Q°"p = P\(PA™7p) P 
[1 2007] 


17. We have, [. PP? =1] 


Now, 


2007 
=A = 


[ A-5 Bl] [2A+1 -5][14 DI] 


mee l2a-2 c] |-« alle | 
= A-5=28A+14—5E 
= 5E =27A +19 wi) 
2A-2=-56+ AE 
= AE =2A +54 (ii) 


From Eq. (i), we get 
5AE =27A* +19A 


=> 5(2A +54) =27A°+19A 
> 27A? +9A —270=0 
=> 9A -3)(3A+10)=0 


[from Eq. (ii)] 


A=3,A=- = 
3 
+, Absolute value of difference 

10 19 

=|3+—/=— 

3 3 

| cos”0 cos@sinO —sin@ | 
19. --| f@)|= | cos@sin@ — sin’@ cos 8 


| sin 8 — cos 0 0 | 


On multiplying in R, by cos 8 and then take common cos 6 
from C,, then 


| cos 0 cos § sin® —sin 6 | 
cos 8 | 


—cos’@ (0) 


sin 8 sin’ 


| f@)| = 


sin 8 
Applying R, > R, — R;, we get 


| cos®@ cos@sin0 —sin@ | 


| f@)|=| 0 1 cos 6 |=1 
| sin® —cos’@ 0 | 
Applying C, > C, —sin ®@ C,, then 
cos® 0 -—sin® 
| f@®)|=} 0 1 cos@ |=1 


|sin® -1 oO | 


Tu). F : 
f (=) is non-singular matrix. 
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20. °° a,, =a) =a, =a + b, 


M2 = A23 ab, ay, = Az. = 1, a3 = 43; =0 
a+b ab 0 | 
A=} 1 a+b ab | 


| 0 1 at+b 

a+b ab 0 | 
S|Aj=| 1 atb ab | 
0 1 a+b| 


=(a+ b) [(a+ b)* — ab] —ab(a + b)=(a + b) (a’ + b’) 


21. Given, B=I => B'B'=IB" 
=> Bo - Bo 
A'B’'A=A™'B'A 
=> A'B'1A—A'B'A=0 
22. Here, Re [cos 0 sin 0 | 


| sin @ -—cos | 
=> AA! =I 
C = ABA’ = A'C = BA™ 
Now, A’C"A=A'C-C"'A 
= BATC" 14=BA'CC"~7A 


= B’ATC" 7A 


= B""'A'CA=B""\(BA") A 


[1 0] 


[-n 1 


B"ATA=B"I = B" 


23. -- |adj A? |=|A'/ — 


(ap 
1 
*. | (adj A“')"! | = =| A? =2? =4 
|(adj A) | )adj A~| | A| 
24.:: A’ —A°B=B*-B’A 
=> A*(A — B)=B*(B-— A) 
or (A? + B*)(A-B)=0 


or det (A” + B’)- det (A — B) =0 
Either det (A? + B*) = 0 or det (A — B) =0 


25. Let, 


- B’C? =(BC)* =I’ =I 


Similarly, B7C* = B°C’=...=B"C" =I 
Let, D = A*(BC) + A°(B°C’) + A(B?C?) 


+...+ A™*1(B"C") 


=A>+A°+A74...4 47"! 
= A(A? + A* + AS+...4+.A%) 
0 
Let, rel a 
l-a o| 
[-a 0 ] 
=> Aba]? 9 Jag 
lo -<'] 
D=IA(-a? + a* —a° +...+(-1)" a”) [a>0] 
= A(-a? + a* —a° +... +(-1)" a™ 
Hence, D is skew-symmetric. 
|q—> y| 
26. -: |B|=|-p a =x | 
| r —-c z | 
Applying R, — (—1) R,, then 
q > y 
|Bl=|p -a x 
|r -c z| 
Applying C, > (-1) C,, then 
q by q pr 
|Bl=|p a x|=|B| =|b a c 
| r c z | ly x z | 
|b a c| 
=-|q pr [R, Ry] 
ly x z| 
bac 
=| yo x 2 [R, © R,0] 
lq p rl 
la b c| 
=-|x y zl=-|A| 
Pqr 
= [8 ==| 4] 
Also, | adj B| =| B |’ 
=|A/’ =| adj A| [.| A| #0, then| B| #0] 
3 4 3. -4 1 0 
272%: Bc =| ii Tt i= 
2 ail allo: 4] 
2 3 
tr(A) + tr (=) + tr ae Je i } ay 
2 4 8 
A A A 
=tr(A)+ tr + tr + tr +... Upto co 
eee Pel ae) ue 
1 1 
= tr (A) on) + — tr(A) + ... upto co 
2 
nt) 2 tr(A)=2(2 + 1) =6 
Gy) 
2 
28. Wehave, (A-2I)(A-—4I)=0 


=> A? -4A-2A+8I"° =0 


=> A’ -6A+8I=0 
> A (A? -6A+8I)=A'0 
=> A-61+8A'=0 


> -A+—At=I 
6 3 
29. We have, AAl=I 
1 ok 7] 
fo 1 2]} 5 “9 9] [1 0 0] 
=> 1 2 3/|-4 3 6/=|0 1 0 
pore 
2 2 2 
i 0 b+1] [1 0 0] 
=> 0 1 2(b+1)/=|0 1 0 
4(1-—a) 3(a-1) ab+2 00 1 
On comparing, we get 
b+1=0,ab+2=1,a-1=0 
es a=1,b=-1 
30. -. A (adj A) =| A| I ...(i) 
x 3 2 
Now, |A|=|]1 y 4 
[2 2 z| 
= x(yz — 8) —3(z —8) + 2(2 —2y) 


37. 


32. °. 


33. 


= xyz — (8x + 4y + 3z) + 28 
= 60 — 20 + 28=68 
From Eq. (i), A (adj A) = 681 


Here, | A|=0 
.. A! does not exist. 
f1 1 1]f1 1 1] [3 3 3] 
Now, A? =|/1 1 1]/1 1 1]/=/3 3 3]/=3A 
Peelers 
A’ = A?.2=3A-A=3A" =3(3A)=9A 
A =A'S>AA =I (i) 
Now, (VY A’ =I 
. A’ is orthogonal 
From Eq. (i), (AA’)t =r 
> (Ay AtSI 
=> (ATY(AT)=1 
.. A” is orthogonal 
Since, adj A=A'|A|#A’ 
and |AT =p =#1 [for orthogonal| A|=+ 1] 
[1 2 2]f1 2 2] [9 8 8] 
A’=|2 1 2\|2 1 2]/=|8 9 8 
ee eae 


We have, A? -4A— 51, 


34. 


35. 
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9 8 8] [12 2] [1 0 0] 
=/8 9 g|-4/2 1 2/-5]0 1 0 
18 8 9 22 1 001 
[0 0 0] 
=|0 0 o0|/=0 
10 0 0 
> 5I,= A” —4A = A(A —4I,) 
1 
> I, == A(A~ 45) 


= 1 
A "== (A~4ls) 


Since, | A|=5 
| A? | =| A]? =125 #0 
=> A? is invertible 


Similarly, A’ is invertible. 


[a 0 0] la, ay a; | 
Let, D=|0 b 0/=D" andletA=|b, b, by 
0 0 c¢ CG Cy C 
[a 0 0lfa, ay a; | [aa aa, aa; | 
DA=|0 b Oj}; b, bz |=| bb, bb, bb, 
0 0 cllq c c | CC, CC, CC 
[a, a, az,|fa 0 0| faa ab asc] 
AD=|b, b, b;|}0 b O}=|ba bb byc|# DA 
Lc, c, ¢,][0 0 c}] [ea c.b csc 
i 0 0 
a 
4 1 
and D’ =|0 — 0 
b 
0 O 2 
L c] 
| D'|=— #0 [-a#0,b40,c #0] 
f-1 2 5 | 


Applying R, > R, + 2R, and R, > R, + R,, then 
f-1 2 5 | 

0 0 at+6 

0 0 a+6 


A= 


Applying R, > R, — R,, then 


f-1 2 5 | 
A=| 0 0 at6 
00 0 


Fora =-—6,p(A)=1 
Fora =1,2,p (A) =2 
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|3 -3 4| 
36. Here,| A|=|2 -3 4 
0 -1 1 
=3(-3 + 4) +3(2-—0)+ 4(-2+ 0)=140 
adj(adj A)=| A|>-? A=A (i) 
and | adj(A)|=| A|?>-' =| A|? =1? =1 
Also, | adj(adj(A))| =| A|=1 [from Eq. (i)] 
37. A=I-B 


> A? =1? +4 B?-2B=I-B=A [: Bis idempotent] 


and AB=B-B’=B-—B=0 [null matrix] 
and BA=B-B’=B-—B=0 [null matrix] 
38. -- | A|#0 = A’‘isalso symmetric, if A is symmetric 
is 1 = 
and| A“! |=—— =| A|7 
| A| 


39. -: A°B = A(AB) = A(BA)=(AB)A =(BA)A = BA? 
Similarly, A°B = BA? 


In general, A"B = BA", Vn21 
(A+ B)" ="C,A" + "C,A"~'B 

+"C,A"~ 7B? +... + "C,B" 
Also, (A" — B")(A" + B")= ATA" + A"B” — BTA” — B"B" 


and 


= An _ pr [- AB = BA] 
40. | AB|=0 > | A||B|=0 
| B|=Oas| A| #0 

Also, |At|=| Af" 
41. Here, A(A + I) =—2I ...(i) 

> | A(A + I) | =|-22 | =(-2)" #0 

Thus, | A| #0, 

also, T=—7 A(A+1) [from Eq. (i)] 

Ate en 
2 

42. . A’? -3A+2I =0 ...(i) 


=> A’-3Al+2I°=0 
=> (A-I)(A-2I)=0 
ss A=TIorA=2I 
Characteristic Eq. (i) is 
V-3h4+2=0 > A=1,2 

It is clear that alternate (c) and (d) have the characteristic 
equation 1” —3A + 2=0. 

43. °- AB=0 
> | AB|=0 > |A||B|=0 
or (det A) (det B) =0 
=> Either det A = 0 or det B=0 


Hence, atleast one of the two matrices must be singular 
otherwise this statement is not possible. 


[d, 0 0] [d, 0 0] 
44, Let D, “| 0 d, Oj and D, “| 0 ds ‘ 
0 0 d, 0 0 d, 
[dd, 0 (| 
“D,D,=| 0 dd; 0 |=D,D, 
0 0. dad, 


fq? 0 o1 [a2 o 01 
and D?+D;=|0 ds; 0 |+}/0 d?2 0 


0 0 d| jo od 
[d?+d? 0 0 | 

=| 0 di +d 0 
0 0 de+d 


45. A, + A, + Ast... + Ay = alls é| 
1 


2 


Ic? ol le, ol 
+ 
Lo c]* "| 0 | 
[+ +C+..4+ Ch, 0 | 
0 CP +03 4+Ch + +c] 
[4eag @. 1 [k- 0] 
— 4 — [given] 
0 "C,—-1 l 0 k, 
k sky ="C,=1 
Passage (Q. Nos. 46 to 48) 
" AB = BA™ 
=> B=A™'BA™ 
B" =(A 'BA™)(A'BA™)...(A'BA™) 
ntimes 
=A'BA™'BA™..BA™'BA"™1A (i) 
ntimes 
Given, AB = BA™ 
=> AAB = ABA™ = BA?™ = AAAB = BA*™ 
Similarly, A*B=BA™VmeN 
From Eq. (i), we get 
B"=A'BA™" BA™'BA™?. BA™ BA™1A 
(n—1) times 
= A'B(A™'B)A™'BA™...BA™ BA" TA 
(n—2) times 
= A BBAm™ mam Bam BA™| BAM A 
(n—2) times 
= ABA’) Ba™  Ba™ Bam 4 
(n—2) times 
= ABA") A 
T=AtA DA [Bt =7] 
T= ATA) 4 _ Avam 
=> pHa’ 
p=m"-1 ... ii) [2 AP = 7] 


46. Put m=2,n=5 in Eq. (ii), we get 
p=2-1=31 
47. From Eq. (ii), we get 
p=m'-1 


48. From Eq. (ii), we get 
510 #8° -1 


Passage (Q. Nos. 49 to 51) 
*: Ais an orthogonal matrix 
AAT =I 
b clfa b cl] [1 


0 
bc a}lib c aj=1j/0 1 
lc a bjlc a b 0 0 


a+b? +c? abt+bet+ca 


ab+be+ca a?+b? +c? 


ab + be + cal [1 0 0] 
ab+bce+ca|=|0 1 : 
1 


ab+be+ca ab+be+ca a’? +b? +e? 0 0 
By equality of matrices, we get 
a+b? +c? =1 ...(i) 
ab+be+ca=0 ...(ii) 
(a+b+c)+a®=b? +c? + ab + be + ca) 
=1+0=1 

ss a+b+c=+1 (iii) 

49. -- a°b? + b’c? + c’a” =(ab + be + ca)” — 2abc(a + b + c) 
= 0 — 2abc(+ 1)=F 20 [abc =A] 
=-2Xr [A <0] 


50. -- a§ +b? +0? —3abe =(at+ b +0) 


(a’ + b? +c” —ab — be — ca) 
=> @4+b4+c-34=(t1)0—-0) 
[from Eqs. (i), (ii) and (iii) and abc = A] 
=> @+b4+c=3At1 
51. Equation whose roots are a, b, c is 
x? (a+ b+c)x* + (ab + be + ca)x — abe =0 
=> x? =(+1)x?+0-A=0 
xe4+x?-=0 
Passage (Q. Nos. 52 to 53) 
fa, a2 a3 | 
A=] 4x, x2 a3 
43, 432 A533 
Q,+4.+a 
> =! “ 13 = 9, [ea + ay + a; = 0] 
5, = Pai oa tag _ 
: 3 
and i 1 F 32 + 33 _ 0 
’ 3 
52. )° )ia, = +h +t)=0=4h+h +4, 
1<i, j<3 
# ttot, [. t, =0,t, =0,t, =0] 
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A, Ag a3 


and detA=/a,, dy ay 


0 a, a 


(det A)? =0 
53. -. a, +4, +4, =0,a, + a+ ay, =0, 


Gy, + 43 + As, = 0, Ay, + Ay. + A, = 0, 


Ag. + Ay + Az, = 0, Ayy + Azz + Az = 0, 
33 + G3 + Az; = 0, a33 + Ay; + Az, = 0 
and a, + dy. + dy, = 0, we get 
a); =z) = Az, = 0 
and dy) = — G1, Ay; = — sy yy = — Ay, 


Hence, A is skew-symmetric matrix. 


Passage (Q. Nos. 54 to 56) 


r 
Let a B. Y2 


201, + Oy 


ae | 
| 


30, + 20. + 03 


=1,0 
af Be 
2B, + B 


7 
=> =|3 
(3p, +28, +8,, [0 
4 


=> B, =2,B, =-1,B, =— 


f 4 [2] 
and AC; = 2%, + Yo =|3 
se + 2Y) + . | 
= YN =2 Y2=—1,Y3 = 7 
fi 2 2] 
B a = s=1 
1 -4 —3 
1 2 2 
> detB=|-2 -1 -1 
1 -4 -3 
=1(3 — 4) —26 +1) + 28 +1) =3 


and cat 1 of/2 -1 -1 
32 1//1 _4 -3 
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[1 2 2] 
1 
=-|0 3 3 
3 
001 
1 2 2 
3 3 3] 4 
detC=|0 1 1/=- 
1 9 
00 = 
3 
_ 1 1 
54. det(B™) = == 
det B 3 


Trace of B__ (—3) 9 
” Trace of C (;) 5 


3 
56. sin” ‘(det A) + tan (9 det C) = sin ‘(1) + tan™‘(1) 
1 TT 31 


Passage (Q. Nos. 57 to 59) 
Given, A’ = A, B’ =— B, det(A + B) #0 


and C=(A+ B)'(A-B) 
=> (A+ B)C=A-B 
Also (A+ B)'’=A-B 


and (A-B)' =A+B 

57. C'(A+ B)C=C'[(A + B)C] 
=C'(A—B) 
=C'(A+ By)" 
=[(A+B)c]’ 
=(A —B)" 
=A+B 

58. C'(A—B)C=[C'(A + B)']C 
=[(A+ B)C]'C 
=(A-B)'C 
=(A+ B)C 
=A-B 


ee 


59. cTAC =C? C 


...(i) 
...(ii) 
...(iii) 


[from Eq. (i)] 
[from Eq. (ii)] 


[from Eq. (i)] 
[from Eq. (iii)] 
[from Eq. (ii)] 


[from Eq. (i)] 
[from Eq. (iii)] 
[from Eq. (i)] 


7 “CTA + B)C + 5c B)C 
=A + B)4 WA B) [from Q13 and Q15] 
=A 


Passaee (Q. Nos. 60 to 61) 
: B=A-2I 
A'B=I-2A' 
60. det[adj(I —2A~')]= det[adj(A 'B)] 
=|adj(A~'B)| 


=|4"BP =((A7|BI)? = fe 


(i) 
[from Eq. (i)] 


2 
. ) ...(ii) 


From Eq. (i), we get B= A-2I 

B? =(A-21)) =A - 
=5A [- A’ - 

|B*| =|54] 

|B|° =5°| A| 

|B)? =5°> x8 

| BI? =(10)° 

|B] =10 

From Eq. (ii), we get 


6A? +12A —81 
6A°+7A -8I1 = 0] 


Yudud 


2 2 
viaoatysl el) 2{ ) a2 
det[adj(I —2A n=( 2) -(2) = 


ey] > > 
61. sai (2) lettin See ety |B| = 10] 
[\27 | B * BI |B] 10 
2| 8 
Jel p [given] 
5 4g 
p=2andq=5 
Hence, p+q=7 
62. 5 = ABCD = A(BCD) = AA™ 
5° =(ABCD) (ABCD) (ABCD) 
= (ABC) (DAB) (CDA) (BCD) 
= D'C'B'A™T =(BCD)' A? 
=(A')’ AT=AA™=S 
=> S=S 
Hence, least value of k is 3. 
1 ta 
63. A -| tad 
—tan x 1 
1 tan x 2 2 
+, det A= =(1+ tan” x) =sec* x 
—tan x 1 


> det A? = det A =sec’ x 


Now, f(x) =det (A? A~') =(det A’) (det A~') 
_ det A’ 
=(det A’) (det A) 
=(det A’) (det A)’ er 
= f(f(F(F-- f(x) 
ntimes =1 [2 f(x) = 
Hence, g* =o! =2 
POG: Dailey Papheg WAG Dag hig “Ais | 
64. -:A7=A-A=|0,0, 22 AAZI]AA, 2% ADAG 
Nata Agha Me || Agdg Aghg KG 
[P(A + AR +23) WAAL + 5 + 24) 
=| AA (AG + AZ +45) AG(AL + AZ + A) 
MyAg(Aq + AQ +45) Agha(AZ + AQ + 25) 
A, Ag(Ay + V5 
AoA3 (Ai + AZ 


NOE 392 498) 


4 


my 


=(M+A4 02) A 


Given, A is idempotent 


—) A = A 
2 2 2 
AV +A +A =1 
x | 
. T 
65. Let X =| x, |and given X° AX =O 
x3 
[ay a2 a5 |[ x, | 
=> [x X2 X3]]} a2, Gy. gz |] X2 | =O 
43, 432 33 || X3 
[ ey + dyn Xp + 3X5 ] 
= [X1 Xp X3]] AyyX% + Ay X_ + yx, | =O 
A3)X 1 Agy Xp 1 Az3X3 
=> a,x? + a ! Fy X20 +4 
11% 1 AygXyXq T AygXyX3 TF AgiNXy T Aga Xz T Ap3XQX3 
a 
+ A31X,X3 + Az9XoX3 + A33X3 = 0 
> AX + yy XF + Aggx2 + (dpa + Gy1) X)X_ + (dyg + day) Xp X. 
11% 22 %2 33%3 12 21) XX 23 32) Xp X3 


+ (43, + a3) X3%, = 0 
it is true for every x,, x2, x3, then 


1 = Ayy = 433 = 0 and ayy = — Ay), Ayz = — Agy, 3 = — Ay, 
Now, as a), = — 1008 > az, = 1008 
-. Sum of digits =1+0+0+8=9 
fo 1-1] 
66. call -3 4 
3 -3 4 
fo 1 -1]fo 1 -1] [1 0 0 
siaaaa: =) ‘Ils 3 464 a 1 i 
3. +3 4|/3 3 4 0 0 1 
}$ SISA aK Sh =..21 
Now, A* =I 
> x =2, 46,8... 


-. ¥(cos* 6 + sin* 6) =(cos* @ + sin? @) + (cos* 6 + sin’ 0) 
+ (cos® @ + sin’ 0) +... 


=(cos’ 8 + cos* 0 + cos® 0 +...) 


+ (sin? 6 + sin‘ @ + sin® @ +...) 
sin’ 0 


1-sin’ 0 


cos” 0 


1—cos’ 0 


= cot? 6+ tan? 6 >2 
Hence, minimum value of )° (cos* 6 + sin” 6) is 2. 
67. -: Ais idempotent matrix 
Av=A 
> A=A° =A =A‘=A =... (i) 
Now, (A+ I)" =(I + A)" 
=I+"C, A+"C, A? +"C, AP+...4 
=I+(°CG + °Cy + "Cott 7G) A 
[from Eq.(i)] 


"CA" 
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=> (Atl) =14+(2" 


1)A 
Given, we get 
(A+ I)? =1+127A 
From Eqs (ii) and (iii), we get 
2” —1=127 
> 2” = 128 =27 
n=7 
[3a b cc] 
b 3c a 
es a 3b 
3a boc 
b 3c a |=29abe —3(a? + b* + c*) 
c a 3b 
Or 
| A| =29abe — 3(a* + b? +c?) 
Given, A A=4'71 
> |A’ A|=|47 7| 
= |AT|| Al =(4°)° | T| 
> |A||A|=4-1 
> |A>=4 
|A|=2 
From Eq.(i), we get 
2 =29abe —3 (a? + b? +c) 


68. -. 


. det (A) = 


[| 


=> 2=29-3(a° + b* +c?) 


6 @+b4+c0=9 
69. °° A 


“4 = AAZ), ufo = 


> At 


(A*)? =91, A® =271, A® 
Now, (A®+ A°+ A* + A?4+1)V 


811 
1) IV =(121) V 


=(12 
0 
Given, (A* + A°+ A* + A?4+1)V -|i 


From Eqs.(i) and (ii) uayy=|e =v-| | 
. . [n la 


1 1 
.. Sum of elements of V =0+—=—=A 


det A=—1anddet B=2 
Now, det (2A° B™') =2*- det (A°)- det (B™') 
=2”-(det A)° -(det B)! 
=2'.(-1)-@y" 
Hence, absolute value of det (2A°B~') =2 


=-2 


677 


A|>0] 


[s abc = 1] 


[given] 
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72. 
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fo «| 
“lo 0 
o_ _[o a|fo a] fo o]_ 
- otc ol[o of fo o|*° 
=> A’=A?=A*t=A° 0 


Now, (A + I)” =(1 + A)” 
STt CANA? + OC APE & OG AO 


=I+70A+0+0+...=I1+70A 
[1 0] [a-1 b-1] ; 
70 a _ 
=> (A+1) iene =| o|" lee d-1| [given] 
we a-1=1,b-1=0,c-1=0,d-1=1 
=> a=2,b=1,c=1,d=2 
Hence,a+b+c+d=6 
(A) > (p, 1); (B) > (s); (C) > (q); (BD) > (s) 
On comparing, we get 
{4f(-1)—3}a? + {4f() —3}a + fl2) =0 
{4 f(-1) —3}b° + {4f(1) —3}b + f(2) = 0, 
and {4f(-1) —3}c” + {4f(1) —3}C + f(2) =0 
It is clear that a, b, c are the roots of 
{4f(-1) —3}x + {4f(1) —3}x + f(2) =0, then 
4f(-1) -3=0,4f(1)-3 =0, f(2)=0 
3 3 
= f(-1) ree ee 0 
Let f(x) =(x —2)(ax + b) 
Now, _ f(-1) a > (S-a+b)=2 > a b= 7 
‘j= S Ces =" oS webs ; 
penetthg atl 
2 
= fix)=7(4-%) 
Graph of y = f(x) 
Y 
1 
ae 0 2 a 


(A) x-coordinates of the point intersection of y = f(x) with 
the X-axis are —2 and 2. 
Spe 1 a ee 
(B) Area laa x" )dx = mn x*)dx 


2 
3, x | 3 16 
= |“ | =—x—=4 
4 3 4 3 
0 
(C) Maximum value of f(x) is 1. 
(D) Length of intercept on the X-axis is 4. 


73. (A) (r, t); (B) > (s); (C > @); D) > @) 
(A) adj(A“) =(A“) 7 det (47) 


A 
~ det(A) 
adj(adj A) A[det(A)J"* A 
(adj A)" (det A)"? —— det(A) 
(B) det(adj (A~')) =(det A7')"™ 

il 


= Gear =(det A)'” 


Also, 


(C) adj [adj A] = A(det A)"? 
(D) adj(Adet A) =(det A)" (adj A) 
74. (A)>(q, s); (B)>@, 4); (C)}>@, «, 5, s); (D> @, s) 


(A) A diagonal matrix is commutative with every square 


matrix, if it is scalar matrix, so every diagonal element is 4. 


4 0 0 
Therefore,|A]=|0 4 0/=64 
0 0 4 
1l-a 1 1 
(B)| 1 1-b 1 |=0 
1 1 L=c 
Applying R, > R, — R, and R, > R, — R;, then 
-a 0 c 
0 -b ec J=0 
1 1 1-c 
> a(—b + be —c)-0+ c(b) =0 
ab + be + ca =abe ..-(i) 
Now, AM =>GM 
1. 
= Oe 2 (ab boca)? 
abc 7 
= — 2(abc)3 [from Eq. (i)] 
: 
= (abc)3 >3 
abc = 27 
Hence, X =27 
fay, a. as | 
(C) A=], 2 dys 


43, 432 A533 


3 
Given, )' a, =9A,, Vi € {1, 2, 3} 
k=l 
3 
yi 4, = , Vj € {1,2, 3} and 
k=l 
ay, + Gy) + G33 =90; where Aj, HM; v € {1, 2} 
Following types of matrices are possible: 


1 [2 | 7 | 
A= 3 oe oe 3 C= 3° ls 
erm 
[6 | 1 | [3 | 
D= 3 |} E= 6 | P= 6 |; 
ea 


Now, if we interchange 1 and 5 to obtain 


5 4 9] 
call 3 ‘ 
6 21 
f1 8 9] 
Also, ial 3 ‘ 
67 5 
[5 7 6] 
and 3 


A,=|4 3 2 
9 8 1 


Then, from A we get four matrices A, A, A’, A. 


Similarly, from B, C, D,...,K, L we get 4 matrices. 


Thus, total 12 x 4 = 48 matrices. Hence, A = 48. 
1 1 1 


c+2 ct+4 6 
(c+2) (c+4)? 36 


(D) For consistent, =0 


Applying C, > C, — C,, we get 


1 0 1 

c+2 2 6 /=0 
(c +2)? 4c+12 36 
1 0 1 

=> 2} c+2 1 6/=0 
(c+2)? 2c+6 36 


=> -—12c—0+1[(c + 2)(2c + 6) —(c + 2)"] =0 
=> ce’? —6c+8=0 
=> c=2,4 
Cc, = 4, Cc, =2 
=> =a? = 16 


75. (A)—(q, t); (B) >, s); (C) >(@, r, 8); (D) >(q, F, t) 


(A) Here, X is an X1 matrix, C isn Xn matrix and X! isa 


1 X n matrix. 


Hence, X'CX isalX1 matrix. 


Let X'CX =[A], then 


(X7CX)? = X7CT(XT)! = XT(-C)X =- X™CX 


[A]=-[A] 
=> X=0 
=> X'CX =O 


ie, X7CX is null matrix. 
(B) Consider the homogeneous system 
(I — A)X =O 
> AX =IX =X 
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[from Eq. (i)] 


Now, (AX)! = XTAT => XT =-XTA 
= X'xX =—XTAX =—x'x 
=> 2x'x=O => |X|=O 


(I — A)X = Ohas only trivial solution 
I — Ais non-singular 
= (I — A)is invertible 


fo 1 1] 
(C)~: | 0 j 
110 
[1 1 1] 
pte) yp 4 
|| 1 2 
fo 1 1|][b+c ca 
uel 01 es cta 
1 1 O}|}b-c a-c 
[0 2a 2a] 
|? 0 2b 
2c 2c 0 
[0 2a 2a] [-1 1 
_— 0 Acie -1 
2c 2c 0 11 
lo a a|{-1 1 1 | 


b-a| 
a-b 
at+b 


=|b 0 bi} 1 4 1 f= 
c c Of] 1 1 —-1 


|SAS”'| =8abe #0 


[sin2A sinC sinB | 
(D) °*. Az=|sinC sin2B sinA 
sinB sinA_ sin2C 
[2akcos A ck bk 
|A| = ck 2bk cos B ak 
bk ak 2ckcosC 


1 


| 


[acosA+acosA acosB+bcosA 
=k? |acosB+bcosA bcosB+bcosB 


acosC+ccosA bcosC+ccosB 


acosC + ccosA | 


bcosC +ccosB 


ccosC + ccosC 


a cosA 0| |cosA a 0 
=k’|b cosB 0|x|cosB b 0/=k?-0-0=0 
c cosC 0 cosC c 0 


76. Since, matrix A is skew-symmetric 
| A|=0 
| A‘B’|=0 


= A‘B° is singular matrix. 


. (i) Statement-1 is false and Statement-2 is true. 
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78. 


79. 


80. 


81. -. 


82. 


Textbook of Algebra 


AB = A, BA= B= A’ = Aand B* = B 
(A+ B) =A? + B°+ AB+ BA=A+B+A+B 
=2(A + B) 


(A+B)? =(A+ B)?.(A+ B) 
=2(A + B)? =2?(A+ B) 
(A + B)’ =2°(A+ B) 
Statement-1 is true and Statement-2 is false. 


A’ ‘exists only for non-singular matrix 


AB = AC =A ‘(AB) =A '(AC) 


=> (A7| A) B=(A! A)C 

=> IB=I€ 

=> B=C, if A | exist 
| A| #0 


Statement-1 is false and Statement-2 is true. 


Statement-2 is false 
det (A~!) # det (— A’) 
[ det (—A’) =(—1)° det(A’) = — det(A’)] 
but in Statement-1 
A =-AS>A=-A4 
det (A) = det(— A’) 
=— det A’ =— det (A) 

=> 2det (A) = 0 

o det (A) =0 

Then, Statement-1 is true. 

‘: (BX)! (BY) ={(I — A)(I+ AY) X}’ (I- A)(I+ A) LY 
=x" (r+ A)'}’(I- A)’ (I-A)(I+ A) | Y 
=X’(I+A')'(-A’)(I-A)(I+ A) 1Y 
=XT(I-A) (1+ A)(I-A)(I+ A) LY 
=X7(I-A)!(I-A)(I+ A)(I+ A) LY 
[. AT =— Aand(I — A)(I + A)=(I + A) (I - A)] 
=X7. [-I-Y=X'Y 

Both Statements are true; Statement-2 is correct explanation 

for Statement-1. 


|A|=2 
and B=9A° (given) 
| B|=|9 A*|=9° |A/? 
81x 4=324 = | B’|=| B| =324 
Hence, Statement-1 is false but Statement-2 is true. 
1-A -1 -1 
w det(A-AI)=| 1 -1-A 0 =0 
1 0 —-1-z 
=> (1-A)(Q+A)?-1-A-1-A=0 
=> M+ 4X41=0 
=> AP+A®?+A+I=0 
=> A+A?4+A=-I 


Statement-1 is false but Statement-2 is true. 


84. 


85. -. 


86. 


87. -- 


fp 1 _2] 
5 7 
gel? ge a? 
4 8 
a 1. 4 
Ls. 7 J 


which is neither symmetric nor skew-symmetric. Infact every 
square matrix can be expressed as a sum of symmetric and 
skew-symmetric matrix. Hence, Statement-1 is false and 
Statement-2 is true. 

ABC is not defined, as order of A, B and C are such that they 
are not conformable for multiplication. 


Hence, Statement-1 is false and Statement-2 is true. 


A'=-A 
= |A™|=|- Al 
=(-1)°|A|=-|A| 
= |A|=-1A| 
> 2|A|=0 
| A|=0 


Both Statements are true but Statement-2 is a correct 
explanation of Statement-1. 


Sis skew-symmetric matrix 
sT=-S ...(i) 


First we will show that I — S is non-singular. The equality 

|I — S| =0= Tis a characteristic root of the matrix S but this is 
not possible, for a real skew-symmetric matrix can have zero 
or purely imaginary numbers as its characteristic roots. Thus, 
|I —S| # 0ie., I — Sis non-singular. 


We have, 
AT ={(I+ S)\I-S)7Y ={0-sy* +s" 
=((I-s)"Y( + sy =(1+ 8)" {a -s)y"¥ 
y+ sy = +s) (I-sy')7 
=(I7 = $y tq? si ST) =(17 + sty? sty! 
S$) =(1-S)(I +S)? [from Eq. (i)] 
ATA =(I +S) -S)(1 + SI —-Ssy? 


=(I-S)\(I+S) I -—S)\(1+8) 
=(1+S) (1+ 5S) —S)\(I-S)" 
=(I —S)\(I-—S) ‘(1+ S) (1 +S) 
=]-[=I-T=I=] 
Hence, A is orthogonal. 
MM! =I ...(i) 
Let B=M-I ...(ii) 


B’ =M' -1'’=M’-M'M [from Eq. (i) 


= M'(I —M)=-M'B [from Eq. (ii)] 
Now, det(B’) = det(— MB) 
=(—1)? det(M’) det(B) = — det(M") det(B) 
= det(B) =— det(M) det(B) = — det(B) 
det(B) = 0 
=> det(M — I) =0 


88. -. 


89. 


90. 


BAB = A 
=> ABAB = I 
> (AB)’ =I 
Now, AB = [cos(a+2B) sin(a +28) | 
sin(a + 2B) —cos(a + 2B) 
2 [1 0] 
and (AB) a aa “lee [- (AB)(AB) =I] 
Also, BA‘*B=A™ 
or A‘B=B'A' =(AB)' = AB 
or A‘ =A ...(i) 
Non A c| core —sin o | pees —sin o | 
sing cosa@ |}sina® cosa 
= [cos 20 —sin 20 | 
7 | sin 20 cos 20 | 
4a —sin 40% 
Similarly, A‘* aie aed 
sin 40 cos 40 | 
Hence, from Eq. (i) 
[cos 4a —sin 40 | _ [cosa —sina | 
sin 4a cos 40 |° sin® cosa 
or 40 =27 + 
_2n 
AB = [  cos’@ cos@sin@1! cos’ o cos @ sin o| 
Ee 6 sin ®@ sin’ ee o sin o sin? > | 
_ l cos?@ cos” ¢ + cos 8 cos sin @ sin 
ere @ sin 8 + sin?@ sin cos 
cos’@cos @ sin o + sin’ dsin ® cos 61 
cos @ cos @ sin ®@ sin $ + sin’@sin? > 
2 [cos 8cos (cos Ocos + sin Osin 6) 
7 | sin 8 cos (cos 6 cos d+ sin @ sin 6) 
cos sin (cos 8 cos @ + sin @ sin @) | 
sin 8 sin (cos 8 cos o + sin @ sin ) 
" [cos Ocos @ cos(@—) cos @sin o cos (0 — 6) | 
7 | sin 8cos 0 cos(0—) sin @sin cos (6 — ) | 
Clearly, AB is the zero matrix, if cos (0 ~ ) = 0ie.,@ — is an 
odd multiple of , 
[ 1, m n, | 
Let A=|l, m, n, 
1, m; Ny 
fh bh |] 
A’ = m mm Mm 
Lm My Ny 
lt, m n, | [l, ly 1, | 
Now, AA! = 1 m, n,|X|m m, m, 
l, m, Ny mh Ny, Ns, 
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[Se Te Se) fi. 0. 4 
=|ZLl, “LB XLI,|/=|0 1 i 
L 


YL, <b, =< 0 0 
Let us use the symbols Div, Dis, Tal for division, district, 
taluka respectively and O, H, C, Cl, T and P for office 
superintendent, Head clerk, Cashier, Clerk, Typist and Peon 


Hence, matrix A is orthogonal. 


respectively. 

Then, the number of offices can be arranged as elements of a 
row matrix A and the composition of staff in various offices 
can be arranged in a3 X 6 matrix B (say). 


Div Dis Tal 
an A=[5 30 200] 
fo H C cl aE P | 
14 2.241 Df aed 
and B=|0 1 1 1+1 0 141 
0 1 41 1 0 1 
fo HG €l TP 
142i 3 42.2 
or B=/0 1 1 2 0 2 
0 1 1 21 «0 21 


The basic monthly salaries of various types of employees of 
these offices correspond to the elements of the column matrix 


C 

O [500] 
200 
C 175 


a0 


(i) Total number of Posts = AB 
O H C cl T P 


Div Dis Tal [1 1 
=[5 30 200]x/0 1 
0 1 
OH cC cl T P 
=[5 235 235 275 5 270] 
ie., Required number of posts in all the offices taken 


together are 5 office Suprintendents, 235 Head Clerks, 
235 Cashiers, 275 Clerks, 5 Typists and 270 Peons. 


(ii) The total basic monthly salary bill of each kind of office 


= BC 
[500] 0 
flO H C Cl T P] |200/H 
ji 4 4 3 4 2) |izsic 
“lo 1 1 2 0 2) }150/c1 
0 1 1 1 +0 14 J150)T 
100 | P 
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[500 + 200 +175 +3x150+1%x150+2x100| 


=| 0+1x20041x1754+2x150+0+2x100 
0+1xX2004+1x175+1x150+0+1x100 
[1675 | 
=| 875 
625 


ie., The total basic monthly salary bill of each divisional, 
district and taluka offices are = 1675, % 875 and & 625, 
respectively. 

(iii) The total basic monthly salary bill of all the offices taken 
together 


= ABC = A(BC) 
[1675 | 
=[5 30 ul 
625 


= [5 X 1675 + 30 X 875 + 200 x 625] 

= [159625] 
Hence, total basic monthly salary bill of all the offices 
taken together is % 159625. 


92. The total load of stone and sand supplied by A can be 
represented by row matrix X, and cost of one truck load of 
stone and sand can be represented by column matrix Y,. 


X,=[40 10], y, af 
ad 1 500 


Total amount paid by contractor to A = X,Y, 
[1200 | 


=[40 10] l <a | 


= [48000 + 5000] 
= [53000] 
.. Amount paid by contractor to A is = 53000. 


. [1200 | 
Similarly for B, X, =[35 5], Y, = | sag | 


Total amount paid by contractor to B = X,Y, 


[1200 | 


= [35 leg | on 
= [44500] 


.. Amount paid by contractor to B is % 44500. 


Similarly for C, 


[1200 | 
X,=([25 81% =| so9 | 


Total amount paid by contractor to C = X3Y, 
[1200 | 
| soo | 
= [30000 + 4000] = [34000] 
.. Amount paid by contractor to C is = 34000. 


=[25 8] 


[1 a a aol 

93. We have, A = : b B | 
ley 

Applying R, > R, — R, and R, > R, — R,, we get 


94. 


[1 a a an | 
A=|0 b-a B-a bB-aa 
0 c-a yY-Q cy-—aa 
Applying C, > C, —aC,,C; > C, — aC, and 
Cy, > Cy, — aac,, we get 
[1 0 0 0 | 
A=|0 boo fe ae 
[9 c-a Y-Q cy—ao 
Applying C, > C, — aC, — bC,, we get 
[1 0 0 0 | 
A=|0 b-a B-a 0 | 
[0 c-a y-Qa (c—b)/y-a) 
For p(A) =3 


c-a#0,y-#40,c—b#0,b-a#0,B-a #0 
ie,a#b,b#c,c#aanda 4B, P#y,y4%a 


fi 1 1 |[x ul] [9 2] 
5 7 |ly i 52 “ 
2 1 —-1|/z w 0 1 
or AX =B 
or X=A™"B (i) 
ft 1 1 | [x ul] [9 2] 


Where, A=|2 5 Aaa v jal | 
eee Sl z @ 0 -1 
| A] =1(-5 —7) — 1(— 2 — 14) + 1(2 — 10) 
=—-12+16-8=-4#0 
Let C be the matrix of cofactors of elements of | A|. 
[Cr Ce Gs] 
C=]Co Cop Cos 


C31 Cyp C35 
[5 7 2 7 2 5| | 
4-4] |2 2), |@ 4 
t af ix 4 t 4 
se ee 1 
t 4 rae ns 
eae Sale eae 
[-12 16 -8 | 
S| o 29, @ 
, 25.4 
f-12 2 2] 
ena ie <3 - 
—~ 4 3 
f=12 2 2] 
_; adjA 1 té 5 : 
[Al i) 1 “ 
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a 4 4] f1 -1] Further, x; = y, — y2+ 3y3 
==] —-12 —-8]=/3 2 VW 
-20 -4| [5 1 ” [x3]=[1 -1 3] A 
From Eq. (i) X=A™'B LY3 
[x wl] fv —4] Putting the values of y,, y., y we get 
Z, —Z_ + 23 | 
=> y vj=|3 2 
> [x,])=[1 -1 3]]/0+2z,+3z, 
Z ow 3 il 
2z, +z, + 0 
On equating the corresponding elements, we have = 
ipshiie f1 -1 1][z | 
a3 ed =[1 -1 3]]0 1 3]/z, 
Z= 5; w=l1 2 1 0 Zs 
95. Since, x, =3y, + 2y, —y3 [z,] 
ly, | =[1-0+6 -1-14+3 ale 
> [y]=B 2 -1]]y, Z3 
y3 [z, | 
Putting the values of y,, y., y3, we get =(7 1 2]| z, |=[7z, + z. —2z5] 
Z,—Z_ +23 | Zs 
[4]=[3 2 1]]0 + z, + 325 ae X,=7Z, + Z, — 225 (iii) 
2z, +2, +0 Hence, from Eqs. (i), (ii) and (iii), we get 
[1 -1 1][z, | X, = 2, — 22, + 923, X, =9zZ, + 10Z, + 1123, X3=7Z, + Z — 223 
=[3 2 -1]}0 1 3]/z, 96. Given equations can be written as, 
2 1 Ollz 2x —3y + 6z =5t+3 
: y-4z=1-t 
[z, | 4x —5y +82 =9t+k 
=(3+0-2 -3+2-1 34+6+0]]/z, which is of the form AX = B. 
25 Let C be the augmented matrix, then 
ea [2 -3 6:5t+3] 
1 : 
=[1 -2 9]lz, C=[A:B]=|0 1 4:1-t 
4 -5 8:9t+k 
23 


Applying R,; > R, —2R,, then 


Xx, |= |2) — 2z5 + Oz : 
ea [2 -3 6 :5t+3 


Be X, =2Z, — 2%, + 925 ...(i) 
Further, x, =—y, + 4y, + 5y3 C=|0 1 -4 :1-t 

Ty, | 0 1 -4 i-t+k-6| 
=> [x.J=[-1 4 5]]y, Applying R, > R, — R,, then 

Lys [2 -3 6 :5t+3 | 


C=|0 1-4 :1-¢t 


Putting the values of y,, y., y3, we get 


[z,-z, +25] 0 0 O:k-7 
[x,J=[-1 4 5]}/0+z,+3z, (i) For no solution 
| 2z, +z, +0 Ry #Re 
fe k#7 
[4 =o. ale] Sete ; 
(ii) For infinite number of solutions 
=[-1 4 5]/o 1 3]lz, 
Ry=Reo 
2 1 Of} z3 k=-7 
Z : ~ 
: 97. AX =U has infinite many solutions 
=[-14+0+10 14+4+5 -14+12+0]}z, 
z, = | A] = 0 =|A,| =|A,| =|As| 
Now, |A| =0 
[z, | a1 0 
=[9 10 a ee => 1 b d/=0 => (ab-1)(c-d)=0 
23 il: Dis 36 


Hence, x, =9z,+10z, +11z, ..-(ii) => ab=1lorc=d i) 
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and |A|=0 Ic 0 0] [d 0 0| 
cA =| 0 c c |;dI =|0 0 
f 1.0 A d. d 
= g b dj=0 0 -2c 4c 0 0d 
h b 
. 1 By AT =7[A? + cA + dl] 
> iat ae hd . => 6=1l+ct+d [By equality of matrices] 
= (esd) = se" vit .(— 6, 11) satisfy the relation. 
> |A,|=0 99. If Q= PAP" 
af 0 then P'’Q = AP? (- PP? =1] 
= 1 g dj=0 = — p1Q5p = AplQ24 p 
1 h e = A°PTQ™%p = A*p'Q”™™’p 
> a(ge — dh) — f(c -d) =0 = A pT(Qp) 
> a(gce — dh) = f(c — d) ..-(iii) = A424 pT (pa) [Q = PAP’ > OP = PA] 
|A3| =0 = 42005 
al f 
1 2005 
> 1b g|=0 4200s | | 
1 bih 4 1 | 
[1 o]f1 o] [1 0] 
2 = 
= (h— g)(ab -1) =0 100: “lr afl: afF fe a] 
=> h=gorab=1 ..(iv) eel O]f1 0] [1 0] 
Taking c = d >h = g and ab #1 (from Eqs. (3), (ii) and (iv) “le alla af [3 a] 
Now, taki BX =V, 1 0 
ow, taking anal | 
a 11 E 1 
Then, Bl=|0 d c\=0 In 0] [n-1 0 | 
A= (n-1)I= 
f gh ‘ |n nl" “il 0 n—1| 
[. In view of c = d and g =h, c, and c, are identical] [1 01 
= . : nA —-—(n-1)I= = A" 
=> BX =V has no unique solution. [n 1 | 
2 
nn 101. A?-A+1=0 
and |B|=| 0 d c/=0 [ec=d,g=h] 
0 g h > I=A-A® > I=A(I-A) 
aa 1 => A!I=A1(AII-A)) > AT=I-A 
|B|=|0 0 c|=a’fe=a°df [ec =d] 2 5 a Fi 
yo 8 102. Gy Letty bel y'|so that |2° 4 =l0 
1 BA y 
ala z 3. 2 1)\z 0 
and |B,|=|0 d 0 |=—a’df x 1 
If a’df # 0, then|B,| =|B,| #0 - a 
Hence, no solution exist. 2 2 
f1 0 oO] [6 0 0] Similarly, U, =|-1]|,U,;=]-1 
98. Given, A=|0 1 1 AT ae 4 -1 ie —3 
0 -2 4 2 1 1 2 2 


0 
0 
f1 0 olf1 o o| [ ] Hence, U=|-2 -1 -1 
A’?=|0 1 #1]//o 1 Aa -1 ‘| 1 -4 -3 


0 -2 4][0 |U|=3 
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-1 -2 0 j re 1/2 -1] 
an = 
(i) = AdjU=|-7 -5 -3 lo 2 | 
9 -6 3 [ 3 0 | 
: : and let A= ; 
yn? - AGU _ AdjU |=3 =2/3| 
| U| 3 3 0 
= sum of the elements of aa -3 —1/3 =i 
Ut sol 24+0-7-5-34+94+6+4+3)=0 4 Pe [1/3 0] 
an = 
(iii) The value of [-3 -3] 
1 0 -1 0 
7 Se ee 108, Let A=| Jor} 
(3320)U)2}=(20)}-2 -1 -1]]2 = 0 1 
0 1 -6 —3)\0 Then, A° =I 
3 1 0 
det A = =-—1land tr(A)=0 
=(-14 4)/2 0 -1 
0 109. (i) If two zero’s are the entries in the diagonal, then 
=(-34+8+0)=5 "Ck CG, =9 
103. Ae 1 zl A 0 If the entries in the principal diagonal is1, then 
cae 0 »b 30, =3 
2 a a 2b = Total matrix =9+3=12 
3a 4b lo a bl 
a0\f1 2 a 2a (ii)|}a 0 cjeitherb=0orc=0>|A|#0 
and BA= = 
0 bJ\3 4) \3b 4b bc l 
Hence, AB = BA only when a = b. => 2 matrices 
104. A? — B? =(A—B)(A+ B) [0 a 5] 
= A? — B2=A2+ AB-BA~—B? ' 1 cjeithera=O0orc=0>5]|A|#0 
0 
= AB = BA : 
[5 5a «| => 2 matrices 
105.A=|0 a Sa|3]A-Al=|A|| Al=(250)? =25 [1 a 0b] 
F 0 sleet eee 
0 0 5 
— bc 0 
= ’ 95 = 2 matrices 
1 [1 a b| 
> Q=t- 
5 b 1 
106. -.: A'=A,B' =-B bcl 
Given, (A+ B)(A-—B)=(A-B)(A+B) Ifa=b=0>|A|=0 
=> A?—AB+ BA-B’=A?+ AB-BA-B* Ifa=c=0>|A|=0 
5 AB = BA Ifb=c=0>5|A|=0 
=> There will be only 6 matrices. 
Also, gi AB)’ =(-1)* AB 
aor i at i (iii) The six matrix A for which| A|=0 are 
=> B'A‘ =(-1)* AB fo o 1] 
= —- BA=(- 1)* AB 0 0 1/= inconsistent 
= (-1)=(-1F [AB = BA] [1 1 1] 
es, 3,5,.52 fo 1 0 
2° al 1 1 1/|= inconsistent 
107. te =| | iis 
lo 1/2| [0 1 0| 
ae a Ae [1 1 1] 
oe 0 1/2| 1 0 0/= infinite solutions 
[1 
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[1 1 0] 
1 1 0J|= inconsistent 
}o 0 1 
[1 0 1] 
0 1 / => inconsistent 
11 0 1 
[1 0 oO] 
0 1 ' => infinite solutions 
0 1 1 


110.| adj A|=| A|""'=| A|?-' =| A| 
adj(adj A)=| A|"~? A 
=|A|> 2 A=|A|°A=A 


111. Three planes cannot meet only at two distinct points. 


Hence, number of matrices = 0 
112. If A is symmetric matrix, then b =c 
a b 
boa 

a, b,c € {0, 1, 2,3,..., p —1} 
Number of numbers of type 


det (A) a” —b* =(a+ b)(a—b) 


np = 
np+1=1 
np+2=1 


np+(p-1)=1Vnel 


(i) as det (A) is divisible by p => either a + b divisible by p 
corresponding number of ways = (p — 1) [excluding zero] or 
(a — b) is divisible by p corresponding number of ways = p 


Total Number of ways =2p — 1 
(ii) as Tr (A) not divisible by pa #0 
det (A) is divisible by p => a? — bc divisible by p 
Number of ways of selection of a, b, c 
=(@= 1) lel) tay =4) 
(iii) Total number of A= px pxp=p° 
Number of A such that det (A) divisible by p 


2 


=(p- 1)? + number of A in which a =0 


=(p-1) + pt+p-1=p’ 
Required number = p* — p” 


113.| A| =(2k —1) (—1+ 4k?) + 2Vk (2Vk + 4kV/k) 


+ 20k (4kVk + 2/k)(2k — 1) (4k? - 1) 
+ 4k + 8k? + 8k? + 4k 


= (2k — 1) (4k? — 1) + 8k + 16k? 
= 8k? — 4k? —2k +14 8k + 16k? 
= 8k? + 12k? + 6k +1 


| B| = 0as B is skew-symmetric matrix of odd order. 
=> (8k? + 12k? + 6k + 1)* =(10°)” 


=> (2k + 1)? =10° 
=> 2k+1=10 
=> k=4.5 
=> [k]=4 


114. First row with exactly one zero 
“. Total number of cases = 6 
First row 2 zeroes, we get more cases. 


.. Total we get more than 7. 


b 
115. Let A = : } abcd #0 
cd 
A= a b (4 b 
c d cd 
_, dhe a’ +be ab+bd 
ac+cd be+d? 
=> a’? +be=1,be+d* =1 


ab + bd =ac+cd =0 

c#0andb #0 

and a+d=0 

Trace A=a+d=0 
| A|=ad —be =—a* —be=1 


116. MN = NM 


M2N? (M’N)} (MN~1)? M?N2N7) (M’)} (N71)? 7 M 
=M’N-(M)! (N71) M =-M?.N(M)? (N’)! M 


=+ M’NM_'N-'M? =— M-NMM_!N7! M 
= —MNN'M=- M’ 
Note 


A skew-symmetric matrix of order 3 cannot be non-singular 


hence the question is wrong. 
117. (i) a+8b+7c=0; 9a+2b+3c=0 
7a+7b+7c=0 
Solving these equations, we get 
b=6a 
=> c=-—Ta 


Now, 2x+y+z=0 

= 2a+6a+(-7a)=1 

> a=1,b=6,c=-7 

: Jat+b+c=7+6-7=6 
(ii) «a =2 with b and c satisfying (E) 

. 2+8b4+ 7c =0,18 + 2b4+ 3c =0 

and 2+b+c=0 


we get b=12andc=-14 
3 1 3 3 1 3 
Ee t oP t oF a: t oe t on 
30 61 
eee 3qy!4 
(0) 1 
=30+1+ 30° 
=1+3(0+0’) 


(iii) «. b =6, with a and c satisfying (E) 
a+ 484+ 7e=0,94a+124+3c=0.a+6+c=0 


we get a=1,c=-7 
Given, ©, Bare the roots of ax” + bx +c =0 
b 
a+B=-—=-6, 
a 
c 
aB=—-=-7 
a 
Ll Ot -6 
Now, + —= B 
Bop <7 


_ 1 = 
“tS677— 
118. For the given matrix to be non singular 
1 ab 
mo 1 c/|#0 
o @ 1 
> 1—-(a+c)®+ acm’ #0 
> (1 — a@) (1 — cm) #0 
=> a#Q@’andc#@" 


a,b and c are complex cube roots of unity. 
..a and c can take only one value i.e., @ while b can take two 
values i.e., @ and @”. 
“. Total number of distinct = 2 
[la b c] 
119.Let M=|d e f 


-—le=2,h=3 


[0] 
Mi1/=|0|) > gt+th+i=12 >i=7 
i! 12 


Sum of diagonal elements =a+e+i=0+2+7=9 
120. Since, A and B are symmetric matrices 
ie A’ = Aand B’ =B 
Statement-1 Let P = A(BA) 
P’ =(A(BA)Y =(BAY A’ 


=(A’ B’) A’ 
=(AB)A [.. A’ = A, B’ =B] 
= A(BA) [By associative law] 


=P 
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= A (BA) is symmetric 


Now, let Q=(AB)A 
Q’ =((AB) AY’ 
= A’ (ABY = A’ (B’ A’) 
= A(BA) [. A’ = A, B’ = B] 
=(AB)A [By associative law] 


= (AB) Ais symmetric. 

.. Statement-1 is true. 

Statement - 2 (AB) = B’ A’ = BA 
= AB 

= AB is symmetric matrix 


[. A’ = A, BY =B] 
[AB = BA] 


..Statement-2 is true. 

Hence, both Statements are true, Statement-2 is not a correct 
explanation for Statement-1. 

27a, 2°» 

121. We have, | Q|=| 23421 24422 


5 
243, 2° Asp 


24a 
2°Ap3 
2°33 
ay a2 43 
=27.29-2*| 2a),  2dyy 2g 
2°a5, 2°Ayy 2° ayy 
4, U2 43 
=2°-2-2") ay, ay Gag |=2"" | P| 
43, 432 433 
|Q|=2 x2=2" 


122.:. Pl =2P+1 .. (i) 
(P’)' =(2P +1)" 
=> P=2P74+I1 ... (ii) 
From Eggs. (i) and (ii), we get 
P=2(2P+I)+I 
> P=-I 
PX =—-IX =—X 
[1 4 4] 
123. Given, adj P=|2 1 7 
1 1 3] 
144 
=> |adjP|=|2 1 7 
t1 3 
=1(-4)-4(-1)+ 401) =4 
> |PpP'=4 
> | P| =42 
x 


124. Let u, + u, =| y 


Zz 
1 
Now, Au, + Au, =} 1 
0 
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126. 


127. 
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=> 
1 0 O)\(x 1 

=> }]2 1 O};ys/=]1 
3 2 1)\z 0 

x 1 

> axt+y =/1 


3xt+2y+z 0 
x=1,2x+y=1 


and 3x+2y+z=0 
= x=1,y=-1,z=-1 
1 
Hence, uw + u,=|—11. 
—1 
Given, P? = Q° ..-(i) 
and P’Q=Q"P .. (ii) 
Subtracting Eq. (i) and (ii), we get 
Pp} p'9=¢9° —9'P 
P* (P-Q)=-Q’(P-Q) 
=> — (P?+Q*)(P-Q)=0 
= | (P* + Q*) (P — Q)| =| 0| 
= | P? +0’ ||P-Q|=0 
| P?+Q°|=0 [- P#Q] 
Given, adj A =P 
| adj A| =| P| 
= JA)?! =| P| [.|A|=4] 
=> 16 =| P| 
1a 3 
> 146=|1 3 3 
2 4 4 
=> 16 =1(0) —a (4-6) + 3(4 —6) 
> 16 =20 —-6 
> 200 = 22 
a=11 
(a) (N’MN)' = N'M'(N‘)' = N'M'N=N'MN 


or — N'MN According as M is symmetric or 


skew-symmetric. 


Correct. 
(b) (MN — NM)’ =(MN)' —(NM)! = N’M? — M'N™ 
= NM — MN [.. M, N are symmetric] 
=—(MN — NM) 
“. correct 
(c) (MN)' =N'M’=NM#MN _ [- M, Nare symmetric] 


*, Incorrect. 


(d) (adj M) (adj N) = adj (NM) # adj (MN) 


.. Incorrect. 
oy o 
ot 7] @” 
128. P = [Diy lrxn = ~ Inxa o" 
@"*? 
lo 0 .0 | 
5 0 0 0...0 
pos 0 =0 


00 0 
Pes 


If nis multiple of 3, so for P? # 0, n should not be a multiple of 


3, ie. n can take values 55, 56 and 58. 
129.B=A' A’ 
=(A7 A’Y = A(A™'Y’ 
=(A'A’) A(A7')’= A™ 
= A71(AA’)(A72)’ 
=(A'A) A (Aly 
=(IA’)(A™*)’= 


Now, BB’ 


b 
130. Let M = , where a, b,c € I 
c 


b 
#0 


a 
M is invertible if 
bic 


ac—b’ #0 
1, | >a=b=c > ac 
c 
Option (a) is incorrect 
(b) [b c]=[a }] 


Option (b) is incorrect 


[a 0] 


(c) elo Dec a 


b? 


>a=b=c> ac 


*, Mis invertible 
*, Option (c) is correct. 
(d) As ac #(Integer)’ = ac #b* 
*, Option (d) is correct. 


131. Given, MN = NM, M# N’ and M? = N* 


Then, M’=N‘ 

> (M+ N*)(M—N?*)=0 
M+N°=0 

> |M+N?|=0 


a) | M? + MN? |=| M|| M+ N*|=0 
*, Option (a) is correct. 
(b) (M? + MN”) U =M(M+ N’*)U =0 


*, Option (b) is correct. 


b? =0 


0 


"(a Ay(aty’ 
[3 


A A=AA’] 


A (A7')’=(A7! A) = Pet 


[ M#N?] 


(c) - | M? + MN* | = 0 from option (a) 
| M? + MN?| 31 
.. Option (c) is incorrect. 
(d) If AX =0and| A|=0, then X can be non-zero. 
132... AA’ =9I 


f1 2 2]|f1 2 al] f1 0 0] 
2 1 -2]/2 1 2);=910 1 0 
a2 6 |j2 -2 b 0 0 1 
f 9 0 a+4+2b| [9 0 0] 
> 0 9 2a+2-2b\=|0 9 0 
a+4+2b 2a+2-2b a®+4+b*| |0 0 9 
On comparing, we get 
a+2b+4=0 . (i) 
2a —2b+2=0 .. (ii) 
From Eqs. (i) and (ii), we get 
a==-2, 
b=-1 
*. Ordered pair is (— 2, — 1). 


133... X'=-X,Y'=-Y,Z'=Z 
(a) (Y? Z* —z*ty?)=(y3z*)' -(z*y°) 
=(Z4 Wy - 009)" (ZA 
= (27)* (v7) (7) (27) 
=-Z*y?+y? z* 
SY2* =2°Y° 
Option (a) is incorrect. 
(b) X** + Y“* is symmetric matrix. Option b is incorrect. 
(c) (X* Z3 — Z9x*)F=(x*Z3)' -(23 xt) 
= (2°) (xf (x4 (Z?)" 
= (27) (xT) - (xT) (ZT) 
=2°X*-x*Z? 
=o(X*7? = 7'°x*) 
*, Option (c) is correct. 


(d) X% + Y” is skew-symmetric matrix. Option (d) is 


correct. 
134. -. A adj A= AA™ 
=> A (A adj A) = A-'(AA’) 
=> (A1A) adj A=(A1A) A? 
=> I(adj A) = IA’ 
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or adj A= A’ 
[2 b]| [5a 3] 
0) — 
rig te 
=> 5a =2andb =3 
5at+b=5 
135.-- PO=kI => BO op espte’ (i) 
k k 
Also |P| = 12a + 20 ..ii) 
: —-k 
and given qo; = = 
Comparing the third element of 2"4 row on both sides, 
1. -k 
we get (— (Ga + 4))=—x 
(120 + 20) k 8 
=> 240 + 32 = 120 + 20 
a =-1 ... (iii) 
From (ii), |P|=8 (iv) 
Also PQ=kI 
= |PQ| = |k1| 
= [P||Q) = 
2 2 
=> sxa =i [-i=8 a\-"| 
“. k=4 ...(v) 
(b) 4a —k +8 =-4-44+8=0 
(c) det (P adj(Q)) =| P| | adj Q|=| P||Qf’ =8 x8" =2° 
(d) det (Qadj(P)) =|Q| |adj P|=| Q|| P|’ =8 x8? =2° 
eps, i) 
2 
> * =1and1+@+@* =0 
[ r 2s] 
Now, P= my 2 
l os o | 
Pp? : [(w)" wo” | [(-w)’ o* | 
l os a” | ws ow’ | 
_[ o%+o0% ~~ 07-0)’ +0’)! 
| oo +00") oo +o” | 
7 [ oF +0 00+’) es ort 
|o?(oy+ o) +o” | 
-1 0 
Pp? =-] SI | ...(ii) 
Lo -] 


Form Eqs. (i) and (ii), we get 
0” +@° =-1 
and w”*((-w)’ +o") = 0 
=r is odd and s =r but not a multiple of 3. Which is possible 
whenr=s =1 


. Only one pair is there. 
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f1 0 O| fo 0 0 
137.P=|4 1 O/=I+]4 0 O/=I+A 
* 4 i i 4 : 
[o 0 oO] 
Let A=/4 00 
116 4 0| 
[o 0 o| [fo 0 0] 
=> A’=|0 0 OfandA?=/0 0 0 
}16 0 0| : 0 : 
= A” is a null matrix Vn >3 
P® =(I+ A)? =1450A4 "A? 
=> O+F=14+50A+25x49A" 
or Q=50A+25x49A" 
fo o o| f o 0] 


0 
=/200 O O]+}] O 0 0 
800 200 0 19600 0 0 


lau vie 43 | [a 0 


t= qo2 ts] 200 0 
931 932 933 20400 200 


On comparing, we get 
a1 = 932 = 200, Gz, = 20400 


dai + Y32__ 20400 + 200 
dn 200 


=102+1=103 


0 
0 
0 


1 
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Session 1 


Some Basic Definitions, Mathematical or Priori or 
Classical Definition of Probability, Odds in Favour 


and Odds Against the Event 


Some Basic Definitions 


1. Random Experiment 


An experiment whose outcome cannot be predicted with 
certainty, is called a random experiment. 


Or 


If in each trial of an experiment, which when repeated 
under identical conditions, the outcome is not unique but 
the outcome in a trial is one of the several possible 
outcomes, then such an experiment is known as a random 
experiment. 

For example, 


(i) “Throwing an unbiased die” is a random experiment 
because when a die is thrown, we cannot say with 
certainty which one of the numbers 1, 2, 3, 4, 5 and 6 
will come up. 


(ii) “Tossing of a fair coin” is a random experiment 
because when a coin is tossed, we cannot say with 


certainty whether either a head or a tail will come up. 


(iii) “Drawing a card from a well-shuffled pack of cards” 
is a random experiment. 


Remark 
1. Adie is a solid cube which has six faces and numbers 1, 2, 3, 
4,5 and 6 marked on the faces, respectively. In throwing or 


rolling a die, then any one number can be on the uppermost 
face. 
2. (i) Apack of cards consists of 52 cards in 4 suits, i.e (a) 

Spades (@) (b) Clubs (#) (c) Hearts (w) (d) Diamonds 
(#). Each suit consists of 13 cards. Out of these, spades 
and clubs are black faced cards, while hearts and 
diamonds are red faced cards. The King, Queen, Jack (or 
Knave) are called face cards or honour cards. 


(ii) Game of bridge It is played by 4 players, each player is 
given 13 cards. 


(iii) Game of whist It is played by two pairs of persons. 


2. Sample Space 


The set of all possible results of a random experiment is 
called the sample space of that experiment and it is 
generally denoted by S. 


Each element of a sample space is called a sample point. 
For example, 
(i) If we toss a coin, there are two possible results, 
namely a head (H) or a tail (T). 
So, the sample space in this experiment is given by 
S={H,T}. 
(ii) When two coins are tossed, the sample space 
S ={HH, HT,TH,TT}o 
where, HH denotes the head on the first coin and 
head on the second coin. Similarly, HT denotes the 
head on the first coin and tail on the second coin. 
(iii) When we throw a die, then any one of the numbers 1, 
2, 3, 4, 5 and 6 will come up. So, the sample space 


S = {1,2,3, 4,5, 6}. 


3. Elementary Event 
An event having only a single sample point is called an 
elementary or simple event. 


For example, When two coins are tossed, the sample space, 
S ={HH, HT,TH, TT}, then the event, E, = {HH} of getting 
both the heads is a simple event. 


4. Mixed Event or Compound Event or 
Composite Event 

An event other than elementary or simple event is called 

mixed event. 

For example, 

(i) When two coins are tossed, the sample space 
S ={HH, HT, TH, TT} 

Then, the event E = {HH, HT, TH} of getting atleast 
one head, is a mixed event. 


(ii) When a die is thrown, the sample space 
S ={1,2,3, 4,5,6} 
Let A = {2, 4,6} = the event of occurrence of an even 
number 
and B = {3, 6} = the event of occurrence of a number 
divisible by 3. 
Here, A and B are mixed events. 


5. Equally likely Events 


The given events are said to be equally likely, if none of 
them is expected to occur in preference to the other. 


For example, 

(i) When an unbiased coin is tossed, then occurrence of 
head or tail are equally likely cases and there is no 
reason to expect a ‘head’ or a ‘tail’ in preference to 
the other. 

(ii) When an unbiased die is thrown, all the six faces 1, 2, 
3, 4, 5 and 6 are equally likely to come up. There is no 
reason to expect 1 or 2 or 3 or 4 or 5 or 6 in 
preference to the other. 


6. Independent Events 


Two events are said to be independent, if the occurrence 
of one does not depend on the occurrence of the other. 
For example, When an unbiased die is thrown, then the 
sample space S = {1, 2, 3, 4,5, 6} 

Let E, = {1,3,5} =the event of occurrence of an odd 
number and E, = {2, 4,6} =the event of occurrence of an 
even number. Clearly, the occurrence of odd number does 
not depend on the occurrence of even number. So, E, and 
E, are independent events. 


7. Complementary Event 


Let E be an event and S be the sample space for a random 
experiment, then complement of E is denoted by E’ or E° 
or E. Clearly, E’ means E does not occur. 

Thus, E’ occurs © E does not occur. 

For example, When an unbiased die is thrown, then the 
sample space S = {1, 2, 3, 4,5, 6}. 

If E = {1, 4, 6}, then E’ = {2, 3, 5} 


8. Mutually Exclusive Events 


A set of events is said to be mutually exclusive, if 
occurrence of one of them precludes the occurrence of any 
of the remaining events. If a set of events E,, Eo, ..., E, 
for mutually exclusive events. 

Then, E,NE,N...0E, =0 

For example, If we thrown an unbiased die, then the 
sample space S = {1, 2,3, 4,5, 6} in which 

E, ={1,2,3} =the event of occurrence of a number less 
than 4 and E, = {5,6} =the event of occurrence of a 
number greater than 4. Clearly, E; 0 E, = 

So, E, and E, are mutually exclusive. 


9. Exhaustive Events 


A set of events is said to be exhaustive, if the performance 
of the experiment results in the occurrence of atleast one of 
them. Ifa set of events E,, E., ..., E, for exhaustive events. 
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Then, 
For example, If we thrown an unbiased die, then sample 
space S = {1, 2,3, 4,5, 6} in which 

E, = (1, 2,3, 4} =the event of occurrence of a number less 
than 5 and E, = {3, 4,5, 6} =the event of occurrence of a 
number greater than 2. 

Then, E, U E, = {1,2,3, 4,5, 6} and E, m E, = {3, 4} 

So, E, UE, =Sand E; 0 E, #0 

Hence, E, and E, are exhaustive events. 


E,VE,U..UE, =S 


10. Mutually Exclusive 
and Exhaustive Events 


A set of events is said to be mutually exclusive and 
exhaustive, if above two conditions are satisfied. If a set of 
events E,,E,,...,E, for mutually exclusive and exhaustive 
events. 
Then, E, U E,VU...U E,=Sand EE; E, 0... E, = 
For example, If we thrown an unbiased die, then sample 
space 

S = {1,2,3, 4,5,6} in which 
E, ={1,3,5} =the event of occurrence of an odd number 
and E, = {2, 4,6} = the event of occurrence of an even number. 
Then, E, U E, = {1,2,3,4,5,6} and E,; NE, = 
So, E,; U E, =Sand E, 0 E, =6. 
Hence, E, and E, are mutually exclusive and exhaustive 
events. 


Mathematical or Priori 
or Classical Definition of Probability 


The probability of an event E to occur is the ratio of the 
number of cases in its favour to the total number of cases 
(equally likely). 
P(E) = n(E) _ Number of cases favourable to event E 
n(S) 


Range of Value of P(E) 


Probability of occurrence of an event is a number lying 
between 0 and 1. 


Total number of cases 


Proof Let S be the sample space and E be an event. Then, 


BES ...(i) 
Also, ocs ...(ii) 
where (is a null set. From Eqs. (i) and (ii), we get 
oCSDES n(9)<n(E)<n(S) 
n(E) " 7 
> ee [. n(o) =0] 
=> 0<P(E)<1 
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Remark 
1. For impossible event o; P(o) = 0 
2. For sure event S, P(S) =1 
Relationship between P(E) and P(E”) 
If E is any event and E’ be the complement of event £, then 
P(E) + P(E’) =1 
Proof Let S be the sample space, then 


F°=S-E 
> n(E’) = n(S) — n(E) 
5 mE") _ 4 {6 
nS) nS) 
P(E’) =1- P(E) 
ie. P(E) + P(E’) =1 


Odds in Favour and 
Odds Against the Event 


Let S be the sample space. If a is the number of cases 
favourable to the event E, b is the number of cases 
favourable to the event E’, the odds in favour of E are 
defined by a:b and odds against of E are b:a. 


i.e. odds in favour of event E is 
n(E) 
a_n(E) _ n(S) 


P(E) _, P(E’) _b 


b n(E’) n(E’) P(E’) P(E) a 
n(S) 
= P(E") + P(E) _b+a 
P(E) a 
1 bt+a 
=> = 
P(E) a 
_ a ro 0 
> ere and oe arr) 
Remark 


We use the sign ‘+’ for the operation ‘or’ and ‘x’ for the operation 
‘and’ in order to solve the problems on definition of probability. 


Example 1. If three coins are tossed, represent the 
sample space and the event of getting atleast two 
heads, then find the number of elements in them. 
Sol. Let S be the sample space and E be the event of 
occurrence of atleast two heads and let H denote the 


occurrence of head and T denote the occurrence of tail, 
when one coin is tossed. 


Then, S={H,T}x {H, T} x {H,T} 
S = {(H, H, H),(H, H,T),(H,T, H),(T, H, H), 


(T,T,H),(T, H, T),(H, T, T),(T, T, T)} 


and E ={(H, H, H),(H, H, T),(H, T, H),(T, H, H)} 
Also, n(S) = 8 and n(E) = 4 


Example 2. One ticket is drawn at random from a 
bag containing 24 tickets numbered 1 to 24. Represent 
the sample space and the event of drawing a ticket 
containing number which is a prime. Also, find the 
number of elements in them. 


Sol. Let S be the sample space and E be the event of 
occurrence a prime number. 


Then,  S={1,2,3,4,5,...,24} 
and E = {2,3,5, 7,11, 13,17, 19, 23} 
Also, n(S)=24 andn(E)=9 


Example 3. Two dice are thrown simultaneously. 
What is the probability obtaining a total score less 
than 11? 


Sol. Let S be the sample space and E be the event of obtaining 
a total less than 11. 


Then,S = {1, 2,3, 4,5, 6} X {1, 2,3, 4,5, 6} > n(S) =6 x6 =36 


Let E’ be the event of obtaining a total score greater than or 


equal to 11. 
Also, E’ = {(5, 6), (6, 5), (6, 6)}; *. n(E’) =3 
Then, probability of obtaining a total score greater than or 
equal to 11, 
P(E’) = n(E")_ 3 1 
n(S) 36 12 


1 11 
P(E)=1- P(E’)=1-—=— 
(E) (E’) eT 


11 
Hence, required probability is eS 


Example 4. If a leap-leap year is selected at 
random, then what is the chance it will contain 53 
Sunday? 

Sol. A leap-leap year has 367 days ie., 52 complete week and 
three days more. These three days will be three 
consecutive days of a week. A leap-leap year will have 53 
Sundays, if out of the three consecutive days of a week 
selected at random one is a Sunday. 
Let be the sample space and E be the event that out of the 
three consecutive days of a week one is Sunday, then 
S= {(Sunday, Monday, Tuesday), (Monday, Tuesday, 
Wednesday), (Tuesday, Wednesday, Thursday), (Wednesday, 
Thursday, Friday), (Thursday, Friday, Saturday), (Friday, 
Saturday, Sunday), (Saturday, Sunday, Monday)}; n(S) =7 
and E£ = {(Sunday, Monday, Tuesday), (Friday, Saturday, 
Sunday), (Saturday, Sunday, Monday)} 
: n(E)=3 

n(E)_ 3 

n(S) 7 


Now, required probability, P(E) = 


Example 5. From a pack of 52 playing cards, three 
cards are drawn at random. Find the probability of 
drawing a King, a Queen and a Knave. 
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Sol. Let S be the sample space and E be the event that out of “. n(S) = Number of ways of selecting 3 balls out of 
the three cards drawn one is a King, one is a Queen and — aA _ 13-12-11 _ 
one is a Knave. 13(8 + 5) Cs 1-23 286 
". n(S) = Total number of selecting 3 cards out of 52 cards (i) n(E,) = Number of ways of selecting 3 white balls out of 5 
52 
=—"C 5:4 
=*Cy="C,=—_=10 
and n(E) = Number of selecting 3 cards out of one is King, 1-2 
one is Queen and one is Knave = *C,-*C,-*C, = 64 .. P (getting 3 white balls) = n(£,)_ 10 _ 5 
bi n(S) 286 143 
2543 (ii) n(E, ) = Number of ways of selecting 3 red balls out of 8 
.. Required probability, peny 2). ee 2k ; 8-7-6 ‘ : 
nS) *C, 1:2:3 5525 ='§¢C,=—-* =56 
1:2°3 
Example 6. A bag contains 8 red and 5 white . P (getting 3 red balls) = n(E2) 
balls. Three balls are drawn at random. Find the n(S) 
ope 56 28 
probability that == 
286 = =143 


(i) all the three balls are white. 
(ii) all the three balls are red. 
(iii) one ball is red and two balls are white. 


(iii) n( £3, ) = Number of ways of selecting 1 red ball out of 
8 and 2 black balls out of 5 = °C, -°C, = 8-10 = 80 


Sol. Let S be the sample space, E, be the event of getting 3 “. P (getting 1 red and 2 black balls) 


white balls, E, be the event of getting 3 red balls and E, — M(Es) _ 80 _ 40 
be the event of getting one red ball and two white balls. n(S) 286 143 


Exercise for Session 1 


1. A problem in mathematics is given to three students and their respective probabilities of solving the problem 
11 1 


are 3°3 and ri The probability that the problem is solved, is 
3 1 2 1 
a) = b) — c)= d)— 
(a) Fi (b) 5 (c) = (d) 3 
2. A dice is thrown 3 times and the sum of the 3 numbers thrown is 15. The probability that the first throw was a 
four, is 
1 1 1 2 
a) — b).— Cc) d)+ 
( Me (b) . ( ae ( = 


3. Three faces of a fair dice are yellow, two faces red and one blue. The dice is tossed three times. The 
probability that the colours yellow, red and blue appear in the first, second and third toss respectively, is 


1 1 1 1 
(a) - (b) a0 (c) aa (d) oe 


4. A speaks truth in 75% of cases and B in 80% of cases. The percentage of cases they are likely to contradict 
each other in stating the same fact, is 
(a) 30% (b) 35% (c) 45% (d) 25% 


5. An unbiased dice with faces marked 1, 2, 3, 4, 5, 6 is rolled four times. Out of four face values obtained the 
probability that the minimum face value is not less than 2 and the maximum face value is not greater than 5, is 


16 1 80 65 
(a) ai (b) a (c) a (d) a 


6. Three numbers are chosen at random without replacement from {1, 2, 3, ..., 10}. The probability that the 
minimum of the chosen number is 3 or their maximum is 7, is 
11 7 11 7 
a) — b) — Cc) — d) — 
55 ) 50 70 rT 
7. Seven white balls and three black balls are randomly placed in a row. The probability that no two black balls are 
placed adjacently, is 


1 1 
(a) ; (b) 45 (c) ae (d) 5 
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8. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Two numbers are selected randomly from the set S = {1, 2, 3, 4, 5, 6} without replacement. The probability that 
minimum of the two numbers is less than 4, is 


1 14 1 4 
a) — b) — C)= d)_ 
( Nae ( oe ( \e ( ye 
1+3p 1-p 1-2p sings : 
If 3° 4 and are the probabilities of the three mutually exclusive events, then p € 
1 1 11 
a) [0, 1 b)| 0— co) | d)|—,— 
(a) [0, 1] (0)| ;| OF. | ;| 


1 1 1 3 
a) — b) — Cc) dj 
oe Oar Sos Oo. 
If the letters of the word ASSASSIN are written down in a row, the probability that no two Ss occur together, is 
1 1 1 1 
a) — b) — GC) d)— 
35 5 cr 35 


A box contains 2 black, 4 white and 3 red balls. One ball is drawn at random from the box and kept aside. From 
the remaining balls in the box another ball is drawn and kept beside the first. This process is repeated till all the 
balls are drawn from the box. The probability that the balls drawn from the box are in the sequence 2 black, 4 
white and 3 red, is 


(a) 


1 1 1 
ss c 
126 


OY a5 ( Por a) E0 


If three distinct numbers are chosen randomly from the first 100 natural numbers, then the probability that all 
three of them are divisible by both 2 and 3, is 


(a) 4 (b) 4 : 


4 
aie =e (c) an 
55 35 33 


(d) ase 


There are 2 vans each having numbered seats, 3 in the front and 4 at the back. There are 3 girls and 9 boys to 
be seated in the vans. The probability of 3 girls sitting together in a back row on adjacent seats, is 
1 1 1 1 
a) — b) — (o) ees d) — 
5 °) 39 (65 ) o1 


Aand B stand in a ring along with 10 other persons. If the arrangement is at random, then the probability that 
there are exactly 3 persons between A and B, is 
(a) 1 2 3 


= (b) (c) = (d) 


2 = 
11 1 


11 


= 


The first 12 letters of English alphabet are written down at random in a row. The probability that there are 
exactly 4 letters between A and B, is 


(a)! (b) " u 


5 
ae os (Cc) —- 
33 66 99 


33 
Six boys and six girls sit in a row randomly. The probability that the six girls sit together or the boys and girls sit 
alternately, is 
3 1 2 4 
a) —— b) —— c)—— d) — 
() 308 °) 00 ©) 508 *) 207 


(d) 


If from each of three boxes containing 3 white and 1 black, 2 white and 2 black, 1 white and 3 black balls, one 
ball is drawn, the probability of drawing 2 white and 1 black ball, is 


13 1 1 3 
a) — b)— c) — d) = 
ya Oy Ses Oey 
The probability that a year chosen at random has 53 Sundays, is 

i] 3 5 3 
a)= b) = C) = dy 
( Me ( Me ( Mg ( P56 


If the letters of the word MATHEMATICS are arranged arbitrarily, the probability that C comes before E, E 
before H, H before | and | before S, is 


3 1 1 1 
er Oe 


Session 2 
Some Important Symbols, Conditional Probability 


Some Important Symbols > P(AUB)=P(A)+P(B)-P(AN B) 


If A, B and C are any three events, then Rana 


(i) AM Bor AB denotes the event of simultaneous lf Aand Bare mutually exclusive events, then AN B= 6. 
occurrence of both the events A and B. Hence, P(An B) =0. 


(ii) AU Bor A+ B denotes the event of occurrence of “ P(AUB) = P(A) + PCB) 


atleast one of the events A or B. (b) P (exactly one of A, B occurs) 
(iii) A — B denotes the occurrence of event A but not B. =P(AN B)+P(AN B) 
(iv) A denotes the not occurrence of event A. = P(A) — P(AN B) + P(B) — P(AN B) 
(v) AN B denotes the occurrence of event A but not B. = P(A) + P(B) -2P(An B) 
(vi) AM B=(AU B) denotes the occurrence of neither 
= P(AU B)- P(AN B) 
A nor B. ; 
(vii) AU BUC denotes the occurrence of atleast one (c) P (neither ance #) ee 
event A, BorC. =P(AN B)=P(AU B)=1-P(AU B) 
(viii) (AM B)U (AN B) denotes the occurrence of 
exactly one of A and B. Remark 
(ix) AM Bo C denotes the occurrence of all three P(AUB)=1~-P(ANB) 
A, Band C. 2. If A, B and C are three events, then 
(x) (AN BN C)U(AN BN C)U(AN BN C)denotes (a) P(AU BUC) = P(A) + P(B) + P(C) — P(AN B) 
the occurrence of exactly two of A, B and C. ~P(BAC)—P(CA A) + P(AN BAC) 
eiuel with the help of figures — 
lf A Band Care mutually exclusive events, then 
F ao U ANB=06,BAC=6, CNA=06, ANBNC=0 
Yj = P(ANB) =0,P(BAC) =0,P(C AA) =0, P(ANBOC) =0 
PAU BUC) =P(A) + P(B) + P(C) 
Y ae General form of Addition Theorem of Probability 
a AQBOC 


P(A,U A, U...U A) =¥ P(A) - FPA Aj) 


i<j 


y 


+ SY P(A;N AGO Ay) - 


isziale| i<j<k 
et (-1)"7 P(ALA AQ... A,) 
Important Results — 
Remark 
ac Aone 2 ane aupitery events, thet IfA,, Ao, «., Ap are mutually exclusive events, then 
(a) P(AU B) = P(A) + P(B) — P(AN B) FPA AA) =0, PPA AA A) =0 
Proof Let S be the sample space. Since, we know that i<j i<j<k 
n(AU B)=n(A) +n(B) —n(AN B) and a a 
n(Av B) _n(A) , n(B) n(An B) = P(AVAYU.W.UA) = HP(A) 
= i=1 


n(S) n(S) n(S) n(S) 
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(b) P (atleast two of A, B, C occur) 
=P(AN B)+P(BOC)+P(CO A) 
—2P(AN BOC) 
(c) P (exactly two of A, B, C occur) 
=P(AN B)+P(BOC)+P(CO A) 
—3P(AN BOC) 
(d) P (exactly one of A, B, C occur) 
= P(A)+ P(B)+ P(C)— 2P(AnN B)- 2P(BNC) 
—2P(CXO A)+3P(AN BOC) 
3. (a) If A;, Ay,.... A, are independent events, then 
P(A, ON AQ ...0 Ayn) = P(A) P(A2)... P(A) 
(b) If Ay, Ag,.... A, are mutually exclusive events, then 
P(A,;UA,U...U A,) 
= P(A,)+ P(A2)+...+ P(A,) 
(c) If A,, Ag, ..., A, are exhaustive events, then 
P(A,;U A2gU...U A,) = 1 
(d) If A;, Ag, .... A, are mutually exclusive and 
exhaustive events, then 
P(A, U AN... An) 
= P(A,)+ P(A,)+...+ P(A,) =1 
4. If A,, A,,..., A, are n events, then 
(a) P(A; UA2U..U Ay) S$ P(A}) + P(Ag)+...+ P(An) 
(b) P(A;AN AQ... A,)21-P(A,) — P(A2) 


..— P(A,) 
Important Result 


If E, and E, are independent events, then 
(a) E, and E, are independent events. 
(b) E, and E, are independent events. 
(c) E, and E, are independent events. 
Proof Given, E, and E£, are independent events, then 
P(E; 0 E,) = P(E): P(E2) 
(a) P(E, 0 E2)= P(E,)— P(E, 9 Ep) 
=P(E,)—P(E,)- P(E2) 
= P(E,)[1~ P(Ez)]= P(E;)- P(E2) 
So, E, and E> are independent events. 
(b) Same as in part (i). 
(c) P(E, O E2)= P(E, U Ep) 
=1- PEE, VU E,)=1-[P(E,) + P(E2)- PE,  E,)] 
=1— P(E, )— P(E2) + P(Ei) PE2) 
= P(E, )— P(E) — P(Ey)] 
= P(E,)~ P(E2): P(E)= P(E;)[1~ P(E,)] 
= P(E,) P(E.) 


Remark 


ITE), Eo, ...,E, are independent events, 
then P(E, UE, U... UE, ) 
=1- P(E, Up U... UE) =1- PIE, AB N,N EQ) 


, 


== P(E,)« PES) ... PUE,) 


Example 7. For a post, three persons A, B and C 
appear in the interiew. The probability of A being 
selected is twice that of B and the probability of B 
being selected is thrice that of C. What are the 


individual probabilities of A, B and C being selected? 
Sol. Let E,, E, and E; be the events of selection of A, B and C 


respectively. 
Let P(E;)=x. 
Then, P(E,)=3P(E3)=3x and P(E,) =2P(E,) = 6x 


Since, E,, E, and E, are mutually exclusive and exhaustive 
events. 


P(E, UE, UE;) = P(E,) + P(E,) + P(E3) =1 
P(E,) + P(E) + P(E3) =1 
=> 6x+3x+x=1 


Hence, P(E,) =6x = 23 
10 5 


3 1 
P(E,) =3x = —and P(E,) = x = — 
(E;) rf (E3) A 


Example 8. If A and B are independent events, the 
probability that both A and B occur is : and the 


probability that none of them occurs is = Find the 


probability of the occurrence of A. 


Sol. We have, 
P(A OB) === P(A) P(B) =~ Ai) 
[A and B are independent] 
and P(AMB)= “=> A) PCB) == 
— (1- P(A))(1~ P(B)) = 
a 1- P(A) P(B)+ ss : [from Eq, (i)] 
= P(A) + P(B) = - Gi 


The quadratic equation whose roots are P(A) and P(B) is 
x? —[P(A)+ P(B)]x + P(A): P(B) =0 
3 
2 


- a + ; =0 [from Eqs. (i) and (ii)] 


=> x 


or 8x7 -6x+1=0 or x= 


> 


Hence, P(A) == or 


1 1 
20 4 
Example 9. A and B are two candidates seeking 
admission in IIT. The probability that A is selected is 
0.5 and the probability that both A and B are selected 
is atmost 0.3. Is it possible that the probability of B 
getting selected is 0.9? 
Sol. Let E, and E, are the events of A and B selected, respectively. 
Given, P(E, A E,) <03 and P(E,) = 0.5 
Since, P(E, U E) = P(E,)+ P(Ex) — P(E; 0 Ep) 
P(E, UE») <1 
P(E,) + P(E,)— P(E; A Ey) <1 


= P(E,) + P(Ey) <1+P(E, A Ep) 
=> 05+ P(E,) <1+03 = P(E,) <08 
Hence, P(E,) #0.9 


Example 10. Let A, B and C be three events. If the 
probability of occurring exactly one event out of A and 
Bis1—a, out of B and C is 1—2a, out of C and A is 
1—a and that of occurring three events simultaneously 
is a’, then prove that the probability that atleast one 


. : 1 
out of A, B and C will occur is greater than = 


Sol. Given, 
P(A) + P(B)-2P(A A B)=1-a (i) 
P(B) + P(C)-2P(BNC)=1-2a (ii) 
and P(C)+P(A)-2P(C A A)=1-a ...(iii) 
: P(ANBNC)=a@ ...(iv) 


“. P(A U BUC) = P(A) + P(B) + P(C) — P(A OB) 
—-P(BAC)-P(CNA)+P(ANBNC) 


- 5 {PCA) + P(B) —2P(A A B) + P(B) + P(C)-2P(BAC) 
+ P(C) + P(A) -2P(C 1 A)} + P(ANBAC) 


{1-a+1-2a+1-a}+a’ [from Eqs. (i), (ii), (iii) and (iv)] 


1 


1 
=~-2a+a’ =(a-1)? +=>= [a#1] 
2 2 


Example 11. If A,B and C are three events, such that 
P(A) = 0.3, P(B) = 04, P(C) = 08, P(AB) = 0.08, 

P(AC) = 028, P(ABC) = 0.09. If P(AUBUC) = 075, then 
show that P(BC) lies in the interval 0.23 < x < O48. 


Sol. Let P(BC) = x 


P(A UBUC)= P(A) + P(B) + P(C) — P(AB) 
— P(BC) — P(CA)+ P(ABC) 


Since, 
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=0.3+0.4 +0.8—-0.08- x — 0.28+0.09 = 123-— x 
But given that, P(A UBUC)2075and P(A UBUC)S1 
0.75 $1.23 0.75 2-123+x2-1 
or 1.23 -0.75 2x 2123-1 or 0.23< x £0.48 


x<s1> 


Conditional Probability 


The probability of occurrence of an event E,, given that 
E, has already occurred is called the conditional 
probability of occurrence of E, on the condition that E, 


has already occurred, it is denoted by P (= : 
2 


n(E, 1 E;) 
Thus, °(2)- EOE ge. UV) 
2 P(E) n(E2) 
n(S) 
- _ mE, O E;) 
n(E2) 
Remark 


1. If£, and E, are independent events, then (2 = P(Eo) 


2. If£, and E, are two events such that Eo # 9, 


hen P tal +P et =] 
Es Es 


3. If E,, Eo, Es, ..., &, are independent events, then 
P(E, U Ep VU E3U...UE,) = 1- P(E,)- P(Eo)- P(E3)...P(En ) 
. If &, Eo and E3 are three events such that &, # 6, EE # o, then 
PE, vy nE,) = PCE) -P| £2 |.P| 63 
E, E,E, 


Generalised form 


wy Ey Ep Eg...E,_1 # 9, then P(E, AEs NE3 A... Ep) 


=r6) (2). Es ial = }[ En } 
E) (66) \eee) (eee. 


Example 12. Two dice are thrown. Find the 
probability that the sum of the numbers coming up on 
them is 9, if it is known that the number 5 always 
occurs on the first dice. 
Sol. Let S be the sample space 
S= (1,2, 3,4, 5, 6} x {1, 2, 3,4, 5,6} 
n(S) = 36 
and let E, = The event that the sum of the numbers coming 
up is 9. 


If Ej, Eo, E3,....E,) are nevents such that £, # 6, & Eo #0, ££ Es # 4, 


E, = The event of occurrence of 5 on the first dice. 
E, al {(3, 6), (6, 3), (4, 5), (5, 4)} 
n(E,)=4 


and 
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and E, = {(5, 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6)} Sol. Let S be the sample space. 
n(E,)=6 If n(S)= 100, then 
E, OE, = {(5, 4)} E, = The event that the student chosen fail in English 
n(E; 0 E,)=1 “. n(E,) = 30 
Mone P(E, 0 Ey) = n(E, 0 E2) _ 1 and E, = The event that the student chosen fail in Hindi 
n(S) 36 1. n(Ey)=20and n(E, 0 Ey) =10 
n(E2) 6 1 n(E,) 
and P(E,)= == P(E,)= 2 
“ n(S) 36-6 (Ez) n(S) 
.. Required probability, _ 20 1 
ee Ea 100 5 
f ‘|= (Eo 2) = 36-1 and PUB, A F,)= ME OEs) _ 10 _ 1 
E, FED) a 2 sali n(S) 100 10 
1 
E E,QE 1 10 
Aliter : ')= nts 0 Fa) . Required probability, P a OES) 2 10.32 
E> n(E,.) 6 E, P(E) i 2 
5 
s Ss te 
Example 13. In a Class, 30% students fail in English; ‘i p( 21) _ (EOF) 
20% students fail in Hindi and 10% students fail in wer Ee! Ae 
English and Hindi both. A student is chosen at random, 
then what is the probability that he will fail in English, 2S) 
if he has failed in Hindi? ae 
Exercise for Session 2 
1 If P(A) =0-8, P(B) =0-5, then P(AMB) ies in the interval 
(a) [0-2 0-5] (b) [0- 2, 0-3] (c) [0- 3, 0- 5] (d) [0: 1 0-5] 
2 IfP(A)= > P(B) = and P(AMB) = =then the value of P(AMB), is 
3 5 7 9 
a) — b) — c) — () 
er O35 3 O33 
3 \fAandBare independent events such that P(A 7B ) = 2 and P(AMB) = > then P(B) is 
‘l 1 4 5 
a) — b) — c) — d)< 
( i ( Me ( i ( i 
4 \f Aand B are two events such that P(AVUB) = 2, P(A) = > P(B)= . then A and B are 
(a) mutually exclusive (b) dependent (c) independent (d) None of these 
5 |f A,B and C are mutually exclusive and exhaustive events associated with a random experiment. If 
P(B)= 5 P(A) and P(C) = 5P(B) then P(A) is equal to 
2 4 6 8 
a) — b) — Cc) d)— 
53 0) 53 33 O33 
6 \f Aand B are two events, then P(A)+P(B)=2P(A7B) if and only if 
(a) P(A) + P(B) = 1 (b) P(A) = P(B) (c) P(A) + P(B) > 1 (d) None of these 
7 \f Aand B are two events such that P(A MB) = > P(AAB) = - and P(A) = P(B) = p, then p is equal to 
17 19 21 23 
a) — b) — 6). = d)< 
Or, 0) 20 70 0 


10 


11 


12 


13 


14 


15 
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If A and B are two events such that P(A UB) = - P(AMB) = ; P(A) = a Then (AMB)is equal to 
2 3 5 1 

a) — b) = c)= d)— 

( Pe ( Me ( ( Mf 


If P(B) = - P(ANBOC)= : and P(ANBOC)= ; then P(B AC) is equal to 


1 
(5 0) 5 7 3 


If Aand B are two events such that P(A) >0 and P(B) # 1, then P (2) is equal to 


(a) 1-P(2 (0) 1-P(5) (c) ee (d) a 

If P(A) = 4 P(B) = 2 and P(AUB) = . then P (4) is equal to 

(a) (0). (4 (a) 

If two events A and B are such that P(A) = 0-3, P(B) =0-4 and P(AMB) =0-5, then P 5 =| is equal to 
(a) (0) 2 (2 (a3 


701 


Two dice are thrown. The probability that the number appeared have a sum of 8. If it is known that the second 


die always exhibits 4, is 


5 1 2 1 
a) = b)— c)— d)— 
(a) . (b) (c) 5 (d) 5 
Ais targetting to B, B and C are targetting to A. The probability of hitting the target by A, B and C are = > 
respectively. If Ais hit, the probability that B hits the target and C does not, is 

1 1 2 3 
a) — b)— c)— d= 
(a) (b) : (c) - (d) r 

A B 

If Aand B are two events such that ANB +0, P B =P 7 . Then, 


(a)A=B (b) P(A) = P(B) 
(c) Aand B are independent (d) All of these 


wo] oa 


Session 3 


Total Probability Theorem, Baye’s Theorem or 


Inverse Probability 


Total Probability Theorem 


Let E,, Ey,..., E, ben mutually exclusive and exhaustive 


events ie.,E; 0 E; = fori # jand|JE; =S. 
i=l 
Suppose that, P(E;)>0,V1Sisn 


Then for any event E 
= E 
P(E)= 5 P(E;)- P| — 


Proof Since, F,, E,...,E, are disjoint 


W EO E,, EO Ey,...,EQ E, are also disjoint. 


p-ens=eo( Ye: |-Uter E;) 


i=1 


Now, 


_N ye ¥ pre). P| £& 
a ee 2 P(E) (2) 


Example 14. The probability that certain electronic 
component fails, when first used is 0.10. If it does not 
fail immediately, then the probability that it lasts for 
one year is 0.99. What is the probability that a new 
component will last for one year? 
Sol. Given probability of electronic component fails, when first 
used = 0.10 
ie., P(F) = 0.10 
P(F) =1— P(F) = 0.90 
and let P(Y) = Probability of new component to last for one 
year 
P(F) + P(F)=1 
Obviously, the two events are mutually exclusive and 
exhaustive 


P zZ = (and P z = 0.99 
F F 


P(Y) = mye] + POP). of) 
F F 


= 0,10 x0+ 0.90 x 0.99 
=0 + (0.9) (0.99) = 0.891 


Example 15. Three groups A, B and C are contesting 
for positions on the Board of Directors of a company. 
The probabilities of their winning are 0.5, 0.3 and 0.2, 
respectively. If the group A wins, then the probability 
of introducing a new product is 0.7 and the 
corresponding probabilities for groups B and C are 0.6 
and 0.5, respectively. Find the probability that the new 
product will be introduced. 


Sol. Given, P(A) = 05, P(B) = 03 and P(C) = 02 


P(A) + P(B)+ P(C)=1 
Then, events A, B, C are exhaustive. 


If P(E) = Probability of introducing a new product, then as 
given 


P Z = 07,P ' = 0.6 and P = = 05 
A B Cc 


E E E 
P(E) = a)-7( 5] + 18)-F( 5) + cya 4) 


= 0.5 X 0.7 + 03 X 0.6 + 0.2 x 0.5 
= 0.35 + 0.18 + 0.10 = 0.63 


Example 16. An urn contains 2 white and 2 black 
balls. A ball is drawn at random. If it is white, it is not 
replace into urn, otherwise it is replaced along with 
another ball of the same colour. The process is 
repeated, find the probability that the third ball drawn 
is black. 


Sol. For the first two draw, the balls taken out may be 


Let EF, = White and White; 
E, = Black and White; 


E, = White and Black 
E, = Black and Black 


P(E,) = ow)-7() = a =< 

P(E>) = Pow) 2( = |= or 

P(E3) = (5) PF) = =< 
and P(E,) = (8)-2( 5) 7 a -= 
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a 3 
2. P(E) + P(Ez) + P(Es) + P(Ey)= 2+ + 2+ Remark 
10+ 20412418 ; The probabilities P(E.) and P (= : ‘are known as priori and 
60 posteriori probabilities, respectively. 


Then, events E, E, E; and E, are exhaustive. Obviously, Remarks We can visualise a tree structure here 
these events are mutually exclusive, then P(A) = p, P(B) = 


(2)=2-4e{2)=! Bema) 


E, 2 E, 4 P(A)=0 P(Z)=4 
= |= Pa Pia |= % 
B) 3 B) 4 2 B 7 
P =—and P =—= 
E,) 4 E,) 6 3 q, -R 
«. Required probability, KO 
p Ge 
P(B) = P(E,)-P| =| + P(z,)-P| & O q, -R 
E, £, OS 


B B 
+P(E3)- P| — |+ P(E,)- P| — 
(Es) (2 (E,) (2) Ap T 
1 1. 3.1.3 I we are toting P{ “) we go 
=-xX1+-x—+-x—+—x R R 
6 3 4 5 4 10 3 p(a)-P() 
. p(A)- A 
ee en “ R P(A p(B P(B AR 
6 4 20 5 (A): (5) + e@--(Z) 
_10+15+9+12 46 23 
60 60 30 Example 17. A bag A contains 2 white and 3 red balls 


and a bag B contains 4 white and 5 red balls. One ball 
is drawn at random from one of the bags and it is 


Baye's Theorem or found to be red. Then, find the probability that it was 


drawn from the bag B. 


Inverse Pro ba bility Sol. Let E, = The event of ball being drawn from bag A. 


If an event E can occur only with one of the n mutually E, = The event of ball being drawn from bag B. 
exclusive and exhaustive events E,, E,, E3,..., E, and the and E = The event of ball being red. 
probabilities P(E / E,), P(E/ E,), .... P(E / E,,) are known, Since, both the bag are equally likely to be selected, therefore 
aa Hiny=FiEi= = und of |= and of |=) 
Pe) P(E] 2 EJ 5 ») 9 
P Ex _ Ex .. Required probability, 
$rcey-?[ 2) ey» E | 
k=1 Ex of @ 7 E, 
E EB E 

Proof The event E occurs with one of the n mutually P(E,)- fz + P(E): fz | 


exclusive and exhaustive events E,, Ey, E3,..., E,, then 


1.5 5 
E=EE, + EE, + EE3+...1+EE, a ; A ae 
= P(E)=P(EE,)+P(EE,)+P(EE3)+...+P(EE,) foot et 88 a 


= PEE) = PEs) AZ] | 
E Example 18. A man is known to speak the truth 3 
out of 4 times. He throws a die and reports that it is a 
(Ex) 2 | six. Find the probability that it is actually a six. 
Sol. Let E, be the event that the man reports that it is a six 
Drees ): AZ) and E be the event that a six occurs. 


7 [2 )= 7 E) _ 
E} P(E) 
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Then, P(E) == 
1.5 
i~P(EjSia222 
(E) —_ 


=) = P (man speaking the truth) = ; 


P(E) = 


and 2) = P (man not speaking the truth) = 1 — = = ; 


Clearly, & is the event that it is actually a six, when it is 
1 
known that the man reports a six. 


Ey 
P(E): (=) 


f E _ 
E, pl / a). pf A 
P(E) (Z + P(E) {2 


13 
= 6 4 _3 
13 5.1 
—xX—+—xK— 

6 4 6 4 


Example 19. In a test, an examinee either guesses or 
copies or knows the answer to a multiple choice 
question with four choices. The probability that he 


makes a guess is ; and the probability that he copies 
the answer is : The probability that his answer is 


correct given that he copied it is : Find the probability 


that he knew the answer to the question given that he 
correctly answered it. 
Sol. Lest E, be the event that the answer is guessed, E, be the 


event that the answer is copied, E; be the event that the 
examinee knows the answer and E be the event that the 
examinee answers correctly. 


Given, P(E,) = ; , P(E,) = - 


Assume that events E,, E, and E, are exhaustive 
P(E,) + P(E,) + P(E3) =1 


; aye = 2G 
- P(E3)=1— P(E) — P(E2)=1 a 


3 
Now, P & 
E 
= Probability of getting correct answer by guessing 


1 : : 
= [since 4 alternatives] 


P & = Probability of answering correctly by copying = ; 
2 
and P (=| = Probability of answering correctly by 

3 
knowing = 1 


E 
Clearly, (=) is the event he knew the answer to the 


question, given that he correctly answered it. 


E 
Pee) [| 


3 


[3 )- 
E E E E 
mE)? | + rtE)-# Es PE,)P{ | 


1 2 3 


—-x1 
7 2 _ 24 
i eee eens Vee Fee 
-xX—-—+-x-+-xX1 a0 
3 4 6 


Example 20. A and B are two independent witnesses 
(i.e., there is no collusion between them) in a case. The 
probability that A will speak the truth is x and the 
probability that B will speak the truth is y. A and B 
agree in a certain statements. Show that the 
probability that the statements is true, is 
ay 
1-x-y+2xy 
Sol. Let E, be the event that both A and B speak the truth, E, 
be the event that both A and B tell a lie and E be the 
event that A and B agree in a certain statements. 


And also, let C be the event that A speak the truth and D be 
the event that B speaks the truth. 


E,=COD 
[..C and D are independent events] 

and E, = CAD 

then, P(E,) =(C A D)= P(C): P(D)= xy 

and P(E,) = P(C A D)= P(C) P(D) 


== (CHL f(y a= 2)0=y) 
a1] 4— y= xy 


Now, P (= = Probability that A and B will agree, when 
1 


both of them speak the truth = 1 


and fz | = Probability that A and B will agree, when both 


2 
of them tell a lie = 1 


E 
Clearly, (=) be the event that the statement is true 


E 
rE)-P( | 


(2) = 1 
E E E 
rE)» E+ ree)? = 


1 2 


xy-l xy 


xy-l+(l-x-yt+xy):1 1-x-yt2xy 


10. 


Chap 09 Probability 705 


Exercise for Session 3 


A bag A contains 3 white and 2 black balls and another bag B contains 2 white and 4 black balls. A bag anda 
ball out of it are picked at random. The probability that the ball is white, is 


4 
as Ee () 5 


7 
d) 
(d) i 
There are two bags, one of which contains 3 black and 4 white balls, while the other contains 4 black and 3 
white balls. A die is cast. If the face 1 or 3 turns up a ball is taken out from the first bag and if any other face 
turns up, a ball is taken from the second bag. The probability of choosing a black ball, is 


vf 8 10 11 
(a) re (b) Fe (c) a (d) 7 


There are two groups of subjects, one of which consists of 5 Science subjects and 3 Engineering subjects and 
the other consists of 3 Science and 5 Engineering subjects. An unbiased die is cast. If number 3 or 5 turns up, 
a subject from group | is selected, otherwise a subject is selected from group II. The probability that an 
Engineering subject is selected ultimately, is 

UG 9 13 11 
a) — b) — (o) pee d) — 
aa a7 4 50 


Urn A contains 6 red and 4 white balls and urnB contains 4 red and 6 white balls. One ball is drawn at random 
from urn Aand placed in urn B. Then a ball is drawn from urn B and placed in urn A. Now, if one ball is drawn 
from urn A, the probability that it is red, is 


6 1 
(a) +, (b) 55 (0) 8 (@) 2 


A box contains N coins, of which m are fair and the rest are biased. The probability of getting head when a fair 


coin is tossed is : , while it : when a biased coin is tossed. A coin is drawn from the box at random and is 


tossed twice. The first time it shows head and the second time it shows tail. The probability that the coin drawn 
is fair, is 

on 3m 7m 9m 
(a) 


(b) (c (d) 
m+ 8N m+ 8N m+ 8N m+ 8N 


A pack of playing cards was found to contain only 51 cards. If the first 13 cards which are examined are all red, 
then the probability that the missing card is black, is 


1 2 


15 16 
(a) : (b) 5 (c) 


26 39 


A purse contains n coins of unknown values. A coin is drawn from it at random and is found to be a rupee. 
Then the chance that it is the only rupee coin in the purse, is 
(a) (b) 2 o)— a= 
n 


n+1 n(n+ 1) n(n+ 1) 


A card is lost from a pack of 52 playing cards. From the remainder of the pack, one card is drawn and is found 
to be a spade. The probability that the missing card is a spade, is 


(a) 2 (c) 4 


5 
poe b) ae 
17 OF 17 


id) 
(d) re 
A person is known to speak the truth 4 times out of 5. He throws a die and reports that it is an ace. The 
probability that it is actually an ace, is 
1 2 

a)— b)= c 
(a) - (b) - (c) 
Each of the n urns contains 4 white and 6 black balls, the (n + 1) th urn contains 5 white and 5 black balls. Out of 


(n + 1) urns an urn is chosen at random and two balls are drawn from it without replacement. Both the balls are 


(d) ri 


found to be black. If the probability that the (n + 1)th urn was chosen to drawn the balls is a , the value 


of n, is 
(a) 10 (b) 11 (c) 12 (d) 13 


Session 4 


Binomial Theorem on Probability, Poisson Distribution, 
Expectation, Multinomial Theorem, Uncountable Uniform 
Spaces (Geometrical Problems) 


Binomial Theorem 
on Probability 


Suppose, a binomial experiment has probability of success 
p and that of failure q (ie., p + q =1). If E be an event and 
let X = number of successes i.e., number of times event E 
occurs in n trials. Then, the probability of occurrence of 
event E exactly r times in n trials is denoted by 


P(X =r) or P(r) and is given by P(X =r) 


re P(r) = es og 
=(r +1) th terms in the expansion of (q + p)” 


where, r = 0, 1, 2, 3,..., 7. 


Remark 
1. The probability of getting atleast A success is 


n 
Pir=k)= S' Gea. 
r=k 
2. The probability of getting atmost k success is 
k 


PO<rsk)= S°Cp'q"”. 
r=0 
3. The probability distribution of the random variable X is as 
given below 
x | 0 e | 2 |... | roid an 
P(X) | q’ 1G pq’ ' NG peg = "C p'qr" p” 


4. The mean, the variance and the standard deviation of 
binomial distribution are np, npg, JPY. 


5. Mode of binomial distribution Mode of Binomial 
distribution is the value of rwhen P(X = r) is maximum. 


(n+1)p-1sr<(n+1)p 


Example 21. If on an average, out of 10 ships, one is 
drowned, then what is the probability that out of 5 
ships, atleast 4 reach safely? 
Sol. Let p be the probability that a ship reaches safely. 
. awd 
« pe 10 
q = Probability that a ship is drowned = 1 — p =1- a 


a! 
10 


Let X be the random variable, showing the number of ships 
reaching safely. 


q 


Then, P (atleast 4 reaching safely) = P(X = 4 or X =5) 
= P(X = 4) + P(X =5) 


Example 22. Numbers are selected at random one at 
a time, from the numbers 00, 01, 02, ..., 99 with 
replacement. An event E occurs, if and only if the 
product of the two digits of a selected number is 18. If 
four numbers are selected, then find the probability that 
E occurs atleast 3 times. 
Sol. Out of the numbers 00, 01, 02, ..., 99, those numbers the 
product of whose digits is 18 are 29, 36, 63, 92 i.e., only 4. 
4 1 = 1 24 
P= PE) og d= PUEDE T oe o 


Let X be the random variable, showing the number of times 
E occurs in 4 selections. 
Then, P(E occurs atleast 3 times) = P(X =3or X = 4) 


= P(X =3)+ P(X =4)= *C, p%q' + *C, p*q° 
24 (1) 

x + 
25 (Fs) 


Example 23. A man takes a step forward with 
probability 0.4 and backward with probability 0.6. 
Then, find the probability that at the end of eleven 
steps he is one step away from the starting point. 
Sol. Since, the man is one step away from starting point mean 
that either 
(i) man has taken 6 steps forward and 5 steps backward. 


3 
1 
=4p*qt+ p'=4x 
ees 
_ 97 
390625 


(ii) man has taken 5 steps forward and 6 steps backward. 


Taking, movement 1 step forward as success and 1 step 
backward as failure. 


p = Probability of success = 0.4 
and q = Probability of failure = 0.6 
.. Required probability = P(X =6or X =5) 
= P(X =6)+ P(X =5)= "Cy p°q’ + "C5 p*aq° 


= "C,(p'q? + p’q*) 


11-10-9-8-7 foie ne oe oe 
= ——__* "40. 4)°(0-6)° + (0° 4)°(0-6 
iosaee. )’(0-6)" + (0-4)°(0-6)"} 
11-10-9-8- 
= 7 (0-24)° = 0-37 
1:2:3-4-5 


Hence, the required probability is 0-37. 


Example 24. Find the minimum number of tosses of 
a pair of dice, so that the probability of getting the 
sum of the digits on the dice equal to 7 on atleast one 
toss, is greater than 0.95. (Given, logy) 2 = 0- 3010, 
log 3= 0-471) 
Sol. The sample space, 
S={1,2,3, 4,5, 6}  {1, 2,3, 4,5, 6} 
n(S) = 36 and let E be the event getting the sum of 


digits on the dice equal to 7, then 
E = {(1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3)} 


n(E)=6 
p = Probability of getting the sum 7 
6 1 1 5 
=== 4 q=1-p=i1--= 
36 6 , : 6 6 


m 


*: Probability of not throwing the sum 7 in first m trials = q 


5 m 
. P (atleast one 7 in m throws) =1-—q”™ =1- ?) 


m 
, : 5 
According to the question, 1- (?) >0-95 
6 


5 m 5 m 
=> —| <1-0:95 = |—-| <0.05 
6 6 
5) i 
=> =| <— 
6 20 
Taking logarithm, 
=> m{logy) 5 — logy) 6} < logy 1 — logy) 20 
=> m{1 — logy) 2 — logy) 2 — logy) 3} < 0 — logy) 2 — logy, 10 
=> m{l — 2logy9 2 — logy) 3} < — logy) 2-1 
=> m{1 — 0.6020 — 0.4771} < — 0.3010 -1 
=> — 0.079 m < — 13010 
1.3010 
> m> = 16.44 
0.079 
m > 16.44 


Hence, the least number of trials is 17. 
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Example 25. Write probability distribution, when 
three coins are tossed. 


Sol. Let X be a random variable denoting the number of heads 
occurred, then P(X =0) = Probability of occurrence of 
zero head 


222 8 
P(X =1) = Probability of occurrence of one head 
= P(HTT) + P(THT) + P(TTH) 
1717, 121,471 3 
222 222 222 8 
P(X = 2) = Probability of occurrence of two heads 
= P(HHT) + P(HTH) + P(THH) 
ee Pee ee eee 


22:2 22°2 2 2:2 38 
P(X =3) = Probability of occurrence of three heads 
222 8 


Thus, the probability distribution when three coins are 
tossed is as given below 


x | 0 3 
P(X)| 1 3 1 
8 8 8 


another form, | 


Example 26. The mean and variance of a binomial 
variable X are 2 and 1, respectively. Find the 
probability that X takes values greater than 1. 
Sol. Given, mean, np = 2 eet) 
and variance, npq = 1 (ii) 


On dividing Eq. (ii) by Eq. (i), we get q = ; 


DR 


From Eq. (i), nx) =2 “ n=4 


4 
The binomial distribution is E + ;| 
Now, P(X > 1)= P(X =2)+ P(X =3)+ P(X =4) 
eee TAKS 4 
pct tT PTY 2 anf Ty a 71 
mor ai Cee oF ie eek oF = 
(3) D) () D) () 
_6+441 11 


16 16 
Aliter P(X >1)=1-{P(X =0)+ P(X =1)} 


“faa Caet 
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Poisson Distribution 


It is the limiting case of binomial distribution under the 
following conditions : 
(i) Number of trails are very large i.e. n > 00 
(ii) p> 0 
(iii) nq — A, a finite quantity (A is called parameter) 
(a) Probability of r success for poisson distribution is 


-Ayr 
é 


givenby P(X =r)= ,r=0,1, 2..:.. 


r} 
(b) Recurrence formula for poisson distribution is 


given by P(r +1)= Z- P(r) 
(r +1) 
Remark 
1. For poisson distribution, mean = variance = A = np 


2. If XandY are independent poisson variates with parameters 
A, and A», then X+Y has poisson distribution with parameter 
Ay + Ao. 


Expectation 


If p be the probability of success of a person in any 
venture and m be the sum of money which he will receive 
in case of success, the sum of money denoted by pm is 
called his expectation. 


Example 27. A random variable X has Poisson's 
distribution with mean 3. Then find the value of 
P(X >2.5) 
Sol. P(X > 2.5) =1- P(X =0)- P(X =1)- P(X =2) 
5 OF 
P(X =k)=e* 
e* e*.Al et .n? 


1! 2! 


2 
--et[isae%) 


2 9 
=1-e°/1+3+-— (3 
2 
17 


P(X >2.5)=1 


Example 28. A and 8B throw with one die for a 
stake of = 11 which is to be won by the player who 
first throw 6. If A has the first throw, then what 
are their respective expectations? 

Sol. Since, A can win the game at the 1st, 3rd, 5th...., trials. 


If p be the probability of success and q be the probability of 


fail, then 
= and g= 2 
P 6 2 6 


A = np =3) 


Similarly, P(B wins) = ; : 


. 6 5 
Hence, expectations of A and B are ¥ — x 11 and = — x 11, 
11 11 


respectively. i.e. Expectations of A and Bare % 6 and @ 5, 
respectively. 


Multinomial Theorem 


If a dice has m faces marked 1, 2, 3,...,m and if such n dice 
are thrown, then the probability that the sum of the 
numbers of the upper faces is equal to r is given by the 
(x+x7 +...4%7)" 


n 
m 


coefficient of x” in 


Example 29. A person throws two dice, one the 
common cube and the other a regular tetrahedron, the 
number on the lowest face being taken in the case of 
the tetrahedron, then find the probability that the sum 
of the numbers appearing on the dice is 6. 
Sol. Let S be the sample space, then 
S = {1,2,3, 4} x {1, 2, 3, 4, 5, 6} 
n(S) = 24 
If E be the event that the sum of the numbers on dice is 6. 
Then, n(E£) = Coefficient of x° in 
(xt+ x? + x2 tx*)x(xi tx? txt x74 %° 4+ x°) 
=1+1+1+1=4 
n(E) 4 1 


24 6 


.. Required probability, P(E) = = 
q Pp y, P(E) a(S) 24 


Example 30. Five ordinary dice are rolled at random 
and the sum of the numbers shown on them is 16. 
What is the probability that the numbers shown on 
each is any one from 2, 3, 4 or 5? 


Sol. If the integers x,, x2, x 3, x, and x; are shown on the 
dice, then x, + x, + x3 +x,+x5 =16 
where, 1 < x; <6 (i = 1, 2, 3, 4, 5) 
The number of total solutions of this equation. 
= Coefficient of x’® in(x’ + x7 +x%2 + x4 4x°4x°) 
= Coefficient of x’° inx’ (1+ x+x°+x%2+x'4+x°) 


= Coefficient of x in(lt+x+x7 + x2 +x44+x°) 


5 
eae 

= Coefficient of x" in ud 
1—x 


= Coefficient of x'! in(1 — x°)°(1— x)? 


= Coefficient of x" in 
(1—5x° +...)(1+ °Cyx + °Cy x? 4... 


+ °Cox? $+ PC yx +...) 


= "Cu al Cs 
15-14-13-12 9-8-7-6 
="C,-5°C, = GP ae 
1:2-3-4 1:2-3-4 
If S be the sample space 
n(S) = 735 


Let E be the occurrence event, then 
n(E) = The number of integral solutions of 
Xp +X. t+ x3 + xX4 + X5 = 16, 
where 2 < x; <5 (i = 1, 2, 3, 4, 5) 
= Coefficient of x’® in(x? + x? + x*+x°) 
= Coefficient of x’® inx(1+x+x7+x°) 


= Coefficient of x° in(1+ x + x* + x°) 


5 
1-<x* 
1-x 


= Coefficient of x° in(1— x*)°(1-— x)” 


= Coefficient of x° in 


= Coefficient of x° in 
(1—5x4 +...) (1+ °Cyx + PCy x? +...4 MC x% +...) 
=, -56C,="C,-55C, 
7 10:9-8-7 5 6°5 
1-2-3°4 1:2 


= 210 —75= 135 


n(E)_ 135 9 
n(S) 735 49 


“. The required probability, P(E) = 


Uncountable Uniform Spaces 
(Geometrical Problems) 


Example 31. Two persons A and B agree to meet at a 
place between 11 to 12 noon. The first one to arrive 
waits for 20 min and then leave. If the time of their 
arrival be independent and at random, then what is 
the probability that A and B meet? 


Chap 09 Probability 709 


Sol. Let A and B arrive at the place of their meeting x minutes 
and y minutes after 11 noon. 


yt 
C Bae 
(0, 60) 
Q 
S 
(0, 20) 
x Pp A Xx 
y| (0, 60) (60, 0) 


The given condition => their meeting is possible only if 
|x -y|<20 ..-(i) 

OABC is a square, where A = (60,0) and C = (0, 60) 
Considering the equality part of Eq. (i) 
Le., |x -y|=20 
.. The area representing the favourable cases 

= Area OPQBRSO 

= Area of square OABC — Area of 
APAQ — Area of ASRC 

= (60)(60) - 5 (40)(40) = 3 (40)(40) 


= 3600 — 1600 = 2000 sq units 
Total way = Area of square OABC = (60)(60) = 3600 sq units 
2000 5 


Required probability = —— = — 
. . = 3600 9 


Example 32. Consider the cartesian plane R* and let 
X denote the subset of points for which both 
: : ie 

coordinates are integers. A coin of diameter 5 is tossed 
randomly onto the plane. Find the probability p that 
the coin covers a point of X. 

Sol. Let S denote the set of points inside a square with corners 

(a, b), (a,b + 1),(a +1, b),(a+1,b+1)EX 


(a+1,b+1 


(a, b+1) 


(a+1,b 


(a, b) 
1 
Let P denotes the set of points in S with distance less than — 
4 


from any corner point. (observe that the area of P is equal 
to the area inside a circle of 
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re | ; : ' 
radius — ). Thus a coin, whose centre falls in S, will cover a 
4 


point of X if and only if its centre falls in a point of P. 


1 2 
f P ‘i 4 Tt 
area 0 _ _ ~0.2 


Hence,p = 
area of S 1 15 


Example 33. Three points P,Q andR are selected at 
random from the circumference of a circle. Find the 
probability p that the points lie on a semi-circle. 


Sol. Let the length of the circumference is 2s. Let x denote the 
clockwise arc length of PQ and let y denote the clockwise 
arc length of PR. 


Thus, 0 < x < 2s and0< y < 2s 
Let A denotes the subset of S for which any of the following 
conditions holds: 
(i)x,y<s 
(iii) x, y >s 


(ii) x <sandy-—x>s 

(iv) y<sandx-y>s 

Then, A consists of those points for which P, Q and R lie on 
a semi-circle. Thus, 


2 


_areaofA — 3s 


areaofS 45% 4 


Example 34. A wire of length / is cut into three 
pieces. Find the probability that the three pieces form 
a triangle. 
Sol. Let the lengths of three parts of the wire be x, y and 
1-(x+y). Then, x >0, y>0 


and l-(x+y)>0 


Le., x+y<lory<Il-x 


Since, in a triangle, the sum of any two sides is greater than 
third side, so 


l 
xt+y>l aa s % 


and x41-(x4y)>ysy<o 
l 
and PPE es 
l l l 
> —-x<y<-and0<x<-— 
2 2 2 

1/2 pl 
ag dy dx 
So, required probability = at 
i, dy dx 


[Ve te Wigs 1/2 
#0 [2 \2 OP 


[a= xa [-xax Pie 4 


Aliter 


The elementary event w is characterised by two parameters 
x and y [since z = 1 —(x + y)]. We depict the event by a 
point on x, y plane. The conditions x >0,y>0,x +y<l 
are imposed on the quantities x and y, the sample space is 
the interior of a right angled triangle with unit legs 


1 
Le. So = 
2 
Y, Y; 
1 
Q 
o) , ne 


The condition A requiring that a triangle could be formed 
from the segments x, y, ] — (x + y) reduces to the following 
two conditions: (1) The sum of any two sides is larger than 
the third side, (2) The difference between any two sides is 
smaller than the third side. This condition is associated 
with the triangular domain A with area. 


ie ee aye (ie) 2 
Erb meso r§ 
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a) Exercise for Session 4 


1 


13. 


14. 


15. 


A coin is tossed three times. The probability of getting exactly 2 heads is 


1 1 3 5 
(a) a (b) : (c) . (d) e 
A coin is tossed 4 times. The probability that atleast one head turns up is 
1 1 7 15 
(a) ae (b) a (c) ‘ (d) 1G 
The following is the probability distribution of a random variable X. 
x 1 2 3 4 5 
P(X) 0.1 0.2 k 0.3 2k 
The value of k is 
4 1 1 2 
(a) aE (b) ae (c) = (d) a5 
A random variable X has the distribution 
x 2 3 4 
P(XX=x) 03 | 04 | 03 
Then, variance of the distribution, is 
(a) 0-6 (b) 0-7 (c) 0-77 (d) +55 
Ina box containing 100 bulbs, 10 bulbs are defective. Probability that out of asample of 5 bulbs, none is defective, is 
(a) 10° (b) 2° (c) (0-9)° (d) 0-9 


A pair of dice is rolled together till a sum of either 5 or 7 is obtained. The probability that 5 comes before 7, is 


(a) 7 (b) = (c) = (d) None of these 


If X follows the binomial distribution with parametersn =6 and p and 9P (X =4) =P(X =2), then p is 
(a)— (b) — (c) = (d) — 


4 3 2 3 
If probability of a defective bolt is 0.1, then mean and standard deviation of distribution of bolts in a total of 400, are 
(a) 30, 3 (b) 40, 5 (c) 30, 4 (d) 40, 6 


The mean and variance of a binomial distribution are : and respectively, then value of p, is 


1 15 1 3 
a)— b) — C)i— d)~ 
(a) - (b) ae (c) r (d) 7 
The mean and variance of a binomial distribution are 6 and 4, thenn is 
(a) 9 (b) 12 (c) 18 (d) 10 


. Adie is thrown 100 times. Getting an even number is considered a success. Variance of number of successes, is 


(a) 10 (b) 20 (c) 25 (d) 50 


10% of tools produced by a certain manufacturing process turn out to be defective. Assuming binomial 
distribution, the probability of 2 defective in sample of 10 tools chosen at random, is 
(a) 0.368 (b) 0.194 (c) 0.271 (d) None of these 


If X follows a binomial distribution with parametersn = 100 and p = > then P (X =r)is maximum, whenr equals 


(a) 16 (b) 32 (c) 33 (d) None of these 
The expected value of the number of points, obtained in a single throw of die, is 
3 5 7 9 
a) = b) = c) — d)= 
(a) (b) (c) 5 (d) 


Two points P and Q are taken at random on a line segment OA of length a. The probability that PQ > b, where 
0 <b <a,is 


(a)? (b) P (c) eal (d) (2 =_ ) 


a a a a -b 


Shortcuts and Important Results to Remember 


Ifn letters corresponding ton envelopes are placed in the 
envelopes at random, then 


(i) probability that all letters are in right envelopes = “. 


(ii) probability that all letters are not in right envelopes 


Se 
n! 
(ili) probability that no letter is in right envelopes 
1 14 nl 
= + + (ly — 
2! 3! 4! n! 
(iv) probability that exactly r letters are in right envelopes 


-4\3 re, ec | 
rif2! 3! 4! (n —r)! 


When two dice are thrown, the probability of getting a 
total r (sum of numbers on upper faces), is 


. (r-1) (13-r) 
(i) F 


,if8<r<12 


,if2<r<7 (ii) 


When three dice are thrown, the probability of getting a 
total r (sum of numbers on upper faces), is 
f=] 
(i) ae if38<r<8 
216 


(ii) -” ifr = 10,11 
216 


ae 2D 
a 
ee 9 
(iv) 2, ifr=12 
216 


(20-r) 
) ——©2 if 13<r<18 
216 


If Aand B are two finite sets (Let n (A) =n and n(B) =m) and 


if a mapping is selected at random from the set of all 
mappings from A to B, the probability that the mapping is 


m 
n 


(i) a one-one function is — 
m 


. yo te 
(ii) a one-one onto function is —. 
m 


m 


(iii) a many one function is 1- —. 


If r squares are selected from a chess board of size 8 x 8, 
then the probability that they lie on a diagonal line, is 
A('C, + ©C, + °C, +... + 'C,)+2(0C,) 


BG. fori<r<7. 


If n objects are distributed among rn persons, then the 
probability that atleast one of them will not get anything, is 
n”—n! 


n? 


Points about coin, dice and playing cards: 


(a) Coin If ‘one’ coin is tossed rn times ‘n’ coins are 
tossed once, then number of simple events (or simple 
points) in the space of the experiment is 2”. All these 
events are equally likely. 


10 


11 


12 


13 


(6) Dice If ‘one’ die is thrown ‘n’ times or ‘n’ dice are 
thrown once, then number of simple events (or simple 
points) in the space of the experiment is 6” (here dice 
is cubical). All events are equally likely. 


(c) Playing Cards A pack of playing cards has 52 cards. 
There are four suits Spade (@ black face), Heart (¥ 
red face), Diamond (@ red face) and Club (# black 
face) each having 13 cards. In 13 cards of each suit, 
there are 3 face (or court) cards namely King, Queen 
and Jack (or knave), so there are in all 12 face cards 4 
King, 4 Queen and 4 Jacks (or knaves). 4 of each suit 
namely Ace (or Ekka), King, Queen and Jack (or 
knave). 

(i) Game of bridge It is played by 4 players, each 
player is given 13 cards. 

(ii) Game of whist It is played by two pairs of persons. 

(iii) If two cards (one after the other) can be drawn out 
of a well-shuffled pack of 52 cards, then number of 
ways; (x) With replacement is 
52 x 52 = (52)° =2704(B) Without replacement is 
52 x 51=2652. 


(iv) Two cards (simultaneously) can be drawn out of a 


well-shuffled pack of 52 cards, then number of 
52x51 _ 1326 


ways is °°C5 = 


Out of (2n + 1) tickets consecutively numbered, three are 


drawn at random, then the probability that the numbers 
3n 


An? —1 


on them are in AP, is 


Out of 3n consecutive integers, three are selected at 
random, then the probability that their sum is divided by 3, 
is (3n? - 3n +2) 
(3n —1)(3n -2) 
Two numbers a and b are chosen at random from the set 
{1,2, 3,..., 5n}, the probability that a* — b* is divisible by 5, 
17n-5 
5(5n — 1) 


Two numbers a and b are chosen at random from the set 
{1,2, 3,...,3n} the probability that a® — b? is divisible by 3, 
_ (5n - 3) 
is ———_— 
3(3/n — 1) 


Two numbers a and b are chosen at random from the set 
{1,2,3,...,3n}, the probability that a? + b? is divisible by 

soit 
3, is —. 

3 

There are n stations between two cities A and B. A train is 
to stop at three of these rn stations. The probability that 
no two of these three stations are consecutive, is 
(n — 3)(n - 4) 

n(n-1) 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 10 multiple choice examples. 
Each example has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct. 


Ex. 1 The probability that in a year of 22nd century 
chosen at random, there will be 53 Sundays, is 


2 vi 5 
(b) 28 (c) 28 (d) 28 


Sol. (d) In the 22nd century, there are 25 leap years viz. 2100, 
2104, 2108,..., 2196 and 75 non-leap years. 


Consider the following events: 


3 
(a) 38 


E, = Selecting a leap year from 22nd century 

E, = Selecting a non-leap year from 22nd century 
E = There are 53 Sundays in a year of 22nd century 
We have, 


FG a 2 a ea Ee pas en 
100 100 Ey 7 E, 7 


Required probability = P(E) = P(E MN E,) U(EN E,)) 
= P(ENE,) + PEA Ey) 


E E 
= mE. =| + Es). =) 


Ex. 2 In a convex hexagon two diagonals are drawn at 
random. The probability that the diagonals intersect at an 
interior point of the hexagon, is 


5 7 2 
(a) Pt (b) 1D (c) 5 


Sol. (a) We have, 
Number of diagonals of a hexagon = °C, —6 =9 


3 
oe 


n(s) = Total number of selections of two diagonals 
= °C, =36 
and n(E£) = The number of selections of two diagonals 
which intersect at an interior point 
= The number of selections of four vertices = °C, = 15 
n(E)_15_ 5 


n(S) 36 12 


Hence, required probability = 


Ex. 3 If three integers are chosen at random from the set 
of first 20 natural numbers, the chance that their product is 
a multiple of 3, is 


13 
Os 


2 194 
(d) —— 
19 285 


Sol. (d) n(S) = Total number of ways of selecting 3 integers 
from 20 natural numbers = °C, = 1140. 
Their product is multiple of 3 means atleast one number is 
divisible by 3. The number which are divisible by 3 are 3, 6, 
9, 12, 15 and 16. 
*, n(E) = The number of ways of selecting atleast one of 
them multiple of 3 

= °C, x Mc, + °C, x MC, x °C =776 


.. Required probability = aE) 
n(S) 


_ 776 _ 194 


1140 285 


Ex. 4 If three numbers are selected from the set of the 
first 20 natural numbers, the probability that they are in 
GP, is 


1 4 
(a) 385 (b) 385 

11 1 
Oa (¢) 1 


Sol. (c) n(S) = Total number of ways of selecting 3 numbers 
from first 20 natural numbers = “°C; = 1140 
Three numbers are in GP, the favourable cases are 1, 2, 4; 1, 
3, 9; 1, 4, 16; 2, 4, 8; 2, 6, 18; 3, 6, 12; 4, 8, 16; 5, 10, 20; 4, 6, 9; 
8, 12, 18; 9, 12, 16 
“. n(E) = The number of favourable cases = 11 

n(E)_ 11 

n(S) 1140 


.. Required probability = 


Ex. 5 Two numbers b and c are chosen at random with 
replacement from the numbers 1, 2, 3, 4, 5, 6, 7, 8 and 9. The 
probability that x? + bx +c >0 forall x € R, is 


17 32 

a) — b) — 
Sarr oie 

82 45 
c) — d) — 
ps re 
Sol. (b) Here, x? +bx +c>0,VxER 

D<0 
=> b’ < 4c 


~X 
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Value of b Possible values of c 


1 1<4c edo cen 

2 4<4c >c>15 = {2,3,4,5,6,7,8, 9} 

3 9 < 4c ig ts B58 8 
4 

4 16 <4c =c>4> {5, 6, 7, 8, 9} 

5 25 <4c =>c>6.25=> {7,8, 4 

6 36 <4c =>c>9=> Impossible 

7 Impossible 

8 Impossible 

9 Impossible 


n(E)= Number of favourable cases = 9 +8+7+54+3=32 
n(S) =Total ways =9 X9 =81 

.“. Required probability = BE) 2m 

n(S) 81 

© Ex. 6 Three dice are thrown. The probability of getting 
a sum which is a perfect square, is 


9 
(a) Eee 


Ble uolr 


(c) 


Sol. (d) n(S) = Total number of ways = 6 x 6 X 6 = 216 


The sum of the numbers on three dice varies from 3 to 18 
and among these 4, 9 and 16 are perfect squares. 


(d) None of these 


*, n(E) = Number of favourable ways 
= Coefficient of x* in 


(x+x? +... + x°)? + Coefficient of x” in 


(x +x? +... + x°) + Coefficient of x’® in 

(x+x7 4..4 x°) 

= Coefficient of x in(1+ x +... + x°)* + Coefficient of x° 
in (l+x+x°+...+x°) + Coefficient of x 
inQitxtx7+...42°) 

=Coefficient of x in(1 — x°)*(1— x) * + Coefficient of x° in 
(1— x°)3(1— x)? + Coefficient of x in(1 — x°8(1— x)? 
= Coefficient of x in (1) (1+ °C,x +...) + Coefficient of x° 
in(1—3x°)(1+ °C,x +...) + Coefficient of x’? in 

(1-3x° +3x +...);(1+ 2Cyx +...) 

= °C, +(8C, - 3) +(°Cy3 —3 x °C, +9) 

= 3¢,+(2C, -3)+ (PC, —3 x °C, +9) 

=3+25+6 

= 34 


.. Required probability = Esa 
n(S) 216 108 


» Ex. 7 A quadratic equation is chosen from the set of all 
quadratic equations which are unchanged by squaring their 
roots. The chance that the chosen equation has equal roots, is 


1 
(a) (Oh 


(c) 


Sol. (a) Let « and B be the roots of the quadratic equation. 


(d) None of these 


Ble ple 


According to question, 
a+ =a? +8 andop =a’ Bp? 


= oP =1 or a =0 


=> of(aB -1)=0 


> a=1B=La=afR=07 [cube roots and unity] 


a =1,8 =0;0 =0,8 =0 
..n(S) = Number of quadratic equations which are 
unchanged by squaring their roots = 4 


and n(E) = Number of quadratic equations have equal roots 
=2 
. Required probability = me) 2 1 
n(S) 4 2 


> Ex. 8 Three-digit numbers are formed using the digits 0, 
1, 2, 3, 4, 5 without repetition of digits. If a number is chosen 
at random, then the probability that the digits either increase 
or decrease, is 


2 


3 4 
(b) i (c) a0 (d) 1 


Sol. (c) n(S) = Total number of three digit numbers 
= °P, — °P, =120-20=100 


1 
(a) 10 


n(E) = Number of numbers with digits either increase or 
decrease 


= Number of numbers with increasing digits + Number of 
numbers with decreasing digits 

= °C3+°C3 =10+ 20 =30 

n(E)_ 30 3 


.. Required probability = = — 
oe y7n(S) 100 10 


» Ex. 9 If X follows a binomial distribution with 


parameters n =8 and p= { then p(|x — 4| S$ 2) is equal to 
2 


121 119 117 115 
a) — b) — c) — d) — 
a3 (0) oe O78 ) A 

Sol. (b) Here, p=5,n=8 


1 1 
q=1-psi- = 
2 2 


8 
; ; oe ia! self eek 
.. The binomial distribution is ( + ;| 
2 2 
Also, |x-4|<2 
=> —-25x-4852 5>2<5x <6 


“. p(|x —4| <2) = p(x =2)+ p(x =3)+ p(x =4) 
+ plx=5) + p(x =6) 


Tse) eG) 


— 8Cy + 805 + 8Cy + C5 + BCG 
98 


_ 238 _ 119 
256 128 


Ex. 10 A doctor is called to see a sick child. The doctor 


knows (prior to the visit) that 90% of the sick children in that 


neighbourhood are sick with the flue, denoted by F, while 
10% are sick with the measles, denoted by M. A well-known 
symptom of measles is a rash, denoted by R. 
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The probability of having a rash for a child sick with the 
measles is 0.95. However, occasionally children with the flue 
also develop a rash with conditional probability 0.08. Upon 
examination the child, the doctor finds a rash, then the 
probability that the child has the measles, is 


89 91 93 95 
(a) 167 (b) 167 (c) 167 (d) 167 
Sol. (d) «. P(F) =0-90, P(M) = 0-10, 
of 2) = 0-08, p{ 2) -0:9 
F M 
(a-P( =) 
ics “ 
R R R 
(at-P( 2) + (F)-2( 2) 
0-10 0-95 _0:095 95 


0-10x 0-:95+ 0:90 0:08 0-167 167 


More than One Correct Option Type Questions 


more than one may be correct. 


Ex. 11 Let p,, denote the probability of getting n heads, 
when a fair coin is tossed m times. If p4, ps, Po are in AP, 
then values of mcan be 

(a) 5 (b) 7 (c) 10 (d) 14 


4 m-4 m 
1 1 1 
Sol. (b, d) = MC — ees 
eer es (3) () () 
5 m-5 m 
1 1 lL 
_ mo = mo 
o 3] () (3) 
6 m-6 m 
1 1 1 
d ="C =™C 
. Pe (5) () 5] 


According to the question, p4, ps5, Pp, are in AP 


“ 2Ps = Pat Po 
m m m 
1 1 1 
=> 2% "Cel =| = "Cal—| #™C,| = 
2 2 2 
or 2x "Ce S "Ca TG. 
ie. MG: 5 m-6+1 
or 2= + > 2= 
Mee "Gz m-5+1 6 
5 = 
=> 2= += y (m* —2)m+98=0 
m-—4 6 
> (m — 14)(m — 7) =0 


m=7 or 14 


y 


This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 


® Ex. 12 A random variable X follows binomial distribution 
with mean a and variance b. Then, 


(a) a>b>0 (b) F>1 
a a 
is an integer d 
a-b = ) oat 


Sol. (a, b, c) Suppose, X ~ B(n, p) ie. (q + p)” 


(c) 


is an integer 


Here, np = aandnpq =b 


b b 
q=-, then p=1-q=1-—- 
a a 


b 
Now, 0<q<1>50<-—<1 > a>b>0O [alternate (a)] 
a 


and ; >1 [alternate (b)] 


a’ _ (np) —_somp __ mp 
a-b np-npq 1-q p 


Also, =n= Integer 


[alternate (c)] 
Ex. 13 If A,, A>,..., An aren independent events, such 
that P(A; ) = = i=1, 2,...,n, then the probability that 
none of A,, A>, Aj, An occur, is 


(a) 


n (b) 1 


n+1 n+1 


(c) less than 2 (d) greater than : 
n n 


+2 
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Sol. (b, c, d) *." A;, Az, A3,... A, are n independent, then 
Required probability = P(A{ A Az NA3 0... 0 Anz) 
= P(Aj). P(A). P(A3) ... P(A;) 
=(1— P(A,))(1 — P(Ag))(1 — P(As))... (1- P(A) 


(3-2-4) 


dee iD n 1 
=-X-xX x x = 
2 3 4 n+1 n+l 
1 1 1 
“nt2ont+il>n . < <— 
n+2 n+1 hn 


© Ex. 14 A and B are two events, such that P/(AU B) = : 
4 
1 3 
ang <P(AN B)s 3 then 


(a) P(A) + P(B)< > (b) P(A): P(B) < ; 


(c) P(A) + P(B)> ; (ay Woneer ress 
Sol. (a,c)" —< P(A UB)¥S1 


> > < P(A) + P(B)- P(AN a <i 


| aes 


As the minimum value of P(A - B) = -, we get 


3 
P(A) + P(B)- ; > - = P(A) + P(B)> - [alkemate (o)] 


JEE Type Solved Examples : 
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= This section contains 3 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 16 to 18) 
Each coefficient in the equation ax? + bx +c=0is 
determined by throwing an ordinary die. 
16. The probability that roots of quadratic are real and 
distinct, is 
5) 19 173 17 
ie i ues je 

16 0) 08 O76 err 

Sol. (b) For roots of ax” + bx + c =0 to be real and distinct, 
b? — 4ac > 0 


Value of b 


1,2 No values of a and c 


Possible values of a and c 


3 
As the maximum value of P(A - B) = . we get 


P(A) + P(B)- ; <1= P(A) + P(B)< - [alternate (a)] 
© Ex. 15 A,B,C and D cut a pack of 52 cards successively in 
the order given. If the person who cuts a spade first receives 
% 350, then the expectations of 

(a) Bis % 96 (b) Dis % 54 

()(A + C)is & 200 (d) (B— D) is % 56 


Sol. (a, b, c) Let E be the event of any one cutting a spade in 
one cut and let S be the sample space, then 


n(E)= "C, = 13. and n(S)= "C, =52 
n(E) 1 = 3 
= P(E) = = = andq = p(E)=1- p= 
p = P(E) io at p(E) c= 


The probability of A winning (when A starts the game) 


=ptq‘ptq pt...0c= 


F(A) = %350x ©4 =% 128 
175 

B(B) = €128 x q = €128 x 7 =F 96 

B(C) = 896 x q=896x = =F 72 


=%54 


and E(D) = 72x q =%72x ; 
. E(A + C) =% 200 and E(B — D) =% 42. 


Value of b Possible values of a and c 

3 (1, 1), (1, 2), (2, 1) 

4 (1, 1), (1, 2), (2, 1), (1, 3), (3, 1) 

5 (1, 1), (1, 2), (2, 1), (1, 3), (3, 1), (2, 2), (1, 4), 
(4, 1), (1, 5), (5, 1), (2, 3), (3, 2), (1, 6), (6, 1) 

6 (1, 1), (1, 2), (2, 1), (1, 3), (3, 1), (2, 2), (1, 4), 
(4, 1), (1, 5), (5, 1), 
(2, 3), (3, 2), (1, 6), (6, 1), (2, 4), (4, 2) 


If E be the event of favourable cases, then n(E) = 38 
Total ways, n(S) = 6 X 6 X 6= 216 


Hence, the required probability, p, = ey. Se 


n(S) 216 108 


17. The probability that roots of quadratic are equal, is 


5 vg 11 
a) — b) —— c) — 

(2) 216 ) 216 ©) 216 216 
Sol.(a) For roots of ax? + bx + c =0 to be equal b” = 4ac 


ie. b? must be even. 


Value of b_ Possible values of aand c 
2 (1, 1) 
4 (2, 2), (1, 4), (4, 1) 
6 (3, 3) 


If E be the event of favourable cases, then n(E) =5 
Total ways, n(S) = 6 X 6 X 6 = 216 


n(E) _ 5 
Hence, the required probability, —— 
q Pp Y> P2= n(S) 216 
18. The probability that roots of quadratic are imaginary, is 
103 133 157 173 
a) — — c) — d) —— 
6 0) 16 O16 Die 
Sol. (d) Let p; = Probability that roots of ax? + bx +c =0 are 
imaginary 


= 1 — (Probability that roots of ax” + bx + c = are real) 


=1-(p, + P2) [from above] 
_,- 413 
216 216 


Passage II 
(Ex. Nos. 19 to 21) 
A box contains n coins. Let P(E; ) be the probability that 
exactly i out of n coins are biased. If P (E; ) is directly 
proportional to i(it+1);lSisa. 
19. Proportionality constant k is equal to 
3 1 
a) ——__ re 
n(n? +1) (n? + 1)(n + 2) 
3 1 
oe (d) 
n(n + 1)(n + 2) (n + 1)(n + 2)(n + 3) 
(c) * P(E;) x i(i +1) 
= P(E;) =ki(i + 1), where k is proportionality constant. 
We have, P(E,) + P(E.) + P(E3) +... + P(E,) =1 


Sol. 


= 


(. E,, Ey,..., E, are mutually exclusive 
and exhaustive events) 
=> ba P(E;}=1 
i=1 
> k Ye? +i)=1 
i=1 
=> k [Ldn + Ynj= 
ae n(n +1)(2n + 1) a7 +1)]_ 
6 
k= ..-(i) 


NCESCE 


20. If P be the probability that a coin selected at random 
is biased, then \lim P is 


1 oe 3 7 
(a) 7 (b) = (c) . (d) : 
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Sol. (b) : P = P(E) = y -P(E;) 2] ...(ii) 


n 


_k n(n +1) 4 n(n + 1)(2n + 1) 
n 2 6 
(n 


+1)(n + 2) (3n +1) 
12 
3 (n +1) (n +2) (3n +1) 
n(n+1)(n +2). 12 
3n+1 3 1 
= =—t+ 
4n 4 4n 
Eee 


+ se ghee 
la 3n | 4 4 


21. If acoin is selected at random is found to be biased, the 
probability that it is the only biased coin the box, is 
1 12 
(a) (b) 
(n+1)(n + 2)(n + 3)(n +4) n(n +1)(n + 2)(3n +1) 
‘ 24 d) 24 
n(n +1)(n + 2)(2n +1) n(n + 1)(n + 2)(3n +1) 


[from Eq. (i)] 


lim P= lim 
noo noo 


P(E,): {=| sex 
: = 1 {from Ec. (ii 
5) P(E) [ q. (ii)] 


. 
Sol. (d) of - 


8k 
(3n +1) 


3n+1 

eo 
_ 24 

n(n +1)(n + 2)(3n + 1) 


[from Eq. (i)] 


Passage III 
(Ex. Nos. 22 to 24) 


Let S be the set of the first 21 natural numbers, then the 
probability of 
22. Choosing {x,y} C S, such that x* + y® is divisible by 


3, Is 
1 1 1 1 
(a) . (b) 5 (c) 4 (d) 3 
Sol. (d) «.. S = {1, 2, 3, 4, 5,..., 21} 


Total number of ways choosing x and y is 
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Now, arrange the given numbers as below: 


1 4 7 10 13 16 19 
2 5 8 11 14 17 20 
3 6 9 12 15 18 21 


We see that, x* + y> =(x + y)(x” — xy + y’) will be 
divisible by 3 in the following cases: 


One of two numbers belongs to the first row and one of the 
two numbers belongs to the second row or both numbers 
occurs in third row. 


.. Number of favourable cases = (’C,)(’C,) + ’Cz =70 


70 1 
.. Required probability = —— = — 
7 : y 210 3 
23. Choosing {x, y, z} C S, such that x, y, z are in AP, is 
5 10 3 2 
a): —— b) — c) — d) —— 
SEE err ere err 
Sol. (b) Given, x, y, z are in AP 
: 2y=xt+z 


It is clear that sum of x and z is even. 
*. x andz both are even or odd out of set S. 


ie., 11 numbers (1, 3, 5,..., 21) are odd and 10 numbers (2, 4, 
6,..., 20) are even. 
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= This section contains 2 examples. The answer to each 
example is a single digit integer ranging from 0 to 9 
(both inclusive). 


» Ex. 25 The altitude through A of AABC meets BC at D 
and the circumscribed circle at E. If D =(2,3), E =(5,5), the 
ordinate of the orthocentre being a natural number. If the 
probability that the orthocentre lies on the lines 


y= y=2; y=3..... y =10 is”, where m andn are 
n 


relative primes, the value of m+n is 
Sol. (8) Let the orthocentre be O(x, y). 
It is clear from the OE is perpendicular bisector of line BC. 
as OD = DE 
= (x — 2)? + (y — 3)? = (5-2)? + (6-3)? 
=> (x- 2) +(y-3) =(5-2)° +(5-3)? 


=> x+y’ -4x-6y=0 5 x=24,/13-(y-3) 


= y can take the values as 1, 2, 3, 4, 5, 6 


Required probability = °. = : =” [given] 


n 


.. Number of favourable cases 
11:10 10-9 
= "Ic, + °C, = —— + —= = 100 
fe? 1:2 


and total number of ways choosing x, y and z is 


210, = 2120-19 _ 1459 
1-2-3 
100 10 
.. Required probability = —— = — 
_ 7 e 1330 =133 
24. Choosing {x, y, z} C S, such that x, y, z are not consecu- 
tive, is 
17 34 51 34 
(a) (Db) (c) (d)— 
70 70 70 35 


Sol. (c) Given, x, yand z are not consecutive. 


Number of favourable ways = *’~3*!C, 


— ton 19-18-17 _ 


Cc. 969 
1-2-3 
21-20-19 

and total number of ways = *'C; = = 1330 
’ sa 969 51 
Required probability = —— = — 
1330 70 

=> m=3andn=5 
m+n=8 


Ex. 26 The digits 1, 2, 3, 4, 5, 6, 7, 8 and9 are written in 
random order to form a nine digit number. Let p be the 
probability that this number is divisible by 36, the value 
of 9p is 
Sol. (2). 14+24+3+4+5+6+7+8+9 = 45, a number 
consisting all these digits will be divisible by 9. Thus, the 
number will be divisible by 36, if and only if it is 
divisible by 4. The number formed by its last two digits 
must be divisible by 4. The possible values of the last pair 
to the following: 
12, 16, 24, 28, 32, 36, 48, 52, 56, 64, 68, 72, 76, 84, 92, 96. 
ie., There are 16 ways of choosing last two digits. 
The remaining digits can be arranged in ’ P, =7! ways. 
Therefore, number of favourable ways = 16 x 7! 
and number of total ways = 9! 

16X7!_ 16 | 


.. Required probability, p = 
‘ . uP 9! 9x8 9 


> 9p =2 
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= This section contains 2 examples. Examples 27 and 28 have four statements (A, B, C and D) given in Column I and four 
statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one or more 
statement(s) given in Column II. 


© Ex. 27 If n positive integers taken at random are 


multiplied together. 


Column I Column II 

(A) | The probability that the last digit is 1, 3,7 | (p) 3 

or 9 is P(n), then 100 P(2) is divisible by 
(B) | The probability that the last digit is 2, 4, 6 | (q) 4 

or 8 is Q(n), then 100 Q(2) is divisible by 
(C) | The probability that the last digit is 5 is (r) 6 

R(n), then 100 R(2) is divisible by 
(D) | The probability that the last digit is zero | (s) 9 

is S(n), then 100 S(2) is divisible by 


© Ex. 28 If A and B are two independent events, such that 
P(A) = and P(B) = —. 
3 4 


Column I Column II 
(A) | IEP (=| =, then12ys iP) | penne amber 
A \_ . (q) | a composite 
(B) | IfP 5 e 5) = ,, then 9A, is aianiiee 
(C) | If P[(A AB) U(ANB)] =A, (r) | anatural number 
then 12A; is 
(D) | If P(A UB) = Ay, then 12A, is (s) | a perfect number 


Sol. 


A > (q); B > (p, q, 1); C > @, 8); D > &, s) 
Let n positive integers be x1, X29, X35... Xp 
Let AS 4. Mog a Ky 
Since, the last digit in each of the numbers x, x., 
be any one of the digits 
0, 1, 2,... 9 (total 10) 

n(S) = 10" 
Let E;, E,, E; and E, are the events given in A, B, C and D, 
respectively. 


saeyXq CON 


n 


(A) n(E)=4" = ne)=(< = P(n) 


[given] 


100 P(2) = 16 
(B) n(E,) =n (last digit is 1 or 2 or 3 or 4 or 6 or 7 or 8 
or 9) — n(E,)=8" — 4” 


8" — 4" : 
= P(E,)==—* = Q(n) [given] 
100 Q(2) = 64 — 16 = 48 
(C) n(£3) =n (last digit is 1 or 3 or 5 or 7 or 9) — n(E,) 
= 5” _ 4” 
= P(E;)=2—* =R(n) [given] 


“. 100 R(2) = 25-16 =9 
(D) n(E,) = n(S) — n (last digit is 1 or 2 or 3 or 4 or 6 or 7 or 
8 or 9)— n(E;) = 10" — 8" —(5" — 4”) 
10" -8" 5" 44" _ 


P(E,) = : s(n) 
0 


[given] 


100 S(2) = 27 


Sol. 


A —(q, 1); B (q, r, s); C > (—p, r); D > (q, r) 
A and B are independent events. 
P(A 0B) = P(A): P(B) = = 


P(A 7B) = P(A): P(B) = : = =| 
1 
A). MACD Bot. 
B P(B) 1 3 
4 
12A, = 4 [natural number and composite number] 


(B) of A |-7gaee 


dy 


[given] 


(A) | 


AUB P(A UB) 
A) HA) P(A CB) 
P(A UB) P(A) + P(B) 
1 
= 3 Bee : 
i113 A» [given] 
3 4 12 


hp =6 


[natural number, composite number and perfect number] 


(C) P(ANB)U(ANB))= P(ANB)+ (ANB) 
1 4 5 ; 
= 4 6 = DR = 3 [given] 
12A, =5 [prime number and natural number] 
(D) P(AUB)= P(A) + P(B)- (AB) 


1 1 1 3 
3 4 6 4 


12A, =9 [natural number and composite number] 


[given] 
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JEE Type Solved Examples : 
Statement | and Il Type Questions 


= Directions Example numbers 29 and 30 are Assertion- 

Reason type examples. Each of these examples contains 

two statements: 

Statement-1 (Assertion) and Statement-2 (Reason) 

Each of these examples also has four alternative choices, 

only one of which is the correct answer. You have to select 

the correct choice as given below. 

(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 
is not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 

(d) Statement-1 is false, Statement-2 is true 


Ex. 29. A man P speaks truth with probability p and 
another man Q speaks truth with probability 2p. 
Statement-1 /f P and Q contradict each other with 


probability . then there are two values of p. 


Statement-2 A quadratic equation with real coefficients 
has two real roots. 
Sol. (c) Let E, be the event that P speaks the truth, 
then P(E,) = p and let E, be the event that Q speaks the 
truth, then P(E,) = 2p. 
Statement-1 If P and Q contradict each other with 
probability - then P(E,)- P(E.) + P(E,)-P(E,) = : 


= p(1~2p) +(1~ p)-2p == => 8p? -6p+1=0 


=> (2p —1)(4p — 1) =0 > p= and p=" 


.. Statement-1 is true. 


Subjective Type Examples 


= In this section, there are 24 subjective solved examples. 


Ex. 31 Three critics review a book. Odds in favour of the 
book are 5: 2,4: 3 and 3:4 respectively for the three critics. 
Find the probability that majority are in favour of the book. 
Sol. Let the critics be E,, E, and E3. Let P(E,), P(E,) and P(E3) 

denotes the probabilities of the critics E,, E, and E3 to be 
in favour of the book. Since, the odds in favour of the 
book for the critics E,, E, and E, are 5: 2,4: 3 and 3: 4, 
respectively. 


5 


5 4. 4 
P(E,) = == PR \= = 
(Ey) ee mee (Ee) 4437 


Statement-2 Let quadratic equation 
ax” + bx +c =0, wherea,b,ceE R 
If b? — 4ac <0 


then, roots are imaginary. 
.. Statement-2 is false. 


» Ex. 30 A fair die thrown twice. Let (a, b) denote the 
outcome in which the first throw shows a and the second 
shows b. Let A and B be the following two events: 

A= {(q, b)| ais even}, B= {(a, b)|b is even} 
Statement-1 If C = {(a, b)|a+ b is odd}, then 
P(AQNBOC)= 7 


Statement-2 If D = {(a, b)|a+ b is even}, then 
P[((AABAD)|(A UB= 


Sol. (c) If a and b are both even, then a + b is even, therefore 
P(ANBOC)=0 
.. Statement-1 is false. 


1 1 es ee 
Also, P(A) =, P(B)=-, P(A NB)==x = — 
ia sc a ae 


. P(A U B) = P(A) + P(B) — P(A OB) 


P(A ABA D)M(A VU B)) 


“ P(AABOD)(A UB) = P(A UB) 


_ P(ANB) _ 
P(A UB) 


=, [-ANBCD] 


.. Statement-2 is true. 


3 3 
P(E. )=—" = 2 
(Es) Sea 9 


and 


Clearly, the event of majority being in favour = the event of 
atleast two critics being in favour 


.”. The required probability 
= P(E,\E,E,) + P(E,E,E;) + P(E,E,E,) + P(E,E,E;) 
= P(E,)-P(E2): P(E3) + P(E,) -P(E2) -P(Es) 
+ P(E,)- P(E»): P(E3) + P(E;)-P(E,)+ P(E3) 


['. E,, E, and E; are independent] 


5 4 3 5) 43 5 4\)3 543 
=2.=./]1 +/1 fe aaa Ses Saas 
Tif 7 a a 7/7 777 
1 209 
= — [80 + 24 + 45 + 60] = —— 
7? 343 


Ex. 32 A has 3 shares is a lottery containing 3 prizes and 

9 blanks; B has 2 shares in a lottery containing 2 prizes and 6 

blanks. Compare their chances of success. 

Sol. Let E, and E, be the events of success of A and B, 
respectively. Therefore, E’,and E’, are the events of 
unsuccess of A and B, respectively. 

Since, A has 3 shares in a lottery containing 3 prizes and 9 
blanks, therefore A will draw 3 tickets out of 12 tickets (3 
prizes + 9 blanks). Then, A will get success if he draws 
atleast one prize out of 3 draws. Similarly, B will get success 
if he draws atleast one prize out of 2 draws. 


9-8-7 
9 a 
, C 12. 21 
PEW=Z 3 =_12:3 = 
Cy 121110 55 
1-2-3 
21 34 
ma ey 55 55 
6-5 
6 —. 
Cc 15 
Again, P(E’,)=—2=12=— 


15 13 
28 28 
34 
Hence, EE) 555. one 
(E,) 13° 715 
28 


P(E,): P(E,) = 952:715 


Ex. 33 A bag contains a white and b black balls. Two 
players A and B alternately draw a ball from the bag, 
replacing the ball each time after the draw till one of them 
draws a white ball and wins the game. If A begins the game 
and the probability of A winning the game is three times that 
of B, show thata:b=2:1. 

Sol. Let E, denote the event of drawing a white ball at any 


draw and E, that for a black ball and let E be the event 
for A winning the game 


a b 


“P(E,) = oe Ea) = og 


at 
“. P(E) = P(E, or E,E,E, or E,E,E,E,E, or ...) 
= P(E,) + P(E, E,E,) + P(E,E,E,E,E,)+... 
= P(E;) + P(E,) P(E2) P(E;) 
+ P(E,) P(E) P(E,) P(E2) P(E,) +... 
['.. E; and E, are independent] 
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= _ PE) [sum of infinite GP] 
1 — {P(E,)}° 
a 
a+b  _ aa+b) etd 
~ a+2b 


b \ a’ +2ab 
1- 
at+b 


Then, P(E’) is the probability for B winning the game 
a+b_ b 
a+2b at2b 


- P(E’)=1- P(E)=1- 


According to the problem, P(E) = 3P(E’) 


a+b 3b 
=> = >at+p =3pB>a=2 
a+2b a+2b B B B 
a 2 
-=- =>a:B =2:1 
b 1 B 


Ex. 34 Five persons entered the lift cabin on the ground 
floor of an 8 floors house. Suppose that each of them, 
independently and with equal probability can leave the cabin 
at any floor beginning with the first. Find out the probability 
of all five persons leaving at different floors. 

Sol. Let S be the sample space and E be the event that the five 
persons get down at different floors. 
Total number of floors excluding the ground floor = 7 
Since, each of the 5 persons can get down at any one of the 
7 floors in 7 ways. 
*, n(S) = Total number of ways in which the 5 persons can 
get down =7° 


and n(E£) = number of ways in which the 5 persons can get 
down at 5 different floors out of 7 floors = ’P; 


n(E) _ "Ps 


.. Required probability, P(E) = . 
n(S) 7 


Ex. 35 Let X be a set containing n elements. Two subsets 
A and B of X are chosen at random. Find the probability that 
AU B=xX. 
Sol. Let X = {x,, X2,..., X,} 


For each x; € X (1 <i <n), we have the following four 
choices 


(i) x; € A and x; € B (ii) x; € A and x; € B 
(iii) x; € A and x; € B (iv) x; ¢ A and x; € B 


Let S be the sample space and E be the event favourable for 
the occurrence of AU B= X. 


n(S) = 4" 
n(E) = 3" 
Hence, the required probability, 


nayat®  -* (3) 
n(S) 4° 


and [case (iv) ¢ X ] 
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Ex. 36 Two persons each makes a single throw with a 
pair of dice. Find the probability that the throws are 
unequal. 


Sol. Let E be the event that the throws of the two persons are 
unequal. Then, E’ be the event that the throws of the two 
persons are equal. 

.. The total number of cases for E’ is (36)’ 
ie, n(S) = (36)? ['.. S be the sample space] 


We now proceed to find out the number of favourable cases 
for E’. Suppose 


(xt x7 t x8 $0.4 2°) = a,x? + agx? +... +a. x" 
The number of favourable ways of E’ = a5 +43 +...+aiy 
*, n(E’) = coefficient of constant term in 

(a,x" +a3xr+...+ ayyx'”) x & aes weet i) 


x? x? x12 


» (-3) 
Say x® 


ae) 


= coefficient of x’? in(1 — x°)! (1— x)“ 


= coefficient of constant term in 


= coefficient of x" in(1— 4x° +...) 


(1+ *Cyx + Cox? +... + BCigx? +...) 


= "Cro -4! Cy 
13-12-11 “6° 
=c,-4.C,= 4g, OA 44g 
1-2-3 1:2%3 
pe’) = ME). 146 _ 73 
n(S) (36)? 648 
Hence, required probability, 
3 5 
P(B)=1- (E)21- 2 22? 
648 648 


> Ex. 37 If X and Y are independent binomial variates 
B(5,1/ 2) and B(7,1/ 2), find the value of P(X +Y =3). 
Sol. We have, 
P(X +Y =3)= P(X =0,Y =3)+ P(X =1Y =2) 
+ P(X =2,Y =1) + P(X =3,Y =0) 
= P(X =0) P(Y =3) + P(X =1) PY =2) 
+ P(X =2) PY =1) + P(X =3) P(Y =0) 
[. X and Y are independent] 


5, 7 5 7 
(1) wal) ceatly eat 
Se ele ala te "Oeil 76, l= 
° C] ; | (5) : | 
5 T 5 7 
+ #ea(5) tei(z) + e3(5) (5) 
ib 2 a 2 3 


; [(1) (35) + (5) (21) + (10) (7) + (10) (1)] 


_ 220 55 


Qe 1024 


Ex. 38 Ifa¢[—20,0], find the probability that the graph 
of the function y =16x* +8(a+5) x —7a—5 is strictly 
above the X-axis. 

Sol. Since, the graph y = 16x” + 8a +5) x —7a—5is strictly 
above the X-axis, therefore y > 0 for all x 
=> 16x? +8a+5)x-7a-5>0,Vx 


.. Discriminant < 0 


+ + 
-15 = —2 


=> 64(a + 5)” — 4-16(-7a — 5) <0 
=a’ +17a+30<0 >(at+15)(a+2)<0 
=> -15<a<-2 
fis 4 

15 “* _ 13 


dx 20 


.. Required probability = > 


— 


—20 


Ex. 39 3 distinct integers are selected at random from 
1, 2, 3,..., 20. Find out the probability that the sum is divisible 
by 5. 
Sol. The number of wayds choosing 3 distinct integers from 1, 
2, 3, ..., 20 is 
20, _ 20-19-18 


C3 = 20 X57 = 1140 
1:2:3 


Now, arrange the given numbers as below: 


1 6 11 16 
2 7 12 17 
3 8 13 18 
4 9 14 19 
5 10 15 20 


We see that the sum of three digits divisible by 5 in the 
following cases : 
Two number from 1st row and one number from 3rd row or 
one number from 2nd row and two numbers from 4th row 
or three numbers from 5th row or one number from each 
(1st row, 4th row, 5th row) or one number from each (2nd 
row, 3rd row, 5th row). 
Then, the number of favourable ways 

= ‘*c, x ‘C,+ 4C, x 4C, + *C, 

+ *C,x 4c, x *C, + *C,; x *C, x 4c, 

=244+24+4+64+64=180 

150 3 


Hence, the required probability = —— 
' z 1140 19 
Note 


If divisible by 4, then take four rows and if divisible by 3, then take 
three rows, etc. 


Ex. 405 girls and 10 boys sit at random in a row having 
15 chairs numbered as 1 to 15. Find the probability that end 
seats are occupied by the girls and between any two girls odd 
number of boys sit. 


Sol. There are four gaps in between the girls where the boys 
can sit. Let the number of boys in these gaps be 2a + 1, 
2b + 1, 2c + 1, 2d + 1, then 


2a+1+2b+1+2c+1+2d+1=10 
or at+b+ct+d=3 
The number of solutions of above equation 
= coefficient of x? in(1— x) * = °C; = 20 


Thus, boys and girls can sit in 20 x 10! x 5! ways. Total 


ways = 15! 
20 x 10! x5! 


Hence, the required probability = act 


Ex. 41 A four digit number (numbered from 0000 to 
9999) is said to be lucky if sum of its first two digits is equal 
to the sum of its last two digits. If a four-digit number is 
picked up at random, find the probability that it is lucky 
number. 


Sol. The total number of ways of choosing a four digit number 
is 10* = 10000. Let a denote the number of distinct 
non-negative integral solutions of the equation x + y=k 
(0<k <18) 


“. The number of favourable cases = a? + a? +... + avg 


Suppose, (1+ x+x7 +...+x°) 


2 18 
= Ay +x + agx* +... + gx 


Thus, a) + a; +... + aj, = coefficient of constant term in 


a a 
(ay + x +... + Ggx'®) x] ag +4. $ 
x x! 
= coefficient of constant term in 
2 
CS Ra ea ee ae Oe a ob eee 
x x x 


= coefficient of x’* in(1+ x +x? +...4+x°) 

= coefficient of x8 in(1— x"°)* (1- x)“ 

= coefficient of x"® in(1 — 4x") (1+ *Cyx + °Cyx? +...) 
= C,, — 4:1C, = 1330 — 660 = 670 


670 
Hence, the required probability = ae 0.067 
10000 


Ex. 42 

(i) If four squares are chosen at random on a chess board, 
find the probability that they lie on a diagonal line. 

(ii) If two squares are chosen at random on a chess board, 
what is the probability that they have exactly one 
corner in common? 
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(iii) If nine squares are chosen at random on a chess board, 
what is the probability that they form a square of size 
3x3? 


Sol. (i) Total number of ways = “C, 


The chess board can be divided into two parts by a 
diagonal line BD. Now, if we begin to select four 
squares from the diagonal P,Q,, P; Qo, ..., BD, then we 
can find number of squares selected 


= 24°C, + °C, + °C, + Cy) = 112 


A P; Po P3 Py B 


D C 


Similarly, number of squares for the diagonals chosen 
parallel to AC =112 
*. Total favourable ways = 364 


364 
640 7 


+, Required probability = 
4 
(ii) Total ways = 64 x 63 
Now, if first square is in one of the four corners, then the 
second square can be chosen in just one way = (4) (1) =4 
If the first square is one of the 24 non-corner squares 
along the sides of the chess board, the second square 
can be chosen in two ways = (24) (2) = 48. 
Now, if the first square is any of the 36 remaining 
squares, the second square can be chosen in four ways 
= (36) (4) =144 
“. Favourable ways = 4 + 48 +144 =196 
196 7 


.. Required probability = ———- 
” e * 64x63 144 


(iii) Total ways = “Cy, 


A chess board has 9 horizontal and 9 vertical lines. We 
see that a square of size 3 x 3 can be formed by 
choosing four consecutive horizontal and vertical 
lines. 


Hence, favourable ways = (°C,)(°C,) = 36 


“. Required probability = 


64 
Coy 
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© Ex. 43 Out of (2n +1) tickets consecutively numbered, 
three are drawn at random. Find the chance that the 
numbers on them are in AP. 


Sol. Let us consider first (2n + 1) natural numbers as (2n + 1) 
consecutive numbers. 


Let S be the sample space and E be the event of favourable 
cases. 


n(S) = 2n+ en 


It is clear from Eq. (i), a and care both odd or both even. 


Out of (2n + 1) tickets consecutively numbers either (n + 1) 
of them will be odd and n of them will be even (if the 
numbers begin with an odd number) or (n + 1) of them will 
be even and n of them will be odd (if the number begin with 
an even number). 


nE)=** Cy + "Cp 
_(nt+i)n  n(n-)_ ie 


(2n +1)2n(2n-1)  n(4n® - 1) : 
a ee aise .. Required probability, 
1-2-3 3 : , 
n n 3n 
Let the three numbers drawn be a, b, cwherea<b<c. P(E)= (E) _ , Fis 
n(S) n(4n°-1) 4n°-1 
poe Triplets (a, b, c) peas of 3 
ifference riplets 
E Ex. 44 Out of 3n consecutive integers, three are selected 
1 (1, 2, 3), (2,3, 4), ..., an-1 at random. Find the chance that their sum is divisible by 3. 
ees Lan 2h) Sol. Let 3n consecutive integers (start with the integer m) are 
2 (1, 3, 5), (2, 4, 6), ..., 2n-3 mmt+i1,m+2,...,.m+3n-1 
(2n —3, 2n — 1, 2n + 1) Now, we write these 3n numbers in 3 rows as follows : 
3 (1, 4, 7), (2, 5, 8), ..., 2n—-5 m,m+3,m+6,...,m+3n—-3 
(2n —5, 2n — 2, 2n + 1) mt+i,m+4,m+7,...,.m+3n—-—2 
sable 60 ona dese mt+2,m+5,m+8,..,m+3n—-1 
Piss tose The total number of ways of choosing 3 integers out of 3n is 
nC, = 3n(3n — 1) (3n — 2) 
luna hienenaws > 
15253 
r-1 (1, n,2n — 1), (2, n+ 1, 2n), 3 n(3n -_ 1) (3n _ 2) 
(3, n + 2,2n + 1) = - 
n (1,n + 1,2n +1) 1 


*. n(E)=14+34+... +(2n —5)+(2n — 3) +(2n —- 1) 


=" H42n-1}=n? 
2 


.. Required probability, P(E) = n(E) 
n(S) 
_ n° _  3n 
n(4n°—1) 4n*-1 
3 


Aliter Let S be the sample space and E be the event of 

favourable cases. 

antigo (2n + 1) 2n(2n - 1) _ n(4n* - 1) 
° 1-253 3 


Let the three numbers a, b, care drawn where a < b<c 


n(S) = 


and given a, b, care in AP. 


b= 


arc 


or 2b=a+t+c (i) 


The sum of the three numbers shall be divisible by 3 if and 
only if either all the three numbers are from the same row 
or all the three numbers are from different rows. 
Therefore, the number of favourable ways are 


3("C3) + (MCV) (MC) PCy) 


a a 8. a2 

_ 3n(n —1)(n 2) oan 3n° +2n 
1-2-3 2 

.. The required probability 


_ Favourable ways 


Total ways 


3n? —3n” +2n 


= 2 
n(3n — 1)(3n — 2) 
2 
3n? —3n +2 


~ Gn —1)Gn —2) 


© Ex. 45 If6n tickets numbered 0, 1, 2, ...,6n —1 are placed 


in a bag and three are drawn out, show that the chance that 
the sum of the numbers on them is equal to 6n 
3n 


is ——______., 
(6n —1) (6n — 2) 
Sol. Total number of ways to selecting 3 tickets from 6n 
tickets 
= "C, = n(6n — 1) (6n — 2) (i) 


For the sum of these tickets of be 6n, we have the 
following pattern : 


Lowest number Numbers Ways 

0 (0, 1, 6n — 1), (0, 2,6n —2)... (3n —1) 
(0, 3n — 1, 3n + 1) 

1 (1, 2, 6n — 3), (1, 3, 6n — 4)... (3n — 2) 
(1, 3n — 1, 3n) 

2 (2, 3, 6n —5), (2, 4,6n —6).... (3n — 4) 
(2, 3n — 2, 3n) 

3 (3, 4, 6n — 7), (3, 5, 6n —8) ... (3n —5) 
( 


3, 3n — 2, 3n —1) 
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Lowest number Numbers Ways 


5 


(2n — 2) (2n — 2, 2n — 1, 2n + 3), 2 
(2n — 2, 2n, 2n + 2) 


(2n — 1) (2n — 1, 2n, 2n + 1) 1 


Lowest number cannot be greater than (2n — 1) as their sum 
will become > 6n. 


“. Favourable ways =1+2+...+(3n —5) 
+ (3n — 4) + (8n — 2) + (8n — 1) 
Adding Ist with last, 2nd with last one, respectively 
=[1+3n—1]+[2+3n-2] 
+... upto n terms 
=3n+3n+...n terms 
= 3n(n) =3n" 
3n? 
n(6n — 1) (6n — 2) 
_ 3n 
~ (6n — 1)(6n — 2) 


Hence, probability = 


= This section contains 30 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 


Probability Exercise 1: 


Single Option Correct Type Questions 


which ONLY ONE is correct 


1 


There are two vans each having numbered seats, 3 in the 
front and 4 at the back. There are 3 girls and 9 boys to be 
seated in the vans. The probability of 3 girls sitting 
together in a back row on adjacent seats, is 


1 1 1 1 

ey b) — — d) — 

(a) a ( Lee (c) Bs ( Pr 

. The probability that a year chosen at random has 
53 Sundays, is 

1 2 3 6] 

= b) © =. d) 

ea coe Mee (toe 


. The probability that a leap year selected at random 


contains either 53 Sundays or 53 Mondays, is 


1 2 3 4 
(a) 7 (b) 7 (c) 7 (d) 7 


. A positive integer N is selected so as to be 


100 < N <200. Then, the probability that it is divisible 
by 4 or 7, is 


i) 17 32 34 
(a) 33 (b) 33 (c) 99 (d) 99 


. Two numbers aand bare selected at random from 


1, 2, 3,...,100 and are multiplied. Then, the probability 
that the product ab is divisible by 3, is 


67 83 67 
(a) — (b) —~ (c) a8 


8 
(d) — 
150 150 75 


. Three different numbers are selected at random from the 


set A = {1, 2,3,..., 10}. The probability that the product of 
two of the numbers is equal to third, is 


3 1 1 
(a) 4 (b) 40 (c) 3 


. The numbers 1, 2, 3,...,n are arranged in a random order. 


Then, the probability that the digits 1, 2, 3,..., k(k <n) 
appears as neighbours in that order, is 

1 k! —k)! —k+1)! 
@ ) = gf @ety 


n! n! n! 


. The numbers 1, 2, 3,...,2 are arranged in a random order. 


Then, the probability that the digits 1, 2,3,....k(k <n) 
appears as neighbours, is 


(n—k)! (n-—k+1) 
a ee 

(n —k) k! 
OT, oF 


. Four identical dice are rolled once. The probability that 


atleast three different numbers appear on them, is 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


= b) (3 (a) 2 


(a) 
42 42 42 42 


Three of the six vertices of a regular hexagon are chosen 
at random. The probability that the triangle formed by 
these vertices is equilateral, is 


(a) (b)2 @= (a) + 


1 

2 3 10 20 

Two small squares on a chess board are chosen at 
random. Then, the probability that they have a common 
side, is 

1 5 

(a) 


(b) e (d) is 


1 
3 (c) 
A letter is known to have come from CHENNAI, 
JAIPUR, NAINITAL, DUBAI and MUMBAI. On the post 
mark only two consecutive letters AI are legible. Then 
the probability that it come from MUMBAI is 


42 84 39 
(a) rors (b) ie (c) aaa (d) 


42 
331 


Let a die is loaded in such a way that prime number 
faces are twice as likely to occur as a non-prime number 
faces. Then, the probability that an odd number will be 
show up when the die is tossed, is 


1 2 4 5 
= Be = d)2. 
(a) ‘i (b) 5 (c) r (d) 6 
One ticket is selected at random from 100 tickets 


numbered 00, 01, 02, ..., 99. 
Suppose, X and Y are the sum and product of the digit 
found on the ticket P(X =7/Y =0) is given by 


2 2 1 
(a) 7 (b) 7G (c) an (d) None of these 
All the spades are taken out from a pack of cards. From 


these cards, cards are drawn one by one without 
replacement till the ace of spades comes. The probability 
that the ace comes in the 4th draw, is 


1 12 
ae Bye 
(a) rr (b) ir 
(c) = (d) None of these 


Anumber is selected at random from the first twenty-five 
natural numbers. If it is a composite number, then it is 
divided by 5. But ifit is not a composite number, then it is 
divided by 2. The probability that there will be no 
remainder in the division, is 


i 
(a) me (b) 0.4 
(c) 0.2 (d) None of these 


17. 


18. 


19. 


. 20. 


21. 


22. 


23. 


24. 


If a bag contains 50 tickets, numbered 1, 2, 3,...,50 of 


which five are drawn at random and arranged in 


ascending order of magnitude (x; <x, <x3 <Xx4<x5). 


The probability that x, = 30, is 


20 29 20 
Cox WE (eo 
@ a b) ae 
5 5 
290 
(c) eo (d) None of these 
5 


India play two matches each with West Indies and 
Australia. In any match the probabilities of India getting 
points 0, 1 and 2 are 0.45, 0.05 and 0.50, respectively. 
Assuming that the outcomes are independent, then the 
probability of India getting atleast 7 points, is 

(a) 0.8750 (b) 0.0875 (c) 0.0625 (d) 0.0250 


Three six faced dice are tossed together, then the 
probability that exactly two of the three numbers are 


equal, is 

165 177 51 90 
a) — b) — c) — d) — 
oe WP) ie CP ( le 


Three six-faced fair dice are thrown together. The 
probability that the sum of the numbers appearing on 
the dice is k(3 < k <8), is 


(k —1) (k —2) k(k -1) 
332 rrr 

k2 
(c) a (d) None of these 


A book contains 1000 pages. A page is chosen at 
random. The probability that the sum of the digits of the 
marked number on the page is equal to 9, is 


23 11 
a) — b) — 
Soler ( lea 
7 
c) — d) None of these 
( a (d) 


A bag contains four tickets numbered 00, 01, 10 and 11. 
Four tickets are chosen at random with replacement, 
then the probability that sum of the numbers on the 
tickets is 23, is 


1 Z 
or (d) —— 


5 
oe 256 


3 
ay 
@) 32 256 
Fifteen coupons are numbered 1 to 15. Seven coupons 
are selected at random, one at a time with replacement. 
Then, the probability that the largest number appearing 


on a selected coupon be 9, is 
Hi 
8 
b)| 2 
(b) (2 ) 


1\ 
(a) (=) 
3) 
(c) (2) (d) None of these 


A box contains tickets numbered 1 to 20.3 tickets are 


drawn from the box with replacement. The probability 
that the largest number on the tickets is 7, is 


25. 


26. 


27. 


28. 


29. 


30. 
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i) 7\3 
(a) an (b) 1 - (7) 
(c) hed (d) None of these 


An unbiased die with faces marked 1, 2, 3, 4, 5 and 6 is 
rolled four times. Out of four face values obtained, then 
the probability that the minimum face value is not less than 
2 and the maximum face value is not greater than 5, is 

16 1 80 65 
(a) 7 (b) = (c) 7 (d) 7m 
A bag contains four tickets marked with numbers 112, 
121, 211 and 222. One ticket is drawn at random from 
the bag. Let E; (i = 1, 2,3) denote the event that ith digit on 
the ticket is 2. Then, which of the following is not true? 
(a) E, and E, are independent 
(b) E, and E3 are independent 
(c) E; and E, are independent 
(d) E,, E, and E3 are not independent 


Two non-negative integers are chosen at random. The 
probability that the sum of the square is divisible by 10, is 


17 9 7 9 
(a) 100 (b) 50 (c) 50 (d) 16 


Two positive real numbers x and y satisfying x < 1 and 


y S1are chosen at random. The probability that 
x +yS1, given that x? +y’ <1/4,is 


8-1 4-T 

a b 

a Oa 

(c) a8 (d) None of these 
8-1 


If the sides of a triangle are decided by the throw of a 
single dice thrice, the probability that triangle is of 
maximum area given that it is an isosceles triangle, is 
(a) (b) — 

27 

(d) None of these 


is 
7 

1 
pote 
or 


Aand Bare persons standing in corner square as shown in 
the figure. They start to move on same time with equal 
speed, if A can move only in East or South direction and B 
can move only in North or West direction. Ifin each step 
they reach in next square and their choice of direction are 
equality. Ifit is given that A and Bmeet in shaded region, 
then the probability that they have met in the top most 
shaded square, is 


A N 
wefe 
S 
B 
(a+ bo) oO @— 
6 RC; mo 2°x6 
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= This section contains 15 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
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Probability Exercise 2: 


More than One Correct Option Type Questions 


which MORE THAN ONE may be correct. 


31. 


32. 


33. 


34, 


35. 


36. 


37. 


38. 


For two given events A and B, P(A M B)is 


(a) not less than P(A) + P(B) -1 
(b) not greater than P(A) + P(B) 
(c) equal to P(A) + P(B) — P(A UB) 
(d) equal to P(A) + P(B) + P(A U B) 


If E and F are independent events such that 
0< P(E)<1and0< P(F) <1, then 


(a) E and F are mutually exclusive 
(b) E and F (complement of the event F) are independent 


(c) E and F are independent 
(d) P(E/ F)+ P(E/F)=1 


For any two events A and Bin a sample space: 
(a) ([4| = Mas . P(B) # 0, is always true 
B P(B) 


(b) P(A 7 B) = P(A) — P(A OB), does not hold 

(c) P(A UB) =1-— P(A) P(B), if A and B are independent 

(d) P(A UB) =1— P(A) P(B), if A and B are disjoint 

Let E and F be two independent events. Then, the 

probability that both E and F happens is = and the 
12 


probability that neither E nor F happens is Then, 

(a) P(E) =1/3, P/F) =1/4 (b) P(E) =1/2, P(F) =1/6 

(c) P(E) =1/6, P(F) =1/2 (d) P(E) =1/ 4, PF) =1/3 

If E and F are the complementary events of events E and 
F, respectively and if 0 < P(F) <1, then 
(a) P(E / F)+ P(E/ F)=1 (b) P(E/ F) + P( 
(c) P(E / F) + P(E/ F)=1 (d) P(E/ F)+ P( 


E/F)=1 
E/F)=1 
Let 0< P(A) <1,0< P(B)<1and 

P(A U B) = P(A) + P(B)— P(A) P(B). Then, 

(a) P(B — A) = P(B) — P(A) (b) P(A’ U B’) = P(A’) + P(B) 
(c) P((A U B)’) = P(A’) P(B4) (d) P(A/ B) = P(A) 

If A and Bare two events, then the probability that 
exactly one of them occurs is given by 

(a) P(A) + P(B) -2P(A 0B) 

(b) P(A AB’) + P(A’ OB) 

(c) P(A UB) - (AM B) 

(d) P(A’) + P(B’) -2P(A’ OB 

If A and Bare two independent events such that 
P(A) =1/2and P(B)=1/5. Then, 

(a) P(A UB) =3/5 (b) P(A/ B) =1/2 

(c) (A/ AUB)=5/6 (4) (AB)/(A’UB) =0 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


A student appears for tests I, II and III. The student is 
successful if he passes either in tests I and II or tests I 
and III. The probabilities of the student passing in tests I, 
Il and Ill are p, g and 1/2, respectively. If the probability 
that the student is successful is 1/2, then 
(a) p=1,q=0 (b) p=2/3,q=1/2 
(c) p=3/5,q =2/3 (d) infinitely values of p and q 
Let X be a set containing n elements. If two subsets A 
and B of X are picked at random, then the probability 
that A and B have same number of elements, is 

nC 1 1-3-5... (2n—-1) 3" 
(@) Gan ®) aed a -(n!) 4" 


Suppose m boys and m girls take their seats randomly 
around a circle. The probability of their sitting is 
(?"-1C_) 7, when 

(a) no two boys sit together 

(c) boys and girls sit alternatively 
(d) all the boys sit together 


(b) no two girls sit together 


The probabilities that a student passes in Mathematics, 
Physics and Chemistry are m, p and c, respectively. In 
these subjects, the student has a 75% chance of passing 
in atleast one, a 50% chance of passing in atleast two and 
a 40% chance of passing in exactly two. Which of the 
following relations are true? 

(a) p+m+c=19/20 (b) p+ m+ c=27/20 

(c) pme =1/10 (d) pme =1/ 4 


(n = 5) persons are sitting in a row. Three of these are 
selected at random, the probability that no two of the 
selected persons are sit together, is 
a "2C, (n — 3) (n—- 4) 
*P er n(n — 1) 


1-30 
2 


(a) 7 


(b) (c) (d) 


Given that x € [0,1] and y€ [0,1]. Let A be the event of 
(x, y) satisfying y” < x and Bbe the event of (x, y) 


satisfying x< y, then not true, is 
(a) P(A 7B) = , 


(b) A and B are exhaustive 
(c) A and B are mutually exclusive 
(d) A and B are independent 


If the probability of chosing an integer ‘k’ out of 2n 
integers 1, 2, 3,...,2n is inversely proportional to 
k*(1<k <n). Ifa is the probability that chosen number 


is odd and B is the probability that chosen number is 
even, then 


(a) >> (b) >= ()B<> ()p<= 


Probability Exercise 3: 
Passage Based Questions 


= This section contains 9 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Q. Nos. 46 to 48) 


If pand q are chosen randomly from the set 
{l, 2, 3, 4, 5, 6, 7, 8, 9,10} with replacement. 


46. The probability that roots of x” + px + q =0are real and 
distinct, is 
(a) 0.38 (b) 0.03 


(c) 0.59 (d) 0.89 


47. The probability that roots of x* + px + q =Oare equal, is 
(a) 0.58 (b) 0.55 (c) 0.38 (d) 0.03 

48. The probability that roots of x* + px +q=Oare 
imaginary, is 
(a) 0.62 (b) 0.38 


(c) 0.59 (d) 0.89 


Passage II 
(Q. Nos. 49 to 51) 
A chess game between two grandmasters X and Y is won by 
whoever first wins a total of two games. X ’s chances of 
winning, drawing or loosing any particular game are a, b and 
c, respectively. The games are independent anda+b+c=1 


49. The probability that X wins the match after (n + 1) th 
game (n = 1), is 
(a) na? b"! 


(c) na® be” =! 


(b) na® b"~*(b + (n—-1)c) 

(d) na b"~' (b + nc) 

50. The probability that Y wins the match after the 4th game, is 
(a) abe(2a + 3b) (b) be2(a + 3b) 
(c) 2ac*(b + c) (d) 3bc*(2a + b) 

51. The probability that X wins the match, is 


a*(a + 2c) a> a*(a + 3c) ce 
@) (a+c) (a+c) ©) (a+c)> (¢) (a+c)? 
Passage III 


(Q. Nos. 52 to 54) 


There are n students in a class. Let P(E), ) be the 
probability that exactly X out of n pass the examination. If 
P(E) ) is directly proportional to? (0<A<n). 


52. Proportionality constant k is equal to 


1 1 1 1 
(a) En (b) sre (c) > (d) —;> 
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53. If P(A) be the probability that a student selected at 


random has passed the examination, then lim P(A), is 
xX 00 


(a) 0.25 (b) 0.50 
(c) 0.75 (d) 0.35 

54. If a selected student has been found to pass the 
examination, then the probability that he is the only 
student to have passed the examination, is 


1 1 
(a) Ta (b) a 
1 1 
OS OSH 
Passage IV 


(Q. Nos. 55 to 57) 


A cube having all of its sides painted is cut to be two 
horizontal, two vertical and other two planes, so as to form 
27 cubes all having the same dimensions of these cubes, a 
cube is selected at random. 
59. If P, be the probability that the cube selected having 
atleast one of its sides painted, then the value of 27P,, is 
(a) 14 (b) 18 (c) 22 (d) 26 
56. If P, be the probability that the cube selected has two 
sides painted, then the value of 27P, , is 
(a) 3 (b) 8 (c) 12 (d) 17 
957. If P; be the probability that the cube selected has none 
of its sides painted, then the value of 27P3, is 


(a) 1 (b) 2 
(c) 3 (d)5 
Passage V 


(Q. Nos. 58 to 60) 
AJEE aspirant estimates that she will be successful with an 80% 
chance, if she studies 10 h per day with a 60% chance, if she 
studies 7 h per day and with a 40% chance if she studies 4 h per 
day. She further believes that she will study 10 h, 7 h and 4 h per 
day with probabilities 01,02, and 0.7, respectively. 


58. The probability that she will be successful, is 


(a) 0.28 (b) 0.38 (c) 0.48 (d) 0.58 
59. Given that she is successful, the chances that she studied 
for 4h, is 
1 a 
ee hye: 
(a) rE (b) rr 
7 11 
flip ay n= 
(c) (d) o 
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60. Given that she does not achieve success, the chance that 
she studied for 4 h, is 


19 

(c) 26 
Passage VI 

(Q. Nos. 61 to 63) 


Suppose E,, E, and E be three mutually exclusive events 
such that P(E ;) = p; for i=, 2, 3. 
61. If p,, p2 and p ; are the roots of 


27x > —27x? +ax —1=0, the value of ais 


(a) 3 (b) 6 (c) 9 (d) 12 
62. P (none of E,, Ey , E;) equals 
(a) 0 


(b) Pi + Po + Ps 
(c) (1 — py) A — pa) (1 — ps) 
(d) None of the above 


63. P(E, A E,)+ P(E, OE;)+ P(E; 0 E;) equals 


(a) p, — po) + po — p3) + ps1 — pr) 
(b) PiP2 + Po Ps + PsP 

(c) PL + Po + Ps 

(d) None of the above 


Passage VII 
(Q. Nos. 64 to 66) 
Let A= (41,2, 3} and B = {-2, —1,0,1, 2, 3}. 
64. The probability of increasing functions from A to B, is 
1 7 
b) — d) — 
rs <r 


1 5 
(a) 27 (c) 54 


65. The probability of non-decreasing functions from A to B, 
is 


5 iE 
(a) 27 (b) 27 
1 11 
(c) 3 (d) 27 


Probability Exercise 4: 


Single Integer Answer Type Questions 


66. The probability of onto functions from B to B, such that 
f(i)#i,i=-2,-1,0,1,2,3, is 


53 35 29 25 
2m. ee ed d) 2 
(a) 144 ©) 144 ©) 72 (@) 72 
Passage VIII 
(Q. Nos. 67 to 69) 
A random variable X takes values 0, 1, 2,3, ... with 
probability proportional to (x +1) (;) ; 
67. P(X =0) equals 
2 4 9 16 
ad by as d)— 
(a) 25 ) 25 ©) 25 (¢) 25 
68. P(X > 2) equals 
11 13: 11 13 
(a) 25 (b) 25 (c) 125 (d) 125 
69. The expectation of X i.e., E(X) is equal to 
1 1 
bas b = d 
(a) ri (b) 2 (c) ; (d) 4 
Passage IX 


(Q. Nos. 70 to 72) 


Letn=10A +4r, wherea,re N,O0<r<9. A number a is 
chosen at random from the set {1, 2, 3,...,n} and let p, 
denote the probability that (a? —1) is divisible by 10. 


70. If r =0, then np, equals 


(a) 22 (b) (A +1) 
(c) (2A + 1) (d)a 

71. Ifr =9, then np,, equals 
(a) 2 (b) 2(A + 1) 
(c) (2A + 1) (d) A 

72. If1<r <8 then np,, equals 
(a) (24 - 1) (b) 2A 
(c) (24 + 1) (d)a 


= This section contains 10 questions. The answer to each question is a single digit integer, ranging from 


0 to 9 (both inclusive). 
73. A bag contains (n + 1) coins. It is known that one of these 


coins shows heads on both sides, whereas the other coins 
are fair. One coin is selected at random and tossed. If the 


probability that the toss result in heads is = , then the 


value of nis 


74, A determinant of the second order is made with the 


elements 0 and 1. If ” be the probability that the 
n 


determinant made is non-negative, where m and n are 
relative primes, then the value of n — mis 


75. 


76. 


77. 


78. 


Three students appear in an examination of 


: sees . 1 1 
Mathematics. The probabilities of their success are —, — 
3.4 


and Z respectively. If the probability of success of atleast 
R) 


two is —, then the value of A is 
12 


A die is rolled three times, if p be the probability of 


getting a large number than the previous number, then 
the value of 54p is 


In a multiple choice question, there are five alternative 
answers of which one or more than one are correct. A 
candidate will get marks on the question, if he ticks all 
the correct answers. If he decides to tick answers at 
random, then the least number of choices should he be 
allowed, so that the probability of his getting marks on 


; 1. 
the question exceeds — is 
8 


There are n different objects 1, 2, 3,..., n distributed at 


random in n places marked 1, 2,3,..., n. If p be the 
probability that atleast three of the objects occupy places 
corresponding to their number, then the value of 6p is 


Probability Exercise 5: 
Matching Type Questions 


79. 


80. 


81. 


82. 
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A sum of money is rounded off to the nearest rupee, if 


2 
(=) be the probability that the round off error is atleast 
n 


ten paise, where m and 7 are positive relative primes, 
then the value of (n — m) is 


A special die is so constructed that the probabilities of 
throwing 1, 2,3, 4,5 and 6 are (1— k)/6,(1+ 2k)/6, 
(1—k)/6,(1+k)/6,(1—2k)/6 and (1+ k)/6, respectively. 
If two such dice are thrown and the probability of 


F : 1 2 
getting a sum equal to lies between — and —, then the 
9 


integral value of k is 


Seven digits from the numbers 1, 2,3, 4,5,6,7,8 and 9 are 
written in random order. If the probability that this seven-digit 
number divisible by 9 is p, then the value of 18p is 


8 players P,, P,, P3,..., Py play a knock out tournament. 
It is known that all the players are of equal strength. The 
tournament is held in three rounds where the players 
are paired at random in each round. If it is given that P, 
wins in the third round. If p be the probability that P, 


loses in the second round, then the value of 7p is 


= This section contains 6 questions. Questions 83 to 88 have four statements (A, BC and D) given in Column I and 
four statements (p, q, r and s) in Column II. Any given statement in Column I can have correct matching with one 
or more statement(s) given in Column II. 


83. 


Column I Column II 
(A) lif P(A) = 03, P(B) = 0.4 and P(AB) = 0.5 and P[B/(A UB)] =~, then — is _| (©) |A prime number 
lh 
(B) | The coefficient of a quadratic equation ax” + bx + c =10(a # b #c) are chosen (q) |A composite number 


1 
real is A, then —— is 
ho 


from first three prime numbers, then the probability that roots of the equation are 


(C) 


A fair coin is tossed repeatedly. If tail appears on first four tosses, then the (r) 


probability of head appearing on the fifth toss is A, then 7 is 


3 


A natural number 


(D) 


Band B speaks before C is Ay, then — is 
4 


Three persons A, B and C are to speak at a function along with 6 other persons. | (s) 
If the persons speak in random order, then the probability that A speaks before 


A perfect number 


732 


84, A and Bare two events, such that P(A) = 2 and P(B) = e 
5 2 
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Column I Column II 

(A) | P(AMB)e (p) Ey 
3 

(B) | P(AUB)e (q) E | 
. 

(C) | P(A/B)e (x) 2 =| 
5° 10 

(D) | P(B/A)é (s) E 4 
155 


85. Three players A, Band C alternatively throw a die in 


that order, the first player to throw a 6 being deemed the 
winner. A’s die is fair whereas B and C throw dice with 
probabilities p, and p, respectively, of throwing a 6. 


Column I Column II 
A) la, = ; = ; and probability that A |) | 6 
wins the game is oO then A, is divisor 
of 
2) ae p< , —_ : and probability thatc | |8 
wins the game is 3 then A, is divisor 
of 
) |r P(A wins) = P(B wins) and = Re © | 12 
then A, is divisor of * 
(D) | If game is equiprobable to all the three | (s) | 15 
players and La Aq, then A, is divisor 
e Pi 


86. Two numbers aand bare chosen at random from the set 
{1, 2, 3, 4,...,9} with replacement. The probability that the 


equation x? + /2(a— b)x +b=Ohas 


Column I 


Column II 


(A) 


Real and distinct roots is p,, then the 
value of [9 p,], where [-] denotes the 
greatest integer function, is 


(p) 


2 


Column I 


Column II 


(B) 


Imaginary roots is py», then the value of 
[9 p2], where [-] denotes the greatest 
integer function, is 


(q) 


3 


(C) 


Equal roots is p3, then the value of 
[81 p3], where [-] denotes the greatest 
integer function, is 


(r) 


(D) 


Real roots is p,, then the value of [9 p,], 
where [-] denotes the greatest integer 
function, is 


(s) 


87. Three numbers are chosen at random without 
replacement from the set {|x |1< x <10, xe N} 


88. 


Column I Column II 
(A) | Let p, be the probability that the (p) 10 
minimum of the chosen numbers is 3 and 
; : 2, 
maximum is 7, then the value of ——, is 
Spi 
(B) | Let pz be the probability that the (q) 14 
minimum of the chosen numbers is 4 or 
their maximum is 8, then the value of 
80 p2 ,is 
(C) | Let ps be the probability that their (r) 16 
minimum is 3, given that their maximum 
2 
is 7, then the value of —., is 
P3 
(D) | Let p, be the probability that their (s) 22 
minimum is 4, given that their maximum 
2 
is 8, then the value of —, is 
Pa 
Column I Column II 
(A) | If the integers mand n are chosen at (p) 1 
random between 1 and 100, then the 7 
probability that a number of the form 
7” +7" is divisible by 5, is 
(B) | Asecond order determinant is written (q) 1 
down at random using the numbers 1, —1 5 
as elements. The probability that the 
value of the determinant is non-zero, is 
(C) | The probability of a number n showing _| (r) 2 
in a throw of a die marked 1 to 6 is 5 
proportional to n. Then, the probability 
of the number 3 showing in a throw, is 
(D) | A pair of dice is rolled together till a (s) 1 
sum of either 5 or 7 is obtained. Then, 2 
the probability that 5 comes before 7, is 


Probability Exercise 6 : 
Statement | and II Type Questions 


= Directions (Q. Nos. 89 to 100) are Assertion- 

Reason type questions. Each of these questions 

contains two statements: 

Statement-1 (Assertion) and 

Statement-2 (Reason) Each of these questions 

also has four alternative choices, only one of which 

is the correct answer. You have to select the 
correct choice as given below. 

(a) Statement-1 is true, Statement-2 is true; 
Statement-2 is a correct explanation for 
Statement-1 

(b) Statement-1 is true, Statement-2 is true; 
Statement-2 is not a correct explanation for 
Statement-1 

(c) Statementl is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


89. Statement-1 If 10 coins are thrown 
simultaneously, then the probability of appearing 
exactly four heads is equal to probability of 


appearing exactly six heads. 


Statement-2 "C, ="C, >eitherr=s or 
r+s=n and P(H)= P(T)ina single trial. 


90. Statement-1 If A is any event and P(B) = 1, then 


A and Bare independent. 
Statement-2 P(A ™ B)= P(A)-P(B), if A and B 
are independent. 


91. Statement-1 If A and B be the events in a sample 
space, such that P(A) =0.3 and P(B) = 0.2, then 
P(A O B) cannot be found. 
Statement-2 P(A 4 B)= P(A)- PAB) 
Statement-1 Let A and Bbe two events, such that 
P(A UB)= P(A B), then 

P(A OB’)= P(A’ A B)=0 
Statement-2 Let A and B be two events, such that 
P(A U B)= P(A OB), then P(A) + P(B)=1 
A fair die is rolled once. 
Statement-1 The probability of getting a 


92. 


93. 


: oe oe 
composite number is —, 1S 
3 


Statement-2 There are three possibilities for the 
obtained number. 
(i) The number is prime number. 
(ii) The number is a composite number and 
(iii) The number is 1. 


ere , i x 
Hence, probabilities of getting a prime number is —. 


94. 


95. 


96. 


97. 


98. 


99. 
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From a well shuffled pack of 52 playing cards, a card is drawn 
at random. Two events A and Bare defined as 

A: Red card is drawn 

B: Card drawn is either a Diamond or Heart 

Statement-1 P(A + B)= P(AB) 

Statement-2 AC Band BCA 


Statement-1 The probability that A and Bcan solve a 
problem is . and 2 respectively, then the probability that 
2 3 


problem will be solved is 2 


Statement-2 Above mentioned events are independent 
events. 


Statement-1 Out of 21 tickets with numbers 1 to 21, 3 tickets 
are drawn at random, the chance that the numbers on them 


: . 10 
are in AP is —. 
133 
Statement-2 Out of (2m + 1) tickets consecutively numbered 
three are drawn at random, the chance that the numbers on 
them are in AP is (4n —10)/(4n? — 1). 


Statement-1 If A and Bare two events, such that 0 < P(A), 


P(B) <1, then (4) ‘ (4) _3 
B B) 2 


Statement-2 If A and Bare two events, such that 0 < P(A), 

P(B) <1, then 

P(A/B) = PAN B) 
(B) 


In a T-20 tournament, there are five teams. Each team plays 
one match against every other team. 


and P(B) = P(A MB) + P(A OB) 


Each team has 50% chance of winning any game it plays. No 
match ends in a tie. 


Statement-1 The probability that there is an undefeated 


: a) 
team in the tournament is —. 
1 


Statement-2 The probability that there is a winless team in 


2. 3 
the tournament is —. 
1 


Statement-1 If p is chosen at random in the closed interval 
[0,5], then the probability that the equation 


1 3 
x” + px +—(p + 2)=Ohas real is =. 
4 5 


Statement-2 If discriminant = 0, then roots of the quadratic 
equation are always real. 
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100. Let a sample space S contains n elements. Two events A and Bare defined on S and B# 6. 


Statement-1 The conditional probability of the event A given B, is the ratio of the number of elements in AB divided by 


the number of elements in B. 


Statement-2 The conditional probability model given B, is equally likely model on B. 


Probability Exercise 7 : 
Subjective Type Questions 


= In this section, there are 24 subjective questions. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


A five digit number is formed by the digits 1, 2, 3, 4 
and 5 without repetition. Find the probability that 
the number formed is divisible by 4. 


A dice is rolled three times, then find the probability 
of getting a large number than the previous number. 


A car is parked among N cars standing in a row but 
not at either end. On his return, the owner finds that 
exactly r of the N places are still occupied. What is 
the probability that both the places neighbouring his 
car are empty? 


Two teams A and B play a tournament. The first one 
to win (n + 1) games win the series. The probability 
that A wins a game is p and that B wins a game is q 
(no ties). Find the probability that A wins the series. 
. 1 


1 Spay i 
2 


Hence or otherwise prove that BS alles 
r=0 


=1. 


An artillery target may be either at point I with 
probability i or at point II with probability = We 
9 9 


have 21 shells each of which can be fired either at 
point I or II. Each shell may hit the target 


independently of the other shell with probability s 
2 


How many shells must be fired at point I to hit the 
target with maximum probability? 


There are 6 red and 8 green balls in a bag. 5 balls are 
drawn at random and placed in a red box. The 
remaining balls are placed in a green box. What is 
the probability that the number of red balls in the 
green box plus the number of green balls in the red 
box is not a prime number? 


An urn contains ‘a’ green and ‘b’ pink balls k (< a, b) 


balls are drawn and laid a side, their colour being 
ignored. Then, one more ball is drawn. Find the 
probability that it is green. 


A fair coin is tossed 12 times. Find the probability 
that two heads do not occur consecutively. 


109. 


110. 


111. 


Given that x + y = 2a, where a is constant and that all values 


of x between 0 and 2a are equally likely, then show that the 


3 ae | 
chance that xy > — a’, is—. 
4 2 


Achess game between Kamsky and Anand is won by whoever 
first wins a out of 2 games. Kamsky’s chance of winning, 
drawing or loosing a particular game are 2. The games are 
independent and p + q + r = 1. Prove that the probability that 


p’ (p +3r) 


Kamsky wins the match is ——>———. 


(ptr)? 


Of three independent events, the chance that only the first 

occurs is a, the other that only the second occurs is b and the 
chance of only third occurs is c. Show that the cases of three 
events are respectively a/(a+ x), b/(b+x),c/(c + x), where 


xis a root of the equation (a+ x)(b+x)(c+x)= x, 


112. A is a set containing n elements. A subset P of A is chosen at 


113. 


115. 


random and the set A is reconstructed by replacing the 
elements of P. Another subset Q of A is now chosen at 
random. Find the probability that P U Q contains exactly r 
elements, with1<r<n. 


An electric component manufactured by “RASU electronics’ 
is tested for its defectiveness by a sophisticated testing 
device. Let A denote the even “‘the device is defective” and B 
the event “‘the testing device reveals the component to be 
defective.” Suppose, P(A) = and 

P(B/ A) = P(B’/A’)=1-0, where 0 <a <1. Show that the 
probability that the component is not defective, given that 
the testing device reveals it to be defective is independent of 
Q. 


. A bag contains n white and n red balls. Pairs of balls are 


drawn without replacement until the bag is empty. Show 
that the probability that each pair consists of one white and 
one red ball is 2” /(2"C,, ). 


If m things are distributed among ‘a’ men and ‘b’ women, 
then show that the probability that the number of things 
1 {(b+ a)” -(b-a)"} 

(b+ a)” 


received by men is odd, is 
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Questions Asked in Previous 13 Year's Exam 


= This section contains questions asked in IIT-JEE, 
ATEEE, JEE Main & JEE Advanced from year 2005 
to year 2017. 


116. 


177; 


118. 


119. 


120. 


121. 


A person goes to office either by car, scooter, bus or 

1 

7 
respectively. Probability that he reaches office late, if he 


train. The probability of which being 2» = 2 and 
0D ok 


eos 1 
takes car, scooter, bus or train is —, —, — and -, 
999 9 


respectively. Given that he reached office in time, then 
what is the probability that he travelled by a car. 
[IIT-JEE 2005, 2M] 


A six faced fair die is thrown until 1 comes. Then, the 
probability that 1 comes in even number of trials, is 
[IIT-JEE 2005, 3M] 


1 
(c) — (d) ; 


: 5 
(@) ee (b) & nT 


ok ll 
Let A and B be two events such that P(A U B)=-, 
6 


P(A B)= ; and P(A) = ; where A stands for 

complement of event A. Then, events A and Bare 
[IIT-JEE 2005, 3M] 

a) independent but not equally likely 

b) mutually exclusive and independent 

c) equally likely and mutually exclusive 

d) equally likely but not independent 


yt 


Three houses are available in a locality. Three persons 
apply for the houses. Each applies for one house without 
consulting others. The probability that all the three 
apply for the same house, is [AIEEE 2005, 3M] 
8 7 2 1 
A b) & d)— 
(a) - (b) 5 (c) 5 (d) 5 
A random variable X has Poisson’s distribution with 
mean 2. Then, P(X > 1.5) is equal to [AIEEE 2005, 3M] 


Gi oF (2 (4) 0 
€ iq é 


There are n urns each containing (n + 1) balls such that 


the ith urn contains i white balls and (n + 1 — i) red balls. 
Let u; be the event of selecting ith urn, i = 1, 2,3,...,n and 
w denotes the event of getting a white ball. 
[IIT-JEE 2006, 5+5+5M] 
(i) If P(u,) <i, where i =1, 2, 3,...,n, then lim P(w), is 


2 3 1 
(a) 1 (b) Fi (c) ri (d) ’ 
(ii) If P(u;) = c, where c is a constant, then of} is 
w 
2 a n 1 
Waa a Veet OG 


122. 


123. 


124. 


125. 


126. 


127. 


(iii) If n is even and E denotes the event of choosing even 
1 

numbered urn (Pw) = ~| then the value of =) is 
n 


n+2 n 1 


2(n + 1) @ n+1 id) 


n+2 
a 


2n+1 n+1 


Ata telephone enquiry system, the number of phone calls 
regarding relevant enquiry follow Poisson’s distribution 
with an average of 5 phone calls during 10 min time 
interval. The probability that there is atmost one phone 
call during a 10 min time period, is [AIEEE 2006, 4, 5M] 


6 a 6 6 

ao ee se ay 
@e (De (oe Ne 
One Indian and four American men and their wives are 
to be seated randomly around a circular table. Then, the 
conditional probability that the Indian man is seated 
adjacent to his wife given that each American man is 
seated adjacent to his wife, is [IIT-JEE 2007, 3M] 
1 1 2 1 
i b) — i d)_ 
(a) 3 (b) (c) 5 (d) ; 
Let H,, H,,...,H, be mutually exclusive events with 
P(H;)>0,i =1,2,...,n. Let E be any other event with 
0< P(E) <1. 


Statement-1 P(H; / E)> P(E/H;) P(H;), for i=1,2,...,n. 
n 
Statement-2 > P(H;)=1 


i=l [IIT-JEE 2007, 3M] 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 

Let E° denote the complement of an event E. Let E, F 
and G be pairwise independent events with P(G) > 0 and 
P(EQAF AG) =0, then P(E‘ F°/G), is [IIT-JEE 2007, 3M] 
(a) P(E") + P(F*) (b) P(E‘) — P(F*) 

(c) P(E*) — P(F) (d) P(E) - P(F*) 

A pair of fair dice is thrown independently three times. 
Then, the probability of getting a score of exactly 9 


twice, is [AIEEE 2007, 3M] 
1 8 8 8 

a) —— b)- c) — d) —— 

@) 5 tas Se Mia 


Two aeroplanes I and II bomb a target in successions. 

The probabilities of I and II scoring a hit correctly are 0.3 
and 0.2, respectively. The second plane will bomb only if 
the first misses the target. The probability that the target 
is hit by the second plane, is [AIEEE 2007, 3M] 


(a) 0.06 (b) 0.14 (c) 0.2 (d) 0.7 


136 


128. 


129. 


130. 


131. 
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An experiment has 10 equally likely outcomes. Let A 
and B be two non-empty events of the experiment. If A 
consists of 4 outcomes, then the number of outcomes 
that B must have, so that A and B are independent, is 
[IIT-JEE 2008, 3M] 


(a)2,4o0r8 (b)3,60r9 (c) 4 or 8 (d) 5 or 10 


Consider the system of equations ax + by = 0 and 
cx + dy =0, where a, b, c, de {0, 1}. 
Statement-1 The probability that the system of 
equations has a unique solution is 3/8 and 
[IIT-JEE 2008, 3M] 
Statement-2 The probability that the system of 
equations has a solution is 1. 
(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1. 
(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1. 
(c) Statement-1 is true, Statement-2 is false. 


(d) Statement-1 is false, Statement-2 is true. 
A die is thrown. Let A be the event that the number 


obtained is greater than 3. Let B be the event that the 
number obtained is less than 5. Then P(A U B)is 


[AIEEE 2008, 3M] 


2 3 
co 


(a) 0 (b)1 (c) A 


It is given that the events A and Bare such that 
1 A 1 B 2 : 
P(A)=-, il = and = -—. Then P(B) is 
4 \B) 2 A} 3 [AIEEE 2008, 3M] 
1 2 1 
= b) & d)— 
(a) : (b) q (d) - 


1 
(c) 2 


= Passage for Question Nos. 132 to 134 


A fair die is tossed repeatedly until a six is obtained. Let X 
denote the number of tosses required. 


132. 


133. 


134. 


135. 


The probability that X =3is 
25 25 5 125 
aa b) = — d) — 
@) 216 ©) 36 ©) 36 @) 216 
The probability that X = 3 is 
125 25 5 25 
ao b) 2 = dye 
@) 216 ©) 36 ©) 36 @) 216 


The conditional probability that X = 6 given X > 3, is 
125 25 
d) 2 
(d) 56 


25 
GSEs. by 
(a) se (b) 

[lIT-JEE 2009, 4+4+4M] 


5 
(c)— 
216 36 


In a binomial distribution B [ p= 7 if the probability 


: 9 
of atleast one success is greater than or equal to —, then 
10 


nis greater than [AIEEE 2009, 4M] 


136. 


137. 


138. 


139. 


140. 


4 1 
(a) ——_—_— b) —_—_— 
logy) 4 — log;93 logy) 4 — log;)3 

1 d 9 


¢) —— ne 
©) logio 4 + logio3 logyo 4 — logi93 


One ticket is selected at random from 50 tickets 
numbered 00, 01, 02, ..., 49. Then, the probability that the 
sum of the digits on the selected ticket is 8, given that 


the product of these digits is zero, is [AIEEE 2009, 4M] 


1 1 
(a) 50 (b) ad 

1 5 
(c) 7 (d) 14 


Let wbe a complex cube root of unity with w# 1. A fair 
die is thrown three times. If r,, r. andr; are the numbers 
obtained on the die, then the probability that 


w'! + @? + =0, is [IIT-JEE 2010, 3M] 


1 1 2 1 
(a) 18 (b) a (c) 9 (d) 36 


A signal which can be green or red with probability : 


1 : : ; : 
and — respectively, is received by station A and then 
5 


transmitted to station B. The probability of each station 


i ; a, : F 
receiving the signal correctly is —. If the signal received 
4 


at station Bis green, then the probability that the 
original signal was green, is [IIT-JEE 2010, 5M] 


3 6 20 9 
(a) 2 (b) y os (d) — 


©) 23 20 


Four numbers are chosen at random (without 
replacement) from the set {1, 2, 3,..., 20}. 


Statement-1 The probability that the chosen numbers, 


when arranged in some order will form an AP is = 

Statement-2 Ifthe four chosen number form an AP, 

then the set of all possible values of common difference 

is {41, +2, 43,44, +5} [AIEEE 2010, 8M] 

(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is false 

(c) Statement-1 is false, Statement-2 is true 

(d) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1 


An urn contains nine balls of which three are red, four 
are blue and two are green. Three balls are drawn at 
random without replacement from the urn. The 
probability that the three balls have different colour, is 
[AIEEE 2010, 4M] 


1 
d)— 
7 21 23 ® 


= Passage for Question Nos. 141 and 142 


LetU, andU be two urns such that U, contains 3 white 
balls and 2 red balls and U, contains only I white ball. A 
fair coin is tossed. If head appears, then I ball is drawn at 
random from U, and put into U,. However, if tail appears, 
then 2 balls are drawn at random from U, and put into U4. 
Now, I ball is drawn at random from U >. 


141. 


142. 


143. 


144. 


145. 


146. 


147. 


The probability of the drawn ball from U, being white, 
is 

23 19 
By o pad 
(b) a (c) - 
Given that the drawn ball from U,, is white, then the 


probability that head appeared on the coin, is 
[lIT-JEE 2011, 3+3M] 


17 11 15 
ee b= = 
OS, ( Ns Ae) 
Let E and F be two independent events. The probability 


11 
that exactly one of them occurs is - and the probability 
Z 


of none of them occurring is 2 If P(T) denotes the 
25 


probability of occurrence of the event T, then 
[lIT-JEE 2011, 4M] 


(a) P(E) = (b) P(e) = 4, pF) =2 


a{~wo ole 
al pep ol 


(c) PE) =. PF) = (d) Pf) =—, FF) = 


Consider 5 independent Bernoulli’s trials each with 
probability of success P. If the probability of atleast one 
failure is greater than or equal to ae then P lies in the 

32 
interval [AIEEE 2011, 4M] 


3 11 1 11 1.3 
oe] 3] Gal od] 


If C and D are two events, such that CC D and P(D) #0, 


then the correct statement among the following, is 
[AIEEE 2011, 4M] 


(a) o() > P(C) (b) (5) < P(C) 


(9 »(£)- 72 
D) PC) 
Let A, Band C are pairwise independent events with 


(Ac aay 


c 
(d) (5) = P(C) 


P(C)>0Oand P(A A BOC)=0. Then, is 


(a) P(A*) — P(B) 
(c) P(A®) + P(B‘) 


(b) P(A) — P(B*) 
(d) P(A‘) — P(B’) 
A ship is fitted with three engines E,, E, and E;. The 


engines function independently of each other with 


148. 


149. 


150. 


151. 


152. 
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: seer kt 1 1 . 
respective probabilities —, — and —, respectively. For the 
24 4 


ship to be operational atleast two of its engines must 
function. Let X denote the event that the ship is 
operational and let X,, X , and X denote respectively 
the events that the engines E,, E, and E; are 
functioning. Which of the following is (are) true? 
[lIT-JEE 2012, 4M] 


3 

a) P[Xj/X]=— 

(a) PLX;/ X] i: 

(b) P [exactly two engines of the ship are functioning /X] = . 
a 

c) P[X / X,])=— 

(c) P[ 2] i 
at 

d) P[X / X,]=— 

(d) P[ 1] a 


Four fair dice D,, D, , D3 and D4 each having six faces 


numbered 1, 2, 3, 4, 5 and 6 are rolled simultaneously. 

The probability that D, shows a number appearing on 

one of D,, D, and D3, is [IIT-JEE 2012, 3M] 
91 108 127 


(a) sé (b) ae (c) (d) nae 


Let X and Y be two events, such that P(X /Y)= Z 
2 


25 
216 


PY /X)= ; and P(X AY) = 7 Which of the following is 


(are) correct? [IIT-JEE 2012, 4M] 


(a) P(X UY)= ; (b) X and Y are independent 


(c) X and Y are not independent 
(4) P(X’ AY) = : 


Three numbers are chosen at random without 
replacement from {1, 2, 3, ...,8}. The probability that their 
minimum is 3, given that their maximum is 6, is 

[AIEEE 2012, 4M] 


1 2 3 
(a) i (b) 5 (c) . (d) 


1 
5 
A multiple choice examination has 5 questions. Each 
question has three alternative answers of which exactly 
one is correct. The probability that a student will get 4 
or more correct answers just by guessing, is 

[JEE Main 2013, 4M] 
13 ula 10 17 


(a) 35 (b) 33 (c) 35 (d) 3° 


Four persons independently solve a certain problem 
13.1 1 

correctly with probabilities —, —,— and —. Then, the 
244 8 


probability that the problem is solved correctly by 
atleast one of them, is [JEE Advanced 2013, 2M] 


235 
256 


21 3 
b) —— 


253 
=< d) 2" 
256 256 


@) 256 
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153. Of the three independent events E,, E, and E3, the 


probability that only E, occurs «, only E, occurs is § and 
only E; occurs is y. Let the probability p that none of 
events E,, E, or E3 occurs satisfy the equation 
(o& — 28)p =a8 and (6 — 3y)p = 2By. All the given 
probabilities are assumed to lie in the interval (0, 1). 
Thee Probability of occurrence of E, a 

Probability of occurrence of E, 


[JEE Advanced 2013, 4M] 


= Passage for Question Nos. 154 and 155 


A box B, contains I white ball, 3 red balls and 2 black 
balls. Another box By contains 2 white balls, 3 red balls 
and 4 black balls. A third box B3 contains 3 white balls, 4 
red balls and 5 black balls. 


154. If 2 balls are drawn (without replacement) from a 
randomly selected box and one of the balls is white and 
the other ball is red, then the probability that these 2 


balls are drawn from box B, , is 


116 126 65 55 
(a) —— (b)—— c 
181 181 181 181 


155. If 1 ball is drawn from each of the boxes B,, B, and B;, 


then the probability that all 3 drawn balls are of the 


same colour, is [JEE Advanced 2013, 3+3M] 


82 90 558 566 
a) — b) — c) — d) — 
( ) 648 ( ) a8 ( ) 648 ( ) 648 


156. Let A and Bbe two events, such that P(A U B) = 7 
6 


P(A B)= £ and P(A) = Ea where A stands for the 

4 4 
complement of the event A. Then, the events A and Bare 
(a) independent but not equally likely [JEE Main 2014, 4M] 
(b) independent and equally likely 


(c) mutually exclusive and independent 
(d) equally likely but not independent 


157. Three boys and two girls stand in a queue. The 
probability that the number of boys ahead of every girl 
is atleast one more than the number of girls ahead of 
her, is [JEE Advanced 2014, 3M] 


1 1 2 3 
(a) 2 (b) 3 (c) 3 (d) a 


= Passage for Question Nos. 158 and 159 

Box I contains three cards bearing numbers 1, 2, 3, box 2 
contains five cards bearing numbers 1, 2, 3, 4, 5 and box 3 
contains seven cards bearing numbers 1, 2, 3, 4, 5, 6, 7. A 
card is drawn from each of the boxes. Let x; be the number 
on the card drawn from the ith box, i=1, 2, 3. 


158. The probability that x, + x, + x3 is odd, is 


29 53 
a) — b) — 
Sree ere 


159. The probability that x,, x2 and x, are in arithmetic 


progression, is [JEE Advanced 2014, 3+3M] 
10 11 7 


9 
rae py ne AV cee 
©) 105 (b) 105 (©) 105 (d) 105 
160. If 12 identical balls are to be placed in 3 identical boxes, 
then the probability that one of the boxes contains 
exactly 3 balls, is [JEE Main 2015, 4M] 


1 12 1 11 55(2 11 2 10 


The minimum number of times a fair coin needs to be 
tossed, so that the probability of getting atleast two 
heads is atleast 0.96, is [JEE Advanced 2015, 4M] 


161. 


= Passage for Question Nos. 162 and 163 


Let n, and ny be the number of red and black balls 
respectively, in box I. Let n3and ng be the number of red 
and black balls respectively, in box IT. 


162. One of the two boxes, box I and box II, was selected at 
random anda ball was drawn randomly out of this box. 
The ball was found to be red. Ifthe probability that this red 
ball was drawn from box I is 1/3,then the correct option(s) 
with the possible values ofn,,n,,n3 andn, is (are) 
(a) nm, = 3, My =3,n3 =5,ng =15 (b) m =3,n2 =6,n3 = 10,n, =50 
(c) n, =8,n, =6,n3 =5,ng =20 (d)n, =6,n, =12,n3 =5,n4 = 20 


163. A ball is drawn at random from box I and transferred to 
box IL. Ifthe probability of drawing a red ball from box I, 


; _ 1 : : ‘ 
after this transfer is —, then correct option(s) with possible 
3 


values ofn, and n, is (are) [JEE Advanced 2015, 4+4M] 
(a) n, = 4 and n, =6 (b) nm, =2 and n, =3 
(c) n, =10 and ny = 20 (d) n, =3 and n, =6 
164. Let two fair six-faced dice Aand Bbe thrown 
simultaneously. If E, is the event that die A shows up four, 
E, isthe event that die Bshows up two and E; is the event 
that the sum of numbers on both dice is odd, then which of 
the following statements is NOT true? [JEE Main 2016, 4M] 
(b) E, and E; are independent 
(c) E,,E, and E; are independent (d) E, and E, are independent 


(a) E, and E, are independent 


165. A computer producing factory has only two plants T; 


and T,. Plant T, produces 20% and plant T, produces 
80% of the total computers produced 7% of computers 
produced in the factory turn out to be defective. It is 
known that P (computer terms out to be defective given 
that it is produced in plant T,) = 10P (computer terms 
out to be defective given that it is produced in plant T,.), 
when P(E) denotes the probability of an event E. A 
computer produced in the factory is randomly selected 
and it does not turn out to be defective. Then, the 
probability that it is produced in plant T, is 


[JEE Advanced 2016, 3M] 
36 47 78 75 
= (b) — (c) (d) — 


a abe 
@) 73 79 93 83 


= Passage for Question Nos. 166 and 167 


Football teams T, and T, have to play two games against 
each other. It is assumed that the outcomes of the two 
games are independent. The probabilities of T, winning, 

. ; : 11 1 
drawing and losing a game against Ty are a ane 
respectively. Each team gets 3 points for a win, I point for 
a draw and 0 point for a loss ina game. Let X and Y 
denote the total points scored by teams T, and Ty 
respectively, after two games. [JEE Advanced 2016, 3+3M] 


1 5 1 7 
(a) 7 (b) o (c) 5 (d) ei 
167. P(X =Y) is 
11 1 13 
(a) a (b) a (c) - (d) - 


168. A box contains 15 green and 10 yellow balls. If 10 balls 
are randomly drawn, one-by-one with replacement, 


then the variance of the number of green balls drawn is 
[JEE Main 2017, 4M] 
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6 12 


(a) ae (b) A (c) 6 (d) 4 


169. If two different numbers are taken from the set 
{0, 1, 2, 3,...., 10}, then the probability that their sum as 
well as absolute difference are both multiple of 4, is 
[JEE Main 2017, 4M] 


vi 6 12 14 
55 (b) 55 (c) 55 (d) 5 


170. For three events A, Band C. 
P(Exactly one of A or Bor C occurs) 


(a) 


= P(Exactly one of Bor C occurs) 


1 
= P(Exactly one of C or A occurs) = — 
4 


and P (All the three events occur simultaneously) = a, 
16 


Then the probability that atleast one of the events 
occurs, is [JEE Main 2017, 4M] 
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e 5. n(S) =Total number of ways = '°C, =50 x 99 
The product is divisible by 3, if atleast one of the two numbers is 
divisible by 3. 
Let n(E) = Number of ways, if atleast one of the two numbers is 
divisible by 3. 


and n(E) = Number of ways, if none of the two numbers chosen 
is divisible by 3. 


67 X 66 
=%C; = = 67 X33 
1x2 


n(E) _ n(S) — n(E) 


n(S) =Number of total ways = “P,, = = =7 x13! a Reaee Eebe ny n(S) 7 n(S) 
a 67 X33 _ 83 
The girls can be seated together in the back seats leaving a =1- 50 X99 = 150 
corner seat in 4 x 3! =24 ways and the boys 
can be seated in the remaining 11 seats in 6. n(S) =Total number of ways = '°C = _ = 120 
an itl 4 
Re Or i 2 aL WANS The product of two numbers is equal to third number, the 


favourable cases are 2, 3, 6; 2, 4, 8; 2, 5, 10 


*, n/E) = The number of favourable cases = 3 
mE) 3 1 


1 
*, NE) = Number of favourable ways = 24 x Fi x11! =12! 


! : ; es, 
The required probability = il eee . Required probability = (5) 120 40 


nS) 7x13! 91 


. For non-leap year 7. n(S) =Total number of ways = "P, =n! 


Considering digits 1, 2, 3, 4, ..., k as one digit, we have 


1 
Th bability of 53 Sundays = — 
rere acs 7 (n —k + 1) digits which can be arranged = (n — k + 1)! 


For leap year .. n(E) = Number of favourable ways =(n — k + 1)! 
2 ‘ 2 nE n-k+1)! 
The probability of 53 Sundays = 7 Hence, required probability = aa = make 
n n! 

36.7. 1225 = ="p — 
.. Required probability =~ x -+—x=2=2 8. n(S) = Total number of ways = "P, =n! 

4 7 4 7 28 The number of ways in which the digits 1, 2, 3, 4,..., k (k <n) 

. Let us consider two events: occur together = k!(n — k + 1)! 
A: The leap year contains 53 Sundays. Heneb requared probability = n(E)_ki\n-k+1)!_ (n-k+1) 
B: The leap year contains 53 Mondays. We have, n(S) n! "Ck 
P(A) = 2 P(B) = 2 and P(A OB) = 1 9. Let a, b,c and d are four different numbers out of {1, 2, 3, 4, 5, 6}. 
7 


=> (a, a, a, a) can appear in°C, = 6 ways 
.. Required probability = P(A UB) 


=> (a,a,a,b)ca ar in2 x °C, =30 wa 
= P(A) + P(B) - (ACB) ta ia cochlea 
_® 2 1.3 => (a,a, b, b) can appear in °C, = 15 ways 
TP F7 = (a,a, b,c) can appear in3 x °C; = 60 ways 
. Let us consider two events: = (a,b, c,d) can appear in °C, = 15 ways 
A: Numbers divisible by 4. ; . 60 +15 75° 25 
B : Numbers divisible by 7. oe Sa 6+304+15+604+15 = 126 7 42 
Wehave, A = {104, 108, ..., 196} 10. Let ABCDEF be the regular hexagon. 
> n(A) = 24 


B = {105, 112,..., 196} 
n(B) =14 and AMB = {112, 140, 168, 196} 
=> MmANB)=4 
n(E) = Number of favourable ways n(A U B) 
=n(A) + n(B) — n(A OB) =34 
n(S) = Total number of ways = 99 


: 4: ME) _ 34 
Required probability = n(S) = 99 For the favourable event, the vertices should be either A, C, E 
or B, D, F 


Number of total triangles = °C, = 20 ways 


11. 


12. 


13. 


14. 


15. 


16. 


Favourable ways 2 1 


Total ways 20 10 


“. The required probability = 


Total number of ways to choose two squares 


64-63 
Bg anes 


= 32-63 
For favourable ways we must chosen two consecutive small 


squares for any row or any columns. 


.. Number of favourable ways =7-8 + 8-7 =2-8-7 
2:8:7 1 
.. Required probability = ——— = — 
: » if 32-63 18 
In the word MUMBAI there are 5 adjacent pairs of letters of 
which only one gives AI. 


.. Required probability = 


1 

5 
1 1 1 il. 1 
= + = — 
6 5. 7% 
Numbers on die are 1, 2, 3, 4, 5, 6. 
Prime numbers are 2, 3, 5 and non-prime numbers are 1, 4, 6. 


Now, let weight assigned to non-prime numbers is A, then 
weight assigned to prime number is 2A. 


we A+F2K42AK4A4+2A4+XA=1 


1 
> AS 
9 


. Probability that an odd number will be show up when the 
die is tossed 1 or 3 or 5. 


h42h+ 2h =5A=° 


We have, 
(X =7) = {07, 16, 25, 34, 43, 52, 61, 70} 
and (Y = 0) = {00, 01, 02, ..., 10, 20, 30, ..., 90} 
Thus, (X =7)A(Y =0) = {07,70} 
> =7) _ P(X =A = 0} _ 2 
Y=0 P(Y =0) 19 
The probability of not drawing the ace in the first draw, in the 


second draw and in the third draw are (here all spades i.e., 13 


12 11.10 ; 
cards) —, —, —, respectively. 
13 12 11 


Probability of drawing ace of spades in the 4th draw 
1 
= aa (only one ace and remaining cards = 10) 


12 11210 ~=«21 1 
. Required probability = — x — x — x 
13. 12 «11 «10 =«=13 


n(S) = Total number of ways = 5C, =25 
Set of composite numbers = {4, 6, 8, 9, 10, 12, 14, 15, 16, 18, 20, 
21, 22, 24, 25} and set of non-composite numbers = {1, 2, 3, 5, 7, 
11, 13, 17, 19, 23} 

Now, set of composite numbers of the form 5k (k € N) 

= {10, 15, 20, 25} 

and set of non-composite numbers of the form 2k (k € N) = {2} 
“G41 5 


= S02 
Ci 25 


“. Required prabability = 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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n(S) = Total number of ways = C. 


Now, x; is fixed to be 30 and x, x2 (two numbers) are to be 
chosen from first 29 numbers and x,, x; (two numbers) from 
last 20 numbers are to be chosen. 


*, n(E) =Number of favourable ways = "°C, x °C, 


Hence, required probability = mE = OG 
n(S) Gs 
The points are 2, 2, 2, 2 or 2, 2, 2, 1 
. Required probability 
=(0.5)* + 4C, x(0.5)* x (0.05)! = 0.0875 
n(S) = Total number of ways = 6° = 216 


3! 
n(E) = Number of favourable ways = 2 x °C, x 7 =90 


r() _ 90 
n(S) 216 
n(S) = Total number of ways = 6 x 6 x 6 =216 


. Required probability = 


n(E) = Number of favourable cases 
= Coefficient of x* in(x + x° + x° + x4 42° + x)? 
= Coefficient of x*~° indtxtxrtx txt 4x?) 
~ x3 (1— x)? 


[e 0<Sk-3 <5] 


= Coefficient of x*~ > in (1 
= Coefficient of x*~ > in (QQ -xy? 


= Coefficient of x*~ > in (1+ Cx +...) 


2 = k-1)(k-2 
=kig jak a 
.. Required probability = s = Se 
n(S) 432 


n(S) = Total number of ways = 1000 


The favourable cases that the sum of the digits of the marked 
number on the page is equal to 9 are one digit number or two 
digits numbers or three digits numbers, if three digit number is 
abc. Then,a+b+c=9;0<a,b,c <9 
n(E) = Number of favourable ways 

= Number of solutions of the equation 

283-20, 55 
. Required probability = me) se 

nS) 1000 200 
n(S) = The total number of ways of choosing the tickets 
=4x4x4x4=256 

n(E) = The number of ways in which the sum can be 23 


= Coefficient of x in(1 + x + x? + x'')* 
= Coefficient of x”? in(1 + x*) + (1 + x'°)* 
= Coefficient of x” in (1 + 4x + 6x? + 4x? + x*) 
x (1+ 4x19 + 6x7") 


=4x6=24 
n(E)_ 24 3 


The probability of required event = = = 
n(S) 256 32 


Total coupons = 15 
1 <selected coupon number < 9 ie., 1, 2, 3, 4, 5, 6, 7, 8, 9 


742 


24. 


25. 


26. 


27. 


28. 
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9 3 
*. Probability of one selected coupon = iE = z 


Hence, the required probability 


yO naiiean) 
=|—|xX|—|xX...x7 times =| — 

5 5 s) 

Let X denote the largest number on the 3 tickets drawn. 


3 3 
We have, P(X $7) = (2) and P(X <6) = (<) 
20 20 


7\) (6) 
Thus, P(X =7) = P(X <7) -— P(X <6) -(2) -(5) 


Total number = 6 (i.e., 1, 2, 3, 4, 5, 6) 
Favourable number = 2, 3, 4,5 = 4 


4 2 
Probability of favourable number in one draw = ‘ = Fi 


4 
2 16 

Required probability =| — | = — 
q p y ( =| at 


We have, P(E;) = 


ca) 


1 
=—fori=1,2,3 
Zz 


Also, for i # j, P(E; NE;) = . = P(E;) P(E;) 


Therefore, E; and E; are independent for i # j. 
Also, P(E, AE, Es) = - # P(E,) P(E) P(E) 


. E,, E, and E; are not independent. 

Let x and y are two non-negative integers are chosen such that 
x’ + y’ is divisible by 10. 

By the division algorithm, there exist integers x,, y,, a, and b, 
such that x = 10x, + a, andy =10y, + b; withO <a,b, <9. 
Thus, we can write 

x? + y" =100(xj + yj) + 20(qx, + by) + (af + b7) 

We see that x” + y” will be divisible by 10 if and only if 

a; + b; is divisible by 10. Now, there are 10 choices each for a, 
and ,, so that there are 10 X 10 = 100 ways of choosing them. 
The pairs (a, b,) for which a? + b? is divisible by 10 are 
follows: 


(0, 0), (1, 3), (L, 7), (2; 4), (2, 6), (3, 1), 3; 9), (4, 2), (4, 8), (5; 5), (6, 
2), (6, 8), (7, 1), (7, 9), (8, 4), (8, 6), (9, 3), (9, 7) 
Therefore, 18 distinct ways. 
18 9 
*. Required probability = —- = — 
a , 4 100 50 
Area of strips region 


Required probability = 


Area of dotted region 


29. 


30. 


31. P 


32. 


33. 


1 1 () 
xT 
2 4 2) _ 8-T 
1 1 2 16-T 
1x1-—xa| = 
4 2 


When the two equal sides are 1 each, then third side could be 
only 1. 

When the two equal sides are 2 each, then third side can take 
values 1, 2, 3. 


When two equal sides are 3 each, then third side can take 
values 1, 2,3, 4,5. When the two equal sides are 4 each, then 
third side can take values 1, 2, 3, 4, 5, 6 same in the case when 
two equal sides are 5 and 6. 


.. Total number of triangles =1+3+5+6+6+6=27 


Required probability = 3 


Required probability 
Giant eo 
G) * BD 
= al _4 
‘ i \" 2° F 27 Ng. 
(EG) (es 
= r=0 
P(A UB) = P(A) + P(B) — PAB) 
P(A OB) = P(A) + P(B) — P(A UB) 


“.0 < P(AUB) $1-1<—P(A UB) <0 
P(A) + P(B) —1 P(A) + P(B) — P(A UB) § P(A) + P(B) 
E and F are independent events. Then, 
P(E OF) = P(E): P(F) ..(i) 
Option (a) is obviously not true. So, check for options (b), (c) 
and (d) 
P(E OF) = P(E) —- PEF) 
= P(E) — P(E): P(F) 
= P(E)[1 - P(F)] 
= P(E) PF) 
‘. E and F are independent events. 
P(E OF) = P(E UF) 
=1= P(E UF) 
=1-[P(E) + P(F) - PEF)] 
=[1 — P(E)] — P(F) + P(E): P(F) 
= P(E) -— P(F)[1 - P(E)] 
= P(E) [1 — P(F)] 


= P(E): P(F) 


:. E and F are independent events. 


[from Eq. (i)] 


Now, 


Again, (=) + o( 2) _ PEF) @ P(E OF) 
Fj) PE) P(F) 
_ P(E): P(F) , P(E): P(F) 
P(F) P(F) 

= P(E) + P(E) =1 

We know that, P(A 7B) = P(A) + P(B) -1 (i) 
A) ANB) 
(4) ~ P(B) [P(B) # 0] 


34. 


=> 


: ( 4) P(A) + PB) =1 [from Eq. (i)] 


B) P(B) 
Option (a) is true. 
P(A OB) = P(A) — (ACB) 
Option (b) is not true. 
P(A UB) = P(A) + P(B) — PPA MB) 
If A and B are independent events, then P(A MB) = P(A)- P(B). 
Then, P(A UB) = P(A) + P(B) — P(A)- P(B) 
= P(A) + P(B) [1 — P(A)]}+1-1 
=1+ P(B) P(A)-P(A)  [" P(A) =1- P(A)] 
=1+ P(A)[P(B)-1]=1 — P(A): P(B) 
Option (c) is true. 
If A and B are disjoint, then P(A 7 B) = 0. 
Then, P(A UB) =1 — P(A) P(B) does not hold. 


E and F are two independent events 


P(E OF) = P(E): P(F) ..-(i) 
P(EAF) = ...(ii) 
12 
es ol 
P(E OF)=— 
2 
1 
> a a 
> De eee ene 
1 
> Se aC eer aa 
= P(E) + P(Fy =e 
2 12 
> P(E) + P(F)= J (iti) 
From Eqs. (i) and (ii), we get, 
1 
P(E): P(F) = — 
(E)- P(F) e 
P(E) = — 
12P(F) 
Put this value in Eq. (iii) we get 
ae 
12P(F) 12 
Let P(F) =x 
Then, eo 
12x 12 
12x°+1 7 
=> =— 312x* -7x+1=0 
12x 12 
12x° -4x-3x+1=0 
> 4x(3x —1) -138x-1)=0 
1 1 
3x-1)(4x-1)=0 => x=- or— 
( MC ) a oa 
P(E) =~, P(F) =~ 
4 
a 1 
or P(E) =-, P(F) =— 
(E) ; (F) Fi 


35. 


36. 


37. 


38. 
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P(E OF) 


(2) ‘  Z) _PEEOF) , 
F F P(F) P(F) 


_P(ENF)+ P(E AF) _ MEF) + PUP) — P(E OF) 


P(F) P(F) 
_ PF) _, 
P(F) 
and o£) e[ 4] -7EOP MEO) 
F F P(F) P(F) 


_ [P(E)- P(E F)] + [1- P(E VF)] 
7 P(F) 
_ [P(EUF)- P(F)]+ 1 - P(EUF)] 
P(F) 
_1-P(F)_ P(F) _ 
PIF) P(F) 
P(B — A) = P(BO A) = P(B) — P(AMB) 
Option (a) is not correct. 
P(A’ UB’) =1- P(AMB) =1- P(A): P(B) 
[by given condition] 
P(A’) + P(B’) =1 — P(A) +1 — P(B) =2 -[P(A) + P(B)] 
Option (b) is not correct P[(A UB)’]=1- P(A UB) 
=1—[2(A) + PB) — P(A)=P(B)] 
[by given condition] 
=1- P(A) — P(B) [1 — P(A)] 
= P(A) — P(B)-P(A) = P(A): P(B) 
Option (c) is correct. 
( _ P(AMB)_ P(A): P(B) 
ql ~ P(B) ——s«~&P(B) 
Required probability = P(A — B) + P(B — A) 
= P(ANB) + P(BOA) 
= P(A) — PAB) + P(B) - P(AMB) 
= P(A) + P(B) —-2P(AMB) 
So, options (a) and (b) are true. 
P(A — B) + P(B - A) = PA UB) - P(AMB) 
[by venn diagram] 


= P(A) 


So, option (c) is also true. 

P(A’) + P(B’) —2P(A’OB’) =1 — P(A) + 1 - P(B) 
—2+2P(AUB) 

= 2P(A UB) — P(A) — P(B) 

=2P(A) + 2P(B) —2P(A 7B) — P(A) — P(B) 

= P(A) + P(B) —-2P(AMB) 

.. Option (d) is also true. 

A and B are independent events, then P(A MB) = P(A)- P(B) 

1 


P(A) = ; and P(B) = 5 


PAAR So 
10 


P(A UB) = P(A) + P(B) — PAB) 
ee ee ee 


2 5 10 10 10. 5 
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A il 


of A )= MAntaw oil P(A) | 
AUB) P(AUB)  P(AUB) ~ 


of AQB J--( AOB 
A’ UB’ (A OB)’ 


P[(A AB) A(ANB)’] ay 
P(AMB)’ 
39. Let A, B and C be the event that the student is successful in 
tests I, II and III, respectively. 
P (the student is successful) 
=P(ANBOC’)+ PANB’AC)+ PANBAC) 
= P(A): P(B): P(C’) + P(A): P(B’)- P(C) + P(A) - P(B)- P(C) 
.. A, Band C are independent events. 


= ( *) + 2a (5]+ : 
= pq 3 P \5 Pq 


= spa + pl —q)+ pq] = 7a +4q) 


ma} wlrml rR 
n 


11 
—=—p(l+q) >pll+q)=1 
5 af q) =>pll+4q) 


which is satisfied for all pairs of values in (a), (b) and (c). Also, 
it is satisfied for infinitely many values as p and q. For 


instance, when p = and q = —, where nis any positive 
n n 


integer. 
40. Total number of subset of set contain n elements = 2” 
Number of ways choosing A and B = 2" +2" = 27". 
The number of subset of x which contains exactly r elements 
="C. 
.. The number of ways of choosing A and B, so that they have 
the same number of elements 
a6) «CGY sce =6, 
_1-2-3....(2n —1)2n) _ 2"(1-3-5...(2n -1)) 


n!n! n! 


41. The number of ways in which m boys and m girls can take 
their seats around a circle is (2m — 1)! 
(a) We make the girls sit first around the circle. This can be 
done in(m — 1)! ways, after this boys can take their seats in 
(m!) ways. 
“. Favourable number of ways = m!(m — 1)! 
m\(m—1)!_ 1 


Required probability = @ D! = Famtp 
m-—1)! a 


(b) Similarly as (a) 
(c) Similarly as (a) 
mim! 1 
# 
(2m-1)! ?™-1¢) 
42. According to the question, 


(d) Required probability = 


(m+ p+ 0) mp—me— pe + mpe =" ...(i) 


mp(l —c) + me(1 — p) + pe(t — m) =: 


2 
or a ae ae 
1 
Also, mp + pe + me — 2mpe = . 
From Eqs. (ii) and (iii), we get 
1 221 
mpe = — —-— =— 
. 2 5 10 
gee pele = 
mp + mc =-+—=— 
. P 5 10 10 


3. 7 1 27 
m+ptc=—+ = 
4 10 10 20 


43. Favourable number of cases = "~ *P, 


Total number of cases = "P, 


eS, Bh Kel PG, 


.. Required probability = ™, = 7, x2! 7 
(n — 3)(n — 4) 
- 2x1 _ (n—-3)(n — 4) 
~  nn-1) n(n—1) 
2x1 


44, A =The event of (x, y) belonging to the area OEBAO 
B = The event of (x, y) belonging to the area ODBCO 


Xe=y 


1 
_ area of OEBAO _ J vx ax 2 


~ areaof OABCO. 1x1 3 


P(A) 


1 
_ area of ODBCO _ [vy ay _2 


and P(B) — 
area of OABCO ie ga 3 


...(iii) 


1 1 
area of ODBEO _ Jv ax-J x°dx _ 1 


and P(AMB) = = 
area of OABCO 1x1 


“. P(A) + P(B) == + ; Fil, 


So, A and B are not exhaustive, 


22 1 
P(A): P(B) =—:- #= 
(A): P(B) rae 
So, A and B are not independent 
and P(A UB) = 1, P(A) + P(B) # P(A UB). 


So, A and B are not mutually exclusive. 


3 


nr 


1 
45. Let P(k) <— => P(k)=— 
Beas ge Nm 


4 


where A is proportionality constant 


an x 2n 1 
Then .Ypa1 3 AY al 
k=l k=1 
n n 1 
a= ») P(@k-1)=A 
& mek =iy 
n n 1 i 1 
and B= > P(2k) =A <A 
» Do ae = 1) 
> B<aanda+P=1 


Then, 1-a<aand6<1-6 


1 il 
a>-andB <- 
2 2 


46. Roots of x’ + px + q = are real and distinct, if p” > 4q. 


Value of p Possible values of q 


1 No value 
2 No value 
3 1,2 

4 1,:2,.3 

5 1, 2, 3, 4,5, 6 
6 15.25: 3,8 
7 1,.2, 35:5 10 
8 1,2, 332i0y 10 
9 1525-354; 10 
10 1, 2, 3,..., 10 


“. Number of favourable ways 
=2+3+6+8+104+10+ 10+ 10=59 
and total ways = 10 x 10 = 100 


59 
Hence, the required probability = Tr = 0.59 


47. Roots of x’ + px + q = Oare equal, if p” = 4q 


; 2 
ie., p~ must be even. 


Value of p Possible values of q 


2 1 
4 4 
6 9 
8 No value 
10 No value 


“. Number of favourable ways =1+1+1=3 
and total ways = 10 x 10 = 100 


3 
Hence, the required probability = in = 0.03 


Chap 09 Probability 745 


48. Roots of x’ + px + q = Oare imaginary, if p” < 4q 
Hence, the required probability = 1 —(Probability that roots of 
x? + px + q = Oare real) = 1 — (0.59 — 0.03) =1— 0.62 
= 0.38 
49. X can win after the (n + 1) th game in the following two 
mutually exclusive ways. 


(i) X wins exactly one of the first n games draws (n — 1) 
games and wins the (n + 1)th game. 


.. Probability, B =("Bab"~')a=na°b"' 
(ii) X losses exactly one of the first n games, wins exactly one 


of the first n games and draws (n — 2) games and wins the 
(n + 1) th game. 


.. Probability, P, =("P,(ac)b"~?)a = n(n —1)a*b"~*c 


Hence, the probability that X wins two match after 
(n + 1)th game. 
P, =P, + P, =na*b"~*[b + (n—1)c] 
50. Put n =3 in solution of question 4 and interchange a and c, 
then required probability = 3c? - b'(b + 2a) = 3bc?(2a + b) 
51. The probability that X wins the match 


= ¥ Pn = ¥ na’? + ¥ n(n -1)a°b"~% 
n=1 n=1 nat 


2 


2 © 
nb" + oF ¥ n(n — 1)b" 
n=1 


_a b ce 2b? 
ba-bf Bb aby 
{sum of infinite AGS] 
_a(i-b+2c)_ a%(at+3c) [vatbtc=l 
~  a-by (ate) leeranrnd 


52. +: P(E,) <A" 
=> P(E,) =kd’, where k is proportionality constant. 


Eo, E,, Eo, .... E, are mutually exclusive and exhaustive events. 
We have, P(E)) + P(E;) + P(E2) +... + P(E,) =1 
0+ k(1)' + (2)? +... 4+ k(n)? =1 


= k(n?) =1 


(i) 


M 
Ss 


53. P(A) = miey)-2[ 4) 
r=0 E, 
: (w?x%)=£ aE SS 
h=0 n Ny ny Ny=0 
ES ye ae [from Eq. (i)] 
n n Xn? 


~ nnn t+1)(2n+1) 2 


(mate) 
_ 2 -2(241)3. 
3) 
i4— 
6 2n 
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1+- 
lin P(A) => tim a = (i+?) -2 = 075 
no ated real 4\1+0 
2n 
A A 
m1e-7( 2 ve): 4 
at. »(2)- n 7 P(A ° 
nie,)-P( | 
r=0 Ey 
6 1 
x 
_ Wn + 1)(2n + 1) n 4 aus 
3nin + 1) [nn+ 1) nh 
2(2n + 1) 


55. The number of cubes having atleast one side painted is 
9+9+3+43+1+1=26 and total cubes = 27 
.. Required probability, F, = . = 27P, =26 

56. The number of cubes having two sides painted is 
4+4+1+1+1+1=12and total cubes = 27 
.. Required probability, P, = a = 27P, =12 


26 


57. Required probability, P; =1— p,=1-—= = => 27P;=1 


27 
58. A: She gets a success 

E, :She studies 10 h 

P(E,) = 0.1 
E,,: She studies 7 h 

P(E,) = 0.2 
and E,: She studies 4h 

P(E3) = 0.7 


and P| “| = 080, P| “| =060ana P| + |=0.40 
x E, Es 


A 


1 2 


P(A) = nie-P( 4) + ne,)-P( 4) + v(e,)-P{ 


= 0.1 X 0.80 + 0.2 x 0.60 + 0.7 x 0.40 = 0.48 


nes)-P( 4) 
| = 704) - Ex) _ 0.70.40 _ 7 


59. o( 
A P(A) P(A) 0.48 12 


60. (22) _ P(E3 NA) _ P(Es) — P(Es OA) 


A P(A) 1— P(A) 
_07-0.28 0.42 21 
1 — 0.48 0.52 26 


61. ~- p,, p, and p, are mutually exclusive events. 


. Pit pot p3=1 
Also, p,, p2 and p3 are the roots of 
27x° — 27x"? + ax -1=0 
Pit Pot pz =1 


a 
+ + = 
Pip2 + p2p3 + P3pPr 39 


A 


F 


...(ii) 


62. 


63. 


64. 


65. 


67. 


and ae 
PiP2 Ps 37 
Now, AM of pr Po» ps = = Pe* Pa 7 
iat 4 
and GM of py, pz Ps =(PiP2 Ps)” -(3) == 
27 3 
Here, AM =GM 
1 
Pi = P2 = P3 =3 


From Eq. (ii), we get 
1 1 
3.3 


gM eee es ee) 
-—+4+---—= => 
33 3.3 27 


a=9 


P (none of E,, Ey, E3)=1— P(E, U Ey U E3) 
=1-[P(E,) + P(E) + P(Es)] 
=1-(p + pz + p3)=0 
[. E,, E, and E3 are mutually exclusive] 
P(E, UE) + P(E, A E3) + P(E; A £;) 
= P(E,) — P(E; A E2) + P(E2) — P(E, 0 Es) 
+ P(E) — P(E; 0 £,) 


= P(E,;) — 0 + P(E2) 
=P t pot ps 


The number of increasing functions = °C, = 20 


0+ P(E;)-—0 
[. E,, E, and E; are mutually exclusive] 


the number of total functions = 6° = 216 
5 
54 


The number of non-decreasing functions = §+3-Ic, = 8c, =56 


and 


20 
Required probability = — = 
: . : 216 


the number of total functions = 6° = 216 
56 

. Required probability = — = ed 
216 27 


. The number of onto functions such that f(i) 4 i is 


1 1 1 1 1 1 
6!) 1 + + + = 265 
1! 2! 63!) 4! 5!!! 
and number of total functions = 6! = 720 
265 53 


Required probability = —— = 
a i. - 720 144 


1 P(X = x) (x +1) (2) 


POS a) ae 4 1) (2) 


1 ig 
We hve + 2) + (=) + 7, =1 


> k — =1 _ #6 
( 1) 25 
== 

5 
1)° 16 

Now, P(X =0)=k1)) —| =k=— 

ole) 25 


70. 


71. 


72. 


73. 


74. 


P(X >2)=1-[P(X =0) + P(X =1)] 
= i+] Tk_,_7,,16_ 13 
5 5 5 25 125 
E(X)= Fix PX =x)=k Yeeros) 
x=0 =0 
2 1\3 
: H 00 yo(2) + ee(2) +er0{2) vot] 
2 6 12 ; 
FOX) =H 2 4 Sete ..-(i) 
end BS) -1{ = + 2. + Ee ++ ~| ...(ii) 
5 25 125 625 


On ae Eq. (ii) from Eq. (i), we get 
<B(X) = KE + +e] 


On multiplying both sides by A in Eq. (i), we get 


4 2 4 6 
— E(X) =k} — + —+—+H+...4+0 
25 25. 125 625 


On sac Eq. (iv) from ~ (iii), we get 


(iii 
125 (a) 


5 25 


...(iv) 


we ElX) = e+ State 
5 
Z 
= S_|=*-18 x! [-e=3] 
1- 2 25.2 25 
5 
E(x) =~ 
-: (a? —1) is divisible by 10, if and only if last digit of ais 1 or 9. 
If r = 0, then there are 2A ways to choose a. 
2X 
P= > Pn =2r 
n 


If r =9, then there are 2(A + 1) ways to choose a. 


_ {A+ 1) 
nn 
> N py = 2(A + 1) 
If1 <r <8, then there are 2(A + 1) ways to choose a. 
_ aA +1) 
tn 
> X Py = 2A +1) 
7 1 n 1 
12 (n+1) (n+1)2 
7 _(n+2) woe 
6 (n+1) 


Let S be the sample space, then 


n(S) = Total number of determinants that can be made with 0 
and 1=2x2x2x2=16 


a b 
c 
ie., 0 and 1 


, each element can be replaced by two types 


75. 


76. 


77. 
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and let E be the event that the determinant made is 
non-negative. 


Also, E’ be the event that the determinant is negative. 


1 1)//0 1/}0 1 
E’= , , 
| 1 O;/1 1) /1 0 | 
P(E’) = 
then P(E’) = ME’) ) “3 
n(S) 16 
Hence, the required probability, 
P(E) =1- P(E’) 
Spat ete [given] 
16 16 An 
> m=13andn=16, thenn —-m=3 


Let E;, Ey and E3 be the events that first, second and third 
student get success. — 


PE,) ==, =» PEs) =<and P(E3) = 


ene 


Given, probability of success of atleast two = 


R 
iw) 


=> P(E, OE, 0 E;) + P(E, AE, 0 £3) 
+ P(E, QE, A E3)+ P(E, 0 Ep nB)=4 
= P(E,): P(E,): P(E3) + P(E): P(Ez)- P(E3) 


+ P(E,)+ P(E): P(E) + P(E,)- P(E): P(Es) = 


12 
149 244, 03 0 11d. nN 
boo + + 
345 345 345 345 12 
10 A 
= — = — 
60 12 
r=2 


Let S be the sample space and E be the event of getting a large 
number than the previous number. 


n(S) =6 X6 X6=216 
Now, we count the number of favourable ways. Obviously, the 


second number has to be greater than 1. If the second number 
is i(i > 1), then the number of favourable ways = (i — 1) x (6 — i) 


n{E) 


=Total number of favourable ways 

6 
= Mi -1) x@-i) 

i=1 
=0+1xX4+2x3+3x2+4x1+5x0 
=446+6+4=20 


Therefore, the required probability, P(E) = a) ee 
mS) 216 
5 : 
=—= iven 
ag 2 [given] 
54p =5 


The number of ways to answer a question = 2° — 1 =31. 
ie., In 31 ways only one correct. 


Let number of choices = n 


n_ 1 
Now, according to the question > ‘ 
1 
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31 
=> a a 


Least value of n = 4 


Let E; denote the event that the ith object goes to the ith place, 
we have 
(n —3)! 


P(E; NE; NE) = 
n. 


fori<j<k 


Since, we can choose 3 places out of n is "C3 ways, the 


probability of the required event is 


pate n! (n—3)! 1 
n! 3'n-3)! nn! 6 
6p =1 
The sample space is 
S = {- 0.50, — 0.49, — 0.48, ..., — 0.01, 0.00, 0.01, ..., 0.49} 


Let E be the event that the round off error is atleast 10 paise, 


then E’ is the event that the round off error is atmost 
a paise. 
E’ = {— 0.09, — 0.08, ..., — 0.01, 0.00, 0.01, ..., 0.09} 
n(E’) = 19 and n(S) = 100 
E’ 19 
Hei) 
n(S) 100 
; 4: , 19 
Required probability, P(E) = 1 — P(E’)=1—- ine 


_ 81 _(m)° 
cae 
m=9andn=10 
> n-m=1 
Let F,, E,, E3, E4, E; and E, be the events of occurrence of 1, 2, 


3, 4, 5 and 6 on the dice respectively and let E be the event of 
getting a sum of numbers equal to 9. 


1-k 1+ 2k 1-k 
P(E,) = ——; P(E2) = ; P(E3) = : 
(E;) 3 (E2) - (E3) - 
1+k 1-—2k 1+k 
P(E,) = ——; P(E;) = ; P(E.) = 
6 6 
ad 2 epee? 
9 9 


Then, E = {(3,6), (6, 3), (4,5), (5, 4)} 
Hence, P(E) = P(E3E5) + P(E¢E3) + P(E,E5) + P(EsEq) 
= P(E3)P(E,) + P(E¢)P(E3) + P(E,)P(Es) + P(Es)P(Eq) 
= 2P(E3)P(E,) + 2P(E,)P(Es) 
[since E,, E,, E3, Ey, E; and E, are independent] 


NIE) 


1 2 
=—[2-k-3k 
is ] 


18 
=> 2<2-k-3k? <4 


87. 


82. 


=> 2<2-k-3k’ and2—k-3k’ <4 


=> xk (k+ 2) soandak’ +k +220 
1 
> =g Shah Ss 


a KH 
3 


Hence, integral value of k is 0. 
Let a, dy, 43, A4, As5,a, and a, be the seven digits and the 
remaining two be ag and do. 


Let a, + ay + 43 +a, + a5 +4, +a, =9k, k EI ..-(i) 
Also, a, + @,+ 43+ a4 +...¢@)=14+24+34+44+...49 
9x10 
7 , =45 ...(ii) 


On subtracting Eq. (i) from Eq. (ii), we get 

dg + ay = 45 — 9k 
Since, a, + ad) + a, +a, +...+ a) anda, + a, +...+4a, are 
divisible by 9, if and only if ag + ay is divisible by 9. Let S be 
the sample space and E be the event that the sum of the digits 
dg and dy is divisible by 9. 

ag + dy = 45 — 9k 


Maximum value of ag + dy = 17 and minimum value of 


...(iii) 


dg + dy =3 
3545 -9k <17 


42 28 
=> 42<-9k <-28 => Ske ; 
28 42 
or <k2z— 
9 9 
Hence, k=4 [ k is positive integer] 


*, From Eq. (iii), we get 
dag +a) = 45-9X4 
dag + ay =9 
Now, possible pair of (ag, a.) can be{(1, 8), (2, 7), (3, 6), (4, 5)} 
E= (1, 8), 2, 7), (3, 6), (4 5)} 
n(E) = 4and n(S) = °C, = 36 
; os n(E 4 1 . 
.. Required probability, P(E) = aa = ov = 5 =p [given] 
18p =2 
Let A be the event of P, winning in third round and B be the 


event of P, winning in first round but loosing in second round. 


1 1 
We have, P(A) “30 a 
1 


P(B OA) = Probability of both PF, and P, winning in first 


round X Probability of PB, winning and P, loosing in second 
round X Probability of FR, winning in third round 

ates ai eet 

~ 8 on 4 fe 2 CG 

Os FO ay oll 

“6 4G, 2G, ae 


1 
Hence, (=) = O = 1 = : =p [given] 
8 
7p=2 
83. (A) >(q,r); (B) > (p,r); (C) > (p,r); (D) > (,1,8) 
(A) P(A) = 0.3 => P(A) =1 - P(A) = 07, P(B) = 0.4, 
=> 0.5 = 0.7 — P(AB) 
P(AB) = 0.2 
P| B |e P(AMB) 
(A UB) P(A UB) P(A) + P(B) — P(AB) 
0.2 1 ; 
“07406205 4 °™ [given] 
a = 4 [composite number and natural number] 


(B) First three prime numbers are 2, 3 and 5. 
For roots to be real D = 0 
Thus, real roots are obtained by b =5, a =2,c =3 
and b=5,a=3,c =2 
ie., two ways. 
Total ways of choosing a, b,c =3 x2 X1=6 
1 
3 
1 — 
7 = 


[prime number and natural number] 


.. Required probability = ; =-=A, [given] 


3 


(C) Here, tossing of the coin is an independent event. Thus, the 
result of 5th trial is independent of outcome of previous 
trials. 


[prime number and natural number] 
(D) Clearly, n(S) = °P, =9! 
Now, 3 positions out of 9 positions can be chosen in °C; 


ways and at these positions A, B and C can speak in 
required order, further remaining 6 persons can speak in 6! 


ways. 
9 
C3 x6! 
“. Required probability = eae 
9! x6! 1 
=———_ ==}, [given] 
3!1x6!x9! 6 
1 
—=6 


de 
[a composite number, a natural number and a perfect number] 


84. (A) > (s);(B) > (p); (C) > @); (D) > (@) 


3 S 2.12 4 
A)2> P(A B) > P(A) + P(B)-1=2+2-1= 
( Me ( ) 2 P(A) + P(B) ay ie 
3 > pan B) 2 
e) 15 


> Pan s)e| <2 | 
15 5 
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(B)-- P(A UB) = P(A) + P(B) - (AB) 


oo 9" 2B AAR Ss) RAAB) 
5 3 15 


4 3 
[ manne] 4.21) 


=> =< P(AUB)S1 


P(AUB)E E 7 


(C) o( 2) - 7659) Seana) 
B P(B) 2 
=> 2 se(4)s2| P(A naye|<, Al 
5 B 10 55 


@) o( 3) = 74) Frans) 
A P(A) 3 
= £<0(4)<1 E PAB) e| l 
9 A 


85. (A) — (p,r,s) ; (B) > (p,r,s); (C) > (s); (D) > (q,r) 
Let q =1— p, and q, =1— py 
(A) «. A can win the game at the 1st, 4th, 7th... trials. 


2 
s. P(A wins) == + ‘ana 2) | (°) 


6 
2 2 1 
(a) (42) (2) Pee 
6 
x 
6 1 1 (gi 
= — 7 given] 
1 = =hq2 6 5% 42 6 -{2\(2) 1 
5) 4 
, =3 
2 
5 5\" 
(B) P(C wins) = Fae + (?) -91-4o Po +. 
= 5 x4 vee 
og BE 5 4 _1 
1 iy 6-544 §_5x4x3 3 
6 5 
aa [given] 
i : 
Ay =3 
(C) *. P (A wins) = P (B wins) 
1 _ op 
6-592 6 -5H92 
i 1 : 
aie es iven 
Pi 5 Ay lg ] 
A, =5 


750 = Textbook of Algebra 


(D) P(A wins) = P (B wins) = P (C wins) 


1 _ oP _ Pe 
6-592 6-5Hq2 6-5 Hq2 
> = Sp, =5q Po 
1 
> pon t=sq=s(1-2)=4-2, 
5 2 
Ay =4 


86. (A) > (q); (B) > @); (©) > (p); (D) > (s) 
(A) *. a, b € {1, 2, 3, ..., 9} 
For real and distinct roots D > 0 
ie., 2(a — b)’ > 4b 3 (a — db)? > 2b 


The possible pairs are 


b a Total pairs of 
aandb 

1 3, 4, 5, ..., 9 7 
2 D5 05.0559 5 
3 6, 7, 8,9 4 
4 1, 7, 8,9 4 
5 1,9 2 
6 12 2 
7 T,2;/3 3 
8 12,3 3 
9 1, 2,3, 4 4 

34 


n(S) =9 X9 =81 and n(E) = 34 
_34_,4, 34 
81 mM 9 


34 
[9p] -|*| =3 


(B) For imaginary roots, 
ee 
P2 Pa o° 6 


[9p.]=4 
(C) For equal roots, there are only 2 possible pairs are 
b=2,a=4andb=8,a=4 
n(S) = 81, n(E) =2 
_2 
P3 = si 
=> [81p3,] =2 
(D) For real roots, 


87. (A) > @);B > (s);(C) > (»); D > (@) 


(A) n(S) = "°C; = 120 and n(E) = °C, =3, because on selection 


3 and 7, we have 
to select one from 4, 5 and 6. 


n(E) 3 1 . 
P(E) = =—=—= iven 
(E) nS) 120 40 [given] 
2 
=> “_=16 
SP 
(B) The probability of 4 being the minimum number 
6 
= oe at [because after selecting 4 any two can 
Cz; 8 


be selected from 5, 6, 7, 8, 9, 10] 


and the probability of being the maximum number 


7 
GC 

=a oe [because after selecting 8 any two can 
C, 40 


be selected from 1, 2, 3, 4, 5, 6, 7] 


and the probability of 4 being the minimum number and 8 
being the maximum number 


= in A 
co, 40 


[because on selecting 4, 8 and we have to 


select one from 5, 6, 7] 
“. Required probability 
= P(A UB) = P(A) + P(B) - P(A B) 
a co 


=—+— —-—_ = — 
8.40 40 40 ” 


[given] 
*. 80p, =22 
(C) Let A = {maximum of three numbers is 7} 
A= {1, 2, 3, 4,5, 6, 7} 
and B ={minimum of three numbers is 3} 
B= {3, 4,5, 6, 7, 8, 9, 10} 
and A M B = {3, 4, 5, 6, 7} 
(4) _P(BOA) _ 1G ai 


al a ee [given] 


“ =10 
Ps 


(D) Let A = { maximum of three numbers is 8 } 
A={1, 2, 3, 4,5, 6, 7, 8} 
and B = { minimum of three numbers is 4 } 
B={4,5, 6,7, 8, 9, 10}and A B = {4, 5, 6, 7, 8} 


B\ P(BAA) 3G 1 
P = = = = 
(5 )= ae = Baran, [given] 
2 
—=14 
Pa 


88. (A) > (q);(B) > (s);C > (p); (D) > @) 


(A) We know that 7*, EN has 1, 3, 7, 9 at the unit’s place for 
A = 4k, 4k — 1, 4k — 2, 4k —3 respectively, 
when k = 1, 2, 3,... 
Clearly, 7” + 7" will be divisible by 5, if7” has 3 or 7 in the 


unit’s place and 7” has 7 or 3 in the unit’s place or 7” has 1 
or 9 in the unit’s place and 7” has 9 or 1 in the unit’s place. 


*. For any choice of m, n the digit in the unit’s place of 
7” +7" is 2, 4, 6, 8, 0 
It is divisible by 5 only when this digit is 0. 


“. Required probability = ; 


(B) n(S) =2x2x2x2=16 
[because each of the four places in determinant 
can be filled in 2 ways] 


The zero determinants are 


1 di\j=1 =—1 1 1) j=1 =—1 1 =-1 
1 1fj-1 -1f/-1 -1f] 1 af/-1 af 
Lea 2 =a 1) pd 1 
1 -1/|-1 1f] 1 -1 
Number of zero determinants = 8, number of non-zero 
determinants 
=16-8=8=n(E) [say] 
E 8 1 
“. Required probability = me) =— sl 
nS) 16 2 


(C)*« P(E,) en 
= P(E,,) = kn, where k is proportionality constant. 
Clearly, 
P(E,) + P(E) + P(E3) + P(E,) + P(E;) + P(E.) =1 
1 


> Ea Oe eS Seem 


NR 


.. Required probability = P(E,) =3k =3 x a = 


(D) 5 can be thrown in 4 ways and 7 can be thrown in 6 ways in 
a single throw of two dice. 


Number of ways of throwing neither 5 nor 7 
= 36 —(4+ 6) =26 


4 1 
Probability of throwing a sum of 5 in a throw = is 


26 13 
and probability of throwing neither 5 nor 7 = aT 
1 
.. Required probability 
1 
1 (2) “2 a. 2 
= i+ + +...5 =— 
9 18\9 18) \9 in 2 


10 
89. In (; ‘ ‘) 
2 2 
Probability of appearing exactly four heads 


“(JE "-(G) 
BV SA Ng w-4l 5) 15 
67 4\4 
“(0 
Fga (eal [pm 
ic 2 
Probability of appearing exactly six heads. Both 
statements are true, 


Statement-2 is a correct explanation for Statement-1. 
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90. If A and B are independent, then 
P(A OB) = P(A): P(B) = P(A) [2 
and P(A UB)=P(A)+ P(B) - PAB) 
= P(A) + P(B) — P(A) 
= P(B) =1 which is true. 
Hence, both statements are true and Statement-2 is a correct 
explanation for Statement-1. 
91. -- P(A B) = P(A) - PAB) 
=> P(ANB)=03-P(ANB) 
“.P(A © B) cannot be found. Hence, both statements are true 
and Statement-2 is a correct explanation for Statement-1. 
92. «- PPA UB) =P(AMB) 
= P(A) + P(B)- P(A MN B)=P(ANB) 
=> (P(A) — P(A 1 B)) + (P(B) — P(A B)) =0 


P(B) = 1) ...(i) 


[from Eq. (i)] 


=> P(A 1B’) + P(A’ OB) =0 ...(i) 
ae AnNBcCcAandANBCB 

=> P(A OB) < P(A) and P(A 7 B) < P(B) 

= P(A) —- P(A OB) = 0and P(B) — PPA MAB) 20 

=> P(A MB’)=0 ...(ii) 
and P(A’ B)=0 ...(iii) 


From Eqs. (i), (ii) and (iii), we get 
P(A OB’) = 0and P(A’ MB) =0 
or P(A 1B’) = P(A’ OB) =0 
= Statement-1 is true and Statement-2 is false. 
93. Statement-1 There are six equally likely possibilities of which 
only 2 are favourable (4 and 6) 


2 1 
. Probability that the obtained number is composite = . = a 


.. Statement-1 is true. 
Statement-2 As the given 3 possibilities are not equally likely. 
.. Statement-2 is false. 
94. Total cards = 52 = 26 Red + 26 Black 
13 wk ‘ Heart 
Given A: Red card is drawn 
B: Card drawn is either a diamond or heart 
It is clear that AC Band BCA 
.. Statement-2 is true. 
and P(A + B) = P(A UB) = P(A UA)= P(A) 
[. AC Band BCA] 
and P(AB)= P(A MB)=P(ANA)= P(A) 
[. AC Band BC A] 
P(A + B) = P(AB) 
Statement-1 is true. 


Hence, both statements are true and Statement-2 is a correct 
explanation for Statement-1. 


95. Required probability = 1 — Problem will not be solved 
=1- P(A \B)=1- P(A) P(B)=1-(1— P(A))(1 — P(B)) 


1 1 1. 2 1 2 
-1-(1-3)1-2)=1-4x2-1-1- 
2 a) 2.3 3 3 


.. Statement-1 is false and Statement-2 is true. 
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2 
96: tokiwaee m+ic, = (2n + eee 1) _ te 1) 


Let the three numbers a, b, c are drawn, where a < b < cand 
given a, b andc are in AP. 


# 2b =a + c...(i) 
It is clear from Eq. (i) that a and c both are odd or both are 
even. 


. Favourable ways = "*'C, + "Cy 


(n+1)n n(n-1) 2 
= + =n 
1-2 1-2 
n 3n 
Required probability = = 
” : 7 n(4n2—1) (4n? —1) 
3 


=> Statement-2 is false. 
In Statement-1, 2n + 1 =21 
=> n=10 
3x10 30 10 


Required probability = = = 
" f 4(10)?-1 399 133 


.. Statement-1 is true. 


A 


97. In Statement-2 (4) = Ae) 


P(B) 
P(B) = P(A UA) AB) = P(AQB) U(A OB)) 
=P(AMB)+ P(AMB) 


.. Statement-2 is true. 


[by definition] 


...(i) 


In Statement-1 
P(A OB) 


($)+0(4)-2402 a 

B B P(B) P(B) 
_ P(AQB)+P(AMB)_ P(B) 
~ P(B) ~ P(B) 


.. Statement-1 is false. 


=1 [From Eq. (i)] 


98. The total number of matches played in the tournament 
5 
= §C, =10 


The probability that a particular team (say A) wins all its 4 


4 
1 1 

matches = [5] =— 
2 16 


.. Probability that team is undefeated in the tournament 
4 
1 5 
= ‘<(=] == 
2 16 
= Statement-1 is true. 
5 
Similarly, the probability that there is an winless team = rr 
1 


=> Statement-2 is false. 
99. For real roots, D > 0 


> pr—41-2(p + 2)20 
=> p—p-220 
> (p-2)(p+1)20 
=> ps-lorp22 


But p €[0, 5]. 


So, E=(2,5] 
n(E) = length of the interval [2, 5] =3 
and n(S) = length of the interval [0, 5] =5 
WE) 3 
nS) 5 
Hence, both statements are true and Statement-2 is a correct 
explanation for Statement-1 


Required probability = 


WA OB) 
100. (2) _P(AOB)___nfS)__ (AB) _ (AB) 
ED a) n(B) —_n(B) 

n(S) 


Hence, both statements are true and Statement-2 is a correct 
explanation for Statement-1. 


101. Let S be the sample space, then 


n(S) = Total number of numbers of five digits formed with the 
digits 1, 2, 3, 4 and 5 without repetition = °P; = 5!=120 
We know that, a number is divisible by 4 if the last two digits 
of the number is divisible by 4. 
Then, for divisible by 4, last two digits 12 or 24 or 32 or 52. 
Let E be the event that the number formed is divisible by 4. 
: n(E) =3!X 4=24 
. Required probability, P(E) = me) 27524 

nS) 120 5 


102. Let S be the sample space and E be the event of getting a large 
number than the previous number. 


n(S) =6 X6 X6 =216 
Now, we count the number of favourable ways. Obviously, the 
second number has to be greater than 1. If the second number 
is i(i > 1), then the number of favourable ways = (i — 1) x (6 — i) 


*, n(E) = Total number of favourable ways 
6 
= M(-1) x@-i) 
i=1 


=0+1x*4+2x34+3x2+4x1+5x0 
=4+6+6+ 4=20 
Therefore, the required probability, 
E 20 5 
P(E _ 1 )_ 20 5 
n(S) 216 54 


103. Finding r cars in N places, there are (r — 1) cars other than his 
own in(N — 1) places. 
(n-1)! 
(r —1)!(N —-r)! 
Now, the (r — 1) cars must be parked in N — 3 places (because 
neighbouring slots are empty). 


Total number of ways = N-lc = 


.. Number of favourable ways = — 5Cj 


7 (N —3)! 
~ (7 =1)1(N —r —2)! 
“. Required probability = Baveuranle ways 
Total ways 
(N —3)! 
(r —1)!(N -—r-2)! 
_(N-r)(N-r-1) 
~ (N=1)(N -2) 


. (r—1)!(N -r)! 
(N -1)! 


104. 


105. 


106. 


A wins the series in(n + r + 1) games (say). He wins the 
(n+ r+ 1)th game and 
n out of the first (n + r) games. 


P(A) = ¥.(°*'C,) q'p"** [where p + q =1] 
r=0 


Similarly, 
Now, P(A) + P(B) =1 
Yue + q’* |p] aad es =| 
r=0 


1 
DOW EM y= eS 


~ 1 1 
n+r 
») | eo =1 
t+r41 +r41 
= 2” r gn la 


ye) 1 


r=0 


=> 


Let A denotes the event that the target is hit when x shells are 
fired at point I 


Let E,(E,) denote the event. 


We have, P(E;) = : P(E,) = . 
; x 21-x 
> o(4)-1-(2) and 7(4)=1-(2) 
E 2 E, 2 
x 2L= x 
Now, nay= 8) (3) Jedp (;) | 
9 2 9 2 


dP(A) 8} (1) 1 1\217* 
——=—||—] log2}+—|-| — log 2 
dx 9} \2 9 2 
2 
Now, we must have 2 =0 5 x =12, also d ~- 20 
a ix 


Hence, P(A) is maximum where x = 12. 


The composition of the balls in the red box and in the green 
box; and the sum suggested in the problem may be one of the 
following: 


Red box Green box Sum of Green in Red 
and Red in Green 
Red Green | Green Red 
0 5 3 6 11 
1 4 9 
2 3 3) 4 7 
3 2 6 3 5 
4 1 7 2 3 
5 0 8 1 1 


Of these the 2nd and the last correspond to the sum being NOT 
a prime number. Hence, the required probability 


. *G x*e, x °C. x "Cy 42046 _ 213 
Cs 2002 1001 
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107. Let E; denote the event that out of the first k balls drawn, i 


108. 


109. 


110. 


balls are green. Let A denote the event that (k + 1)th ball drawn 


; Oe Chg 
is also green. We have, now P(E£;) = ————— 
arc. 
Here, 0 <i <kand P 2 eee ae 
i at+b-k 

k a0 yx '¢ - _; 
Now, P(A)= YS a 

a SG a+b-k 


Also, (1 + x)*~!(1 + x)? 
= [PCy Oe a Oe] 
x [Cy + PCyx + 22. + PC,x?] 


> xe “"C)) ome) = coefficient of x* 


j=0 

a 
P(A) = 
(4) at+b 


Hence, 


Total number of outcomes = 2 x 2 X 2... 12 times = 4096 


Let a, denote the number of outcomes in which two consecutive 
heads do not occur when the fair coin is tossed n times. 


=> a, =2, a, =3 


For n = 3, if the last outcome is T, then we cannot have two 
consecutive heads in the first (n — 1) tosses. This can happen in 
a, _, ways. If the last outcome is H, we must have T the 

(n — 1)th toss and we cannot have two consecutive heads in the 
first (n — 2) tosses. This can happen in a, _ » ways. 


> Qn = Gn —1 + Gy —2 forn 23 
> ay = 144, a,= 233 
> Q2 =377 


377 
Hence, the required probability is : 
" P v 4096 


Let PQ be a diameter of a circle with centre O and radius a. 
Take a point A at random in PQ. 


Let, AP = x, AQ=y, then x + y = 2a and all values of x 
between 0 and 2a are equally likely. 


Draw the ordinate AB, then AB’ = AP, AQ = xy 
If P’, Q’ are the mid-points of OP, OQ, the ordinates at these 


points are equal to q - 
4 


3 
Hence, AB >a ~ if and only if, A lies in P’Q”. 
A’B’. 1 
ie, — 
2 


(i) Kamsky wins one of the first n games and draws the 
remaining [(n — 1) or 


Hence, the chance that xy > r a’ is 


(ii) Kamsky wins exactly one of the first n games and draws 
the remaining] n — 2. We have, 

PG) = "Rpg" 
and P(ii) ="P, pq" ?r 


=> The probability that Kamsky wins this match is 


¥ p’[ng"? + n(n - 1) rq" *] 
n=1 co co 
=p? Ying" ' + p'r Yintn -1) q"~* 


n=1 n=1 
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Differentiating both sides w.r.t. g, we get 
Dada end De dda 
Thus, the probability that Kamsky wins the match is 
po, 2pir_ _ pp +3r) 
(gq) G-q) (p+) 
because p+ q+r=1. 


111. Let A, B and C be three independent events having 
probabilities p, q and r, respectively. 


Then, according to the question, we have 
P (only the first occurs) = P(A MB AC) 
[. A, B, C are independent] 
= P(A)- P(B)- P(C) 
= p(l—q) (1-7) =a (i) 
P (only the second occurs) = P(A AN BOC) 
= P(A) - P(B)-P(C) 


=(1-p)qa-r)=b ..(ii) 
and P (only the third occurs) = P(A 7B AC) 
= P(A) - P(B)- P(C) 
=(1-p)(1-q)r=ec ...(iii) 
Multiplying Eqs. (i), (ii) and (iii), then 
par {(1— p) (1-9) (1—r)}° = abe 
b , 
o = =[0-p)a-ga-nl=x [say] ...(iv) 
pq 
(l-p)Q-q)Q-r)=x AV) 
Dividing Eq. (i) by Eq. (v), then 
p a 
=— or px=a-ap 
l1—p xX 
_ a 
(a+ x 
b c 
Similarly, q = dr= 
imilarly, g oe er 


Replacing the values of p, q and r in Eq. (iv), then 


(0-)0-s)0-))-" 


ey 2 
=> =x 
(a+ x)’ (b+ x)? (c+ x)’ 
3 
=> id =x 
(a+ x)(b+ x)(c + x) 
or (a+ x)(b+x)(c+x)=x* 


Hence, x is a root of the equation (a + x)(b + x)(c+ x)= x? 
112. Let A = {a, ao, ..., ay} 
For each a; € A (1 <i <n), we have the following choices. 
(i) 4 € Panda, €Q (ii) a, € Panda, €Q 
(iii) a, € Panda, €Q (iv) a, € Panda, €Q 
Therefore, for one element a; of A, total number of cases is 4. 
Let S be the sample space 
n(S) = 4" 


and number of cases in which a, € P U Qis 3, since case 
4 ¢ P UQand let E be the event of favourable cases, then 


n(E) = number of ways in which exactly r elements of A will 
belong to PUQ 


= "CY" jet = "C3" 


.. Required probability, P(E) = me) 7 ie 


n(S) 4” 
113. Given that P(A) = 0, P(B/ A) = P(B’/A’)=1-0 


Thus, P(A’)=1- P(A) =1-a 
and P(B/ A’) =1-P(B’/A’)=1-(1-a) =a ...(i) 
Bg OP) 
P(B) 
_ P(B)- P(AMB)_ P(B)- P(A): P(B/ A) 
: P(B) 7 P(B) 
[- o(2)- 2402) 
A P(A) 
= P(B) - a (1 — &) Gi) 
P(B) 


But P(B) = P(A): P(B/ A) + P(A’): P(B/ A’) 
=a(l-a)+(1-a)-a [from Eq. (i)] 
=2a(1- a) ...(3) 

Putting the value of P(B) from Eq. (iii) in Eq. (ii), then 

=) _2a(1-a)-a(l-a)_ a(l-a) _1 

B 20 (1 — Q) 2a(1-a) 2 


which is independent of «. 


114. Let S be the sample space and E be the event that each of the n 
pairs of balls drawn consists of one white and one red ball. 


*. n(S) =("'G) Sa ~*C,) (P""G;) te (*C2) (??C2) 


-|{™ (2n — > {@ — 2) (2n = {@ — 4) (2n 2} 
7 1-2 1-2 1-2 


4-3) {2-1 
“" 14-2) L1-2 
2 2 


and n(E) =("C,-"C) uae wo G)C 7G ae C,) 
EG GyCGeG) 


_1-2-3-4..,(2n—1)2n _ 2n! 


=n?-(n-1)?-(n —2)* ...2?-1? = [1-2-3 ...(n —1) n= (n!)’ 
.. Required probability, 
n(E) (ni)? a" 


PE) "5) ~ nia" ant 6, 


(n!)’ 
115. Let p be the probability that any one thing is received by a 


men and q be the probability that any one thing is received by 
a women. 


= and gq = 
P : at+b 


Clearly, ptq=l1 ie, q=1-p 


Out of m things, if rare received by a men, then the rest 
(m — r) will be received by women. 
The probability for this to happen is given by 
P(r) ="C,p'q” " [r =0,1,..., m] 
The probability P that odd number of things are received by 
men is given by 
P =P(1) + P@)+ PS) +... 


3m — 3 


="C.pq™ | + "Csp’q™ > + "Csp’q” > +... (i) 
We know that, 

(q+ py =qr+"Qqn ‘p+ "Coq™ “p> +...4+ p” — ...fii) 
—...+(-1)” p™ 


(iii) 


2,2 


and (q - p)"=q" —"C.q"" ‘p+ "C.q”~*p 


Subtracting Eq.(iii) from Eq. (ii), then 
m-3,3 


(q+ p)” -(q- py” =2 {"Ciq” "p+ "Cyq™~*p? + ...} 
=2P [from Eq. (i)] 


P= : (q+ py" -(q- p)"} 


el Pee ioe P| (bay =o Say" 
“9 b+a}) | 2 (b + a)” 


116. -. P(C)= = P(S) = P(B) = P(T) = - 


Let E be the event that person reaches late 


(QF) 38) 448)-3 


To find (<) 
E 


[' reaches in time = not late] 


E 
nor E) 


Using Baye’s Theorem 


eC 
of u : . : 7 
‘ wor E| i ris. E) me o.o( | # ven .r( | 


= x(1-2] 

=|=x|/1—-— 

7 9 

ee ea 
x]1 +—X]1 +—X]1 +—X]1 

7 9) 7 9 7 9 7 9 


_ 7 _7_1 
7+3X8+2xX5+8 49 7 


117. Probability of getting 1 is - and probability of not getting 1 is ° 


Then, getting 1 in even number of chances = getting 1 in 2nd 
chance or in 4th chance or in 6th chance and so on. 


.. Required probability 
5, 1 (2) 1 (2) 1 
=—x-4 x=+ X= +..,0 
6 6 6 6 6 6 
5 
25 
1-2 
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118. P(A UB) = "3 (ANB) = 


Blo Wle 


P(A) ==> P(A)= 


P(A UB) =1- P(A UB) 
=1- P(A) — P(B) + PAB) 


> P(B) = 


Since, P(A ~ B) = P(A)- P(B) and P(A) # P(B) 
.. Aand B are independent but not equally likely. 
119. For a particular house being selected, probability = ; 


Probability (all the persons apply for the same house) 
(3 1 | 1 
=|-x-x-B=-— 


120. P(X >1.5) =1- P(X = 0) - P(X =1) 


ak 
—~bhyae te 
P(X =k) =e 7 

1 2 3 

PAO Ne gg [A =np =2] 
121. (i) P(u) =ki, UP(u) =1k = Z 
n(n + 1) 
=. de 


lim P(w) = lim & 


n— co n> i=in(n +1)? 


2n(n + 1)(2n + 1) _2 


= lim rl 
n>e n(n + 1)°6 3 
Pea) P{ 
Un 


n 
c 
n+1 —= n2 — 2 
ce i nnt+1) nt+1 
i=1(n +1) 
(iii) E=u,wyU&VU...Uu, 
P(E) = P(u) + P(uy) + ...+ P(un) 
1 1 1 in 1 
=-+-4+...455--= 
non no n2 2 
of =) =e OF) 
E P(E) 
_— PWwOw) + Pew ouy) +... + Pew Ou,) 
- Z 
2 
1 2 1 4 1 on 
=2 7 + Baer ee 
Fee nnt+1 1 
n 
4°" pee 


n nt+1 ~ n+ 1) 


156 


122. 


123. 


124. 


125. 


126. 


127. 


128. 
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= P(X <1) = P(X = 0) + P(X =1) 
[mm = mean=5] 
Let E be the event when each American man is seated adjacent 


to his wife and A be the event when Indian man is seated 
adjacent to his wife. 


Now, n(A OE) =(4!) x (2!)° and n(E) = (5!) x (2!)4 
(4) P(ANE) WANE) (4!)x(2!)> 2 
> P — — = = 
E P(E) n(E) 65!) x(2lyh 5 
Statement-1 If P(H; © E) = 0 for some i, then 


(i= 


If P(H; A E) #0, V i = 1, 2, 3,..., n, then 
(ti) Re P(H, noe P(H, OE) y PCH) 
E P(H;) P(E) 
_f £ ie E 
2) x P(E) >» E } ray [as 0 < P(E) <1] 


Hence, Statement-1 may not always be true. 
Statement -2 Clearly, H; UH, U... UH, =S (Sample space) 


= P(H,)+ P(H2)+...+ P(H,) =1 
P E® ~\ F* = P(E‘ A FS AG) 
G P(G) 
_ PG) - PE NG) - P(F OG) 
7 P(G) 
_ P(G) — P(E): P(G) — P(F): PG) 
7 P(G) 
=1- P(E) — P(F)= P(E‘) — P(F) 
Probability of getting sum of nine in a single thrown = . 


*, Probability of getting sum nine exactly two times out of 


2 
1 8 8 

three draws = ‘o 2) (?) So 
9 9 243 


P(I) = 0.3, P(II) = 0.2 
*, Required probability 
= P(I)P(II) =(1 — P(I))P(II) = 


Since, P(A) = 2 


(1 - 03) x 0.2=07 x 0.2=0.14 


For independent events, 
P(AMB) = P(A)P(B) > P(ANB)S ; 


1 2 3 4 
P(A TB) =—, —, —, — 
10° 10° 10° 10 


[maximum 4 outcomes may be in A M B] 


(i) Now, P(A MB) =— 


=> 


P(A): P(B) = 


1 
10 
1 ae | 
P(B) = — X — = —, not possible 
(B) = Tartar Pp 


(ii) Now, P(A 7B) 


2 2 
=— => -x P(B)=— 
10 5 


5 
> P(B)= i outcomes of B =5 
1 
ais 3 
(iii) Now, P(A 1 B) = a 


(iv) Now, P(A OB) 


129. 


130. 


137. -. 


132. 


133. 


134. 


On > = x P(B) == 
P(B) = 


= Faas possible 


4 4 
=o > MA PB)=T 


= _ P(B) = 1, outcomes of B = 10. 


a 


b 
For unique solution q # 0, 


where a, b, c,d € {0, 1}. Total cases = 16 
(Either ad = 1, bc = 0 or ad = 0, bc = 1) 


Probability that system of equations has unique solution is 
6 


16 
infinite solutions, so that probability for system to have a 
solution is 1. 

A={4,5, 6}, B={1, 2, 3, 4} 


AUB ={1, 2, 3, 4, 5, 6} 


Favourable cases = 6 


3 s ; : 
= Fi and system of equations has either unique solution or 


=> oe ener 
P(AUB = 
( ) - 
=| A P(A MB) _1 i 
B) 2 P(B) 2 
acai (2 )-2 ag SE) 2 me 
A) 3 P(A) 3 
On dividing Eq. (i) by Eq. (ii), we get 
P(A) 3 4 
PAF = HB) = 414) 
P(B) 4 3 
eo yet [Pa =4| 
4 3 4 
P(X =3)= (22) 25. 
6)\6)6 216 
P(X 23) =1- P(X $2) =1 (i+ «3 = eee 
6 6 36 36 
> 
5 6 ot 5 
P(X >6)= 2 +24 m8 -(2) 
6 aan 
6 53 
57 5f 55 6! (2) 
and P(X >3)=~—+ + <+...0= =| eS 
\ y= 66 6 6° ict: M6 
6 


Hence, the conditional probability = =— 


135. 1 eae s = (=) 2s 
10 
1 


=> n(logi93 — logy) 4) <0-1 => n => ——_—_——_ 
(logyo 4 — log;o3) 


136. S = {00, 01, 02,..., 49} 
Let A be the event that sum of the digits on the selected ticket 
is 8, thenA = {08, 17, 26, 26, 35, 44} 
and let B be the event that the product of the digits is zero, 
then 
B = {00, 01, 02, ..., 09, 10, 20, 30, 40} 
25 AO B= {08} 


P(AMB) 59 _ 1 
P(B) 14 14 
50 


.. Required probability = ([4| = 


! 
137. Required probability = es) = - 
6 
138. Let E, denote original signal is green, E, denote original signal 
is red and E denote signal received at station B is green. 


P(E,): {=| 


2) | 
E E E 
ney) + ney-A{ 2) 


0). 
+] iitea] * 


4 4 4 
20.19.18 .1 
139. Total ways = "°C, — 20.19.18.17 
1.2.3.4 


= 4845 
Statement-1 


Common difference (d) | Number of cases 


Nn oO |e WwW |r 
oo 


.. Number of favourable cases = 17+ 14+ 114+84+5+2 
=57 
“. Required probability = cee 
4845 85 
Statement-1 is true and Statement-2 is false. 
9-8-7 _ 
co a 


84 


140. Total ways, °C; = 


Favourable ways = °C, x *C, x °C, =24 
24 2 
.. Required probability = — =— 
q P y 847 
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141. H — 1 ball from U, to U, 


T 2 balls from U, to Uz 
E:1 ball drawn from U, 


“. P(W from U,) = (2 xi) : -(; x | 


Ww 
P(H) x (=) 


142. a) - = a a 
”. run xr 2) + pcr) x of ©) = 
H T 30 
_2 
23 
143. Let P(E) =e and P(F) = f 
=> PIE UF)~ PEF) = 
11 
> BE) ee OES 
11 
> e+ f —2ef =— 1 
eae (i) 
= 2 = 2 2 
P(EQF)=—=> P(E). (PF) =—>(1-e)Q-f)= 
25 25 
23 i 
=> et+ - =— Priel e 
f-f =e (i 
: rr 12 7 
From Eqs. (i) and (ii), we get ferns a 
Onsen weectes—, =P ghee : = 
5 ) 5 
144. Given probability of atleast one failure > - 
> 1- P(X =0)>2" 
32 
5 0 pss 2 5 
=> 1-"C).Q-P aS [(P + Q)’] 
=> p< 
32 


Pe Psy Pela] 
2 2 
145. We have,C CD S>CND=C 


of <) = ACR?) FO) > 0) [- 0< P(D) <1] 
D P(D) —~P(D) 
(6 {4 = _ PATA BNC) 
PC) 

_ P(C)- PPA NC) - P(BAC) + PANBAC) 

> P(C) 

_ P(C) - P(A): P(C) — P(B)- P(C) + 0 

~ P(C) 


[. A, B, C are pairwise independent] 
=1- P(A) - P(B) = P(A‘) — P(B) 
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147. P(X) = P(X, AX, 0X3) + P(X1 AX, 0X3) 
+ P(X, 0X20 X3) + P(X, AX) 0X3) 


ee ee ee ee 
244 244 244 244 4 
Sy, Bae 
(4) =2 4 4_1 
X 1 8 
4 
(b) P (exactly two engines of the ship are functioning / X) 
oe. eee 
244 244 244_7 
1/4 8 


(c) (=| = Probability that X occurs given that engine 
2 


P(X, A Xy 0X3) + P(X1 AX) 0X3) 
P(X, A Xy 0X3) + P(X1 AX, 0X3) 


E, has started 


+ P(X, AX, 0X3) 5 


+ P(X, 0X) A X3) + P(X, AX, 0X3) 8 


(d) (2) = Probability that X occurs given that engine E, has 


1 
P(X, AX, 0X3) 
P(X, A X_ 0X3) + P(X, A X20X3) 


# PUG Xen) + POG AGA es) 7 


+ P(X, Axe AR) + PR ARAM) 16 


started 


148. CaseI When D,, D,, D; all show different number and one of 
°C3 x3! 3 60. 


216 «6216 
Case II When D,, D,, D3 all show same number and that 


the number is shown by Dy, P(E,) = 


4 
1 1 
number is shown byD,, P(E.) =6 x} — | =—— 
yD,, P(E) (2) Por 


Case III When two numbers shown by D,, D;, D; are same and 
one is different and one of the number is shown by D,, 


°C x °C, 3! 2-30 


P(E = x x = 
= oie 216 216 
. Required probability = P(E,) + P(E,) + P(E3) = ne 
149. of 2) 7000 =» Pye" 
Y PY) 2 3 
=)- PX AY) _1 = px) =! 
x P(X) 3 2 


(a) P(X UY) = P(X) + P(Y) - P(X AY) =; 


(b) «» P(X AY) = P(X) - P(Y), they are independent. Also, X° 
and Y will be independent 
Now, POP AYia2 ees eS 
2 3 6 3 


150. - S = {1, 2, 3, ...,8} 


Let A: Maximum of three numbers is 6 


» A={1, 2,3, 4,5, 6} 
and B : Maximum of three numbers is 3 
-. B=, 45,67, 8} and A OB = %3, 4,5, 6} 


n(A OB) 
(2) P(A OB) n(S) n(ANB) *G 1 
= p|—|= = = =—1= 
A P(A) n(B) n(B) °C, 5 
n(S) 
1 2 


151. Here, p => andq = 1-2 == 


3 5 
.. Required probability = P(X = 4) + P(X =5) i E + 7 | 


4 5 
iy 72 iy? 42 
PNB OAS hg) 38 


152. Probability of solving the problem correctly by atleast one of 


mer ora sye oes 


153. Let x, y and z be the probability of occurrence of E,, E, and Es, 


respectively. 
Then, 0 = x(1-y)(1-z)=—*— [-- p=(1- x) Q-y) (0 -2)] 
(1-x) 
ss __ py __ pz 
Similarly, B = a-y) and y is 
Now, (a — 28) p=aB 
= P_?P oy 
B a 
Gey) m-x)_, 
y x 
> x=2y (i) 
and (B—3y) p = 2p 
= Po 3 
y B 
= G58) SS ¥) 4 
Zz y 
> y =3z ...(ii) 


x 
“ =6 
Zz 


From Eqs. (i) and (ii), we get x =6z «. 


154. Let E = Event that one ball is white and the other ball is red. 


26 x 3G, 
9 
Then, P (2) i 3 2 oe 3 fn = 
E Cc, x Oi. Cc, x Oy CQ xc, 181 
°C; "C3 al OF 


3 3 3 
155. Required probability = ii | P(W,) + Il P(R;) + Il P(B;) 
i=1 i=1 


i=1 


1.2.3 ,3 3. 4 a) 
= Re t= xX— X 

6 9 12 6 9 12 12 

82 


156. 


157. 


158. 


159. 


160. 


161. 


-: (AUB) =1-P(AUB)=1-—=> 
6 6 

a 1 3 

P(A) =1- P(A) =1-—=-— 
(A) (A) ae 


and P(B) = P(A UB) — P(A) + (AB) 
1 


5 3 1 
=-—-—4+-—= 
6 4 4 3 
= Aand B are not equally likely. 


3. 1 


Als, P(A B)=— =~ x~ = P(A). PB) 


“. Aand B are independent. 

Hence, A and B are independent but not equally likely. 

n(S) = 5!= 120 and possible favourable cases are 

(B, G, G, B, B), (G, G, B, B, B), (G, B, G, B, B), 

(G, B, B, G, B), (B, G, B, G, B) 

.. Number of favourable cases = n(E) =5 x 12 =60 

.. Required probability, 
pee 

n(S) 120 2 

n(S) =3 X5X7 =105; x + x2 + x3 = odd 

CaseI All three odd =2 x3 x 4=24 

Case II Two even and one odd 

=1xX2x4+4+1xX3x34+2x2x3=29.. n(E) =24+4 29 =53 


ppc 8 
nS) 105 


Required probability, 


X1, X2, X3 are in AP. 

AP with common difference = 1, (1, 2, 3) (2, 3, 4) (3, 4,5) 
AP with common difference = 2, (1, 3, 5), (2, 4, 6), (3, 5, 7) 
AP with common difference = 3, (1, 4, 7) 

AP with common difference = 0, (1, 1, 1), (2, 2, 2) (3, 3, 3) 


n(E) =10 
, on nE) 10 
.. Required probability, P(E) = eee 
q Pp y, P(E) 7S) 108 


We have mentioned that boxes are different and one particular 


box has 3 balls. 


Then number of ways = 


eo, x29 55 (2) 
Using Binomial distribution 
P(X >2)=1- P(X =0)— P(X =1) 


JOE | 
fan 


1 
=1-—-"C,-—=1 
2 2 
Given, P (X = 2) = 0.96 
, mt), 24 


3 

n 
1l+n 

gn 


2” 25 
a (@+) 1 
2" 25 
> n=8 
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162. 
n; Red Ng Red 
No Black 4 Black 
Box | Box II 
Let A =Drawing red ball 


P(A) = P(B,): P(A/ B,) + P(By):P(A/ By) 


_l nh re n3 
2\ m+n, 2 \n3t+ng 


P(B,)-P(By A) _ 1 
P(A) = 


1 ns 
2 \ nz +14 1 
1 nh el n3 3 
2\n, +n, "2 nz + Ng 
n3(n, + nz) 1 


— = 
n(n3+ng)t+n3(m +n) 3 


Given, P(B,/ A) = : => 


Now, check options, then clearly options (a) and (b) satisfy. 


159 


163. 
ps 1 Black 
1 Red fre 
(n,-1) Red | |(n3+1) Red ny Red || ng Red 
or 
NM Black | | "4 Black (M- 1) Black | |(M4+ 1) Black 
Box | Box II Box | Box II 


.. P (drawing red ball from B,) = ; 


n-1 n. n n 1 

= 1 1 +4 2 i = 
ntny-1) m+n» mtn, )/\mt+n,-1) 3 
ne +nny—n 1 


=> = 
(m+n2)(m+n2-1) 3 


Clearly, options (c) and (d) satisfy. 


1 1 
164.:. P(E,) = —, P(E2) =-, 
6 6 
2+4+6+4+2 1 
P(E3) = = 
36 2 
1 
Also, P(E; NE;) = aa 


1 1 
P(E, OE =—,P(E OE,)=— 
( 1 3) 12 ( 3 1) 12 


and P(E, NE, VE3) = 0 # P(E,). P(E2). P(E3) 
Hence, E,, Ey, E; are not independent 
0 80 


200 1 4 
P T = = ,P TE — = 5 
(h) 100. 5 (t) 100. 5 


165. 


P(D) = a Let P = = x, then 
100 Th 
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p| 2) =10-P| 2 | =10x 
T, T, 


P(D) = P(E) x (2) + P(Ty) x (2 


1 2 


1 4 
=> “mse 


D 
P(T,) x P| — 
(2)- = [7] — 


D D 
P(T,) x (2) + P(Tp) x (2| 


93 


166. P(x > y) = P(T, wins 2 games or T, wins either of the matches 
and other is draw) 


(3 | E 1 1 qj] 
=|—x—]+|—x-+=~x 
22 2 6 6 2 
tT; a 3) 
=—+— =— 
4 6 12 
167. P(x =y)= P(T, and T, win alternately) 


+P (Both matches are draws) 


11121 1 =| 
= x-+-xX + x 

23 3 2 6 6 

1:4 

3 


oF 3 


168.p =: = ,Q=1 P=1 3_2 
5 5 5 


25 
and n = 10 
3 2 12 
“. Variance = nPQ=10X—x—= = 


169. Cases: (0, 4), (0, 8), (2, 6), (2, 10), (4, 8), (6, 10) 


170. -.- 


6 


. Required probability = in = = 
2 


[e 


P(A) + P(B)-2P(A MB) = 
P(B)+ P(C)-2P(BAC) = 


P(C) + P(A) -2P(C NA) = 


Ja ale ATS ® 


and BAB = 


a 


Now, adding Eqs. (i), (ii) and (iii), then 


P(A)+ P(B) + P(C)— P(A AB) -P(BAC)—P(C. NA) = ; Av) 


On adding Eqs. (iv) and (v), we get 


P(A) + P(B) + P(C)- P(AAB)-P(BAC)-P(C OA) 


3. 1 
+ PANMBOC)=-+— 
8 16 


or P(AUB vojnet 
16 
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Introduction 


There are two basic processes of reasoning which are 
commonly used to draw mathematical or scientific 
conclusions. Reasoning or drawing conclusions can be 
classified in two categories: 


(i) Inductive reasoning 
(ii) Deductive reasoning 


(i) Inductive reasoning This is the process of reasoning 
from particular to general. 
The numbers 324, 576, 603, 732 are all divisible by 3. 
From these particular results, we can hope to have a 
general result that all numbers of 3-digits are divisible 
by 3. But this is not true, because 692 is not divisible 
by 3. 
If at all this conjuctive were true, we would have to 
establish its validity either by verifying the conjuctive 
for all possible 3-digit numbers or by using some 
mathematical process. The process of reasoning a 
valid general result from particular results is called 
inductive reasoning. 


(ii) Deductive reasoning This is the process of 
reasoning from general to particular. 


n(n +1) 


The sum of first n natural numbers is . This is 


a general result. From this, we can deduce that the 
sum of first 100 natural numbers is 


5050 - wou) This process of reasoning a 
2 


valid particular result from general result is called 
deductive reasoning. 

The principle of mathematical induction is a 
mathematical process which is used to establish the 
validity of a general result involving natural 
numbers. 


Statement 


A sentence or description which is either definitely true or 
definitely false is called a statement. For example, 


1. Mumbai is the capital of Maharashtra is a true 
statement. 


2. There are 30 days in February is a false statement. 


3. Umang is a good boy is not a statement (as it is not a 
definite sentence. One day whose name is Umang 
may be a good boy while the other boy whose name 
is also Umang may not be a good boy. Also, the word 
‘good’ is not well-defined). 


Mathematical Statement 


A statement involving mathematical relation or relations 
is called mathematical statement. 


A statement concerning the natural number ‘n’ is 
generally denoted by P(n). 


For example, If P(n) denotes the statement “n(n + 1) is 
divisible by 2”, 

then P(3) :“3(3 +1) =12 is divisible by 2” 

and P(8) :“8(8 + 1) =72 is divisible by 2”, etc. 

Here, P(3) and P(8) are both true. 


First Principle of Mathematical 
Induction 


To prove that P(n) is true for all natural numbers n = i, we 
proceed as follows: 
Step I (Verification Step) : Verify P(n) for n = i. 
StepII (Assumption Step): Assume P(n) is true for 
n=k>i. 


Step III (Induction Step) : Using results in Step I and Step II, 
prove that P(k + 1)is true. 


Remark 
If P(n) is true for n = 1 (i.e., for/ =). 


Second Principle of 
Mathematical Induction 


Sometimes the above procedure will not work. Then, we 
consider the alternative principle called the second 
principle of mathematical induction, which consists of the 
following steps: 

Step I (Verification Step) : Verify P(n) for n = i. 

StepII (Assumption Step) : Assume P(n)is true fori<n<k. 
Step III (Induction Step) : Prove P(n) forn=k +1. 


Remark 


The second principle of mathematical induction is useful to prove 
recurrence relations which involve three successive terms, 


For example, statements of the type 
Plat =n t+ Th 3 


Different Types of Problems 
of Mathematical Induction 


Type | These problems are of the Identity Type. 
Examples of this type are as follows: 


Example 1. Prove by mathematical induction that 


2 
n(n+1 
F423 etn = us J 


for every natural 


number n. 


i) 


n(n + aif 
2 


Sol. Let P(n):1° +22 +3? 4¢...4n?° -| 
Step For n = 1, LHS of Eq. (i) =1° =1 
2 


and RHS of Eq. @=|9 =1 


: LHS = RHS 
Therefore, P(1) is true. 
StepIl Assume P(k) is true, then 


2 
Pk): +22 43° atk =] MOD) 


2 
Step UI Forn =k +1, 
Pik +1): 422439 4+..4kh2 4+(k +1) 
2 


LHS = 1° +229 +39 +..4+k? +(k +1) 
2 
= ean +(k +1)° 
2 
[by assumption step] 
2 
= mur [k? + 4(k +1)] 


_ (k +1)°(k? + 4k + 4) 
4 

_ (k +1)°(k +2) 

—— 


7 E +1)(k + af ae 
2 


Therefore, P(k +1) is true. Hence, by the principle 
of mathematical induction, P(n) is true for allne N. 
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Example 2. Prove by mathematical induction that 


1.2:342-3-4+ .. tale +2) = mee ee) 


for every natural number. 
Sol. Let P(n):1-2-34+2-3-4 +... + n(n +1)(n + 2) 
_ n(n +1)(n + 2)(n + 3) 
4 
For n = 1, LHS of Eq. (i) = 1-2-3 =6 
1-(1+1)(1+2)(1+3) _ 
4 


esd) 
Step I 


and RHS of Eq. (i) = 6 


LHS = RHS 
Therefore, P(1) is true. 
Step1I Assume that P(k) is true, then 
P(k):1:2-3+2-3-4+..4+k(k + 1)(k + 2) 
_ k(k + 1)(k + 2)(k +3) 
4 


Step TI] Forn=k+1 
P(k +1):1:2:34+2:3-4+...4+k(k + 1)(k +2) 
+(k + 1)(k + 2)(k +3) 
_(k +1)(k + 2)(k + 3)(k + 4) 
4 
. LHS =1-2-34+2-3-4+..+k(k +1)(k + 2) 
+(k + 1)(k + 2)(k +3) 


_k(k + 1)(k + 2)(k +3) 
4 


+(k +1)(k + 2)(k +3) 


[by assumption step] 

_(k + 1)(k ; 2)(k + 3) (k +4) 

_ (k +1)(k + 2)(k + 3)(k + 4) 
4 


= RHS 


Therefore, P(k + 1) is true. Hence, by the principle of 
mathematical induction P(n) is true for alln € N. 


Example 3. Prove by mathematical induction that 


| 4 1 ; | — n(n+3 
23 25 n(n+1)(n+2)  4(n+1)\(n+2) 
VnenNn. 
Sol. Let Pi es, — 
1-2-3 2-3-4 n(n + 1)(n + 2) 
__ r(n+3) i) 
4(n + 1)(n + 2) 
StepI Forn=1, 


t of 
LHS of Eq. (i) = —— =- 
a@ 12:3 6 
1(1+3) 1 


and RHS of Eq. (i) = 
4(1+1)(1+2) 6 


Therefore, P(1) is true. 
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StepI1 Assume that P(k) is true, then 


ee oe 
1-2-3 2-3-4 k(k + 1)(k +2) 
_ k(k +3) 
~ 4(k + 1)(k +2) 
Step II Forn=k +1, 
1 1 1 
P(k +1): +..4+ 
1-2-3 2-3-4 k(k + 1)(k + 2) 
re 1 _ (k+1)(k + 4) 
(k+1)(k +2)(k +3) 4(k +2)(k +3) 
.. LHS= : + : teak : 
1-2-3 2-3-4 k(k + 1)(k + 2) 
" 1 
(k + 1)(k + 2)(k +3) 
k(k +3) ip 1 


4k +1)(k +2) (k+1)(k +2)(k +3) 


[by assumption step] 
k(k +3)? +4 
4(k + 1)(k + 2)(k + 3) 


_ ke +6k? +9k +4 
4(k + 1)(k + 2)(k +3) 
(k +1)°(k + 4) 
4(k + 1)(k + 2)(k + 3) 
_ (kK +1)(k + 4) — RHS 
4(k + 2)(k +3) 


Therefore, P(k + 1) is true. Hence, by the principle of 
mathematical induction P(n) is true for alln € N. 


Example 4. Prove by mathematical induction that 


Src, =n-2""' WneN. 
r=0 
Sol. Let P(n): rc =n-2"7! 
r=0 


StepI Forn=1, 


1 
LHS of Eq. (i) = WrtC, =0+1-°C, =1 
r=0 
and RHS of Eq. (i) = 1-2'~'=2° =1 
Therefore, P(1) is true. 
Step Assume that P(k) is true, then P(k) 
k 
: srt Cy =k-2k-} 
r=0 
Step UI Forn=k+1 


k+1 
P(k +1): Sir-**1C, =(k +1)-28 


r=0 


k+1 k+1 
LHS = rfc. a04 Yr" 
r=0 r=1 
k+1 k 
= by eon Yr tte, + (kt ti Chay 
r=1 r=1 


= si COAT teed 


k k 
=Yric.t+ ¥r-*c,_1+(k +0) 


r=1 r=1 


> il 


= P(k) + P(k) + * [by assumption step] 
=f 4 pea oF ao. p a * 4 
=k-2k 42% =(k +1)-2* =RHS 
Therefore, P(k + 1) is true. Hence, by the principle of 
mathematical induction P(n) is true for alln € N. 


Type II These problems are of the Divisibility Type. 
Examples of this type are as follows: 


Example 5. Use the principle of mathematical 
induction to show that 5*°*' + 3"**.2"" divisible by 
19 for all natural numbers n. 


Sol. Let P(n)=5°"*1 4.37%? .g"71 
Step Forn=1, P(1)=5°*1+3'*?.2'7! 
= 125 + 27 = 152, which is divisible by 19. 
Therefore, the result is true for n = 1. 
Step1I Assume that the result is true for n =k, i.e., 
P(k) = 52K +1 4 3+? .ok-1 ig divisible by 19. 
= P(k)=19r, where r is an integer. 
Step III Forn=k +1, 
P(k+ (ag aaa e a 
= 52k +3 + 3K +3 ok 
= 25.52kt1 + 3.3 +2 2.9 =1 


= 95.52K +1 46-3 +2 oko 


Now, 52* *! 4 3F 42 okt ) 95.5281 4 63k? gk-1 (25 


25.52k +1 +25.3h +2 9k -1 


~19.3k +2 9k -1 


25.52k +1 46-342 oko} 

= 25.(52k +1 4 3k 2 gk 2) 49 .gk +2 gk 1 
ie., P(k + 1) =25 P(k) —19-3**? .2k ~} 
But we know that P(k) is divisible by 19. Also, 
19-3°*?.2*~1 is clearly divisible by 19. 
Therefore, P(k + 1) is divisible by 19. This shows that 
the result is true forn =k +1. 


Hence, by the principle of mathematical induction, the 
result is true for alln € N. 


Example 6. Use the principle of mathematical 
induction to show that a” —b” is divisible by a—b for 
all natural numbers n. 
Sol. Let P(n) =a" — b" 
Step1 Forn=1, 
P(1) = a — b, which is divisible by a — b. 
Therefore, the result is true for n = 1. 
StepI1 Assume that the result is true for n =k, 
ie, P(k) =a" —D* is divisible bya-b. 
=  P(k)=(a-b)r, where r is an integer. 
Step I Forn =k +1, 
P(k +1)=a"*1—- pt! 


Now, aé — bE \gk +1 — pk +4 
_ak +1 F abk 
abé — BK *! = pK(a— b) 
ak *} _ pet _ a(ak _ bk) + bK(a- b) 
ie., P(k +1)=a P(k) + BK (a- b) 
But we know that P(k) is divisible by a — b. Also, b (a—b) 
is clearly divisible by a — b. 
Therefore, P(k + 1) is divisible by a — b. 
This shows that the result is true forn =k +1. 
Hence, by the principle of mathematical induction, the 
result is true for alln € N. 
Type III These problems are of the Inequality Type. 
Examples of this type are as follows: 


Example 7. Using mathematical induction, show 
that tanna >ntana, where 


O0<a< ,vneNandn>1. 


Tl 
4(n-1) 
Sol. Let P(n):tanna >ntana 

StepI Forn=2, tan 2M > 2tana 


2tana 
2tana >0 


1-tan’o 
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1-(1- tan’ 
= Tr eee 


1— tan’ 


T 
=>. tan’ -tan20 >0 [vo<e <T form =2| 
4 


Tl 
S0< 20 <— 
2 


which is true (‘. in first quadrant, tan 20 is positive) 
Therefore, P(2) is true. 


Assume that P(k) is true, then P(k) : 
tanka > ktano 


=> tan2a >0 


Step II 


Step III For n =k +1, we shall prove that 
tan(k + 1)a >(k +1)tana 
tanka + tana 


tan(k + 1)a = — éa( 
( ) 1— tanka tana @) 


Tt Tt 
when0 <a <— or 0<ka <— 
4k 4 


ie. 0<tanka <1, also0 < tana <1 
tanka tana <1 
1—tanka tana >0 and 1- tanko tano <1...(ii) 
From Eggs. (i) and (ii), we get 
tanko + tana 


1 
> tanka + tana > ktano + tana 
[by assumption step] 


tan(k + 1) >(k +1)tano 


tan(k + 1)a > 


Therefore, P(k + 1) is true. Hence by the principle 
of mathematical induction P(n) is true for alln € N. 


Example 8. Show using mathematical induction that 


n+1)\" 
nt<( 7) , where ne N andn>1. 


Sol. Let P(n):n! < E ; _ 


2 

2+1 9 
Step I Porn =2,21<[242) > 2<. 
2 4 


= 2<2-25, which is true. 
Therefore, P(2) is true. 
StepII Assume that P(k) is true, then 


k+1 ‘ 
ribyskt<( A) 


Step WI Forn =k +1, we shall prove that 
k+l 
k+ _ 


Mk +Ak+D!<[ 


(ke +1" 
9k 


From assumption step k! < 
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k+1 
=> (k+iki< ee 
k+1 
= (k+1)!< ee Ai) 
k+1 k+1 
Let us assume, igs wi < (* = ) (ii) 
2 2 


k+1 k+1 
k+2 1 
— >2 => /1+— >2 
(Fe) =i 
1 1 : 
Seg | | aS? 
(k +1) k+1 


2 
1 
=> erste, (4) oo BO 


=> 14+(k+1)- 


k+1 


which is true, hence Eq. (ii) is true. 


From Egg. (i) and (ii), we get 


k+1 k+1 
(e+ < EH) <($*) 
2 


2 
k+1 
- (ea or<( #24) 


Therefore, P(k + 1) is true. Hence, by the principle of mathematical 
induction P(n) is true for allne€ N. 


Type IV These problems are of the Second principle of 
induction. Examples of this type are as follows: 


Example 9. If a+b=c+d and a*+b* =c* +d’, 
then show by mathematical induction 
a" +b" =c"+d" 
Sol. P(n):a" +b" =c" +d" 
StepIl Forn=1andn=2, 
P(1):a+b=c+t+d and P(2):a° +b’ =c? +d’ 
which are true (from given conditions). 
Therefore, P(1) and P(2) are true. 
StepIl Assume P(k — 1) and P(k) to be true 
a’ +b tack 14 gko! ili 
and a+ bk =ck + a* ...(ii) 
Step UI Forn=k +1, 
Petia 4 ec ae 
LHS = a**1 + DK +? 
=(a+t b)(ak + b*) — abk — bak 
=(a+ b)(ak + b*) — ab(a* 1 + DK -') 
[givena+b=c+dand 
a’ +b’ =c* +d’, then ab = cd] 


=(c + d)(c¥ + d*) — cd(ck~1 + d*~') 
[from Eggs. (i) and (ii)] 
=ckKtl, gkt1_ RHS 


Therefore, P(k + 1) is true. Hence, by the principle of mathematical 
induction P(n) is true for alln € N. 


*( 1—cos mx 
Example 10. Let |, -|( SS use 
# 1-—CcOos x 


mathematical induction to prove that |,, = mr, 
m=0,1,2,... 


Tl 
1- 
StepI Form=1,1I,= i so i 


i 1—cosx 


. I, = and for m=2, 


I =f 1— cos2x i 
1—cosx 


0 


_ i 2sin” x(1+ cos x) 


) (1 — cos x)(1 + cos x) 


_ [es x(1+ cos x) 


Tl 
; dx = f(a + cos x)dx 
sin* x 


= 2[x + sinx]j =2[(m + 0) —-(0+0)]=2n 


which are true, therefore I, and I, are true. 


Step1I Assume I; _, and J; to be true 
I, =(k-1)0 ...(i) 
and I, = kn (ii) 


Step WI Form=k +1, 


T 
Pax =? cos(k + 1)x 4. 
1—cosx 


0 
T 
coskx — cos(k + 1)x 
as Teg =f ( ) dx 
0 


. (A) (| 
72sin x-sin| — 
= | 2 2 Ag 
0 


1—cosx 


Xe (iii) 


On subtracting Eq. (iv) from Eq. (iii), we get 


: (A a) 
7 Sin 9 x sin 2 x 
Tear - 2h +h =f d. 
0 


x 
{x 
sin} — 

-2cos(kx)sn| z ake" 
= tx =2f cosh = 2] J =0 
ef k 
0 sin} — 0 

2 


0 
=> Ip, = 2h, - Ip, = 2kn —(k -1)0 
[by assumption step] 
=kn+m=(k+1)a 
This shows that the result is true for m = k + 1. Hence, by the 
principle of mathematical induction the result is true for all m € N. 


Type V These problems are of the Recursion Type. 
Examples of this type are as follows: 


Example 11. Given u,., = 3u, —2U,_; and Uy =2, 
u, = 3. Prove that u, =2" +1, VneN. 
Sol. 


"Un 41 = 3Uy — Uy 1 ...(i) 


StepI Given, u, = 3=2+1=2' +1 which is true forn = 1. 
Putting n = 1 in Eq. (i), we get 
Uy41 = 3Uy — 2uy-4 
=> uy = 3, — 2uy = 3-3 —-2-2=5=2" $1 
which is true for n = 2. 
Therefore, the result is true forn = 1andn =2. 


StepII Assume it is true for n = k, then it is also true for 


n=k-1. 
Then, 


and 


u,=2* +1 


...(ii) 
Te le a ...(iii) 
Step II Putting n =k in Eq. (i), we get 
Ug 44 = 3Up — 2Uy - 4 
= 3(2* +1) - 2(2*-1 +1) 
[from Eggs. (ii) and (iii)] 


“1_ 923.2 43-2" -2 


= 3-2 +3-2-2 
= (3-1) 4122-2 41=2%t141 
This shows that the result is true for n = k + 1. Hence, by the 
principle of mathematical induction the result is true for alln € N. 


7 
Example 12. Let u, =1, u, =2,u; = . and 


3 . 
Un+3 = 3Up42 - un —u,. Use the principle of 


mathematical induction to show that 


i, ota [ BP Ina 
al 2 2 | 


Sol. «- 
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ts fieya) .ft=<3) 
Uy, = —| 2° + + (i) 
3 2 2 
1 1+v3) (1-3) 
Step 1 For n= 1, nada : }+( 5 


1 
=-[2+1]=1 
aL ] 


which is true for n = 1 and for n = 2, 


weal # (4) (4) 


3 2 2 


= i. + : | + : 25) = (6 =2 


which is true for n = 2. 


Therefore, the result is true for n = 1 andn =2. 


Step II Assume it is true for n = k, then it is also true for 
n=k-1,k-2 


k 
i f1+s8 1-3 ' 

Uk al” +| ; )+[ ; ...(ii) 
ee 14v3) 1- v3)" (iii) 

hea, ; ; of 
k-2 k-2 
Ur — 2 a ae i+) + ! = “| ..(iv) 
3 Z 2 


Step III Given that, u, . 3 =3uU, 42 —- Fe 417 Up 


Replace n by k — 2 


3 
Then, uj, 4 = 3up — —Up_ 1 — Up —2 
2 
k k 
1 1+ V3 1-48 
=—|3-2* 43) "| +3 v3 
3 2 2 
k-1 k-1 
pil tes sf 1443 $f 14/3 
3] 2 2 2 a\ 3 
k-2 k-2 
1 7 1+4/3 1-3 
+ a2 v3 v3 
3 2 2 


k 
1 Z = 1 44/3 
= —| 3-2 —3.2k-2 _ ok +(e) 


3 2 


se) P28) f4) 
2 2 2 2 
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F 1-3) “| (1-48) 6) t= 4/8. ; 
2 2 2\ 2 


fas et a4) 


2 4 


2 4 


(4) "|" Aa) a8) ‘ 


= 


2 8 
- i 1-3) *F 10-63 
2 8 


hele he aya tes| 


nifans(H8) [ores] 


2 2 2 


[ k+1 k+1 
ot) get, | tts). (ton8 
3 2 2 
This shows that the result is true for n = k + 1. Hence, by the 


principle of mathematical induction the result is true for all 
neN. 


Shortcuts and Important Results to Remember 


1 Principle of mathematical induction is widely used in 
proving identities, theorems, divisibility of an expression 
by a number or by another expression, inequalities, etc. 

2 Principle of mathematical induction can only help in 
verifying an established result. It cannot discover a new 
formula. 


3 If f(k)is divisible by anumber p and it is to be proved that 
f(k + 1)is divisible by p, sometimes it is easier to show 
that f(k + 1)-f(k)is divisible by p. 


4 aaaaa...a=a(i+104+107 + 10% +...4+1077') 


mM times _ aio” -1) 


9 ,Visas9andaeN. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 5 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d), out of which 
ONLY ONE is correct. 


Ex. 1 When P is a natural number, then 
P"*'4(p+41)""~' is divisible by 
(a) P (b) P? +P (c)P? +P +1 
Sol. (c) For n = 1, we get 
Pott a ( psy") = pe 4 (P41) =P? +P +1, 


(d) P? -1 


which is divisible by P? + P +1, so result is true for n = 1. 
Let us assume that the given result is true for n = me N. 
ie, P™*1+(P +1)?” 1 is divisible by P? +P +1. 
ie, P™*14+(P 41)" 1=k(P? +P +1),VkKEN ...(i) 
Now, P("**14 (p41)? (m+1)-1 

=pmt2y(pyypemel 

=P™** 4+(P4+1)? (P+1)""! 

=Pp™*?4(p 41) [k(P? + P+1)-P™*] 

[by using Eq. (i)] 
=Pp™*?4(Pp4+1)?-k(P? +P +1)-(P +1)? (P)™*? 
=P™*!'(p—(P4+1)*]4+(P +1) -k(P? + P41) 
=p™*!(p— Pp? -2P—1]+(P +1)? -k(P? + P+1) 
=—P™* (Pp? + P+1)+(P +1)? -k(P? + P+1) 
=(P? + P+1)[k-(P +17 —P™*] 

which is divisible by P? + P +1, so the result is true for 


n=m +1. Therefore, the given result is true for alln € N 
by induction. 


Ex. 2 Let P(n) denote the statement that n? +n is odd. It 
is seen that P(n) => P(n +1), P(n) is true for all 
(a)n>1 (b) n 
(c)n >2 (d) None of these 
Sol. (d) P(n) =n’ +n. It is always odd (statement) but square 


of any odd number is always odd and also, sum of two 
odd numbers is always even. So, for no any ‘n’ for which 
this statement is true. 


® Ex. 3 For a positive integer n, 


. Then 


tL. 7 4 
leta(n) =1+—+-—+-—+4...+ 
2 3 4 


(a) a(100) > 100 
(b) a(100) < 200 
(c) a(200) < 100 
(d) a(200) > 100 


Sol. (d) It can be proved with the help of mathematical 
induction that 


n 
—<a(n)<n 
5 (n) 
200 
> — < a(200) 
2 
> a(200) > 100 


> Ex. 4 Let S(k) =14+345+...+(2k-1)=3+k?. Which of 
the following is true? 


(a) Principle of mathematical induction can be used to 
prove the formula 


(b) S(k) = S(k + 1) 
(c) S(k) = S(k + 1) 
(d) S(1) is correct 
Sol. (c) We have, S(k) =1+3+5+...+ (2k -1)=3+k?’, 
S(1) => 1 = 4, which is not true 
and S(2) = 4 =7, which is not true. 
Hence, induction cannot be applied and S(k) # S(k + 1). 


» Ex. 510" +3(4"*?) +5 is divisible by (n€ N) 


(a) 7 (b) 5 
(c) 9 (d) 17 
Sol. (c) 10" + 3(4"*7) +5 
Taking n = 2, 


10° +3x 44 +5=100+ 768 +5 = 873 
Therefore, this is divisible by 9. 
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JEE Type Solved Examples : 
Statement | and Il Type Questions 


= Directions Example numbers 6 and 7 are 
Assertion-Reason type Examples. Each of these Examples 
contains two statements : 
Statement-1 (Assertion) and 
Statement-2 (Reason) 
Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below: 
(a) Statement-1 is true, Statement-2 is true Statement-2 is 

correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true, Statement-2 
is not the correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 
(d) Statement-1 is false, Statement-2 is true 


» Ex. 6 Statement-1 For all natural number n, 
1424...40<(2n+1)? 


Statement-2 For all natural numbers, (2n + 3)* <7(n +1) 


Sol. (b) Let P(n):1+24+3+..+n<(2n +1)’ 


StepI Forn=1, 
P(1):1<(2+1) 3>1<9 
which is true. 
StepII Assume P(n) is true for n =k, then 


P(k):14+24...+k <(2k +1) 
Step WI Forn =k +1, we shall prove that 
Pik +1):14+24+3+...+¢k +(k +1) <(2k +3) 
From assumption step 
14+24+34+...¢k+(k+1)<(2k +1) +k +1 
= 4k? +5k +2 
= (2k +3)’ 7(k +1)<(2k +3)? [- 7(k +1) > 0] 
*, P(k + 1)is true. 


Here, both Statements are true but Statement-2 is not 
correct explanation of Statement-1. 


» Ex. 7 Statement-1 For all natural numbers n, 


T4IT4IT +...777..7 = (10! —9n-10) 
n digits 


Statement-2 For all natural numbers, 


TT cc STAT MO +7 107 4,47 810" 
eY— 
n digits 


Sol. (0). 777.7 = 7(111...1) 


n digits ae 

=7(1+10+107 +...+10"~') 
=7+7X10+7 X10? +..+7x10"7! 
#T7+7X104+7X10° +...4+7 X10" 


.. Statement-2 is false. 


Now, let P(n):7 +77 +777 +...+777 ...7= Le 
n digits a 
(10" *? — 9n — 10) 


StepI Forn=1, 


LHS =7 and RHS = (10° -9-10)=7 


LHS = RHS 
which is true for n = 1. 
StepII Assume P(n) is true for n = k, then 
P(k):7 +77 4777 +...+777...7 
eae 
k digits 
7 


= — (10 *! — 9k - 10) 
81 


Step UI Forn =k +1, 
PR 4 1)67 497 $977 2 #077 oe IT 


k digits  (k +1) digits 
ee 
= — [108 *? —9(k + 1) - 10] 
81 
LHS =7 +77 +777 + 0.4777 7 +777 «07 
ee es 
k digits — (k +1) digits 
are 2 k 
= 9k — 10) + 7(1+10+10" +...+ 10°) 
[from assumption step] 
k+1 
1k ieee 
== yok + 9k 10) + ) 
81 10-1 
7 
(10° *! -9k — 10+ 9-10" *1 9) 
81 
7 k +1 
= — [10° * (1 4+.9)-9(k +1) - 10] 
81 
7 k + 2 
== [io —9(k +1)—10] 
= RHS 


Therefore, P(k + 1) is true. Hence, by mathematical 
induction P(n) is true for all natural numbers. 


Hence, Statement-1 is true and Statement-2 is false. 


Subjective Type Examples 


= In this section, there are 8 subjective solved examples. 


Ex. 8 Prove by induction that the integer next greater 
than (3+ “5)" is divisible by 2” for allne N. 
Sol. Let a =3+-5 andB =3- 5 
0<p" <1,VnEN 
=> a+ =6a0B8 =4 ...(i) 
Then, o and f are the roots of 
x’ -6x+4=0 
es vse (ii) 
B’ = 6B - 4 
a” +B” =6(a +P) —8 = 28 ...(iii) 
a” +B" =(3+ V5)" +(3- v5)" 
= 2[3” + "C.3"7 7-5 4."C, 377 4-5? +...) 
= Even integer. 


As,0<B” <1,a"+” is the even integer next greater than 


a”. 
StepI For n=1, 
a+B=6 [from Eq. (i)] 
divisible by 2' 
and for n=2,07 +B" =28 [from Eq. (iii)] 
divisible by 2” 
which is true for Rea12 
Step Assume it is true for n =k. 


ie., a* + BF is divisible by 2°. 
Step U1 Forn=k +1, 


the integer next greater than asa Bp‘ i 


=? .qk7} se le 
= (6a — 4)-0*~1+(6B — 4)-B*~! [from Eq. (ii)] 
= 6(a* +B) — 4(a*~1 + BF?) 


= 3 (divisible by 2* *') — divisible by 2* *') 
= Divisible by 2* *1 
This shows that the result is true for n = k + 1. Hence, the 


k+1 


integer next greater than a‘ *? is divisible by 2 


Ex. 9 Using mathematical induction, show that 


[ alt “(0 sf 
2 3° 4? (n +1)? 
acme Vn eEN. 


2(n +1) 
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Sol. Let P(n): [ 


n+2 


= ill 
2(n + 1) 0) 
StepI For n=1, 
LHS of Eq. () =1- 7, = and RHS of Eq. (i) 
2 
ae 
2:2 4 


Therefore, P(1) is true. 
StepII Assume it is true for n = k, then 


P¢a)-(1 alt alt *)-(2 ) 
2 3 4 (k +1) 


_ k+2 
~ 2(k +1) 
Step III Forn=k +1, 
~~ arate) 
3 
i _ k+3 
ne ao 2(k +2) 


os 


ee sl-a)- 
q wll mF 


[by assumption step] 


_ k+2 1 
2(k +1) (k +2)° 


_ (k+2) [(k+2)?-1)]_ k? +4k4+3 


2(k+1)  (k +2) 2(k + 1)(k +2) 
_ (k+1)(k +3) — (k+3) _ 
2(k+1)(k +2) 2(k +2) 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allneN. 


Ex. 10 Using the principle of mathematical induction to 


show that 
-1 x =4 x 
tan ———— | + tan —_———__| +... 
[| [-—*- 
| x 
+ tan — re 
1+n(n+1) x 


=tan”'(n+1)x—tan”'x,VxEN. 
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Sol. Let P(n): tan’ ' — +tan ! — 
14+1:2-x L42:3°x 


ee  — 
1+n(n+1)x 


= tan '(n+1)x —tan ' x (i) 


StepI For 


LHS of Eq. (i) = tan’! = ; 
pe na ae 


a -1/ 2x-—x )_ -1 -1 
tan tan 2x-—tan <x 


n=1, 


1+2x-x 
= RHS of Eq. (i) 
Therefore, P(1) is true. 


Assume it is true forn = k. 


P(k): tan” ' —— +tan | — Hse 
Pix L+2:3x 


1 x 


[1+ k(k +1) x7] 


Step II 


+tan- 


(k +1) x—tan 'x 
Step U1 Forn=k +1, 


P(k +1): tan’ —— +tan! — 
1+1:2-x Lt 232% 

+...+tan7! —— = 

1+k(k+1)x 


+tan ! = 5 
1+(k+1)(k+2)x 
'(k+2)x—tan |x 
“LHS = tan7?| —* 
14+1-2-x 


-1 x = 
+ tan > a +...4 tan 
1+2-3-x 


-1 
= tan 


= tan 


ae 


+ tan 
Fea eCe 


= tan (k+1)x-—tan’'x 


+ tan! ua 
_. 


[by assumption step] 


=tan '(k+1)x—tan ‘x 
tant (k + 2)x —(k +1)x 
1+(k+2)x(k+1)x 
=tan '(k+1)x-tan 'x+tan '(k +2) x 
—tan”'(k+1)x 


= tan '(k + 2)x — tan ' x =RHS 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allne N. 


Ex. 11 Use the principle of mathematical induction to 
prove that for allne N. 


f2ty2ty2taut tv! = 205 a 
gr 


5] 
when the LHS contains n radical sign. 


Sol. Let P(n) = 2+ 24244 +2 


= 2cos (+) ...(i) 
StepI Forn=1, 
LHS of Eq. (i) = V2 and RHS Eq. (i) = 2 cos (=| 
Tl 1 
=2c0s(")=2.7 = 2 
Therefore, P(1) is true. 
StepII Assume it is true for n =k, 


P(k)= 24 24 y2te tat 2 = 2s ~ 
2 


k radical sign 


Step III Forn =k +1, 


: Pk +1)= 24 yo+ ata t +2 


(k + 1) radical sign 


{2 + P(k)} 


— T b . 
= \’ + 2cos res [by assumption step] 


= Jo[t eos (5) 
= ? C + 200s'( 5, = | 
= apace: (sr = 2 cos [5] 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allne N. 


Ex. 12 Prove by mathematical induction that 


1 2 4 2 
+ + +...+ 
T+x 1+x? 14+x4 1¢x2 
1 pr! 
es +1 
XT. qn? 
where, 
2 4 2 
Sol. Let P(n): + Ts +...4+ . 
1+x 1+x 1+x 14+x?2 
1 gett : 
= + ...(i) 
x= 1 gntl 


StepI  Forn=1, 
2 


1+ x? 


+ 


LHS of Eq. (i) = 
ES ae, © 


1 2 1 a 
+2 7 3 = + 5 
x-1 (1-x")(1+x°)) x-1 1-x 
= RHS of Eq. (i) 
Assume it is true for n =k, then 
2 4 2 


1 
P(k): + + +..4+ 
2 
1+x 1+x 


Step II 


Step UI Forn=k +1, 


2k ok +1 


1+x? 
ok +1 


k+l 
= x¢ 1 ae 


[by assumption step] 


_ k+1 2 
= are gk+1 gk+l 
x (1-x \at+x ) 


1 ok +2 


gkt2 RHS 
Lx 
This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allne N. 


Ex. 13 Using the principle of mathematical induction to 


» 2 
/2 1 1 1 
prove that [ Sin OX dx =14—4—4...4 
° 2n-1 


sin x 3 5 
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/2 sin? 11 1 
Sol. Let P(n):["° “""* dx =1+-+=+..4 i) 
9 sin x 3. 5 2n—1 
StepI Forn=1, 
/2sin? /2 
LHS of Eq. (i) = ie sm k= i sin x dx 
0 sin x 0 
=-[cos x Jv? =-(0-1)=1 
and RHS of Eq. (i) =1 
Therefore, P(1) is true. 
Step1I Assume it is true for n = k, then 
/2sin® k 11 1 
P(k):[" = Wdesi+ e544 
0 sin x 3.5 2k -1 


Step III Forn =k +1, 
n/2sin® (k +1) x 


1: ~ 1 
P(k+1):[ dx =1+—+-—+... 
0 sin x 3 5 
1 1 
+ 
2k-1 2k+4+1 


+ 


2 
LHS = m/2sin (k+1)x 1 


0 sin x 


n/2sin® (k +1)x—sin? kx + sin® kx d 
nc 


n/2sin® (k +1) x—sin® kx 


dx + dx 


/ sin x 
oa) 
{ (ieee kx 


0 sin x 0 sin x 


= dx + P(k) 
[by assumption step] 


m/ 2 
[, sin (2k + 1) x dx + P(k) 


T/ 2 
--| G+ + P(k) 
2k +1 


ie 2sin (2k +1) x sin x 


0 sin x 


0 


‘i n) .| 
- Gk+D as [nk + | - 1] + P(k) 
(2k +1) 


a 1 — 
=e enter) 
1 


= +1+ 
(2k +1) 


sin 1k 


1] + P(k) 


re 
(2k — 1) 
[by assumption step] 
1 1 
F nae + 
(2k-1) (2k +1) 


1 at 
=1+-+ 
3 


= RHS 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allne N. 
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Ex. 14 Use induction to show that for allne N. 


1+ (4a +1) 
jaratdatutda —— 


where a’ is fixed positive number and n radical signs are 
taken on LHS. 


Sol. Let Pn) :far Jar dart ve <1+ [ee 


Step I 


Step II 


Step III 


14+./(4a4+1 
For n=1, then Ja<** V0) 


=> 2Va <1+./(4a+1) 

> 4a<1+4at+1+2,(4a+1) 

> 2 J(4a+1) +2>0 which is true. 
Therefore, P (1) is true. 


Assume it is true for n = k, 


Wiehe 


k radical signs 


Forn=k +1, 


Pik Dat Jat dat. t da < tM 


(k +1) radical signs 


From assumption step 


1+~vV4a+1 
\ (i ek bde 
2 


k radical signs 


atat Jat Jat..tVa Deg iia Scie. ae 


k radical signs 


(k+1) radical signs 


\ 2 4 
_ [(/(4at 0)? +14 2/(4a 4 1) 
\ 4 


_ f{ i+ J(4a +1) j _ 1+. /(4a +1) 
\ 2 2 


(k +1) radical signs 


which is true for n =k + 1. 


Hence, by the principle of mathematical induction, the 
result is true for alln € N. 


— fea +14 (4a +1) _ 


Ex. 15 Prove by induction that 


{Hh f0| 


= YA fale Fi (0). fa OO}, 


i=1 


where dash denotes derivative with respect to x. 


Sol. Let P(n): |, 9] = DACP) fe) fl} 


Step I 


Step II 


Step III 


(k-+1) k 
uns=| Foo} 7 for feo} 


For n=1, 


LHS of Eq. (i) = {£00} = {fix} = f,'(x) 


RHS of Eq. (i) = SY {fil x) fo(x).--fi ().-- fil} 


i=1 


= f(x) 


which is true for n = 1. 


Assume it is true for n = k, then 


k 
noo TD ay 
r=1 k 
= Vif) fal). fix) fe} 


, 


i= 


For n=k+1, 


x 


k+1 


P(k + »| fo} 


k+1 


= LAAC%) fol) file) fal} 


i=1 


r=1 


, 


re 


k k : 
= []A()-f eoi(x) + feosoo| EH 


r=1 


k 
= [[A(e)- fe +1(%) + fe oil) 
r=1 k 
Df) fal) fi( x)» fe} 
={fi(x) fox) ~ Fe} fesi(x) + fe+ilx) 
DAAlx) fa(x). fi(%) f(t 
k+1 
- DAAC) fol) fi) fic +100} 


= RHS 


This shows that the result is true for n = k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for allneN. 


[by assumption step] 
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Mathematical Induction Exercise 1: 
Single Option Correct Type Questions 


= This section contains 3 multiple choice questions. Each 
question has four choices (a), (b), (c) and (d), out of which 


ONLY ONE is correct. 
1. Ifa, =,/7 +./7+./7 +... having n radical signs. Then, 


by mathematical induction which one is true? 
(aja, >7,Vn21 
(b) a, >3,Vn21 
(c)a,<4,Vn21 
(d) a, <3, Vn21 


2. If P(n)=2+4+6+...+2n,n€ N, then 


P(k)=k(k+1)+2 

=> Pik +1)=(k +1)(k +2)+2,VkE N. So, we can 
conclude that P(n) = n(n + 1) + 2 for 

(a) allne N (b)n>1 

(c)n>2 (d) Nothing can be said 


. The value of the natural number n such that the 


inequality 2” > 2n + 1is valid, is 


(a) forn=3 (b)forn<3 (c)foralln (d)formn 


Mathematical Induction Exercise 2 : 


Statement | and II Type Questions 


= Directions Question Number 4 to 6 Assertion-Reason 
type questions. Each of these questions contains two 
statements. 
Statement-1 (Assertion) and 
Statement-2 (Reason) 
Each of these questions also four alternative choices, only 
one of which is the correct answer. You have to select the 
correct choice as given below: 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is 
correct explanation for Statement-1 

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not correct explanation for Statement-1 

(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


4. 


Statement-1 Ifa, =1,a, =5, thena, =3" —2",VneEN 
andn 21. 


Statement-2 a, .. =5a,4;, —6a,,n21. 


, Statement-1 For all natural numbers n, 2-7” +3-5"” —5 


is divisible by 24. 
Statement-2 If f(x) is divisible by x, then 
f(x +1) —- f(x)is divisible by x +1,V xE N. 


. Statement-1 For all natural numbers n, 


5 1 1 
0-5+0-55+0-555 +... upto n terms= {n- [:- =f 
9 9 


Statement-2 a+ar+ar’ +...tar" }=———~ 


0<r<l. 


Mathematical Induction Exercise 3 : 


Subjective Type Questions 


= In this section, there are 10 subjective questions. 


7. Prove the following by using induction for all n € N. 


(i) 11°*? +12°"*1 is divisible by 133. 
(ii) n’ —n is divisible by 42. 
(iii) 3°" + 24n — 1 is divisible by 32. 
(iv) n(n + 1)(n + 5) is divisible by 6. 
(v) (25)" *! — 24n +5735 is divisible by (24)’. 


(vi) x*" — y”" is divisible by x + y. 


10. 


11. 


. Prove by induction that ifn is a positive integer not 


divisible by 3, then 3*” +3” +1is divisible by 13. 


, Prove by induction that the product of three consecutive 


positive integers is divisible by 6. 


Prove by induction that the sum of three successive 
natural numbers is divisible by 9. 


Prove by induction that the even power of every odd 
integer when divided by 8 leaves the remainder 1. 
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12. Prove the following by using induction for all n € N: 

_ n(n +1) 

=a a 

2 _ n(n + 1)(2n + 1) 

sa ee 

+ (2n — 1)(2n + 1) 
= n(4n? + 6n — 1) 
oo 

(iv) eee ee 2 -— 

(3n —1)(3n+2) 6n+4 


(Gi) 1424+3+4+...+ 
Gi) P4243? +...4n 


(iii) 1:343-54+5-74+... 


+ 
25 5:8 8-11 
v) 1-4:74+2-5-8+3:6:9+... upton terms 
Pp 


= ra + 1)(n + 6)(n +7) 


xl. 2" n° n(n + 1) 
(vi) + +..4+ = 
1:30 3:5 (2n —1)(2n +1) 2(2n +1) 


13. Let ay) =2,a, =5and forn >2,a, =5a,_1 — 6a, >, then 
prove by induction that a, =2” +3",Vn20,nEN. 


14. Ifa, =1,4,41 = 


ay, n = 1, then prove by induction 
n+1 


1 
(n+1)!- 


that a, 41 = 


15. If a,b,c,d,e and f are six real numbers such that 
a+b+c=dtet+f 
a+b? +c° =d’ +e +f? 
anda? +b? +c* =d* +e*+f’, prove by mathematical 
induction that 


a" +b" +c" =d" +e" +f", VneN. 


16. Using mathematical induction, prove that 


afi af. 7 1 
tan 5} tan (e] +t tan (4) 
3 7 n° +n+1 
= tan [ ii } 
n+2 


Mathematical Induction Exercise 4: 
Questions Asked in Previous 13 Year's Exam 


= This section contains questions asked in IIT-JEE, AIEEE, JEE Main & JEE Advanced from year 2005 to year 2017. 


1 


Rt a 


17. Statement-1 For every natural number n > 2— 


ot D> vn, 


Statement-2 For every natural number n= 2./n(n+1)<n+1 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is correct explanation for Statement-1 


(b) Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for Statement-1 


(c) Statement-1 is true, Statement-2 is false 


(d) Statement-1 is false, Statement-2 is true 


[AIEEE 2008, 3M] 


18. Statement-1 For each natural number n, (n +1)’ —n’ —1is divisible by 7. 


Statement-2 For each natural number n,n’ —n is divisible by 7. 


(a) Statement-1 is false, Statement-2 is true 


b) Statement-1 is true, Statement-2 is true; Statement-2 is correct explanation for Statement-1 


( 
(c) Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for Statement-1 
( 


d) Statement-1 is true, Statement-2 is false 


[AIEEE 2011, 4M] 


Answers 


Chapter Exercise 


1. (c) 2. (d) 3. (a) 4. (a) 5. (c) 6. (b) 


17.(b) 18. (b) 


Solutions 


1. Let P(n) :a, =./7+4/7 + ./7+... (n radical sign) 


Step I For n=1, 

P(1):a,=V7 <4 
StepTI Assume that a, < 4 for all natural number, n =k 
Step III For n=k +1, 


Pik +1): ay4, =y7+7+ 7+... 


[(k + 1) radical sign] 


=J/7+qQ, <J7+4 [a <4] 


<4 [by assumption] 
This shows that, a, , , < 4, ie. the result is true forn =k + 1. 
Hence, by the principle of mathematical induction 

a, <4 Vn21 


2. It is obvious. 


3. Check through options, the condition 2” >2n + 1 is valid for 


n= 3. 


4, Let P(n): a, =3" —2" 


StepI For n=1, 


LHS = a, =1 [given] 
and RHS =3' —2' =1 
LHS = RHS 
Hence, P(1) is true. 
For n=2, 
LHS= a, =5 [given] 
and RHS = 3° —2? =5 
LHS = RHS 


Hence, P(2) is also true. 
Thus, P(1) and P(2) are true. 
Step II Let P(k) and P(k —1) are true 
a, =3* —2* anda, _, =3*t-—2*7! 
StepII For n=k+1, 
A 41 =54, — 64,4 
= 5(3* —2*) —6(3k-! — ak -1) 


[from Statement-2] 


=5.3* —5.2k —9.3k + 3.9% 
=3.3%_ 9.9% =3ktH — okt 


which is true forn =k + 1. 


Hence, both statements are true and Statement-2 is a correct 
explanation of Statement-1. 


. Let P(n):2-7" +3-5" —5 
StepI For n=1, 
P(1):2-7' 43-51 -5 
: 24 is divisible by 24. 
StepII Assume P(k) is divisible by 24, then 


P(k):2-7* +3-5* —5 =244, 1 is positive integer. 
Step III Forn =k + 1, 
P(k + 1)—P(k) =(2-7**14.3-5**1 —5) 
—(2:7* 43-5" —5) 
=2-7'(7 —1) + 3-5*(5 -1) 
= 12(7 +5*) 
= divisible by 24 
=24u,Vu el 
[7% +5* is always divisible by 24] 
P(k +1) = Plk) +24 =24A + 24 


=24(A + WL) 
Hence, P(k + 1) is divisible by 24. 


Hence, Statement-1 is true and Statement-2 is false. 


. Step I For n =1, 


LHS = 0.5 and RHS = 241 (1 \}=2(1 ~\=<=05 
9l 9k JJ 9k 10) 10 


a LHS = RHS 
which is true for n = 1. 
Step II Assume it is true for n =k, then 0.5 + 0.554 0.555 +... 


+ upto k terms 
=2fe-3f1 -2.)| 
9 9 10 


Step III Forn =k + 1, 


LHS = 0.5 + 0.55 + 0.555+... + upto (k + 1) terms 
5 1 1 
=-4k 1 , (k + 1) th terms 
9 9 10 
5 1 1 
=-4k 1 0.555...5 


SE 
(k + 1) times 


1 


be Pee} 


(k + 1) times 


10k +1 


5 
10k +} 


(1+10+10°+...+10*) 


: k+1_ 
ifs ‘(1 .) “ uo 1) 
9{ 9% 10 10**-(10 -1) 


5 1 1 10" +14 
= 4" 1 KI pare 
9 9 10 10** 
5 1 1 1 
= k+1 
|! ) 9 9-10 aint 
5 (10 —9) 
= {e+1) a 
9 9 9-10 
5 1 1 
= 4(k+1 1 = RHS 
9 ee) Al <x) 


which is true forn =k + 1. 


Hence, both statements are true but Statement-2 is not a 
correct explanation for Statement-1. 
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7. (i) Let P(n) =11"** +12°"*! 
Step I Forn =1, 
P(t) =11'*? + 12?%1*2 5119 + 12 

=(11 + 12)(11? —11 x 12 + 12”) 

= 23 x 133, which is divisible by 133. 
Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n =k, then 

P(k) =11** 2 412°**? is divisible by 133. 

> P(k) = 133r, where r is an integer. 
Step III Forn =k + 1, 
P(k + 1) =4, *tU+2 + 4g? k+D+1 i 44kt 3 + 42k + 3 


=11%F)+1, 11+ 422k +1.402 


=11-11**? 4144-127* +1 


Now, 11**? ea 24 144-127 +H 14 


k+2 2k+1 


11-11 +11-12 


133:127**" 
11-11 **?) 4 144-1224 +1 
=11(11" * 2 4+ 1274 +1) 4133-1224 +1 
ie. P(k + 1) =11 P(k) + 133-127" *! 
But we know that, P(k) is divisible by 133. Also, 133- 12?* +145 
divisible by 133. 


Hence, P(k + 1) is divisible by 133. This shows that, the result 
is true for n=k+1. 


Hence, by the principle of mathematical induction, the result is 
true for all neN. 


(ii) Let P(n) =n’ —n 
Step I Forn=1, 
P(1) =1’ —1=0, which is divisible by 42. 
Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n = k. Then, 
P(k) =k’ — kis divisible by 42. 
=  P(k) = 42r, where r is an integer. 
Step III Forn =k + 1, 
P(k +1) =(k+1)’ —(k+1) 
=(1+ k)’ -—(k +1) 
=1+ Ck + Ck? + 7C,k + 'C,k* + "Cok 
+ Coke + 7C,k? —(k +1) 
=(k’ —k) + ("Ck + "Cok? + 7C,k? + 'C, ke 
+ Ck? + "Cok°) 


But by assumption k’ — k is divisible by 42. 
Also, ’C,k + 7C,k? + 'C,k? + 'C,k* + "Cok + CO, k° 


is divisible by 42. [. 7C,,1<r <6 is divisible by 7] 
Hence, P(k + 1) is divisible by 42. This shows that, the 
result is true forn =k + 1. 


.. By the principle of mathematical induction, the result is 
true for alln € N. 


(iii) Let P(n) =3°" + 24n-1 
Step I For n =1, 
P(1) =3°*! 4+ 24xK1—-1=37 + 24-1=9+4+24-1 

= 32, which is divisible by 32. 

Therefore, the result is true for n = 1. 

Step II Assume that the result is true for n = k. Then, 

P(k) =3°* 4 24k — 1 is divisible by 32. 
> P(k) = 32r, where r is an integer. 
Step III Forn =k + 1, 
P(k +1) =37**) 4 24k +1) -1 

=37k+2 4 94k + 24-1 
=37.37* + 24k + 23 
=9-37* 4 24k + 23 


Now, 3** + 24k -1)ox3* + 24k + 23(0 
9-3°*4 216k -9 
= - + 
-192k + 32 
P(k + 1) =9(3 °* + 24k —1)—32(6k -1) 
=9 P(k) — 32(6k —1) 
P(k + 1) =9(32r) —32(k —1) [by assumption step] 
=32(r —6k +1), 
which is divisible by 32, as 9r —6k + 1is an integer. 


Therefore, P(k + 1) is divisible by 32. Hence, by the 
principle of mathematical induction P(n) is divisible by 32, 
VneNn. 


(iv) Let Pm) =n(n+1)(n+5) 
StepI Forn =1, 
PQ) =1-(1 + 1)(1 + 5)=1-2-6 
= 12, which is divisible by 6. 


Therefore, the result is true for n = 1. 


Step II Assume that the result is true for n = k. Then, 
P(k) =k(k + 1)(k + 5) is divisible by “| 


P(k) =6r, ris an integer. 


Step III Forn =k + 1, 
Pik +1) =(k + 1)(k+14+1)(k +145) 
=(k + 1)(k + 2)(k + 6) 
Now, P(k + 1) — P(k) =(k + 1)(k + 2)(k + 6) 
—k(k + 1)(k +5) 
=(k + 1){k? + 8k +12 —k® —5k} 
=(k + 1)Gk + 12) 
=3(k + 1)(k + 4) 
> P(k + 1) = P(k) + 3(k + 1)(k + 4) 
which is divisible by 6 as P(k) is divisible by 6 
[ by assumption step] 
and clearly 3(k + 1)(k + 4) is divisible by 6, Vk EN. 
Hence, the result is true forn =k + 1. 


Therefore, by the principle of mathematical induction, the 
result is true for alln € N. 


(v) Let P(n) =(25)"*! —24n + 5735 
Step I Forn=1, 
P(1) =(25)* — 24 + 5735 = 625 — 24 + 5735 = 6336 
= 11 x 24)’, which is divisible by (24)’. 
Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n = k. Then, 
P(k) = (25)**! — 24k +5735 is divisible by (24)”. 
=> P(k) =(24)*r, where r is an integer. 
Step III Forn =k + 1, 
P(k +1) =(25) **9*! —24(k + 1) +5735 
=(25)**? —24k +5711 
= (25)(25)**! —24k +5711 
Now, P(k + 1) — P(k) 
= {(25)(25)* *! — 24k + 5711} — {(25)**! —24k + 5735} 
= (24)(25)**! —24 
= 244(25)F*! 1} 
=> P(k + 1) = P(k) + 24{(25)**! —1} 
But by assumption P(k) is divisible by (24). Also, 
244(25)* + ae 1} is clearly divisible by (24), VkeEN. This 


shows that, the result is true for n =k + 1. 


Hence, by the principle of mathematical induction, result is 
true for alln € N. 


(vi) Let P(n) =x?" -y*" 
r=, 
P(l)=x?- y? 
=(x — y)(x + y) which is divisible by (x + y). 


Step I For 


Therefore, the result is true for n = 1. 
Step II Assume that the result is true for n = k. Then, 
P(k) = x 7* — y °K is divisible by x+y. 
=> P(k) =(x + y)r, where r is an integer. 
Step III Forn =k +1, 
8 ak 9. 8k 
SKS yy 


_ 2. 2k 
= xX 


2, 2k 
—x"y 


= x?(x?k — y**) afi yx? —y’) 


4 xy? _ y?y?k 


"K(x — y)(x + y) 


[by assumption step] 
=(x+ y){x'r + y*(x-y)} 
which is divisible by (x + y) as x°r + y*(x —y)is an 


=x(xty)rt+ty 


integer. 
This shows that the result is true for n =k + 1. Hence, by the 
principle of mathematical induction, the result is true for all 
neN. 


8. Let P(n) =3"" +3" + 1, V nis a positive integer not divisible by 3. 


Step I For n=1, 
P(1) =3° +34+1=94+3+4+1 
= 13, which is divisible by 13. 


10. 
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Therefore, P(1) is true. 
Step II Assume P(n) is true for n =k, k is a positive integer not 
divisible by 3, then 
P(k) =3°* + 3* 4 1, is divisible by 13. 
> P(k) = 13r, where r is an integer. 
Step III For n=k +1, 
Pik +1) =37*t9 4 3kt1 44 


= 373% 43.3F 44 


37% 43h 41) 323% 338s 


37.3 °K 4 32. 3k 4 32 


Now, 


~6-3* —8 

=> P(lk+1)=37(3°* +3°+1)-6-3* -8 
=9 P(k) —2(3**1 + 4) 

=9(13r) —2(3**! + 4) 


which is divisible by 13 as 3**! + 4s also divisible by 


13, V k € Nand not divisible by 3. This shows that the result is 
true for n =k + 1. Hence, by the principle of mathematical 
induction, the result is true for all natural numbers not 


divisible by 3. 


[by assumption step] 


. Let P(n) = n(n + 1)(n + 2), where nis a positive integer. 


Step I For n= 1, 
P(1) =1(11 + 1)(1 + 2)=1-2-3 
= 6, which is divisible by 6. 

Therefore, the result is true for n = 1. 
Step II Let us assume that the result is true for n =k, where k is 
a positive integer. 
Then, P(k) =k(k + 1)(k + 2) is divisible by 6. 
=> P(k) =6r, where r is an integer. 

Jae ak + b2 ok (a? [infact positive integer] 
Step III For n =k + 1, where k is a positive integer. 

P(k +1) =(k + 1)(k+14+1)(k +241) 

=(k + 1)(k + 2)(k + 3) 
Now, P(k + 1) — P(k) =(k + 1)(k + 2)(k + 3) —k(k + 1)(k + 2) 

=(k + 1)(k + 2)(k +3 -—k) 

= 3(k + 1)(k + 2) 
> P(k + 1) = P(k) + 3(k + 1)(k + 2) 
But we know that, P(k) is divisible by 6. Also, 3(k + 1)(k + 2) is 
divisible by 6 for all positive integer. This shows that the result 


is true forn =k + 1. Hence, by the principle of mathematical 
induction, the result is true for all positive integer. 


Let P(n) =n? + (n+ 1)? + (n+ 2)’, wheren EN. 


Step I For n= 1, 
PQ) =1° +27 +39 =14+8427 
= 36, which is divisible by 9. 
Step II Assume that P(n) is true for n =k, then 
P(k) =k? +(k +1)? + (k + 2)°, where k € N. 
> P(k) = 9r, where r is a positive integer. 
Step III Forn =k + 1, 
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Now, P(k + 1) — P(k) =(k 


=(k+3)-k 
=k? 49k? +27k+27-k 
=9(k* + 3k +3) 

=> P(k + 1) = P(k) + 9(k? + 3k +3) 
=9r + 9(k? +3k+3) 


=9(r +k? +3k +3) 


which is divisible by 9 as (r + k” + 3k + 3) is a positive integer. 
Hence, by the principle mathematical induction, P(n) is 
divisible by 9 for alln € N. 


Let P(n): (2r + 1)?", Vn e€ Nandr el. 
Step I For n=1, 
P(1):(2r +1)? =4r? + 4r +1 


=4r(r+1)+1=8p+1,pel 
[ r(r + 1) is an even integer] 
Therefore, P(1) is true. 
Step II Assume P(n) is true for n =k, then 
P(k): (2r + 1)** is divisible by 8 leaves remainder 1. 
=> P(k)=8m-+1,n€ I, where mis a positive integer. 
Step III Forn =k + 1, 
P(k + 1) =(2r + 1)2(k +1) 

= (2r + 1)**(ar + 1)? 

=(8m+ 1)(8p +1) 

= 64mp+8(m+ p)+1 


[from Steps I and IT] 


=8 (8mp+ m+ p)+1 


which is true forn =k + 1as8mp + m+ pis an integer. Hence, 
by the principle of mathematical induction, when P(n) is 
divided by 8 leaves the remainder 1 for alln € N. 


@) Let P@):142434..4 n-ne) _.(i) 
Step I Forn =1, 
LHS of Eq. (i) =1 
HES ofkg, Wisi a4 
LHS = RHS 


Therefore, P(1) is true. 
Step II Let us assume that the result is true for n = k. Then, 


PQ):1 +2434... 4 k= EAD 
Step III For n = k + 1, we have to prove that 
_(k+1)(k+2) 


PikK+1)=14+24+3+...+k+(k+1) 


LHS =14+24+34+..4+k+(k+1) 


[by assumption step] 


k k+2 
w+o(Eea] «+ of 5 
(k + 1)(k + 2) 
2 


=RHS 
This shows that the result is true for n = k + 1. Therefore, 
by the principle of mathematical induction, the result is 
true for alln € N. 
+1)(n+1 
(ii) Let P(n):12 +22 437 4...4 r= @ : ea) (i) 


StepI For n=1, 
LHS of Eq. (i) =1?=1 
11 +1)(2x1+4+ 1) 


RHS of Eq. (i) = ; 
1-2:3 
— ih 
6 
LHS = RHS 


Therefore, P(1) is true. 
Step II Let us assume that the result is true for n = k. Then, 
P(k):17 +27 +37 4...4kh = isles on ) 


Step III For n =k + 1, we have to prove that 
Pik +1):17 427437 4+...4+kh 4 (k 41) 
(k + 1) (k + 2) (2k + 3) 


LHS =17 4+ 274+374+...4k?+(k 41) 
_ kk +1) (2k +1) | 
6 


=(e4 1 RD, (k 4 o} 


2 
m+n | ue 


=(k4 ) SRA) eee 


(k+1)° [by assumption step] 


=RHS 
This shows that the result is true for n = k + 1. Therefore, 
by the principle of mathematical induction, the result is 
true for alln € N. 
(iii) Let P(n) :1-34+3-54+5-7+...+(2n—1)(2n + 1) 
n(4n” + 6n—1) : 
= go (i) 
Step I For n =1, 
LHS of Eq. (i) =1-3 =3 
_1(4X1°+6x1-1)_ 4+6-1 
3 


RHS of Eq. (i) 


LHS = RHS 
Therefore, P(1) is true. 
Step II Assume that the result is true for n = k. Then, 
P(k):1-34+3-54+5-7+... + (2k —1) (2k + 1) 
k (4k? + 6k -1) 
3 


Step III For n = k + 1, we have to prove that 
P(e +1):1-3+3-54+5-7+... + (2k —1) (2k + 1) 
+ (2k + 1) (2k + 3) 
_(k +1) [4k +1)? +6(k+1)-1] 
3 
_(k +1) (4k? + 14k + 9) 
3 
LHS =1-:3+3:5+5-7+... + (2k —1) (2k + 1) 
+ (2k + 1) (2k + 3) 


= Rak + ok») t (2k + 1) (2k + 3) 


[by assumption step] 


3 2 
= AE (ake + 8k +3) 
_ 4k? + 18k? + 23k +9 
3 
2 
_(k+ a 14k + 9) _ pris 


This shows that the result is true for n =k + 1. Therefore, by 
the principle of mathematical induction, the result is true for 
allneN. 


1 1 1 1 
(iv) Let P (n): + + +..4 
2-5 5:8 8-11 (3n — 1) Bn + 2) 
n r 
= Pee vl 
6n+4 @ 
Step I For n =1, 
1 1 
LHS of Eq. (i) = —- = — 
a@ 25 10 
eee 2 | a 
= 6x1+4 10 
LHS = RHS 


Therefore, P(1) is true. 
Step II Let us assume that the result is true for n = k. Then, 


Po + : + : Peck : a # 
2:5 5-8 8-11 (3k-1)(3k+2) 6k+4 
Step III For n = k + 1, we have to prove that 
P(k+1): : + : + d b+ : 
2:55 5-8 8-11 (3k — 1) (3k + 2) 
1 


+ —— 
(3k + 2) (3k +5) 


(k+1)  _ (k+1) 
6(k+1)+4 6k+10 
LHS = : : : + ...4 : 
2-5 5-8 8-11 (3k —1) (3k + 2) 


1 
* Gk + 2) Gk +5) 

aie i 
6k+4 (3k +2)8k +5) 
k@Gk+5)+2 —  3k°+5k+2 
2(3k + 2)(3k +5) 2(3k+2)(3k +5) 


[by assumption step] 


(v 


(yet Pha); ~ 7 


~S 
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(k+1)G3k+2) — k+1 
2(3k+2)8k+5) 6k+10 
=RHS 
This shows that the result is true for n = k + 1. Therefore, 


by the principle of mathematical induction, the result is 
true for alln € N. 


Let P (n):1-4-7+2-5-8+ 3-6-9 +... + upto n terms 


— 1° 1) (n+ 6)(n+7) 
Le. P(n):1-4-74+2-5-84+3-6-:94+..4n(n+3)(n+6) 
n 


=F + )n+6)(n+7) (i) 


StepI Forn=1, 
LHS of Eq. (i) = 1-4-7 = 28 


RHS of Eq, (i) = +1)(1+6)(1+7) 


LHS = RHS 
Therefore, P(1) is true. 
Step II Let us assume that the result is true for n = k. Then, 
P (k):1-4-74+2-5-843:-6:9+..+k(k+3)(k+6) 


=" (k++ ok +7) 


Step III For n =k + 1, we have to prove that 
P(k+1):1-4-74+2-5-84+3-6-94+...+ k(k + 3)(k + 6) 
+(k+1)(k + 4)(k +7) 
-< Dk + ay(k + 7)(k +8) 
LHS =1-4:7+2:5-84+3-6-:9+...+k(k + 3)(k + 6) 
+(k+1)(k + 4)(k +7) 


= tk + Ik + 6)(k +7) + (k+ Ik + 4k +7) 


[by assumption step] 


=(k + 1)(k 4 mf + 6) +(k4 »| 


Crkesee is} 


seycsdyessa) +048} 


This shows that the result is true for n =k + 1. Hence, by 
the principle of mathematical induction, the result is true 
for alln EN. 


2 2 2 
2 n 


eT ee 
3-5 (2n — 1)(2n + 1) 
_ nn+1) 
2(2n + 1) 


782 


13. 
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Step I Forn =1, 
1 
3 
i+1) 2 1 
(2x14+1) 23) 3 
LHS = RHS 
Therefore, P(1) is true. 


Step II Let us assume that the result is true for n =k, 
then 


12 
LHS of Eq. (i) =——= 
CWS s a 


RHS of Eq. (i) = ; 


2 2 2 
ps2 2. is 
1:3 3:5 


_ Kk +1) 
"(2k -1)(2k +1) 2(2k +1) 


Step III For n =k + 1, we have to prove that 
in ke 


P(k +1): + Fad 
1:3. 3-5 (2k —1)(2k + 1) 
(k+1)° 
“eek +2) (2k + 1)(2k + 3) 
(2k +3) 
LHs = Pes 4 ia 
1:30 3-5 (2k —1)(2k + 1) 
(k+1)° 
(2k + 1)(2k + 3) 
_ Wk+1) | (k +1)’ 


: by ass tion st 
ia) Cease 


_ (k+1) ( _ A+ \. (k +1) aera 
(2k+1)|2 (2k+3)) (2k+1)| 22k +3) 

_ (k+l) (k+2)@k+1)_ (kK +1) +2) 
(2k+1)  2(2k+3) 2(2k + 3) 

=RHS 


This shows that, the result is true for n =k + 1. Therefore, 
by the principle of mathematical induction the result is 
true for alln e N. 


Let P(n):a, =2" +3". Vn20nEN 
and ay =2,a,=5and forn 22;a, =5a,_, —6a, —2 
Step I For n= 0, 
a) = 2° +3°=14+ 10=2 

which is true as ay = 2. [given] 
Also, for n = 1, a, =2'+3'=24+3=5 
which is also true as a, =5. [given] 
Hence, P(0) and P(1) are true. 
Step II Assume that P(k — 1) and P (k) are true. Then, 

‘=? 43" ...(i) 
where ap, =5a,_» —6Q,_3, and a, =2* 43° (ii) 
where a, =5a,_1 —6A,_» 


Step III Forn =k + 1, 
P(k + 1):a,,, =2°7'4+3"* VE2OKEN. 


where Apa 1 =DAp —6A,_1 


Now, Any, = 5A, —6a,_, 


14. 


=5(2k 4 3) —6 (2-1 4 3k-4) 
[by using Eqs. (i) and (ii)] 
=5-2* 45.3" 6.2871 6.3k-1 


=2*-165.2 -6) +3*-1(5-3 -6) 


= ok-1 443%-1.9 moktlygkt1 
= Goie7 aa 
where Ap =5Ay —OA,_, 


This shows that the result is true for n = k + 1. Hence, by the 
second principle of mathematical induction, the result is true 


forne N,n=0. 
1 


Let P(n):a = snEN wall 
(1) +n 44 are (i) 
wherea, =1ande,,,=——a,a>1 ...(ii) 
(n+ 1) 
Step I For n = 1, from Eq. (i), we get 
1 1 
a, = a 
(Q+1)! 2! 
1 
But from Eq. (ii), we get a, = ,a,=-(1)= 
q. (ii), we get a, aa a 
which is true. 
Also, for n = 2 from Eq. (i), we get 
as tet 
83 6 
1 Li of 
But from Eq. (ii), we get a, =—-,a,=—-— =— 
Ct) weg a = aa = S 
which is also true. 
Hence, P(1) and P(2) are true. 
Step II Assume that P(k — 1) and P(k) are true. Then, 
1 - 
CST ..(ii) 
where, a, = ay k>1 (iv) 
1 
and P(k (Vv 
©) a61= Gay (v) 
where a =—a,,k2>1 (Vi 
k+1 k+1 k ( ) 
Step III For n=k + 1, 
1 
Pik+1):a4 = ———_ . (vii 
(kK+1):4 45 (b+! (vii) 
1 
where a =——_a (viii 
k+2 (k + 2) k+1 ( ) 
Now, LHS of Eq. (vii) = a;.,. 
1 
= a using Eq. (viii 
+n [using Eq. (viii)] 
ee a {using Eq. (vi)] 
(k+2) (k+1) ‘ on 
1 1 1 
= : = ing Eq. (i 
bag pa [using Eq. (iv)] 
1 1 1 1 


= a [using Eq. (iii)] 


15. 


1 
(k + 2)! 
This shows that the result is true for n = k + 1. Hence, by the 


second principle of mathematical induction, the result is true 
foralln>1,neEN. 


= RHS of Eq. (vii) 


Let P(n):a" +b" +c" =d" +e" + f", VneNn (i) 
where at+b+c=dt+e+f (ii) 
a+b +c°=d* +e? + f* ...(iii) 
and at+b+c=d +e + f° ...(iv) 
Step I For n = 1 from Eq. (i), we get 
Pil):at+b+c=H=dt+et+f [given] 
Hence, the result is true for n = 1. 
Also, for n = 2 from Eq. (i), we get 
PQ): +b? +c? =d'? +e 4+ f? [given] 
Hence, the result is true for n = 2. 
Also, for x = 3, from Eq. (i), we get 
P3):a@+b+c0e=d+e4+ f° [given] 


Hence, the result is true for n = 3. 
Therefore, P(1) , P(2) and P(3) are true. 
Step II Assume that P(k — 2), P(k — 1) and P(k) are true, then 
Pk=o)a 4 eet ad ee tae 
P(k—1):a* 14 oF 14 ck Tage 14 ek 14 fe wi) 
and P(k):a* + bk +ck =d* +e* + fF .. (vii) 
Step III For xn = k + 1, we shall to prove that 
Petia 44 ee tag tea 
LHS -<aktig pktia kt! 
=(a' + b* +c (at b+c)—(ak 14+ b* 14 ck} 
(ab + be + ca) + abc (ak? + pK? + ck?) 
=(d¥ + ek + fiyd+e+ fy—(de 14+ & 1 4 fF) 
(de + ef + fd) + def(d*~* + ck? + fk?) 
[using Eqs. (ii), (iii), (iv), (v), (vi), (vii)] 
(at bt+c)=(dt+e+ fy 
=> a+b? +c? +2 (ab + be + ca) 
=d’+e'+ f? + Ade + ef + fd) 
=> ab+be+ca=de+ef + fd 
Pate +ce=d' +e + f? 


and a?+b>+c?—3abe 
=(d+et f)(d’? +e? + f* —de—ef — fa) 
=d?+e?+ f* —3def 

> abc = def [ra t+b+c=d?+e3 + f'] 


=dhtl4 ektt 4 fktl_ Rs 


This shows that the result is true for n = k + 1. Hence, by 
second principle of mathematical induction, the result is true 
for alln € N. 
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16. Let P(n): tan"(2) + tan"(2) +...4¢ tan! 5 . 
3 7 n+n+1 


Sere sl (PR : 
= tan (45) -s.(i) 


StepI Forn=1, 
1 1 
LHS of Eq. (i) = tan } = tan! 
3 1+2 


= RHS of Eq. (i) 
Therefore, P(1) is true. 
Step II Assume that P(k) is true. Then, 


tk): tan”"(2 + tan“*(2) +... + tan 5 : 
3 7 ke +k+1 


= tan “| ——— 
k+2 
Step III Forn =k + 1, 


tk + 1):tan() + tan™(2] +... + tan” ; : 
3 7 ke+k+1 


+tan{ ; : 
(k+1)°+(k+1)4+1 


LHS of Eq. (ii) 
= tan™( 2) + tan") + .. ¢tan? ; s 
3 7 ke+k+1 


+ tan-{ 5 : 
(k+1)° +(k+1)4+1 


an! , 
(k+1)? +(k+1)4+1 
[by assumption step] 


4 k = 1 
= tan tan 
1+(k+1) kK? +3k43 


a : ) ‘| ) 
an tan 
1+(k+1) 1+(k+1)(k +2) 


(e+1)-1) af &+2)- +1) 
1+(k+1)-1)— 1+(k+2)(k+1) 


-1 
= tan 


=tan (k + 1)— tan !1+ tan (k + 2) — tan \(k + 1) 


=tan ‘(k+2)—tan 1 
= tan! oe tan” ae | RHS of Eq. (ii) 
14+(k+2)-1 k+3 


This shows that the result is true for n = k + 1. Hence, by the 
principle of mathematical induction, the result is true for all 
neN. 


1 1 1 
17. Let P(n) = : tt 
Ng is 
7 Pp) =. + + =1707> V2 


1 2 
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Let us assume that 


1 1 1 
P(k) = ese a > vk is true forn =k + 1. 
OP aig 
1 1 1 1 
LHS = 4.4 + 
a Vk k+1 
1 k(k+1)4+1 k+1 
>vk 4 = > 
Vk+1 a(k +1) al(k +1) 


[VMK +1) +1>k Vk 20] 
P(k +1) >[(k +1) 
By mathematical induction Statement-1 is true, V n 2 2. 
Now, let a(n) = {n(n + 1) 
(2) = /2(2 + 1) = V6 <3 
Let us assume that 
a(k) = /k(k + 1) <(k + 1) is true 
for n=k+1 
LHS = (K+ 1) (K+ 2) <(k +2) 
[-. (k +1) <(k + 2)] 


By mathematical induction Statement-2 is true but Statement-2 
is not a correct explanation for Statement-1. 


18. Let P(n)=n’—n 


By mathematical induction for n = 1, P(1) = 0, which is divisible 
by 7 


for n=k, P(k) =k’ —k 

Assume P(k) is divisible by 7 

; k’-k=70,X EI ..(i) 
Forn=k+1, 


P(k +1) =(k +1)’ -(k +1) 
=("Cyk’ + 'Ck° + "Cy k° + 7Cyk* 4 
wit! Cy k +"C,)-(k +1) 
=(k’ —k) + 7(ko +3kh° +...+k) 
=7h + 1k° + 3k° +... + k)=Divisible by 7 


.. Statement-2 is true. 
Also, let F(n) =(n +1)’ —n’ -1 
={(n +1)’ —(n+1)}-(n’ —n) 
= Divisible by 7 from Statement-2 


Hence, both statements are true and Statement-2 is correct 
explanation of Statement-1. 
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Session 1 


Definition of Set, Representation of Set, Different 
Types of Sets, Laws and Theorems, Venn Diagram 


(Euler-Venn Diagrams) 


Introduction 


The concept of set is fundamental in modern 
Mathematics. Today this concept is being used in 
different branches of Mathematics and widely used in 
the foundation of relations and functions. The theory of 
sets was developed by German Mathematician Georg 
Cantor (1845-1918). 


Definition of Set 


A set is well-defined collection of distinct objects. Sets 
are usually denoted by capital letters 
A, B,C, X,Y, Z,.... 
Examples of sets 
(i) The set of all complex numbers. 
(ii) The set of vowels in the alphabets of English 
language. 

(iii) The set of all natural numbers. 

(iv) The set of all triangles in a plane. 

(v) The set of all states in India. 

(vi) The set of all months in year which has 30 days. 


(vii) The set of all stars in space. 


Elements of the Set 


The elements of the set are denoted by small letters in 
the alphabets of English language, ie. a, b, c, x, y, Z,.... 
If x is an element of a set A, we write x E A 

(read as ‘x belongs to A’). 


If x is not an element of A, then we write x ¢ A (read as 
‘x does not belong to A’). 


For example, 
If A= {1, 2, 3, 4, 5}, then3€ A, 6¢ A. 


Representation of a Set 


There are two methods for representing a set. 


1. Tabulation or Roster or 
Enumeration Method 


Under this method, the elements are enclosed in curly 
brackets or braces {} after separating them by commas. 


Remark 

1. The order of writing the elements of a set is immaterial, so 
{a, b, c}, {b, a, c}, {c, a, b} all denote the same set. 

2. An element of a set is not written more than once, i.e. the set {1, 
2,3, 4, 3, 3, 2, 1, 2, 1, 4} is identical with the set {1, 2, 3, 4}. 

For example, 
1. If Ais the set of prime numbers less than 10, then 
A= ({2, 3,5, 7} 
2. If A is the set of all even numbers lying between 2 and 


20, then 
A={4, 6, 8, 10, 12, 14, 16, 18} 


2. Set Builder Method 


Under this method, the stating properties which its elements 
are to satisfy, then we write 
A={x P(x)} or A={x:P(x)} 
and read as ‘A is the set of elements x, such that x has the 
property P’. 
Remark 
1. “:" or“|” means ‘such that’. 
2. The other names of this method are property method, rule 
method and symbolic method. 
For example, 
1. If A = {1, 2, 3, 4,5, 6, 7, 8}, then we can write 
A={xEN:x <8. 


2. Ais the set of all odd integers lying between 2 and 51, then 
A={x:2<x <51,x is odd}. 


Some Standard Sets 


e N denotes set of all natural numbers = {1, 2, 3,...}. 

e Zor I denotes set of all integers 
er a 

Z,y or Ig denotes set of all integers excluding zero 
={...,-3,-2,-11,2,3,...} 


e Z* orl” denotes set of all positive integers 
= {1,2,3,...}=N. 

E denotes set of all even integers 
=f..-8-4=—20,0,46....1 

O denotes set of all odd integers 
={...,-5,-3,—-1,1,3,5,...}. 

W denotes set of all whole numbers = {0, 1, 2, 3,...}. 


QO denotes set of all rational numbers ={x:x =p /gq, 
where p and q are integers and gq #0}. 


Q, denotes set of all non-zero rational numbers 
{x:x = p/q, where pand qare integers and p #0 and 
q#0}. 


Q* denotes set of all positive rational numbers = {x : x 
= p /q, where pandqarebothpositive ornegative integers} 
e R denotes set of all real numbers. 

e R,» denotes set of all non-zero real numbers. 


R* denotes set of all positive real numbers. 


e R—Q denotes set of all irrational numbers. 


C denotes set of all complex numbers 
={a+ib:a,be Rand i= -4}. 


Cy denotes set of all non-zero complex numbers 
={a+ib:a,be€ R, andi=~-1}. 


N, denotes set of all natural numbers which are less than 
or equal to a, where a is positive integer 


= {1,2,3,..., a}. 


Different Types of Sets 
1. Null Set or Empty Set or Void Set 


A set having no element is called a null set or empty set or 
void set. It is denoted by 6 or {}. 


Remark 
. ois called the null set. 


. ois Unique. 


1 

2 

3. dis a subset of every set. 

4. dis never written within braces i.e., {6} is not the null set. 
5 


. {O} is not an empty set as it contains the element 0 (zero). 


Chap 11 Sets, Relations and Functions 787 


For example, 
1. {x:xEN,4<x<5}=0 
2. {x:xER, x? +1=0}=6 


3. {x: x” =25, x is even number} = 


2. Singleton or Unit Set 


A set having one and only one element is called singleton 
or unit set. 


For example, {x : x —3 = 4} is a singleton set. 
x-3=4 >x=7 
{x:x-3=4}={7} 


3. Subset 


If every element of a set A is also an element of a set B, 
then A is called the subset of B, we write AC B (read as A 
is subset of B or A is contained in B). 


Thus, 


Since, 


ACB S&S [xe A >xeEB] 


Remark 
1. Every set is a subset of itself 
i.e., ACA. 
2. fACBBcC thenACC. 


For example, 
1. If A= {2, 3, 4} and B= {5, 4, 2, 3, 1}, then AC B. 
2. The sets {a}, {b}, {a,b}, {b,c} are the subsets of the 
set {a, b,c}. 


4. Total Number of Subsets 


If a set A has n elements, then the number of subsets 
of A=2”. 


Example 1. Write the letters of the word ALLAHABAD 
in set form and find the number of subsets in it and 
write all subsets. 

Sol. There are 5 different letters in the word ALLAHABAD 
i.e., A,L,H,B,D, then set is {A, B, D, H, L}, then number of 
subsets = 2° = 32 and all subsets are 
, {A}, {B}, {D}, {Hy}, {Lh {A. Bh, {A, D}, {A, Hy}, {A, L}, {B, D}, 

{B, H}, {B, L}, {D, H}, {D, L}, {H, L}, {A, B, D}, {A, B, H}, 

{A, B, L}, {A, D, H}, {A, D, L}, {A, H, L}, {B, D, H}, {B, D, L}, 
{B, H, L}, {D, H, L}, {A, B, D, H}, {A, B, D, L}, {B, D, H, L} 
{A, D, H, L}, {A, B, H, L}, {A, B, D, H, L}. 


5. Equal Sets 


Two sets A and B are said to be equal, if every element of 
Ais an element of B, and every element of B is an element 
of A.If A and B are equal, we write A = B. 
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Itis clear that AC Band BCA © A=B. 
For example, 
1. The sets {1, 2, 5} and {5, 2, 1} are equal. 
2. {1, 2, 3} ={x:x* -—6x” +11x —6=0} 


6. Power Set 


The set of all the subsets of a given set A is said to be the 
power set A and is denoted by P(A) or 2“. 

Symbolically, P(A) ={x:x Cc A} 

Thus, x€ P(A) @& xCA. 


Remark 
1. dand Aare both elements of P(A). 


2. If A= 0, then P (6) = {6}, a singleton but ois a null set. 
3. If A= {a}, then P(A) = {, {a}} 
For example, If A= {a, b, c}, then 
P(A) or 2 = {6, {a}, {0}, {ch. {ab}. {b, ch. {c, a}, {a b, cH} 
Also, n(P(A)) or n(24) = 23 =8 


4. Since, P() = {0} 

- P(P()) = {0, {O}} 

and P(P(P(O))) = {0, {0}, {LO} }, (0, fo} }} 
5. If Anas nelements, then P(A) has 2” elements. 


7. Super Set 


The statement AC B can be rewritten as B D A, then B is 
called the super set of A and is written as BD A. 


8. Proper Subset 


A set A is said to be proper subset of a set B, if every 
element of A is an element of B and B has atleast one 
element which is not an element of A and is denoted by 
AC B(read as “A is a proper subset of B”). 
For example, 
1. If A = {1, 2, 4} and B = {5, 1, 2, 4,3}, then AC B 
Since, 3,5¢ A. 
2. If A = {a, b,c} and B = {c, b, a}, then A ¢ B (since, B 
does not contain any element which is not in A). 
3. NCICOCRCC 


9. Finite and Infinite Sets 


A set in which the process of counting of elements comes 
to an end is called a finite set, otherwise it is called an 
infinite set. 
For example, 
1. Each one of the following sets is a finite set. 
(i) Set of universities in India. 


(ii) Set of Gold Medalist students in Civil Branch, 
sec A in A.M.LE. (India). 
(iii) Set of natural numbers less than 500. 
2. Each one of the following is an infinite set. 
(i) Set of all integers. 
(ii) Set of all points in a plane. 
(iii) {x :xE€ R,1<x <2} 
(iv) Set of all concentric circles with centre as origin. 


10. Cardinal Number of a Finite Set 


The number of distinct elements in a finite set A is called 
cardinal number and the cardinal number of a set A is 
denoted by n(A). 

For example, 

If A = {-3, - 1,8, 9, 13, 17}, then n(A) =6. 


11. Comparability of Sets 
Two sets A and B are said to be comparable, if either 
Ac Bor BC Aor A=B, otherwise A and B are said to be 
incomparable. 
For example, 
1. The sets A= {1,2,3} and B= {1,2, 4,6} are 
incomparable (since A¢ Bor B¢ Aor A¥B) 
2. The sets A = {1,2, 4} and B = {1, 4} are comparable 
(since BC A). 


12. Universal Set 


All the sets under consideration are likely to be subsets of 
a set is called the universal set and is denoted by Q or S 
or U. 
For example, 
1. The set of all letters in alphabet of English language 
U ={a, b,c,..., x, y, Zz} is the universal set of vowels in 
alphabet of English language. 
ie., A= {a,e, i, 0, u}. 
2. The set of all integers ]={0, +1, +2, +3,...}is the 
universal set of all even integers 
ie, {0,42,+4, +6,...} 


13. Union of Sets 


The union of two sets A and B is the set of all those 
elements which are either in A or in B or in both. This set 
is denoted by AU B or A+ B (read as ‘A union B’ or ‘A 
cup B’ or ‘A join B’). 

Symbolically, AU B={x:xe Aorxe B} 

or AU B={x:xE Av xe B} 


Clearly, xE€AUB& xEA or xEB 


For example, 
1. If A= {1,2,3, 4} and B = {4,5, 6}, 
then AU B ={1,2,3, 4, 4,5, 6} = {1, 2,3, 4, 5, 6} 
2. If A = {1,2, 3}, B = {2,3, 4,5}, C ={7, 8}, 
then AU BU C={1,2,3, 4,5, 7,8} 
Remark 


The union of a finite number of sets A, Ao, Ag, ..., A, is represented 
n 
by A VAJUA,U...U A, or YA 
iz 


Symbolically, U A; = {x: x €A,;for atleast one /} 


14. Intersection of Sets 


The intersection of two sets A and Bis the set of all 
elements which are common in A and B. This set is 
denoted by AX B or AB (read as ‘A intersection B’ or ‘A 
cap B’ or ‘A meet B’). 
Symbolically, AN B={x:xe Aand xe B} 
or AX B={x:xE Anxe B} 
Clearly, xe€ ANB & xe Aandxe B 
For example, 
1. If A= {1,2, 3} and B = {3, 4,5, 6}, then AM B= {3}. 
2. If A = {1, 2,3}, B = {2,3, 4} and C = {3, 4,5}, then 
AN BO C= {3h 
Remark 


The intersection of a finite number of sets A,, Aj, Az... An 


represented by 
n 
A AAA Ag A...AA, or OA; 
i=1 


Symbolically, a A; = {x:x €A/for all /} 


15. Disjoint Sets 


If the two sets A and B have no common element. 

i.e, AM B=, then the two sets A and B are called disjoint 
or mutually exclusive events. 

For example, If A = {a, b,c} and B = {1,2,3}, then AN B=0 


Hence, A and B are disjoint sets. 


Remark 
IFS = {8, A, &, -.4 Ay}, SO 


a 
number of ordered pairs of disjoint sets of S is : — 


(¢.;each element in either (A) or (B) or neither 

.. Total ways = 3’ i.e., A=B, iff A= B = o(1 case) otherwise A 
and Bare interchangeable. 

*. Number of ordered pairs of disjoint sets of 


a a 
gate Sr P41) 
2 2 
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16. Difference of Sets 


If A and B be two given sets, then the set of all those 
elements of A which do not belong to B is called difference 
of sets A and B. It is written as A — B. It is also denoted by 
A~ Bor A\Bor C,B (complement of B in A). 
Symbolically, A— B={x:xe€ Aand x ¢ B} 
Clearly, xe A-B & xe Aand x¢€ B. 


Remark 

1.A4-B#B-A 

2. The sets A- B, B- Aand An Bare disjoint sets. 
3. A~-BcAandB-AcB 

4. A-o=Aand A-A=6 


For example, 
If A = {1, 2,3, 4} and B = {4,5,6, 7}, then A — B= {1, 2,3}. 


17. Symmetric Difference of Two Sets 
Let A and B be two sets. The symmetric difference of sets 
Aand Bis the set (A — B)U (B-— A) or (AU B) —-(AN B) 
and is denoted by AA Bor A @ B (A direct sum B). 


Le., A®B orAAB=(A-B)U(B-A) 
and A®B or AAB=(AU B)-(AN B) 
Remark 


1. AA B={x:x €Aand x €B} 
or AAB={x:x eBandx ¢€A} 
2. AAB=BA A(commutative) 


For example, 
Let A= {1,2,3,4,5} and B= {1,3,5,7}, 
then A-B= {2,4}, B- A= {7} 

AA B=(A-B)U(B-A)= {2,4,7} 


18. Complement Set 


Let U be the universal set and A be a set, such that ACU. 
Then, the complement of A with respect to U is denoted 
by A’ or A® or C(A) or U -A. 

Symbolically, A’ or A® or C(A) ={x:x EU and x¢ A}. 


Clearly, xe A’ & xE€A. 


Remark 
1. U’=oando’ =U 
2,.AUA=UandAnA =o 


For example, 
LetU = {1,2,3,4,5,6, 7} and A= {1,3,5, 7}. 
Then, 4’=U —- A= {2, 4,6} 
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Laws and Theorems 


1. Idempotent Laws 
For any set A, 
(i) AUA=A (ii) AN A=A 
Proof 
(i) Letx€ AUA & xEAorxed 
eS xeaA 
Hence, AU A=A 
(ii) Lettxe ANA & xe AandxeE A 
eS xea 
Hence, AN A=A 
2. Identity Laws 
For any set A, 


(i) AUO=A (ii) AN b=0 
(iii) AUU =U (iv) ANU=A 
Proof 

(i) Letxe AUO & xe AandxEed 

2S xeAa 


Hence, AU =A 


(ii) Let xe ANO & xE€ Aandxeo 
2 xed 
Hence, AN 0=0 
(iii) Let xe AUUS xe AorxEU 


& xEeU 
Hence, AUU =U 
(iv) Let xe ANU & xe AandxEeU 
& xEeA 


Hence, ANU=A 
3. Commutative Laws 
For any two sets A and B, we have 
(i) AUB=BUA (ii) ANB=BOA 
Proof 
(i) Letxe AUB & xE€ AorxeB 
= xeEBorxedA 
& xEeBUA 
. xE€EAUB S&S xE BUA 
Hence, AU B=BUA 
(ii) LettxE ANB & xe Aandxe B 
= xe€BandxeA 
S&S xEBNA 
xEANBS xE BNA 
Hence, AN B=Bo A. 
4. Associative Laws 
For any three sets A, B and C, we have 
(i) AU (BUC)=(AU B)UC 
(ii) AN (BN C)=(AN B)AC 


Proof 


(i) Letxe AU(BUC) ©& xe AorxeE BUC 
= xe Aor(xe€ BorxeC) 


= (xe Aorxe B)orxEC 

& xe AU Borxec 

& xE€(AUB)UC 
x€AU(BUC) & xE(AUB)UC 


Hence, AU(BUC)=(AU B)UC. 
(ii) Letx€ AN (BOC) & x€ AandxE€ BNC 


= xe Aand(xe€ BandxeéC) 
= (xe Aandxe B)andxEC 
= x€ AN BandxeEC 
2 xE(ANB)NAC 
Hence, AN (BOC) =(AN B)AC. 
5. Distributive Laws 
For any three sets A, B and C, we have 


(i) AU (BON C)=(AU B)N (AUC) 
(ii) AN (BU C)=(AN B)U (ANC) 
Proof 
(i) Lettxe AU(BNC) ©& xe AorxE BNC 
= xe Aor(xe BandxeEC) 
(x € Aorxe B)and(xe€ AorxeEC) 
@xeAvU Bandxe AUC 
@exeEel[(AU B)N(AUC)] 
~» x€ AU(BOANC)S&xE(AU B)N(AUC) 
Hence, AU(BNC)=(AU B)N(AU C). 
(ii) Letx€ AN(BUC) & xe Aandxe BUC 
= xe Aand(xe€ BorxeC) 
<= (xe Aand xe B) or(x € Aand x €C) 
SxEeANBorxEe ANC 
@xE(AN B)U(ANC) 
~ xE€AN(BUC)Sx€(AN B)U(ANC) 
Hence, AN (BU C) =(AN B)U(AN C). 
6. For any two sets A and B, we have 
(i) P(A)O P(B) = P(AN B) 
(ii) P(A)U P(B)C P(AU B) 
where, P(A) is the power set of A. 
Proof 
(i) Let x € P(A) P(B) & x € P(A) or x € P(B) 
eoxcAorxcB 
SxCANB 
= xe P(AN B) 
Hence, P(A) 7 P(B) = P(AN B) 


(ii) Let x € P(A) U P(B) & x € P(A) or x € P(B) 
&xCcAorxcB 
SxCAUB 
@=xeP(AU B) 
Hence, P(A) U P(B) C P(AU B) 
. If Ais any set, then (A’)’=A 
Proof LetxE(A’)’ex€éA SxeEdA 
Hence, (A’)’=A 
8. De-Morgan’s Laws 
For any three sets A, B and C, we have 
(i) (AU BY =A’O B’ 
(ii) (AM BY =A’U B’ 
(iii) A- (BU C) =(A- B)n (A-C) 
(iv) A-(BO C)=(A- B)U (A-C) 
Proof 
(i) Letx€ (AU B/ @&x€AUB 
@=xéA andx€B 
xe A’ and xe B’ 


“I 


exe An B’ 
x€(AU BY exe A nB’ 
Hence, (AU B)’=A’O B’. 
(ii) Letx E(AN BY &x¢ ANB 
@xéA orx€B 
@xeA’orxe B’ 
=xeA’UB’ 
xe (AN BY exe A’UB’ 
Hence, (AN BY = 4’u B’. 
(iii) Let xe A-(BUC)@ xe Aandx€é BUC 
xe Aand(x ¢ Bandx¢C) 
(x € Aand x ¢ B) and(x € Aand x ¢ C) 
= xe(A-B)andxe€(A-C) 
@2xeE(A-B)N(A-C) 
Hence, A—(BU C) =(A- B)N(A-C). 
(iv) Letxe A-(BNC)@& xe Aand x €(BNC) 
= xe Aand(x¢ Bor x€ C) 
(x € Aand x ¢ B) or(x € Aand x € C) 
= xeE(A-B)orxeE(A-C) 
@2xeE(A-B)U(A-C) 
Hence, A—(BN C) =(A- B)U(A-C). 
Aliter 
A-(BNC)=AN(BOC)’ 
=AN(B’NC)’ 
=(AN B’)U(AN C’) 
=(A- B)U(A-C) 


[A-B=AnN B’] 
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More Results on Operations on Sets 


For any two sets A and B, we have 
1..ACAUB,BCAUB,AQN BCA,ANBCB 
2. A-B=An B’ 

Proof 
Letxe A-~-B& xe Aandx¢€B 
&xeAand xe B’ 
@exeEAn B’ 
Hence, A— B= AN B’ 
3.(A-B)\U B=AUB 
Proof (A— B)U B=(AN B’)UB 
=(AU B)N(B’U B) [from distributive law] 
=(AU B)NU 
=AUB 
Hence, (A- B) UB=AUB 
4.(A-B)O B= 
Proof (A-B)A B=(AN B’)OB 
=AN(B’O B) [from associative law] 
=ANO=9 
Hence, (A-B)A B=0 
5.ACBSB’cA’ 


Proof Only if part Let AC B (i) 
To prove B’c A’ 

Let xEeB’ >xE€B 

=> x€A [." AC B] 
> xe A’ 

Thus, xe€ B’>xeEA’ [. BC A] 
Hence, B’c A’ ..-(ii) 
If part Let B’C A’ ...(iii) 
To prove AC B 

Let xEASXEA’ 

> x¢é B’ [from Eq.(iii)] 
=> xeEB 

Hence, ACB ...(iv) 


From Eqs. (ii) and (iv), we gett AC B& B’C A’ 
6. A- B=B’- A’ 


Proof A-B=(AN B’) 
=B’AAH=B’A(A’ = 8B! — A’ 
Hence, A-B=B’-A’ 


7.(AU B)O (AU B’)=A 

Proof (AU B)A(AU B’)=AU(BN B’) 

[by distributive law] 
=AUOb=A 

Hence, (AU B)AN(AU B’)=A 
8. AU B=(A- B)U (B- A)U (An B) 

Proof (A- B)U(B-A)U(AN B) 

=[(AU B) -(AN B)JU (AN B) 
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=[(AU B) A (AN B)’]U(An B) Example 2. Let A, B and C be three sets such that 
=[(AVU B)U (AN BJO [(AN BYU (AN B)] AUB=AUC and ANB=ANC. Show that B = C. 
=(AU B)OU=AUB Sol. Given, AUB=AUC Ai) 
Hence, AU B=(A- B)U(B- A)U (AN B) shi AABEAAL aii) 
9. A-(A-B)=ANB To prove B=C. 
Proof A-(A-B)=A-(AnN B’) From Eq. (i), (A U B) ANC =(A UC) AC 
=AM(AnN B’)’ => (ANC)U(BNC)=(ANC)U(C UC) 
=AN(A’U B) => (ANB)VU(BNAC)=(ANC)UC 
=(ANM A’)U(AN B) [- ANC=AMB] 
=)U(AN B)=AN B => (A OB)U(BNC)=C [<ANCCC] 
Hines Boa As Thus, C=(ANB)U(BAC) ...(iii) 
10. A-B=B-A © A=B Again, from Eq. (i), (A UB) NnB=(A UC)OB 
Proof Only if part Let A-B=B-A (i) = AOE ABB = SOB UNG TNs) 
To prove A=B => (AN B)UB=(ANB)U(BNC) 
LetxeE A & (xe Aand x ¢ B) or(x € Aand x € B) =F BRINE NC) 
=x €(A-B)orx€(An B) [- AM Bc B] 
> x€(B-A) Thus, B=(ANB)U(BNC) ..(iv) 
br xe ANB [from Eq. (i)] From Eqs. (iii) and (iv), we have B= C. 
Se eS eae Example 3. Let A and B be any two sets. If for some 
@xeB set X, AN X =BOX=and AUX =BUX, 
Hence, A=B prove that A=B. 
If part Let A=B Sol. Given,  ANX=BNX=6 Ai) 
TO UNGMe ee a and AUX =BUX ii) 
Bows sie ais aia B= 4) From Eq. (ii), A A(A UX) =A A(BUX) 
and B-A=A-A=0 B=A] - A=(ANB)U(ANX) 
i A-B=B-A [< AC AUX «AN(AUX)=A] 
Hence, A=B>A-B=B-A = A=(ANB)U6 [-ANX =6] 
11.AUB=ANBSA=B = A=(AMB) 
Proof Only if part Let AU B=AnN B as ACB (iii) 
Now, xEAS>xEAVUB Again, AUX =BUX 
=> xE ANB [. AU B=An B] => BO(AUX) = B(BUX) 
> xeB => (BNA)U(BAX)=B 
Thus, ACB (i) [ BC BUX «.BO(BUX)=B] 
Again, yEeBSycecAUB => (BOA)UO=B [- BAX = 6] 
=> yEANB [. AU B=An B] => BOA=B 
=> yea > BCA ...(iv) 
Thus, BCA (ii) From Eqs. (iii) and (iv), we have A = B. 
i 0) ee baa ee B. Example 4. If A and B are any two sets, prove that 
If part Let A=B iii) Ae ee 
To prove AU B=ANB Sol. Given, P(A) = P(B) (i) 
Now, AUB=AUA=A _ [ B=A)...(iv) To prove A = B 
and AN B=ANA=A [« B= A]...(v) Let x € A => there exists a subset X of A such that x € X. 
From Eqs. (iv) and (v), we have AU B= AN B Now, XCA => XEP(A) 


Hence, AUB=ANBSA=B > X € P(B) [from Eq. (i)] 


=> XCB 
> xeEB [oxexX] 
Thus, xEA > xEB 


ACB 


bs ..-(ii) 
Let y € B= there exists a subset Y of B such that ye€ Y. 


Now, YCB => Ye P(B) 

> Y € P(A) [.. P(B) = P(A)] 
=> YCA 

=> yea [yeY] 
Thus, yeB => yEedA 


a BCA iii) 
From Eqs. (ii) and (iii), we have A = B 


Use of Sets in Logical Problems 


M =Set of students which have Mathematics. 

P = Set of students which have Physics. 

C = Set of students which have Chemistry. 
Applying the different operations on the above sets, then 
we get following important results. 
M‘ = Set of students which have no Mathematics. 
P’=Set of students which have no Physics. 
C’=Set of students which have no Chemistry. 
MU P =Set of students which have atleast one subject 
Mathematics or Physics. 
PU C=Set of students which have atleast one subject 
Physics or Chemistry. 
CU M =Set of students which have atleast one subject 
Chemistry or Mathematics. 
Mo P =Set of students which have both subjects 
Mathematics and Physics. 
PO C=Set of students which have both subjects Physics 
and Chemistry. 
CoO M =Set of students which have both subjects 
Chemistry and Mathematics. 
Moc P’=Set of students which have Mathematics but not 
Physics. 
PO C’=Set of students which have Physics but not 
Chemistry. 
Cr M’ =Set of students which have Chemistry but not 
Mathematics. 
(M U P)’ =Set of students which have not both subjects 
Mathematics and Physics. 


(PU C)’ =Set of students which have not both subjects 
Physics and Chemistry. 
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(CU M)’ =Set of students which have not both subjects 
Chemistry and Mathematics. 

(MQ POC) =Set of students which have all three 
subjects Mathematics, Physics and Chemistry. 

(MU PU C) =Set of all students which have three 
subjects. 


Cardinal Number of Some Sets 


If A, B and C are finite sets and U be the finite universal 
set, then 
(i) n(A’) =n(U) — n(A) 
(ii) n( AU B) =n(A) +n(B)-—n(An B) 
(iii) n(AU B) =n(A) +n(B), if A and B are disjoint 
non-void sets. 
(iv) n(AC B’) =n(A) -n(AN B) 
(v) n(A’O B’)=n(AVU BY =nU) -n(AVU B) 
(vi) n(A’U B’)=n(AN BY =n(U) —n(An B) 
(vii) n(A — B) =n(A) — n(AN B) 
(viii) n(: AT B) =n(AVU B)-n(AN B’)-n(A’n B) 
(ix) nAU BU C)=n(A) +n(B) +n(C) -—n(AN B) 
—nBOAC)-n(CO A)+n AN BOC) 
(x) If A,, Az, A3,.., A, are disjoint sets, then 
n(A,;U A,UA3VU...U An) 
=n(A,)+n(A,2)+n(A3) +...+0(A,) 


Example 5. If A and B be two sets containing 6 and 3 
elements respectively, what can be the minimum 
number of elements in AUB ? Also, find the maximum 
number of elements in AUB. 
Sol. We have, n(A U B)=n(A)+n(B)-n(A OB), 

n(A U B)is minimum or maximum according as n(A M B) 

is maximum or minimum, respectively. 

CaseI Ifn(A FO B) is minimum i.e., n(A O B) = 0 such that 

A= {a,b,c,d,e, f} and B= {g, h, i} 
n(A U B)=n(A) + n(B)=6+3=9 
Case II Ifn(A O B)is maximum i.e., n(A A B) = 3, such 
that 
A = {a,b,c, d,e, f} and B= {d, a,c} 
“ (A U B)=n(A)+n(B)- n(A OB) =64+3-3=6 


Example 6. Suppose Aj, A9,...,A 30 are thirty sets 


each with five elements and B,,B3,...,B, are n sets 


each with three elements. 
30 n 


B, =S 
j=? 
Assume that each element of S belongs to exactly ten 


of the A;’s and exactly to nine of the B;’s. Find n. 


Let U Aj; = 
j=l 
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Sol. Given, A’s are thirty sets with five elements each, so 
30 
x n(A;) =5 xX 30 = 150 ..(i) 
i=l 


If the m distinct elements in S and each element of S belongs 
to exactly 10 of the A ,’s, so we have 
30 
x n(A;)=10m ...(ii) 
i=1 
“. From Eqs. (i) and (ii), we get 10m = 150 
m=15 (iii) 
Similarly, & n(B;) =3n and x n(B;)=9m 
jel jel 


9m 


3n=9m > n= =3m 


=3x15=45 
n=45 


[from Eq. (iii)] 


Hence, 


Example 7. In a group of 1000 people, there are 750 
who can speak Hindi and 400 who can speak Bengali. 

How many can speak Hindi only? How many can speak 
Bengali only? How many can speak both Hindi 

and Bengali? 


Sol. Let H and B be the set of those people who can speak 
Hindi and Bengali respectively, then according to the 
problem, we have 


n(H U B) = 1000, 
n( H) = 750, n(B) = 400 
We know that, 
n(H U B)=n(H)+ n(B)- n(H 7B) 
1000 = 750 + 400 — n(H 7 B) 


n(H OB) = 150 
.. Number of people speaking Hindi and Bengali both is 
150. 
Also, n(H © B’)=n(H)-n(H OB) 
= 750 — 150 
= 600 


Thus, number of people speaking Hindi only is 600. 
Again, n(BOH’)=n(B)-—n(BO H) = 400 - 150 = 250 
Thus, number of people speaking Bengali only is 250. 


Example 8. A survey of 500 television watchers 
produced the following information, 285 watch 
football, 195 watch hockey, 115 watch basketball, 

45 watch football and basketball, 70 watch football 
and hockey, 50 watch hockey and basketball, 50 do 
not watch any of the three games. How many watch all 
the three games? How many watch exactly one of the 
three games? 


Sol. Let F, H and B be the sets of television watchers who 
watch Football, Hockey and Basketball, respectively. 


Then, according to the problem, we have 
n(U) = 500, n(F) = 285, n(H) = 195, 
n( B) = 115, n(F OM B) = 45, 
n(F © H)=70,n(H - B)=50 
n(F’ U H’ UB’) =50, 
where U is the set of all the television watchers. 
Since, n(F’ U H’ U B’)=n(U) -n(F UH UB) 
=> 50 =500 —n(F UH U B) 
=> n(F U H U B) = 450 
We know that, 
n(F OH U B)=n(F) + n(H) + n(B)- n(F OH) 
—n(H OB)-n(BOF)+n(F AH OB) 
=> 450 =285+195+115—-70-50- 45+ n(F XN HB) 
n(F OH © B)=20 
which is the number of those who watch all the three 
games. Also, number of persons who watch football only 
=n(F OH’ OB’) 
=n(F)-n(F 0 H)-n(FOB)+n(F OH OB) 
= 285 — 70 — 45 + 20 = 190 


and 


The number of persons who watch hockey only 
=n(H A F’OB’) 
=n(H)-n(H A F)-n(HOB)+n(H ANF OB) 

= 195 -—70—-50+ 20 =95 

and the number of persons who watch basketball only 
=n(BOH’ OF’) 
=n(B)-n(BOH)-n(BOF)+n(H AF OB) 
=115-50- 45+ 20 = 40 


Hence, required number of those who watch exactly one of 
the three games 


= 190+95+ 40 =325 


Venn Diagrams 
(Euler-Venn Diagrams) 


The diagram drawn to represent sets are called Venn 
diagrams or Euler Venn diagrams. Here, we represent the 
universal set U by points within rectangle and the subset 
A of the set U is represented by the interior of a circle. Ifa 
set A is a subset of a set B, then the circle representing A is 
drawn inside the circle representing B. If A and B are not 
equal but they have some common elements, then to 
represent A and B by two intersecting circles. 
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Venn Diagrams in Different Situations = 7. 49. (BNC) and (An BNC 


1. Subset a 
Ypy 
CY 
ZF 
ASB 
2. Union of sets 
U U 


SSiS— =—2S-—— 
SS SS || So 
AUB, when AUB, when 


ANB=9 neither A cB norBcA Hence, AN (BX C) =(AN B) A C which is 
associative law for intersection. 


ANB (ANB)AC 


3. Intersection of sets 


8. Distributive law 


U 
(i) AU(BNC)=(AU B)N(AUC) 
Gj) (ii) AN (BUC) =(AN B)U(ANC) 


(i) 


AB, when neither AaB, when 
AcBnorBcA AB = 9 (no shaded one) 


4. Difference of sets 


A-—B, when neither A-B, when 
AcBnorBcA A-B=90 


5. Complement set 


YY G a 
Y Y 
hi Ai 
oo. (AUB) (AUC) (AUB)A(AULC) 
‘a It is clear from diagrams that 
AU(BOC)=(AU B)A(AU C) 


A’ = shaded one (ii) 
6. AU (BU C)and (AU B)UC 
U e U 
B==EC :===—e— 
: —— 
BUC AU (BUC) 


/ 7 


AUB (AUB)UC 


Hence, AU (BU C) =(AU B)U C which is It is clear from diagrams that 
associative law for union. AN(BUC)=(AN B)U(ANC) 
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9. Symmetric difference 


U U 
——_ => 
E=A=| EB =A =. 
. We S 7 
A AB, when neither A AB, when 
AcBnorBcA AnB=0o 


andAnB#o 


Remark 
Remember with the help of figures. 


Example 9. A class has 175 students. The following 
table shows the number of students studying one or 
more of the following subjects in this case. 


Subjects Number of students 
Mathematics 100 
Physics 70 
Chemistry 46 
Mathematics and Physics 30 
Mathematics and Chemistry 28 
Physics and Chemistry 23 
Mathematics, Physics and Chemistry 18 


How many students are enrolled in Mathematics alone, 
Physics alone and Chemistry alone? Are there students 
who have not offered any one of these subjects? 


Sol. Let P, C and M denotes the sets of students studying 
Physics, Chemistry and Mathematics, respectively. 


Let a, b, c, d, e, f, g denote the elements (students) 
contained in the bounded region as shown in the diagram. 


Then, at+dt+et+g=170 
c+d+f+g=100 
b+te+ft+g=46 


d+g=30 
e+ g=23 
ft+g=28 

g=18 


After solving, we get g = 18, f =10,e =5,d =12,a = 35, 
b= 13 and c= 60 


at+b+ct+dtet+ft+g=153 


So, the number of students who have not offered any of 
these three subjects = 175 — 153 = 22 


Number of students studying Mathematics only, c = 60 
Number of students studying Physics only, a = 35 
Number of students studying Chemistry only, b= 13 
Aliter 


Let P, C and M be the sets of students studying Physics, 
Chemistry and Mathematics, respectively. Then, we are 
given that 


n( P) = 70, n(C) = 46, n(M) = 100 
n(M O P) =30,n(M AC) = 28 
n(P AC) =23 
and nM APOAC)=18 
“. The number of students enrolled in Mathematics only 
=n(MAP’AC’)=n(Ma(PUC)’) 
[by De-Morgan’s law] 


n(M)-—n(M A( PUC)) 
n(M) — {n[((M A P)U(M AC)}} 
[by distributive law] 
=n(M)-n(MnP)-(MOAC)+n(ManPoc) 
= 100 — 30 — 28+ 18= 60 


Similarly, the number of students enrolled in Physics only, 
n(PAM’AC’) 
=n(P)-n(PAM)-n(PAC)+n(PAMAC) 
= 70 — 30 - 23+ 18=35 
and the number of students enrolled in Chemistry only, 
n(CAM’AP’)=n(C)-n(C AM)-n(CAP)+n 
(CAMP) 


= 46 — 28 — 23+ 18= 13 
and the number of students who have not offered any of 
the three subjects, 
n(M’ OP’ AC’)=n(M OPC)’ [by De-Morgan’s law] 
=n(U)-n(MUPUC) 
= n(U) — {n(M) + n(P) + n(C) — n(M 2 P) 
—n(M AC)-n(PAC)+n(PACOM)} 
= 175 — {100 + 70 + 46 — 30 — 28 — 23 + 8} 
= 175 — 153 = 22 


Example 10. In a pollution study of 1500 Indian rivers 
the following data were reported. 520 were polluted by 
sulphur compounds, 335 were polluted by phosphates, 
425 were polluted by crude oil, 100 were polluted by 
both crude oil and sulphur compounds, 180 were 
polluted by both sulphur compounds and phosphates, 
150 were polluted by both phosphates and crude oil and 
28 were polluted by sulphur compounds, phosphates 
and crude oil. How many of the rivers were polluted by 
atleast one of the three impurities? 
How many of the rivers were polluted by exactly one 
of the three impurities? 

Sol. Let S, P and C denote the sets of rivers polluted by 

sulphur compounds, by phosphates and by crude oil 


respectively, and let a, b, c, d, e, f, g denote the elements 
(impurities) contained in the bounded region as shown in 


the diagram. 
S 


P Cc 


Then, a+dt+et+g=520 
c+td+f+g=425 
b+et+tft+g=335 = dt+g=100 
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e+g=180 => ft+g=150 
g =28 
After solving, we get 
£& = 28, f =122,e = 152,b = 33,d =72,c = 203 anda = 268 


The number of rivers were polluted by atleast one of the 
three impurities 


=(a+b+ct+dt+e+f+g) =878 


and the number of rivers were polluted by exactly one of 
the three impurities, 


at+b+c=268+33 +203 =504 


Aliter 


Let S, P and C denote the sets of rivers polluted by sulphur 
compounds, by phosphates and by crude oil, respectively. 


Then, we are given that 
n(S) = 520, n(P) = 335, n(C) = 425, n(C MS) = 100, 

n(S A P) = 180, n(P AC) = 150 and n(S A P AC) = 28. 
The number of rivers polluted by atleast one of the three 
impurities, 
n(iSUPUC) 

=n(S)+ n(P) + n(C)-— n(S A P) 

—n(PAC)-n(C ANS)+n(SAPAC) 
= 520 + 335 + 425 — 180 — 150 — 100 + 28 = 878 


and the number of rivers polluted by exactly one of the 
three impurities, 


n{(SAP’AC’)U(PAC’AS’)U(C AP’ AS’) 
=n{(SA(PUC)JU{PA(C US) UIC OPUS) 
=nW(SA(PUC)’)+n(P A(C US)’ + n(C A(P US)’) 
=n(S)-—n(S A P)-n(S AC) 
+n(SAPAC)+n(P)-n(P AC)-n(P OS) 
+n(S APOC) 
+n(C)-n(C A P)-—n(C AS)+ nS AP AC) 
=n(S)+ n(P) + n(C) — 2n(S A P) —2n(S AC) 
— 2n(P AC) +3n(SAP AC) 
= 520 + 335 + 425 — 360 — 200 — 300 + 84 =504 
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Exercise for Session 1 


If X = {4" -3n -1:n EN} and y = 9(n -1):n EN}, then X UY equals 
(a)X (b) Y (c)N (d) None of these 


If Nz = {an :n € N}, then Ns Nz equals 
(a)N (b) Ns (c) Nz (d) N35 


If Aand B are two sets, then A ~(A UB)’ equals 
(a)A (b)B (c) > (d) None of these 


If U be the universal set and AUB UC =U, then [(A —- B) U(B - C) U(C — A)’ J equals 
(a) AUBUC (b) ANBAC (d) AU(BAC) (d) AN (BUC) 


If A and B are two sets, then (A — B) U(B — A) U(A 4B) equals 


(a)AUB (b) ANB (c)A (d) B’ 

If A= {x : x is a multiple of 4} and B = {x : x is a multiple of 6}, then A CB consists of all multiple of 

(a) 4 (b) 8 (c) 12 (d) 16 

A set contains 2n + 1elements. The number of subsets of this set containing more thann elements equals 
(a) gn-1 (b) gn (c) Qn +1 (d) gen 

If A = {0, {o}}, then the power set of Ais 

(a)A (b) {, {¢}, A} 

(C) {, {0}, {0}, AP (d) None of these 

Given n(U) = 20, n(A) = 12, n(B) = 9, n(A 7B) =4, where U is the universal set, A and B are subsets of U, then 
n((A UB)’) equals 

(a) 3 (b) 9 (c) 11 (d) 17 


A survey shows that 63% of the Indians like cheese, whereas 76% like apples. If x % of the Indians like both 


cheese and apples, then x can be 
(a) 40 (b) 65 (c) 39 (d) None of these 


In aclass of 55 students, the number of students studying different subjects are 23 in Mathematics, 24 in 
Physics, 19 in Chemistry, 12 in Mathematics and Physics, 9 in Mathematics and Chemistry, 7 in Physics and 
Chemistry and 4 in all the three subjects. The number of students who have taken exactly one subject is 

(a) 6 (b) 7 (c) 9 (d) 22 


Session 2 


Ordered Pair, Definition of Relation, Ordered Relation, 
Composition of Two Relations 


Ordered Pair 


If A be a set and a, be A, then the ordered pair of elements 
aand b in A denoted by (a, b), where a is called the first 
coordinate and b is called the second coordinate. 


Remark 
1. Ordered pairs (a, 6) and (6, a) are different. 


2. Ordered pairs (a, b) and (c, d) are equal iffa=candb=d. 


Cartesian Product of Two Sets 


The cartesian product to two sets A and B is the set of all 
those ordered pairs whose first coordinate belongs to A 
and second coordinate belongs to B. This set is denoted by 
Ax B (read as ‘A cross B’ or ‘product set of A and B’). 


Symbolically, A x B= {(a,b):ae A andbe B} 
or Ax B={(a,b):a€ An be Bh 
Thus, (a,b)E AXBSacCAADEB 


Similarly, BxA={(b,a):be Baae A} 


Remark 
1,.A4AxB#BxA 


2. If Anas p elements and B has g elements, then Ax B has pq 
elements. 


3. If A=oandB=90, then AxB=0. 


4. Cartesian product of nsets A;, A», Ay..., A, is the set of all 
ordered mtuples (a, a, ..., a) 4 €A,/ =1,2,3.., nand is 


denoted by A x Ax... A, or 1 Aj. 


Example 11. If A= {1,2, 3} and B = {4, 5}, find AxB, 
Bx A and show that A xB 4BxA. 
Sol. A x B= {1, 2,3} x {4,5} = {(1, 4), (1, 5), (2, 4), (2, 5), (3, 4), 
(3, 5)} 


and Bx A = {4, 5}x {1, 2, 3}= {(4, 1), (4, 2), (4, 3), (5, 1), 
(5, 2), (5, 3)} 
It is clear that Ax B# BX A. 


Example 12. If A and B be two sets and A x B = {(3, 3), 
(3, 4), (5, 2), (5, 4)}, find A and B. 
Sol. A = First coordinates of all ordered pairs = {3, 5} 
and B = Second coordinates of all ordered pairs = {2, 3, 4} 
Hence, A = {3, 5} and B = {2, 3, 4} 


Important Theorems on Cartesian 
Product 


If A, B and C are three sets, then 
(i) AX(BU C) =(Ax B)U(AXxC) 
(ii) AX(BO C) =(AX B)N(AXC) 
(iii) Ax(B-C)=(Ax B)-(AXxC) 
(iv) (Ax B)O(S XT) =(AN S) xX(BOT), 
where S and T are two sets. 
(v) If AC B, then(A x C) C€(BXC) 
(vi) If AC B, then(A x B) 4 (Bx A) =A’ 
(vii) If AC BandCC D, then AXCC BXD 


Example 13. If A and B are two sets given in such 
a way that Ax 8 consists of 6 elements and if three 
elements of A xB are (1, 5), (2, 3) and 
(3, 5), what are the remaining elements? 
Sol. Since, (1,5), (2, 3), (3,5) € A x B, then clearly 1,2,3¢ A and 
35€ B. 
A Xx B= {1, 2, 3}x (3, 5) 
= (1, 3), (1, 5), (2, 3), @, 5), G, 3), (3, 5) 
Hence, the remaining elements are (1, 3), (2, 5), (3, 3). 
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Relations 


Introduction of Relation 


We use sentences depending upon the relationship of an 
object to the other object in our daily life such as 


(i) ‘Ram, Laxman, Bharat, Shatrughan’ were the sons of 
Dashrath. 
(ii) ‘Sita’ was the wife of Ram. 
(iii) ‘Laxman’ was the brother of Ram. 
(iv) “‘Dashrath’ was the father of Ram. 
(v) ‘Kaushaliya’ was the mother of Ram. 


If Ram, Laxman, Bharat, Shatrughan, Sita, Kaushaliya and 
Dashrath are represented by a, b, c,d, e, f andy 
respectively and A represents the set, then 


A={a,b,c,d,e, f, y} 


Here, we see that any two elements of set A are related 
many ways, i.e. a, b, c,d are sons of y. ‘a’ is the son of y is 
represented by aRy. Similarly, b is the son of y, c is the son 
of y and d is also son of y are represented as bRy,c Ry 
and d Ry, respectively. 


If we write here y Ra it means that y is the son of a which 
is impossible, since a is the son of y. Hence, y and a 
cannot be related like this. Its generally represented as 
yRa. Hence, we can say that a and y are in definite order. a 
comes before R and y after R. Therefore, aRy may be 
represented as a order pair (a, y). Similarly, bRy, cRy and 
dRy are represented by (b, y), (c, y) and (d, y), respectively. 
If all pairs will represented by a set, then we see that first 
element of each pair is the son of second element. Hence, 
the set of these pairs may be represented by set R, then 


R={(a y),(by) (ey) (4 y)} 
Symbolically, R={(x, y):x,y € A, where x is son of y} 
It is clear that Ris subset of Ax A 
Le., RCAXA 
Corollary In above example, if 
A={a,b,c,d} and B = {e, f, y}, then 
R={(x,z):x€ A,z€ B, where x is son of z} 
It is clear that RC Ax B. 


Definition of Relation 


A relation (or binary relation) R, from a non-empty set A 
to another non-empty set B, is a subset of A x B. 

ie., RCAXB or RC {(a,b):a€ A, be B} 

Now, if (a, b) be an element of the relation R, then we 
write aRb (read as ‘a is related to b’) 

ie., (a,b) € R&aRb 


and if (a, b) is not an element of the relation R, then we 
write ab (read as ‘a is not related to b’), 


ie. (a,b)é Ra Rb. 


Remark 


1. Any subset of Ax Ais said to be a relation on A 


2. If Ahas melements and B has nelements, then Ax Bhas 
mx nelements and total number of different relations from A 
toBis2™”. 


3. IfR = Ax B, then Domain R = Aand Range R = 8B. 
4. The domain as well as range of the empty set ois 0. 
5. If A=DomRand B = Ran, then we write B= R [A]. 
For example, 
Let A = {1, 2,3} and B = {3,5, 7}, then 
Ax B={(1, 3), (1, 5), (1, 7), (2, 3), (2, 5), (2, 7), 
(3, 3), (3, 5); (3, 7}. 
But RCAXB 
i.e., every subset of A x Bis a relation from A to B. If 
we consider the relation, R = {(1,5), (1,7), (3, 5), (3, 7)} 
Then, 1R5;1R7;3 R5;3 R7 
Also, 1R3;2 R3;2R5;2 R7;3 R3; 
Clearly, Domain R = {1,3} and Range R = {5,7} 
For example, 
Let A = {1, 2,3} and B = {4,5}, then number of different 
relations from A to B is 2°* =2° =64 because A has 3 


elements and B has 2 elements. 


Types of Relations from One Set to 
Another Set 


1. Empty Relation 


A relation R from A to B is called an empty relation or a 
void relation from A to Bif R=6. 
For example, 
Let A = {2, 4,6} and B = {7, 11} 
Let R= {(a,b):a€ A, be Banda — bis even} 
As, none of the numbers 2 — 7, 2-11, 4-7, 4-11, 
6—7,6—11is an even number, R= 0. 


Hence, R is an empty relation. 


2. Universal Relation 


A relation R from A to B is said to be the universal 
relation, if R= Ax B. 
For example, Let A = {1,2}, B = {1,3} and 
R={(1, 1), (1, 3), (2, 1), (2, 3)} 
Here, R=AXB 
Hence, R is the universal relation from A to B. 
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Types of Relations on a Set a kc 
and dom(R ') = {2, 4,6}, range(R') = {1,3,5} 


1. Empty Relation Clearly, dom (R~') = range (R) 


A relation R on a set A is said to be an empty relation or a er 
void relation, if R= 0. and range(R  )=dom(R). 


For example, : . 
Let A = {1,3} and R= {(a,b):a,b€ Aanda +b is odd} Various Types of Relations 


Hence, R contains no element, therefore R is an empty 


relation on A. 1. Reflexive Relation 
2. Universal Relation A relation R ona setA is said to be reflexive, if 
aRa,Vae A 
yi ay . 7 a set Ais said to be universal relation on ie, if(a,a)e RWae A 
Jif R= . 
For example, For example, 
Let A= {1,2} Let A={1,2,3} 
and R=[(1,1),(1,2), (2, 1), (2, 2)] R, ={(1, 1), (2,2), (3, 3)} 
Here, R=AXA R, = {(1, 1), (2, 2), (3, 3), (1, 2), (2, 1), (1, 3)} 
Hence, R is the universal relation on A. and R, =4{G, 1), (2,2),@,3), 6,2) 
oa Identity Relation Here, R and Rp are reflexive relations on A, R; isnota 
; oe ; reflexive relation on A as (3,3) € R3, ie. 3 Ky 3. 
A relation R on a set A is said to be the identity relation on 
A, if Remark 
R=[(a,b):a€ A,be A anda=b] The identity relation is always a reflexive relation but a reflexive 
Thus, identity relation, R =[(a, a): V ae A] relation may or may not be the identity relation. It is clear in the 


above example given, Ff, is both reflexive and identity relation on A 


Identity relation on set A is also denoted by I. but A, is a reflexive relation on A but not an identity relation on A 


Symbolically, [4 =[(a,a):a€ A] 


For example, 2. Symmetric Relation 
Let A = {1, 2, 3} A relation R on a set A is said to be symmetric relation, if 
Then, I, = {(1,1), (2,2), (3,3)} aRb=>bRaVabeA 
Remark ie. if (a4 bbe RE(h,aAERVabEA 
In an identity relation on Aevery element of Ashould be related to For example, 
itself only. Tet A={12,3} 
4. Inverse Relation R, ={(L2), (2, D} 


R, = {(1, 2), (2, 1), (1, 3), (3, 1)} 


If Ris a relation from a set A to a set B, then inverse 
and R, = {(2,3), (1,3), (3, } 


relation of R to be denoted by R™, is a relation from 


BtoA. Here, R, and R, are symmetric relations on A but R3 is 
Symbolically, R~' ={(b,a):(a,b) € R} not a symmetric relation on A because (2,3) € R3 
Thus, (a, bye R&(b,a)ER', Vac A, DEB. and (3,2) Rs. 
3. Anti-symmetric Relation 
Remark ; oo, ; : 

4. Dom (R™) = Range (R) and Range (R“') = Dom (R) A relation R on a set A is said to be anti-symmetric, 

2. (Ry sh ifaRb,bRa>a=b,VabeaA 
For example ie. (a,b)€ Rand(b,aj)E R > a=b,VabeaA 

If R=({(1,2), (3, 4),(5,6)}, then For example, 
R7 ={(2,1),(4,3),(6,5)} Let R be the relation in N (natural number) defined by, ““x 


ee is divisor of y’’, then R is anti-symmetric because x divides 
“(R™)~ ={(12), (3, 4), (5,6)} =R y and y divides x > x =y 


802 Textbook of Algebra 


4. Transitive Relation 
A relation R on a set A is said to be a transitive relation, 
ifaRbandbRc>akc,Va,b,cEe A 
ie, (a,b)€ Rand(b,c)e RS(ac)E R,Va,bcEeA 
For example, 
Let A= {1,2,3} 

Ry = {(1,2), (2,3), (1,3), 3, 2)} 

Ry = {(2,3),(3, D} 

R, ={(1,3), (3,2), (1 2)} 
Then, R, is not transitive relation on A because (2,3) € R, 
and (3,2) € R, but (2,2) € R,. Again, R» is not transitive 


relation on A because (2,3) € R, and (3,1) € R, but 
(2,1) € R,. Finally R; is a transitive relation. 


Example 14. Let A= {1,2, 3} and R ={(a,b):a,be A, a 
divides b and b divides a}. Show that R is an 
identity relation on A. 
Sol. Given, A = {1, 2, 3} 
a€é A, be B,adivides b and b divides a. 
> a=b 
R= {(a,a),a€ A}= {(1, 1), (2, 2), (3, 3)} 


Hence, R is the identity relation on A. 


Example 15. Let A = {3, 5}, B={7, 11} 

Let R={(a,b):ae A,beEB, a—b is even}. 

Show that R is an universal relation from A to B. 
Sol. Given, A = {3,5}, B = {7, 11}. 


Now, R= {(a,b):a€ A, be Banda -— bis even} 
= {(3,7), (3, 11), (5,7), (5, 11)} 

Also, A x B= {(3,7), (3, 11), (5,7), (5, 11)} 

Clearly, R=AxB 


Hence, R is an universal relation from A to B. 


Example 16. Prove that the relation R defined on the 
set N of natural numbers by xRy <> 2x* — 3xy + y? =0 


is not symmetric but it is reflexive. 
Sol. (i) 2x* —3x-x +x? =0,V xEN. 
x Rx,V x€ N,ie. Ris reflexive. 
(ii) For x =1, y =2,2x” —3xy + y’ =0 
 IUR2 
But 2-2’-3-2-1+ 17 =3 40 
So, 2 is not related to 1 ie., 2R1 


“. Ris not symmetric. 


Example 17. Let N be the set of natural numbers and 
relation R on N be defined by xR y = x divides y, 
VX, VEN. 
Examine whether R is reflexive, symmetric, 
anti-symmetric or transitive. 
Sol. (i) x divides x ie, xRx,V xEN 
“. Ris reflexive. 
(ii) 1 divides 2 ie., 1 R2 but 2k 1 as 2 does not divide 1. 
(iii) x divides y and y divides x > x =y 
ie, xRyandyRx>x=y 
“. Ris anti-symmetric relation. 
(iv) x Ry and y Rz => x divides y and y divides z. 
=> kx = yandk’y =2, where k, k’ are positive 
integers. 
= kk’x =z => xdividesz > xRz 


*. Ris transitive. 


Equivalence Relation 

A relation R on a set A is said to be an equivalence relation 
on A, when R is (i) reflexive (ii) symmetric and (iii) 
transitive. The equivalence relation denoted by ~. 


Example 18. N is the set of natural numbers. The 
relation R is defined on N x N as follows 
(a,b)R (c,d) sa+d=b+c 
Prove that R is an equivalence relation. 
Sol. (i) (a,b) R(a,b) sa+b=bt+a 
“. Ris reflexive. 
(ii) (a,b) R(c,d) >at+d=b+t+ec 
> c+tb=d+a => (c,d) R(a)b) 
*. Ris symmetric. 


(iii) (a, b) R(c,d)and(c,d) R(e, f)Sat+d=bt+c 


and c+f=dte 
=> atdtctf=bt+ct+dte 
=> a+f=b+t+e =>(a)b) R(e, f) 


.. Ris transitive. 


Thus, Ris an equivalence relation on N x N. 


Example 19. A relation R on the set of complex 


Z,-Z2. 
is real, show 


numbers is defined by z;RZ. © 
Z,+Z) 


that R is an equivalence relation. 


47% 


Sol. (i) z,Rz, > Vz,EC => Ois real 


ZZ, 


.. Ris reflexive. 


Bi. a 
: 2 is real 
Z+2Z. 


Zoo gs Z—-Z,). 
= —| 3 1 \isreal => | —2—*! is real 
Z+2Z2 Z,+Z2 


=> z,RYy,V 24,22 EC 


(ii) z,Rz.> 


“. Ris symmetric. 
Z—Z2. 

1_*? is real 
Z+2Z 


= 21-22 | _ 21 —Z2 
ZtZ ZZ 
2,-Z Z-Z 
se, fe lg 
ZtZ 2422 
— as 2 2 . 
= (212 — Z2Z2) =0 = |Z)" =|Z9] ~»-(i) 


...(ii) 


(ili) «2, Rz.> 


Similarly, z, Rz, >|z2| =|z5|° 

From Eggs. (i) and (ii), we get 
2,RZ2,Z2 Rz3 

= lal? =[zs|° 

=> RZ 

.. Ris transitive. 


Hence, R is an equivalence relation. 


Ordered Relation 


A relation R is called ordered, if R is transitive but not an 
equivalence relation. 


Symbolically, aRb,bRc > aRc,Va,b,ceEA 


For example, 

Let R = {(1, 2), (2, 1), (2, 3), (3, 2), (1, 3)}. 

Here, R is symmetric. 

Since, (1,2) € R= (2,1) € R, (2,3)€ R>(3,2)E R 
and R is transitive. 

Since, (1,2) € R,(2,3)E R = (13)ER 

but R is not reflexive. 

Since, (1,1) ¢ R, (2,2) ¢ R, (3,3)¢ R 

Hence, R is not an equivalence relation. 


*, Ris an ordered relation. 


Partial Order Relation 


A relation R is called partial order relation, if R is 
reflexive, transitive and anti-symmetric at the same time. 
For example, 


Let R= {(1,1), (2,2), (3,3), (1,2), (2,3), (1,3)} 
R™ ={(1,1), (2,2), (3,3), (2 1), (3,2),(3, 1} 
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ROR ={(1,1), (2,2), (3,3)} = Identity 

“. Ris anti-symmetric. 

It is clear that R is reflexive. 

Since, (1, 1) € R, (2,2) € R, (3,3) € Rand R is transitive. 
Since, (1,2) € Rand (2,3)e R>(1,3)ER 


Hence, R is partial order relation. 


Composition of Two Relations 


If A, B and C are three sets such that RC AX Band 
SC BxC, then (SOR) ' = R™'OS"'. It is clear that aRb, bSc 
= aSORc. 


More generally, 
(R,OR,OR,O...OR,)"' =R,'O...OR3' OR; OR;* 


Example 20. Let R be a relation such that 
R={(1,4), (3,7), (4, 5), (4,6), (7,6)}, find 
(i) R-'OR™' and (ii) (R-' OR). 


Sol. (i) We know that,(ROR)' = ROR” 


Dom (R)= {1, 3, 4, 7} 
Range (R) = {4, 5, 6, 7} 


R R 
_ eee 
== SS 


We see that, 
1 —> 4 —>5> (1,5) € ROR 
1—> 4 —>6=(1,6)€ ROR 
3 —> 7 — 65 (3,6) € ROR 
ROR = {(1,5), (1, 6), (3, 6)} 
Then, R'OR™' =(ROR)” 
= {(5, 1), (6 1), (6 3)} 
(ii) We know that, (ROR) = R'O(R"')'=R"OR 
Since, 
R= {(1, 4), (3,7), (4, 5), (4, 6), (7, 6)} 
R™ = {(4, 1), (7,3), (5, 4), (6 4), (6, 7)} 
*. Dom (R) = {1, 3, 4,7}, Range (R) = {4, 5, 6, 7} 
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Dom (R") = {4, 5, 6,7}, Range (R') = {1,3, 4,7 R R" 
ere ; ge(R)={ } 4—>6—>7=>(4,7)E ROR 


R R! 
7 —>6—>43>5(7,4)€ R'OR 


R R? 
7 —>6—>7>(7,7)€ R'OR 


 R'OR={(1, 1), (3,3), (4, 4), (7,7), (4,7), (7. 4)} 
Hence, (R7'OR)' = R'OR= {(1, 1), (3,3) 


We see that, (4, 4), (7,7), (4,7), (7; 4)} 
R Rt 
1—> 45 15(1,1)e ROR 


E Theorems on Binary Relations 


R 
3—>7 —>35(3,3)€R'OR If Ris a relation on a set A, then 
Ro (i) Ris reflexive > R’ is reflexive. 


R 
1 
- >5 > 4=>(4, 4)E RTOR (ii) R is symmetric => R™ is symmetric. 


R x 


4 ‘ 6 4=3(4,4)€ RIOR (iii) R is transitive > R' is transitive. 


Exercise for Session 2 


1. If A={2,3,5}, B = 2,5,6}, then(A-B) x (An B)is 


(a) {(3, 2), (3, 3), (3, 5)} (b) {(3, 2), (3, 5), (3, 6)} 
(c) {(3, 2), (3, 5)} (d) None of these 


2. Ifn(A) =4, n(B) =3,n(Ax Bx C)=24, then n(C) equals 

(a) 1 (b) 2 (c) 17 (d) 288 
3. The relation R defined on the set of natural numbers as 

{(a,b): a differs from b by 3} is given by 

(a) {(1 4), (2, 5), (3, 6), ...} (b) {(4, 1), (5, 2), (6, 3), ...} (c) {(1 3), (2, 6), (3, 9), ...} (d) None of these 
4. Let Abe the non-void set of the children in a family. The relation ‘x is a brother of y’ on A, is 

(a) reflexive (b) anti-symmetric (c) transitive (d) equivalence 
5. Let n(A) =n, then the number of all relations on A, is 


(a) 2” (b) 2” (c) 2” (d) None of these 


6. IfS= {1, 2, 3, ..,20}, K = {a,b, c,d}, G = {6,d, e, f}. The number of elements of (S x K) U(S x G) is 


(a) 40 (b) 100 (c) 120 (d) 140 
7. The relation R is defined on the set of natural numbers as {(a, b ):a = 2b}, then R™' is given by 

(a) {(2, 1) (4, 2) (6, 3), ...} (b) {(1, 2) (2, 4) (3, 6), ...} (c) R~' is not defined (d) None of these 
8. The relation R = {(1,1), (2,2), (3,3),(1,2),(2, 3), (4,3)} on set A = {1,2, 3} is 

(a) reflexive but not symmetric (b) reflexive but not transitive 

(c) symmetric and transitive (d) Neither symmetric nor transitive 


9. The number of equivalence relations defined in the set S = {a,b,c} is 


(a) 5 (b) 3! (c) 2° (d) 3° 
10. \fR bea relation < from A = {1,2, 3, 4} to B = {1,3, 5}, i.e. (a,b) ER & a <b, then ROR“, is 
(a) {(1, 3), (1, 5), (2, 3), (2, 5), (3,5), (4, 5)} (b) {(3, 1), (5, 1), (3, 2), (5, 2), (5, 3), (5, 4)} 


(c) {(3, 3), (3, 5), (5, 3), (5, 5)} (d) {(3, 3), (3, 4), (4, 5)} 


Session 3 


Definition of Functions, Domain, Codomain and Range, 
Composition of Mapping, Equivalence Classes, 


Partition of Set, Congruences 


Functions 


Introduction 


If two variable quantities x and y according to some law 
are so related that corresponding to each value of x 
(considered only real), which belongs to set E, there 
corresponds one and only one finite value of the quantity 
y (i.e., unique value of y). Then, y is said to be a function 
(single valued) of x, defined by y = f(x), where x is the 
argument or independent variable and y is the 
dependent variable defined on the set E. 
For example, If r is the radius of the circle and A its area, 
then r and Aare related by A= mr’ or A= f(r). Then, 


we say that the area A of the circle is the function of 
the radius r. Graphically, 


fF 


x Input —» _, Y=) 


Output 


Where, y is the image of x and x is the pre-image of y 
under f. 


Remark 


1. If to each value of x, which belongs to set E there 
corresponds one or more than one values of the quantity y. 
Then, y is called the multiple valued function of x defined on 
the set E. 


2. The word ‘FUNCTION’ is used only for single valued function. 
For example, y = Vx is single valued functions but y? =x isa 
multiple valued function. 

. y? =x=y =+ VX for one value of x, y gives two values. 


Definition of Functions 


If A and B be two non-empty sets, then a function from A 
to B associates to each element x in A, a unique element 
f(x) in B and is written as 


f:Aa7vB sed 5B 


which is read as f is a mapping from A to B. 


The other terms used for functions are operators or 


transformations. 
A B 


Remark 


1.lfx €A y =[f(x)] €B, then (x, y) ef. 
2. If (x, ¥;) €f and (Xo, Yo) Ef, then y, = Yo. 


Domain, Codomain and Range 


Domain The set of A is called the domain of f (denoted 
Codomain The set of Bis called the codomain of f 
(denoted by Cr). 


Range The range of f denoted by R, is the set consisting 
of all the images of the elements of the domain A. 


Range of f =[ f(x): x € A] 


The range of f is always a subset of codomain B. 


Onto and Into Mappings 
In the mapping f: A— Bsuch 

f(A) =B 
Le. Range = Codomain 


Then, the function is Onto and if f(A) C B, i.e. Range Cc 
Codomain, then the function is Into. 


Remark 
Onto functions is also known as surjective. 


Method to Test Onto or Into Mapping 


Let f : A— B be a mapping. Let y be an arbitrary element 
in Band then y = f(x), where x € A. Then, express x in 
terms of y. 
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Now, if xe A, V ye B, then f is onto 
and if x € A, V y€ B, then f is into. 


For into mapping Find an element of B which is not 
f-image of any element of A. 


One-one and Many-one Mapping 


(i) The mapping f : A > Bis called one-one mapping, if 
no two different elements of A have the same image 
in B. Such a mapping is also known as injective 
mapping or an injection or monomorphism. 
Method to Test One-one If x,, x, € A, 


then f(x1) = f(x2) 
> x, =x, and x, #Xx, 
= f(x1) # f(x2) 


(ii) The mapping f : A> Bis called many-one mapping, 
if two or more than two different elements in A have 
the same image in B. 

Method to Test Many-one 
If x,,x.€A, then f(x,) = f(x2) 
=> xX, FX» 
From above classification, we conclude that 
function is of four types 
(i) One-one onto (bijective) 
(ii) One-one into 
(iii) Many-one onto 
(iv) Many-one into 


Number of Functions (Mappings) at 
One Place in a Table 


Let f : A— B be a mapping such that A and B are finite 
sets having m and n elements respectively, then 


Description of mappings 


(i) Total number of mappings from A to B 


(ii) Total number of one-one mappings from A to B 


(iii) Total number of many-one mappings from A to B 


(iv) Total number of onto (surjective) mappings from A to B 


Let y = 2x, then x = ; 


Now, if we put y =5, then x => N. 


This show that 5 € N has no pre-image in N. So, f is into. 


Hence, f is one-one and into. 


Example 22. Show that the mapping 
f:R SR: f(x) =cos x, V x eR is neither one-one nor 
onto. 


Sol. Let x1, x. ER. 
Then, f (x1) = f (x2) 


=> x, =2nN ix, > x, FX 


= COS X, = COS X2 


.. f is not one-one. 
Let y = cos x, but -1< cosx <1 
ye[-11] 
[-1,1] CR 
So, f is into (not onto). 


Hence, f is neither one-one nor onto. 


Constant Mapping 


The mapping f : A > Bis known as a constant mapping, 
if the range of B has only one element. 


For all x € A, f(x) =a, where as ae B. 


Identity Mapping 
The mapping f : A> Bis known as an identity mapping, 
if f(a) =a,V ae Aand it is denoted by I,. 


Remark 
/, iS bijective or bijection. 


Equal Mapping 


Let A and B be two mappings are f: A— Band g:A—>B 
such that 


f(x)=g(x),VxEA 


Then, the mappings f and g are equal and written as 


(v) Total number of one-one onto (bijective) mappings from A to B 


(vi) Total number of into mappings from A to B 


Example 21. Let N be the set of all natural numbers. 
Consider f: NN: f(x)=2x,V XEN. Show that f is 
one-one into. 
Sol. Let x,,x, € N,then 
F(x) = (x2) 
> 2X, =2X9 DX, = Xo 


“. f is one-one. 


f=s. 

Inclusion Mapping 

The mapping f : A > Bis known as inclusion mapping. 
If ACB, then f(a)=a,VaeA. 

Equivalent or Equipotent 

or Equinumerous Set 


The mapping f : A > Bis known as equivalent sets, if A 
and B are both one-one and onto and written as A ~ B 
which is read as ‘A wiggle B’. 


Inverse Mapping 


If f : A > B be one-one and onto mapping, let b € B, then 
there exist exactly one element a€ A such that f(a) =), so 
we may define 


f 2B Art bya 
© f(a) =b 
The function f~' is called the inverse of f. A functions is 


invertible iff f is one-one onto. 


Remark 
1.7 ca 


2. Iff: A>Bandg:B—-A then/ and g are said to be 
invertible. 


Example 23. Let f :R —R be defined by 
f(x) =cos (5x + 2). Is f invertible? Justify your answer. 


Sol. For invertible of f, f must be bijective (i.e., one-one onto). 


If X1,.X,ER, 

then f(x) = f(%2) 

> cos(5x, + 2) = cos(5x_ + 2) 
> 5x, +2=2nt + (5x2 + 2) 
> xX, #X, 


“. f is not one-one. 
But —1<cos(5x +2)<1 
-1s f(x)S1 
Range =[-1,1]cC R 
.. f is into mapping. 
Hence, the function f(x) is no bijective and so it is not 
invertible. 


Composition of Mapping 


Let A, B and C be three non-empty sets. Let f : A— Band 
g:B—Cbe two mappings, then gof : A C. This 
function is called the product or composite of f and g, 


given by (gof)x =g{f(x)}VxEA. 


Important Remarks 
1. (i) (fog)x = f{g(x)} 
(iii) (gog)x = g{g(x)} 


(Vv) (f# g)x = f(x) £ g(x) 
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2. Leth: A>B,g:B—>Candf:C3+D 
be any three functions. Then, (fog) oh = fo(goh). 
3. Letf: A> 8, g:B —Cbe two functions, then 
(i) f and g are injective = gof is injective. 
(ii) f and g are surjective => gof is surjective. 
(iii) f and g are bijective = gof is bijective. 

4. An injective mapping from a finite set to itself in bijective. 
Example 24. If f:R Rand g:R—R be two 
mapping such that f(x) =sin x and g(x)= x’, then 

(i) prove that fog # gof. 


(ii) find the values of (fog) and op = 


Sol. (i) LetxeR 
( fog)x = f{g(x)} [- g(x) = x7] 

= f{x"}=sin x? (i) 

[. f(x) =sin x] 

and (gof)x = g{f(x)} 

= g(sin x) 


: 2 
=sin x 


[. f(x) = sin x] 
(ii) 
[- g(x) = x7] 
From Egg. (i) and (ii), we get ( fog)x #(gof)x,V xER 
Hence, fog # gof 
(ii) From Eq. (i), ( fog)x = sin x” 
vn nm 1 


(fog) = sin = 


and from Eq. (ii), (gof )x = sin’ x 
2 

mn. .n_ (v3) 3 
wn aa) 


Example 25. If the mapping f and g are given by 
f = {(1, 2), (3, 5), (4, 1)} 
and g = {(2, 3),(5, 1), (1, 3)}, 
write down pairs in the mapping fog and gof. 
Sol. Domain f = {1,3, 4}, Range f = {2,5, 1} 
Domain g = {2,5, 1}, Range g = {1, 3} 
Range f =Dom g = {(2,5, 1)} 
“. gof mapping is defined. 


Then, gof mapping defined following way 


fi, 3,45 4 25,1 > 01,3} 


sof 
We see that, f(1) =2, f(3) =5, f(4) =1 
and g(2) = 3, g(5) =1, g(1) =3 


(gof )(1) = g{f(1)} = g(2) =3 
(gof )(3) = g{f(3)} = g(5) =1 
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(gof )(4) = gt f(4)} = g(1) =3 
Hence, gof = {(1, 3), (3, 1), (4, 3)} 
Now, since Range of f C Dom f 
“. fog is defined. 
Then, fog mapping defined following way 
2,5,4 5 9,34 45 25,3 


fog 
We see that, £(2) =3, g(5) =1, g(1) =3 
SO=2, fQ=sS {4-1 
( fog )(2) = fi{g(2)} = f(3)=5 
( fog)(5) = fig(5)} = Ff) =2 
( fog)(1) = fig(1)} = f(3)=5 
Hence, fog = {(2,5),(5,2),(1,5)} 


Equivalence Classes 


If R be an equivalence relation on a set A, then [a] is 
equivalence class of a with respect to R. 


Symbolically, X, or[a]={x:x € X,x Ra}. 
Remark 


. ae€falandae[b] >[a] =[6] 
. Either [a] =[6] or[a] N[b] =0 
. Equivalence class of aalso denoted by F(a) or a. 


. Ifa~b, (a-6) = k, the total number of equivalence class is m. 
m 


a fF wh = 


Example 26. Let /={0,+1,+2,+3,+4,...}.and 


R={(a,b):(a—b) /4=k,ke/} is an equivalence 
relation, find equivalence class. 
a-—b 


Sol. Given, =k 


=> a=4k +b, where0<b< 4 

It is clear b has only value in 0, 1, 2, 3. 

(i) Equivalence class of [0] = {x : x € I and x ~ 0} 
={x:x—-0= 4k} ={0,+4,+8, +12...) 
where, k =0,+1,+2,+3,... 

(ii) Equivalence class of [1] = {x : x € J and x ~ 1} 
={x:x-1=4k}={x:x=4k+1} 
={.,-11,-7,-3,1,5,9,..) 

(iii) Equivalence class of [2] = {x : x € I and x ~ 2} 

={x:x-2= 4k} ={x:x=4k +2} 
= {..,-10, —6, —2, 2, 6, 10,...} 
(iv) Equivalence class of [3] = {x : x € I and x ~ 3} 
={x:x-3=4k}={x:x = 4k +3} 
={...,-9,-5,-1,5,9, 13,...} 


. Square brackets[ ] are used to denote the equivalence classes. 


Continue this process, we see that the equivalence class 


[4] = [0], [5] = (1} [6] = [2} [7] = [3} [8] = [0] 
Hence, total equivalence relations are [0], [1], [2], [3] and 
also clear 
Gi) T= [oJ U1] U2] UB] 
(ii) every equivalence is a non-empty. 
(iii) for any two equivalence classes [a] 1 [b] = 0. 


Partition of a Set 


If A be a non-empty set, then a partition of A, if 
(i) Ais a collection of non-empty disjoint subsets of A. 
(ii) union of collection of non-empty sets is A. 
ie., If Abe a non-empty set and A,, A», A3,A,4 are 
subsets of A, then the set {A,, Ay, A3, A 4} is called 
partition, if 
(i) Ay; VA,UVAZUA,Z=A 
(ii) Ay NAz,NAZNAgq =0 
For example, 
If A = {0, 1, 2,3, 4} and A, ={0}, A, ={1}, A, ={4} and 
A, = {2,3}, then we see that for P={A,, Az, A3, Aa} 
(i) all A,;, Ay, A3,A,4 are non-empty subset of A 
(ii) A, U A» U Az U A, = {0, 1, 2,3, 4} = A and 
(iii) A; 0A; #6,Vi# j(L7=12,3,4) 
Hence, from definition P={A,, A, A3, A4} is 
partition of A. 


Congruences 


Let m be a positive integer, then two integers a and b are 
said to be congruent modulo m, if a — b is divisible by m. 
ie., m)a—b (A 

a—b 


— + 


0 


*. a—b=ma, where dis a positive integer. 


The congruent modulo ‘m’ is defined on alla be Ibya=b 
(mod m), ifa-—b=md, XE I,. 


Example 27. Find congruent solutions of 155 =7 


(mod 4). 
Sol. Since, (2 Ses Pe a7] 
4 
and a=155,b=7,m=4 
4 aod _ 155-7 _ 148 
4 4 4 


[here,a = 155,b = 7] 
= 37 (integer) 
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Example 28. Find all congruent solutions of 8x =6 => emake 
(mod 14). a eee 
+3(A+ 
Sol. Given, 8x = 6 (mod 14) = ee 
8x — 6 
= , where 1. € I, x=h+ (441), where 2€ I, 
a rs and here greatest common divisor of 8 and 14 is 2, so there 
Sy = 14A +6 are two required solutions. 


8 For A =3and7, x =6and 13. 


Exercise for Session 3 


1. The values of b andc for which the identity f(x + 1) — f(x) =8x + 3is satisfied, where f(x ) = bx? + cx +d, are 
(a)b=2c=1 (b)b =4,c =-1 (c)b=-1c=4 (d)b=-1c=1 
2. If f(x) = — ; then f(ax ) in terms of f(x) is equal to 
x+ 
f(x)+a (b) (a- NfK(x)+at1 fe cos LAC ia awa (d) None of these 
1+ af (x) (at+ Nf(x)+a-1 (a-1)f(x)+a+1 
7 e a function satisfying f (x + y)=f(x)+f(y), Vx, y ER. =k,thenf(n),n €N is equal to 
3. If f be a functi isfying f f f R. lf f(1) =k, then f Ni | 
(a) k" (b) nk (c)k (d) None of these 
4. If g = {(1,1), (2,3), (3, 5), (4, 7)} is a function described by the formula g (x) = ax + B, what values should be 
assigned to o and B? 
(a)o= 1B =1 (b)a=2B=-1 (c)a=1B=-2 (d)a=-2B=-1 
5. The values of the parameter o for which the function f(x) =1+ ox, « #0 is the inverse of itself, is 
(a) -2 (b) 1 (c) 1 (d) 2 
6. Iff(x)=(a —x")"", where a > 0 andn EN, then fof (x) is equal to 
(aja (b) x (c) x” (d)a” 
7. \ff(x)=(ax? +b), the function g such that f (g(x)) = g (F(x)), is given by 
" 13 2 1 113 b 1/2 
(a) g(x) = (6) 60) (c) g(x) = (ax? + by” (d) g(x) = 
a (ax* + b) a 
8. Which of the following functions from / to itself are bijections? 
(a) f(x) =x? (b) f(x) =x + 2 (c) f(x) = 2x +1 (d) f(x) =x? +x 
9. Letf:R- {n} > R be a function defined by f(x) = . als where m #n. Then, 
x-n 
(a) f is one-one onto (b) f is one-one into (c) f is many-one onto (d) f is many-one into 
10. \ff(x +2y,x —2y)=xy, then f(x, y) equals 
2 2 2 2 2 2 2 2 
@7— (b) x —¥ qo. (d) X —¥ 
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Shortcuts and Important Results to Remember 


Every set is a subset of itself. 
Null set is a subset of every set. 


The set {0} is not an empty set as it contains one element 
0. The set {} is not an empty set as it contains one 
element 6. 


The order of finite set A of n elements is denoted by O (A) 
orn (A). 

Number of subsets of a set containing n elements is 2”. 
Number of proper subsets of a set containing n elements 
is2” -1. 

If A=, then P(A) =; .. n(P(A)) =1. 

The order of an infinite set is undefined. 


A natural number p is a prime number, if p is greater than 
one and its factors are 1 and p only. 


Finite sets are equivalent sets only, when they have equal 
number of elements. 


Equal sets are equivalent sets but equivalent sets may not 
be equal sets. 


If Ais any set, then A c Ais true but A c Ais false. 

If ACB, then AUB=B 

ACBSAcBandA#B 

xZAUBSxe€Aandx¢€B 
X~EANBSXE€AOXEB 

If A;, Ao,..., A, is a finite family of sets, then their union is 
denoted by 1 AjorA, UAp UAg U...U A. 


If A;, Ao, Ag, ..., Ay iS. a finite family of sets, then their 
n 

intersection is denoted by cs A 
[= 


or A, A Ap A AgA...AAy- 
R —Qis the set of all irrational numbers. 


Total number of relations from set A to set B is equal to 
n(A)n(B). 

The universal relation on a non-empty set is always 
reflexive, symmetric and transitive. 

The identity relation on a non-empty set is always 
anti-symmetric. 
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The identity relation on a set is also called the diagonal 
relation on A. 

For two relations R and S, the composite relations RoS, 
SoR may be void relations. 

Every polynomial function f : R > R of degree odd is 
ONTO. 

Every polynomial function f : R > R of degree even is 
INTO. 


(i) The number of onto functions that can be defined 
from a finite set A containing n elements onto a finite 
set B containing 2 elements = 2” —2 


(ii) The number of onto functions that can be defined 
from a finite set A containing n elements onto a finite 
set B containing 3 elements = 3” — 3-2" + 3 

Ifa set Ahas n elements, then the number of binary 

relations on A=n" . 

If fog = gof, then either f-' = g org! =f. 

If f and g are bijective functions such that f: A— B and 

g:B-C, then gof : A> Cis bijective. Also, 

(of)! =f og. 

Let f: A B,g:B—C be two functions, then 

(i) f and g are injective = gof is injective 

(ii) f and g are surjective = gof is surjective 

(iii) f and g are bijective = gof is bijective 


Let f: A B,g:B—C be two functions, then 

(i) gof : A> Cis injective =f : A > Bis injective 

(ii) gof : A— Cis surjective > g :B Cis surjective 

(iii) gof : A— Cis injective and g :B >Cis surjective > 
g :B Cis injective 

(iv) gof : A> Cis surjective and g :B Cis injective > 
f: A= Bis surjective 

An injective mapping from a finite set to itself is bijective. 


JEE Type Solved Examples : 
Single Option Correct Type Questions 


= This section contains 6 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d), out of which 
ONLY ONE is correct. 


Ex. 1 Two finite sets have m and n elements. The total 
number of subsets of the first set is 56 more than the total 
number of subsets of the second set. The values of m and n are 


(a)7,6 (b)6,3 (c) 5,1 (d) 8,7 
Sol. (b) Since, 2” — 2" =56=8x7=2> x7 
> ar(a™—" —1)=2? x7 


> n=3and2™-"=8=2? = n=3andm-n=3 


> n=3andm-3=3 => n=3andm=6 


Ex. 2 IfaN ={ax:xeEN}andbNAcN=dN, where b, 
cé€ Nare relatively prime, then 
(a) d = bc (b) c = bd 
(c)b =cd (d) None of these 


Sol. (a) bN = The set of positive integral multiples of b 
cN = The set of positive integral multiples of c 


“. DN CN = The set of positive integral multiples of bc 
=bceN 
d=be 


[.. band c are prime] 


Ex. 3 Ina town of 10000 families, it was found that 40% 
families buy newspaper A, 20% families buy newspaper B 
and 10% families buy newspaper C, 5% families buy newspa- 
pers A and B, 3% buy newspapers B and C and 4% buy news- 
papers A and C. If 2% families buy all the three newspapers, 
then number of families which buy A only is 

(a) 3100 (b) 3300 (c) 2900 —-(d) 1400 
Sol. (b) n(A) = 40% of 10000 = 4000 
n(B) = 20% of 10000 = 2000 
n(C) = 10% of 10000 = 1000 
n(A O B) =5% of 10000 = 500 
n(B AC) = 3% of 10000 = 300 
n(C A A) = 4% of 10000 = 400 
n(A A BOC) = 2% of 10000 = 200 
We want to find n(A 7 BS ACS) =n[A A(BUC)Y ] 
= n(A)—n[A A(BUC)]=n(A) = n[(A 0 B)U(ANC)] 
=n(A)-[n(A NB)+n(ANC)-n(ANBOC)] 
= 4000 — [500 + 400 — 200] = 4000 — 700 = 3300 


Ex. 4 Let R be the relation on the set R of all real numbers 
defined by aRb iff|a — b| <1. Then, R is 
(a) reflexive and symmetric (b) symmetric only 
(c) transitive only (d) anti-symmetric only 


Sol. (a). |a—aj\=0<1 > aRaVaeR 
“. Ris reflexive. 
Again, aRb = |a-b|<1 
> |b-—al|S1=>bRa 
*, Ris symmetric. 
Again, 1 R 2 and 2R1 but 2 #1 
“. Ris not anti-symmetric. 
Further, 1R2 and 2R 3 but 1 B 


.. Ris not transitive. 


[- [t-3]/=2>1] 


Ex. 5 The relation R defined on A = {1, 2, 3} by aRb, if 
|a* — b*|<5. Which of the following is false? 
(a) R = {(1, 1), 2, 2), (3, 3), (2, 1), (1, 2), (2, 3), 3 2)} 
(b)R'=R 
(c) Domain of R = {1, 2, 3} 
(d) Range of R = {5} 


Sol. (d) Let a=1 
Then, la? -b*|<5 = [1-7 | <5 
=> |b? -1|<5 > b=1,2 
Let a=2 
Then, |a® —b?| <5 
=> |4—b?|<5 = |b’ -4|<5 
Pe b=1,2,3 
Let a=3 
Then, |a? — b?| <5 
=> I9-b?|<5 => |b? -9|<5 > b=2,3 


R= {(1, 1), (1, 2), (2, 1), (2, 2), (2; 3), (3, 2), (3, 3)} 
R= {(y, x):(x, y)€ R} 
={(1, 1), (2, 1), (1, 2), (2, 2), (3, 2), (2, 3), (3, 3} = R 
Domain of R = {x :(x, y)€ R}= {1, 2, 3} 
Range of R= {y:(x, y)€ R}= {1, 2, 3} 


Ex. 6 IF F(x) = | vy 800 = FPO) and 
h(x) = fLF{f(x)}]. Then the value of f(x)- g(x)-h(x) is 
(a) 6 (b) -1 (c)1 (d) 2 
Sol. (b) *: eo= Firto= f[*]= =a _ ae 
and h(x) = fLALF(x)} = f(g(x)) 
rar aa 
f(x) g(x)-h(x) = a : ys l) pest 
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JEE Type Solved Examples : 


More than One Correct Option Type Questions 


This section contains 3 multiple choice examples. Each 
example has four choices (a), (b), (c) and (d) out of which 
MORE THAN ONE may be correct. 


© Ex. 7 If is the set of integers and if the relation R is 
defined over I by aRb, iffa — b is an even integer, a, b€ I, the 
relation R is 

(b) anti-symmetric 

(d) equivalence 


(a) reflexive 
(c) symmetric 
Sol. (a, c, d) 
aRb = a — bis an even integer, a, be I 
a—a=0/(even integer) 
(aa)ER, Vael 
“. Ris reflexive relation. 


Let (a, b)€ R = (a-— b) is an even integer. 


> — (b — a) is an even integer. 
> (b — a)is an even integer. 
> (b,a)ER 


“. Ris symmetric relation. 
Now, let (a, b)€ Rand(b,c)e R 


Then, (a — b) is an even integer and (b — c) is an even 


integer. 

So, let a-—b=2x,,x,El1 

and b-c=2x,,x,E1 
(a—b)+(b-c)=2x,+ x2) 

> (a-—c)=2%Ax,+ x,)>a-c=2x, 


*. (a—c) is an even integer. 
“. aRb and bRc = aRc 


Hence, R is an equivalence relation. 


So, R is transitive relation. 


JEE Type Solved Examples : 
Passage Based Questions 


This section contains 2 solved passages based upon each 
of the passage 3 multiple choice examples have to be 
answered. Each of these examples has four choices (a), (b), 
(c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Ex. Nos. 10 to 12) 


If A={x:|x|<2}, B= {x:|x-5| <2}, 
C = {x:|x|>x} and D = {x :|x|<x} 


A relation R on given set A is said to be anti-symmetric iff 
(a, b)€ Rand (b,a)E RSa=b),Vabea. 


*, Given relation is not anti-symmetric relation. 


-1 


» Ex. 8 If f(x) = 


(a) (="9,¢9) (b) (—e, — 1) 
(c)(-1 ») (d) (0, -) 
Sol. (b, c, d) 
Let y=f(x)=9"™ = ay+ xy=a-x 
atx 

_a1-y)_ a(1— x) 

+) ff") = f"(x)= Rees 
. f "(x) is not defined for x = -1. 
Domain of f '(x) belongs to (09, — 1) U (-1, °°). 
Now, for a = — 1, given function f(x) = —1, which is constant. 
Then, f '(x)is not defined. 

a#-1 
» Ex. 9 If f(x) = sini) , where[-] denotes the greatest 


x7 +x +1 
integer function, then 
(a) f is one-one 
(b) f is not one-one and non-constant 
(c) f is constant function (d) f is zero function 


Sol. (c, d) 
Ha sin ([x]m) =0 
f(x) =0 


: ['. [x] is an integer] 
= f(x) isaconstant function and also f(x) is a zero function. 


® 10. The number of integral values in AU B is 


(a) 4 (b)6 
()8 (d) 10 
11. The number of integral values in AQ C is 
(a) 1 (b) 2 
()3 (d) 0 
» 12. The number of integral values in AX D is 
(a) 2 (b) 4 
(c) 6 (d) 0 
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Sol. (Ex. Nos. 10 to 12) © 13. AX B equals 
A = {x:|x|<2}={x:-2< x <2}=(-2,2) (a) [1, ) (b) [1,3] 
B= {x:|x-5|S2}={x:-2<5x-5<2} (c)(— -, 3] (d) (— ©, 1) U(3, ©) 


={x132 x57} =[3,7] 


C = {x:|x|> x} = (xe: x <0} =(-, 0) » 14. A - B equals 


and D={x:|x|<x}=6 (a) (<2, e2) (b) (1,3) 

10. (). AUB=(-2,2) U[3,7] ae) ose) 
Integral values in A U Bare —1, 0, 1, 3, 4, 5, 6, 7. » 15. AUB equals 
“. Number of integral values in A U Bis 8. eee (b) (3, <2) 

11. (a) A NC =(-2, 2) A (-©9, 0) = (—2, 0) See (d) (13) 


Integral value in A 1 C is —1. 
Sol. (Ex. Nos. 13 to 15) 


A={x:x? -2x +2>0}= {x:(x -1) +1>0}=(-c, &) 
B={x:x" —4x +3<0}= {x :(x —1)(x —3) <0} 
={x:1< x <3}=[1,3] 


.. Number of integral values in A 1 C is 1. 
12. (2) AN D=(-2,2)N0=60 
.. Number of integral values in A M D is 0. 


Passage II 13. (b) AN B=(-~, &) [1,3] = [1,3] 
(Ex. Nos. 13 to 15) 14. (d) A — B=(-<, 0) = [1, 3] = (-22, 1) U (3, ©) 
If A={x:x? —2x+2>0} and B= {x:x? —4x+3<0} 15. (c) A U B= (-*, 2) U[1, 3] = (—29, 2) 


JEE Type Solved Examples : 
Single Integer Answer Type Questions 


= This section contains 2 examples. The answer to each © Ex. 17 If A= {2,3}, B={4,5} andC = {5, 6}, then 
example is a single digit integer ranging from 0 to 9 n{(A x B) U (BX C)} is 


(both inclusive). 
Sol. (8) °° A x B= {2,3} x {4, 5} 


@ Ex. 16 if f :R* - A, where A={x:-5 <x <oo is = {(2, 4), (2,5), (3, 4), (3, 5)} 

pe aa gees —5 and if | and BxC ={4,5}x {5,6} 

f (13) ene —1),A,/(A -1)}, the a of A is = 14,5), (4,6), (5.5), (5.6)} 

Sol. (3) f- (13) = {x : f(x) = 13} = {x : x° —5 = 13} *. (AX B)U(BX C) = {(2, 4), (2, 5), 3, 4), (3, 5). 
={x:x? =18}={x:x = +32} 
= (35 3/2} (4, 5), (4, 6), (5, 5), (5 6)} 
={j Ja=0. A(X —D} [given] Now, n{(A x B)U(BXxC)}=8 


N=3 
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JEE Type Solved Examples : 
Matching Type Questions 


= This section contains 1 examples. Example 18 have three 
statements (A, B and C) given in Column I and four 
statements (p, q, r and s) in Column II. Any given 
statement in Column I can have correct matching with 
one or more statement(s) given in Column II. 


© Ex. 18 


Column I Column II 


(A) |R={(x y):x<y;xy EN} (p) | Reflexive 


(B) |S={(xy):x+y=10;x%y EN} (q) | Symmetric 


(C) T={(x, y):x=yor (r) | Transitive 
x-y=1;x%yeEN} 


(D) U={(xy):x* =y*;xy EN} (s) | Equivalence 


Sol. (A) — (x); (B) > (q); (C) > (p); (D) > (p, @, 5, s) 
(A) R= {(x,y):x<y;x,ye N} 
x£x (x, x)ER 


So, Ris not reflexive. 


Now, (x, y)E RSx<yHy<x>S(y,x)ER 
“. Ris not symmetric. 
Let (x, y)€ Rand(y,z)eR 
> x<y and y<z5x<z>(x,z)ER 
“. Ris transitive. 
(B) « S={(x,y):x+y=10;x,ye N} 
: x+x=10 > 2x=10 > x=5 


So, each element of N is not related to itself by the 
relation x + y = 10. 


.. Sis not reflexive. 


Now, (x,y)€ESS> x+y=105y+x=10 
=> (yxjes 


JEE Type Solved Examples : 
Statement | and II Type Questions 


= Directions Example numbers 19 and 20 are Assertion- 
Reason type examples. Each of these examples contains 
two statements: 
Statement-1 (Assertion) and 
Statement-2 (Reason) 
Each of these examples also has four alternative choices, 
only one of which is the correct answer. You have to select 
the correct choice as given below: 


(a) Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation for Statement-1 


(C) 


(D) 


“. Sis symmetric relation. 
Now, let (3,7)€ Sand(7,3)ES > (3,3)€S 
.. Sis not transitive. 
v T={(x,y):x=yorx-y=1;x,yeEN} 
we xSx 
So, (x,x)ET,VxEN 
T is reflexive. 
Let (3,2)€ T and3-—2=1 
> 2-3=-1 > (2,3)€T 
T is not symmetric. 
Now, let (3, 2) € T and (2, 1)€ T 
a 3-2=1land2-1=1 
Then, (3,1)¢ T [23-1=2#]1] 
T is not transitive. 


U ={(x, y):x” =y*;x, ye N} 

= ha et 
(x, x)EU 

. U is reflexive. 

Now, (x, y)€U =x” =y* 

=> y =x >(y,x)EU 

.. U is symmetric. 

Now, let (x, y)€U and(y, z)€U 


> x” =y* and y* =z” 

Now, = (x”)’ =(y*)’ 

=> (x7) =(y7)* => (x7) = (2?) 

> (x7) =(z*)P = x* =2z* => (x,z)EU 


U is transitive. 
Hence, U is an equivalence relation. 


(b) Statement-1 is true, Statement-2 is true; Statement-2 


is not a correct explanation for Statement-1 


(c) Statement-1 is true; Statement-2 is false 
(d) Statement-1 is false; Statement-2 is true 


© Ex. 19 Statement-1 /fAU B=AUC and 

AMB=AQC, thenB=C. 
Statement-2 AU (BN C) =(AU B)A(AUC) 
Sol. (a) We have, B= BU(AX B) 


=BU(ANC) [<-ANB=AQC] 


=(AUC)A(BUC) 
=(ANB)UC 
=(ANC)UC 
=C 
Hence, Statement-1 is true, Statement-2 is true; Statement-2 
is a correct explanation of Statement-1. 


[-AUB=AUC] 


[<AANB=ANC] 


Ex. 20 Statement-1 /fU is universal set and B=U — A, 
then n(B) = n(U) — n(A). 
Statement-2 For any three arbitrary sets A, B and C, if 
C=A-B, thenn(C) =n(A) —n(B). 


Subjective Type Examples 


= In this section, there are 12 subjective solved examples. 


Ex. 21. If A=AUB, prove thatB=AQ B. 
Sol..- A=AOB 

ACAUWUB and AUBCA 

Now, letxeE Boxe AUB [by definition of union] 

[- ACA UB] 

[- ACA UB, 


S xEA 


S xEANB 


then also AC A 2M B] 
: BCAMBandANBCB 
ANB=B 


Hence, Hence proved. 


Ex. 22 Find the smallest and largest sets of Y such that 
YU ff, 2} = {1, 2, 3,5, 9}. 
Sol. Smallest set of Y has three elements and largest set of Y 
has five elements, since RHS set has five elements. 


.. Smallest set of Y is {3, 5, 9} 
and largest set of Y is {1, 2, 3, 5, 9}. 


Ex. 23 If P,Q and R are the subsets of a set A, then prove 
that R«(P* Wy Q*)" =(RX PY A(R XQ). 
Sol. We know that from De-Morgan’s law, 
A‘ OB =(A U BY ..-(i) 
Replacing A by P* and B by Q*, then Eq. (i) becomes 
Ly MO Petr Ory 
> PAQ=(P UY [ (AS) = A] ...Gii) 
wRx(PP UY =Rx(P AQ) [from Eq. (ii)] 
=(RX P) A(R Q) [by cartesian product] 
Hence, R x (P* UQ*)’ =(RX P)A(RX Q) 
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B=U-A=A’ 
n(B) =n(A’) =n(U) — n(A) 


So, Statement-1 is true. 


Sol. (c) *- 


But for any three arbitrary sets A, B and C, we cannot 
always have 


n(C) =n(A) — n(B) 


if C=A-B 
As it is not specified A is universal set or not. In case not 
conclude 


n(C) =n(A) — n(B) 


Hence, Statement-2 is false. 


Ex. 24 Check the following relations R and for reflexive, 
symmetry and transitivity. 
(i) aRb iff b is divisible by a, where a and b are natu- 
ral numbers. 
(ii) apB iff a is perpendicular to B, where & and B are 
straight lines in a plane. 

Sol. (i) The relation R is reflexive, since a is divisible by a, R is 
not symmetric because b is divisible by a but ais not 
divisible by b. i.e., aRb = bRa 
Again, R is transitive, since b is divisible by a and c is 
divisible by b, then always c is divisible by a. 

(ii) The relation p is not reflexive as no line can be 
perpendicular to itself. The relation p is symmetric, 
since a line & is perpendicular to B, then B is 
perpendicular to & and the relation £ is not transitive, 
since a line & is perpendicular to B and if f is 
perpendicular to y (new line), then @ is not 
perpendicular to y (since, is parallel to y). 


1-x 


Ex. 25 Let f:[0,1] [0,1] be defined by f(x) =——-; 
0< x <1and g:[0,1] > [0,1] be defined by ax 
8(x) =4x(1— x),0S x <1 
Determine the functions fog and gof. 

Note that [0,1] stands for the set of all real members x 
that satisfy the condition 0 < x <1. 


Sol. (fog)x = fig(x)} = fi4x(1—x)} Pe g(x) = 4x(1— x)] 


1-4x(1- <x) [ F(x) 1-x | 
__—_E_OoO os _ » ee 

1+4x(1- x) 1 1+ x| 
—1-4x 44x" (2x -1) 

1+4x-4x? 144x-4x? 
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and (gof)x = g{f(a}=g f - “| 


1+x 
1-x 
=4 1 
1+x 


Ex. 26 If A, B are two sets, prove that 
AU B=(A-B)U(B-A)U(AN B). 
Hence or otherwise prove that 
n(AU B) =n(A) +n(B) —n(AN B) 
where, n(A) denotes the number of elements in A. 
Sol. Letxe€ AUBS>xEAorxeB 
(xe Aand x ¢ B)or(x€ B andx¢ A) 
or (xe Aand x€ B) [from definition of union] 
S x€(A-B)orxe€(B-A)orxE ANB 
S x€(A- B)U(B- A) U(A NB) 
AUBC(A- B)U(B- A)U(A NB) 
and (A-B)U(B-A)U(ANB)CAUB 
Hence, A U B=(A — B)U(B— A) U(AN B) 
Let the common elements in A and B are z and only 
element of A are x (represented by vertical lines in the 


Venn diagram) and only element of B are y (represented by 
horizontal lines in the Venn diagram) 


n(A) = Total elements of A = x + z 
n(B) = Total elements of B= y + z 
n(A ~ B) = Common elements in A and B= z 


Now, n(A U B) = Total elements in complete region of A 
and B 

=xt+yt+z 

=(x+z)+(y+z)-z 

= n(A) + n(B)-n(A OB) 
Hence, n(A U B)=n(A) + n(B) — n(A OB) 


Ex. 27 Let A = {0: 2cos’ 0 + sin® < 2} and 


B={0:m /2<0<3m/2}. Then find AN B. 
Sol. *: 2cos?0 +sin® <2 


2(1—sin’@) +sin@ <2 
> 2sin’@ — sin >0 


> sin8(2sin8 — 1) 20 


ve Abs _i-x 
[-soondes] 


> sin® (sno - ;| =0 


1 
sin®8 <0andsin®@ = — 
2 


Now, the values of 8 which lie in the interval 7 <O0< a 
[-8= (020%) 
as 2 


31 
So, 8 satisfy sin® < 0 in the interval m <0 < a 


F ? 1; : Tt ST 
and 6 satisfy sin® = — in the interval — <0 < —. 
2 2 


Ex. 28 An investigator interviewed 100 students to deter- 
mine their preferences for the three drinks; milk (M), coffee 
(C) and tea(T). He reported the following: 10 students has 
all the three drinks M, C,T;20 had M and C; 30 had C and T, 
25 had M andT; 12 hadM only; 5 had C only and 8 hadT 
only. Using a Venn diagram, find how many did not take any 
of the three drinks? 

Sol. Given, M, C and T are the sets of drinks; milk, coffee and 
tea, respectively. Let us denote the number of drinks 
(students) contained in the bounded region as shown in 
the diagram by a, b, c, d, e, f and g, respectively. 


Then, g=10 

g+f=20 => f=10 

gt+e=30 > e=20 

d+g=25 >d=15 

and a=12,b=5,c =8 

Thus, total number of students taking drinks M or C or T 
=atbt+ctdt+etfrtg 


=12+54+8+154+204+10+10=80 


[.- g = 10] 


Hence, the number of students taking none of them drinks 
= 100 — 80= 20 


Ex. 29 Ina certain city, only two newspapers A and B are 
published. It is known that 25% of the city population reads 
A and 20% reads B, while 8% reads A and B. It is also known 
that 30% of those who read A but not B, look into advertise- 
ments and 40% of those who read B but not A, look into 
advertisements while 50% of those who read both A and B, 
look into advertisements. What per cent of the population 
read on advertisement? 


Sol. Let C = Set of people who read paper A 
and D = Set of people who read paper B 


Given, n(C)=25,n(D)=20,n(C 0 D)=8 
n(C 1 D’)=n(C)-—n(C ND) 

=25-8=17 

But total number of people who read A but not B = 30% 

.. Percentage of people reading A but not B = 30% of 17 
_ 30X17 51 
~ 100~—«*10 

and n(C’ ~ D)=n(D)-n(C A D)= 20-8 = 12 

Also, total number of people who read B but not A = 40% 


.. Percentage of people reading B but not A = 40% of 12 
_ 40x12 24 
1002S 

and given total people who read A and B = 50% 


.“. Total number of people who read A and B = 50% of 8 
50 x 8 


4 
100 
.. Percentage of people reading an advertisement 
51 


24 
=—+— +4=139% 
10. 35 


Ex. 30 An analysis of 100 personal injury claims made 
upon a motor insurance company revealed that loss or injury 
in respect of an eye, an arm, a leg occurred in 30, 50 and 70 
cases, respectively. Claims involving this loss or injury to two 
of these members numbered 44. How many claims involved 
loss or injury to all the three, we must assume that one or 
another of three members was mentioned in each of the 100 
claims? 


Sol. Let the set of people having injuries in eyes, arms or legs 
be denoted by E, A and L, respectively. Then, according to 
the problem, we have 


n(E UA UL) = 30,n(E) = 30 
n(A) = 50, n(L) = 70 
and n(ENAQNL’)U(ENA’ OL) 
U(E’ AN AOL)= 44 
or MENANL’)+n(EQNA’ AL) +n(E’ ANAL) = 44 
['. each case is mutually exclusive] 
or NEN A)-n(EQNAQL)+n(ENL)-n(EQNAQL) 
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+n(EQL)-n(ENAQL)= 44 
> nN(EMNA)+n(EQL)+n(AQL) 
—3n(EQNAOL)= 44...(i) 
n(E UA UL)=100 
“mE)+n(A)+n(L)-n(EOA)-n(A QL)-n(ENL) 
+ n(EAAOL)=100 
=> 304+50+70- {444+ 3n/ENANL) 
+n(EMAOL)=100 [from Eq. (i)] 
> 6-2n(ENAOL)=0 
nEALAA)=3 
Hence, there are three claims involved in loss or injury to 
all the three. 


Aliter 
Let = Set of people having injuries in eyes 
n(E) = 30 
A = Set of people having injuries in arms 
*. n(A) =50 
and __L = Set of people having injuries in legs 
n(L) =70 


Let us denote the number of injuries contained in the 
bounded region as shown in the diagram by a, b,c, d, e, f 
and g, respectively. 


Then, b+et+tft+g=30 ..-(i) 
at+dt+et+g=50 ..-(ii) 
c+d+f+g=70 ..(iii) 

d+e+f=44 ...(iv) 
anda+b+ct+dt+et+f+g=100 ...(v) 


On adding Eqs. (i), (ii) and (iii), we get 
at+b+c+2%&Adt+e+t+ f)+3g =150 
= 100-d-e-f—g+2(d+e+t+ f)+3g =150 
[from Eq. (v)] 


> d+et+f+2g=50 

> 44 +2¢ =50 [from Eq. (iv)] 
g =3 

Hence, there are three claims involved loss or injury to all 

the three. 


Ex. 31N is the set of natural number. The relation R is 
defined on N XN as follows: 


(a,b) R(c,d) @ ad(b+c)=bc(a+d) 


Prove that R is an equivalence relation. 
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Sol. Reflexive Sol. Graph of $ 
a a ale |x-3)<1 3-1<(x-3)<1 > 2<x<4 
rue. ra 
Hence, R is reflexive. sama eeist a eer se 
Symmetric (a, b) R(c, d) So, S consists of all points inside the square (not on x # 2, 4 
me ad(b + c) = be(a +d) and y # 2, 4) bounded by the lines x = 2, y= 2, x = 4 and 
= be(a + d) = ad(b +c) ale 
S cb(d + a) =da(c + b) Graph of E 
= (c,d) R(a, b) 4x’ + 9y? —32x —54y + 109 <0 
Hence, R is symmetric. = A(x? ax\4 oy? ~ 6y) +109 <0 
Transitive 3 4 
a 3 < 
Since, (a, b) R(c, d) = ad(b + c) = be(a + a) 7 ie Ma i 
_ 42 _ 92 
ss b+c _atd = (x= 4) re 3) <1 
be ad 32 2 
Se 1 ue 1 = i 4 1 So, E consists of all points inside and on the ellipse with 
c b dia centre (4, 3) and semi-major and semi-minor axes are 3 and 
S oe! 2, respectively. 
a bed 
YR 
Ghred = ts56 22 (i) ee peed 
a bed 
wad 1 1 1 1 3 
and similarly (c,d) R(e, f) @ —- 7 =—- 7 ...(ii) 5 
c 
GY 
From Eqs. (i) and (ii), 4 KL OPP 4 
(ati Re dmndleg Rie fies foes 3| Ga 
= (a, b) R(e, f) ) LULL” vee 
So, R is transitive. Hence, R is an equivalence relation. 14 
X 
Ex. 32 The sets S and E are defined as given below: OQ ie ee eT 
S={(x, y):| x —3|<1| and| y —3| <1} and 
E={(x,y): Ax2 + gy? ~ 32x —54y +109 <0}. From the above graph, it is evident that the double hatched 


(which is S) is within the region represented by E. i.e., $C E 
Show that SC E. 


Sets, Relations and Functions Exercise 1: 
Single Option Correct Type Questions 


= This section contains 39 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which ONLY ONE is correct 


1. 


10. 


If A and Bare two sets, then A A(A U B) equals 
(a) A (b) B 
(c) > (d) None of these 


. If Ris a relation from a set A to a set Band Sis a relation 


from a set Bto set C, then the relation SoR 
(a) is from A toC (b) is from C to A 
(c) does not exist (d) None of these 


. Let R= {(1,3), (2,2), (3, 2)} and S = {(2, 1), (3, 2), (2, 3)} be two 


relations on set A = {(1, 2, 3)}. Then, RoS is equal 


(a) {2 3), G, 2), 2 2)} (b) {(1, 3), (2, 2), B, 2), 2, 1), (2, 3)} 
(c) (3, 2), CL 3)} (d) (2, 3) G, 2)} 


. If X and Y are two sets, then X A(Y A XY equals 


(a) X 
(c) o 


(b) Y 
(d) None of these 


. For real numbers x and y, we write x Ry @x-—y+-~2 


is an irrational number. Then, the relation R is 
(a) reflexive (b) symmetric 


(c) transitive (d) None of these 


. Let f(x) =(x + 1)? —1,(x >—1). Then, the set 


S=fafio=af “(his 
(a, ee —_ = SI i=J-1 


2 
(c) {0, —1} 


(b) {0, 1, —1} 
(d) empty 


. The number of elements of the power set of a set 


containing n elements is 


(a) 2"~! (b) 2” (c) 2" -1 (d)2"*! 


. Which one of the following is not true? 


(a) A-BCA 
(c) ACA-B 


(b) B’- A’CA 
(d)ANB’CA 


, If A= {, 2,3} and B= 3, 8}, then(A U B) x(AN B)is 


(a) {G, 1), G, 2), 3, 3), B, 8)} (b) {1 3), @ 3), B, 3), @ 3)} 
(c) {, 2), (2, 2), 3, 3), (8, 8)} (d) {8 3), 8 2), (8 1), (8, 8)} 
Let A = {p, qg, r}. Which of the following is not an 
equivalence relation on A? 

(a) Ri = {(p, 9), (7), (P. r), (P, P)} 

b) R, = (7.9). p). (1), (@ DI 


( 
(c) Rs = {(P, P), (4, 9), (7), (P. DI 
(d) None of the above 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Let A={x:x isa multiple of 3} and B={x:xisa 


multiple of 5}, then AM Bis given by 
(a) {3, 6, 9} (b) {5, 10, 15, 20, ...} 
(c) {15, 30, 45, ...} (d) None of these 


Let A = {1, 2,3}, B= 3, 4} and C = {4, 5, 6}, then 


AU(BNC)is 

(a) {3} (b) {1, 2, 3, 4} 

(c) {1, 2,5, 6} (d) {1, 2, 3, 4,5, 64 

Let A = {x, y, z}, B= {u, v, w} and f : A > Bbe defined by 
f(x)=4, 


f(y) =v. f(z) = w. Then, f is 
(a) surjective but not injective 
(b) injective but not surjective 
(c) bijective 

(d) None of the above 


If A = {2, 4} and B= 3, 4,5}, then(A 7 B) x(A U B)is 


(a) {(2, 2), G3, 4), (4,2), ©, 4)} (b) {2, 3), (4 3), (4 5)} 
(c) {(2, 4), (3, 4), (4 4), (4, 5)} (d) {(4, 2), (4, 3), (4 4), (4 5)} 


In the set X = {a, b,c, d}, which of the following 


functions in X? 

(a) R, = {(, a) (@, b), (c, d), (a, c)} 
(b) Ry = {(a, d) d, c), (B, b), (c, c)} 
(c) Rs = {(@, b) (6, c), (¢ d), (b, d)} 
(d) Ry = {(a, a) (8, b), (c, c), (a, d)} 


The composite mapping fog of the map f: RR, 


f(x)=sinx and g:R>R,g(x)=x? is 
2 


(a)x’sinx  (b)(sinx)’ —(c) sin x” (d) sinx / x? 


Which of the following is the empty set? 
(a) {x: x is a real number and x? —1 = 0} 
(b) {x : xis a real number and x” + 1 = 0} 
(c) {x : xis a real number and x? —9 = 0} 


(d) {x : x is a real number and x? = x + 2} 


In order that a relation R defined on a non-empty set A 
is an equivalence relation. It is sufficient, if R 

(a) is reflexive 

(b) is symmetric 

(c) is transitive 

(d) possesses all the above three properties 


Let A = {p, q, r, s} and B= {1, 2,3}. Which of the following 
relations from A to Bis not a function? 

(a) R = {(p, 1), @ 2), (r 1), (s, 2)} 

(b) Ry = {(p, 1), (@ 2), (v1), (8, 1} 

(c) Rs = {(p, 1), (g, 2), (r, 2), (7, 2)} 

(d) Ry = {((p, 2), (g, 3), (vr, 2), (s, 2)} 
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ray 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


Textbook of Algebra 


n/m means that n is factor of m, then the relation f is 


(a) reflexive and symmetric 

(b) transitive and symmetric 

(c) reflexive, transitive and symmetric 

(d) reflexive, transitive and not symmetric 


The solution of 8x =6(mod 14) are 

(a) [8],[6] (b) [8], [14] 

(c) [6],[13] (d) [8],[14],[16] 

Let A be a set containing 10 distinct elements, the total 


number of distinct functions from A to A is 
(a) 10! (b) 10!° (c) 2° (d) 2! -1 


Let A and B be two non-empty subsets of set X such that 


A is not a subset of B, then 

(a) A is a subset of the complement of B 

(b) Bis a subset of A 

(c) A and B are disjoint 

(d) A and the complement of B are non-disjoint 


f and hare function from A — B, where A = {a, b, c, d} 
and B= {s, t, u} defined as follows 


f(Q=Lf(b)=s, f(c)=s 
f(d) =u, h(a) =s, h(b)=t 
h(c) = s, h(a) = u, h(d) =u 


Which one of the following statement is true? 
(a) f and hare functions 

(b) f is a function and h is not a function 

(c) f and hare not functions 

(d) None of the above 


Let I be the set of integer and f : I — I be defined as 
f(x)= x”, xe I, the function is 


(a) bijection 
(c) surjection 


(b) injection 
(d) None of these 


Which of the four statements given below is different 
from others? 

(a) f: A 3B 

(b) fsx flex) 

(c) f is a mapping of A into B 

(d) f is a function of A into B 


The number of surjections from A = {1,2,...,n},n 22 
onto B = {a, b}is 

(a) "P, (b) 2" -2 

(c) 2” -1 (d) None of these 

Let f : R—> Rbe defined by f(x) =3x — 4, then f~'(x)is 


(a) (+4) (x4 


(c)3x+4 (d) not defined 


f :R— Risa function defined by f(x) = 10x —7. If 
g=f ', then g(x) equals 
1 XT x 


1 
@) 10x —7 ©) 10x +7 ©) 10 ) 


=7 
10 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


Let R be a relation defined by R= {(a, b): a= b}, where a 


and bare real numbers, then R is 

(a) reflexive, symmetric and transitive 

(b) reflexive, transitive but not symmetric 

(c) symmetric, transitive but not reflexive 

(d) neither transitive, nor reflexive, not symmetric 


If sets A and Bare defined as 

A={(x,y):y=e*,xe R} and B= {(x,y): y= x, xe Rh. 
(a) BCA (b) ACB 

()ANB=6 (d) AUB 

If f : A > Bis a bijective function, then f of is equal to 
(a) fof 

(b) f : 

(c) fr 


(d) I,(the identity map of the set A) 


If f(y) = <2, oy) =§ 2, th 
f(y) ia ais en ( fog )y is 


(1-7) 
(Ce eee or Cae 
ja-y’)  jaty’) (1-y?) 


If f :R— Ris defined by f(x) = 2x +|x|, then 


f (3x) -— f(—x) — 4x equals 
(a) f(x) (b)-f(x) © fx) — (d)2f(x) 


Let Rand S be two non-void relations on a set A. Which 


equal to 


of the following statement is false? 

(a) Rand S are transitive > R US is transitive. 
(b) R and S are transitive > R 1S is symmetric. 
(c) Rand S are symmetric > R US is symmetric. 
(d) Rand S are reflexive > R OS is reflexive. 


Let f: RR g:R—- Rbe two functions given by 
f(x) = 2x -3, g(x) = x? +5. Then, ( fog) '(x) is equal to 


o(2)'o(--J" oS) o (8) 
If f(x) =ax + band g(x)=cx +d, then f(g(x)) = g(f(x)) 
eS 


(a) f(a) = g(c) (b) f(b) = g(b) 

(c) f(d) = gtd) (d) f(c) = g(a) 

If f:R3R g:R—- Rbe two given functions, then 
f(x) =2 min (f(x)-— g(x),0) equals 

(a) f(x) + g(x) —| g(x) — f(x)| 

(b) f(x) + g(x) + | g(x) — f(x) 

(c) F(x) — g(x) + | g(x) — f(x)| 

(d) f(x) — g(x) —| g(x) — F(x)| 

Let f: ROR g:R- Rbe two given functions, such 


that f is injective and g is surjective, then which of the 
following is injective? 


(a) gof (b) fog (c) gog (d) fof 
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Sets, Relations and Functions Exercise 2 : 
More than One Correct Option Type Questions 


= This section contains 3 multiple choice questions. 
Each question has four choices (a), (b), (c) and (d) out of 
which MORE THAN ONE may be correct. 
40. Let L be the set of all straight lines in the Euclidean plane. 
Two lines /, and 1, are said to be related by the relation R 
iff], is parallel to /,. Then, the relation Ris 


(a) reflexive (b) symmetric 


(c) transitive 


41. Let X = {1, 2,3, 4,5, 6} and Y = {1, 3, 5,7, 9}. Which of the 


(d) equivalence 


following is/are relations from X to Y? 


(a) R, ={(x, y):y=2+x,xEX,yeY} 
(b) Re = {0, 1), 2, 1), (3, 3), (4 3), (G, 5)} 
(c) Rs = {(1, 1), 0, 3), (3, 5), @ 7), 6 7)} 
(d) Ry = {(1, 3), (2,5), @ 4), (7, 9)} 


42. Let the function f : R— {-b} > R— {1} be defined by 
F(x) = 


xt+a 


(a # b), then 
x+b 


(a) f is one-one but not onto 
(b) f is onto but not one-one 
(c) f is both one-one and onto 
(d) f "(@) =a-2b 


Sets, Relations and Functions Exercise 3: 


Passage Based Questions 


= This section contains 2 passages. Based upon each of 
the passage 3 multiple choice questions have to be 
answered. Each of these questions has four choices (a), 
(b), (c) and (d) out of which ONLY ONE is correct. 


Passage I 
(Q. Nos. 43 to 45) 


Let f and g be real valued functions defined as 


Tx? +x-8 x<l |x|, x<-3 
f(@x= 4x +5, l<x<7 g(x) =30, —3<x<2 
8x + 3, x>7 x°+4,x2>2 


43. The value of (gof) (0) + (fog) (3) is 


(a) -8 (b) 0 
(c) 8 (d) 16 
44, The value of 2 fog) (7) — (gof) (6) is 
(a) 9 (b) 11 
(c) 13 (d) 15 


45. The value of 4(gof’) (2) — (fog) (9) is 
(a) 0 (b) 2 (c) 5 
Passage II 
(Q. Nos. 46 to 48) 
R, on Z defined by (a, b) € R, iff|a—b| <7, R, onO 
defined by (a, b)€ R» iffab=4 and R; on R defined by 
(a, b)€ R; iff a” — 4ab+3ab" =0. 
46. Relation R, is 


(a) reflexive and symmetric (b) symmetric and transitive 


(d) 9 


(c) reflexive and transitive (d) equivalence 


47. Relation R, is 


(a) reflexive (b) symmetric 


(c) transitive (d) equivalence 


48. Relation R; is 


(a) reflexive (b) symmetric 


(c) transitive (d) equivalence 


Sets, Relations and Functions Exercise 4: 


Single Integer Answer Type Questions 


= This section contains 6 questions. The answer to each 
question is a single digit integer, ranging from 0 to 9 
(both inclusive). 


49. In a group of 45 students, 22 can speak Hindi only and 
12 can speak English only . If (2A + 1) student can speak 
both Hindi and English, the value of A is 


50. tA=|xjcosx>—1 and ox and 


1 
={x|sinx> Zand < xn] andifmh <A B< my, 
2 3 


the value of (A + |) is 
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51. IfS=R A={x:-3<x<7} and B={x:0<x<10}, the 
number of positive integers in AAB is 


52. Two finite sets have m and n elements. The total number 
of subsets of the first set is 48 more than the total 


number of subsets of the second set. The value of m — n is 


53. If two sets A and Bare having 99 elements in common, 
the number of elements common to each of the sets 


AX Band Bx Aare 121A’, the value of A is 


Sets, Relations and Functions Exercise 5: 


Matching Type Questions 


= This section contains 2 questions. Questions 54 and 
55 have three statements (A, B and C) given in Column 
I and four statements (p, q, r and s) in Column IT and 
questions 70 and 71 have four statements (A, B, C and 
D) given in Column I and five statements (p, q, r, s 
and t) in Column II. Any given statement in Column 
I can have correct matching with one or more 
statement(s) given in Column II. 


54. The functions defined have domain R. 


Column I Column II 
(A) |7x +1 (p) | onto [—1, 1] but not one-one 
[0, 7] 
(B) | cosx (q) | one-one on [0, 71] but not 
onto R 
(C) | sinx (r) | one-one and onto R 
(D) |} 1+ Inx (s) | one-one on (0, °°) 


59. The domain of the function f(x) is denoted by 


Dr. 
Column I Column II 
(| fj aiG—~ tan" (? =) (p) vu, [2kn, (2k + 1)r] 
then Dy is 
(B) | f(x) = logy) (1 — logy, (q) | [-4,-2] V[0, 2] 


(x* —5x + 16)), then Dr is 


(C) f(x) = cos [ 


is 


} then Dr (r) | (2,3) 


2+ sinx 


(D) f(x) = J(sinx) + ./(16 — x’), then (s) 


Dy is 


Sets, Relations and Functions Exercise 6: 


Statement | and II Type Questions 


= Directions Question numbers 56 to 59 are 
Assertion-Reason type questions. Each of these 
questions contains two statements : 
(a) Statement-1 is true, Statement-2 is true; Statement-2 is a 
correct explanation for Statement-1. 
(b) Statement-1 is true, Statement-2 is true; Statement-2 is 
not a correct explanation for Statement-1. 
(c) Statement-1 is true, Statement-2 is false. 


(d) Statement-1 is false, Statement-2 is true. 


56. Statement-1 Ifa set A has n elements, then the 


2 
number of binary relations on A=n” . 
Statement-2 Number of possible relations from A to 


A=2" 


97. Statement-1 If A = {x| g(x) =0} and B= {x| f(x) =0}, 
then A A Bbe a root of {f(x)}” + {g(x)}* =0. 
Statement-2 xe ANBSxeEAorxe B. 

58. Statement-1 P(A) P(B) = P(A B), where P(A) is 
power set of set A. 

Statement-2 P(A) U P(B)= P(A UB) 
59. Statement-1 If Sets A and Bhave three and six 


elements respectively, then the minimum number of 
elements in A U Bis 6. 


Statement-2 A B=3. 
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Sets, Relations and Functions Exercise 7: 


Subjective Type Questions 


= In this section, there are 15 subjective questions. 


60. 


61. 


62. 


63. 


64. 


65. 


Let A = {x: x is a natural number}, 
B={x:x is an even natural number}, 


C ={x:x is an odd natural number} 
and D = {x: x is a prime number}. 


Find 
(i) ANB (ii) ANC 
(iii) BAD (iv) CAD 


Let U be the set of all people and M = {Males}, 

S= {College students}, 

T = {Teenagers}, W = {People having height more than 
five feet}. 


Express each of the following in the notation of set 
theory. 


(i) College student having heights more than five feet. 
(ii) People who are not teenagers and have their height 
less five feet. 
(iii) All people who are neither males nor teenagers nor 
college students. 


The set X consists of all points within and on the unit 
circle x” + y” =1, whereas the set Y consists of all points 
on and inside the rectangular boundary x = 0, x = 1, 
y=-—1and y=1. Determine X UY and X MY. Illustrate 
your answer by diagrams. 


In a group of children, 35 play football out of which 20 
play football only, 22 play hockey; 25 play cricket out of 
which 11 play cricket only. Out of these 7 play cricket and 
football but not hockey, 3 play football and hockey but not 
cricket and 12 play football and cricket both. 

How many play all the three games? How many play 
cricket and hockey but not football, how many play hockey 


only? What is the total number of children in the group? 


Of the members of three athletic team in a certain 
school, 21 are on the basketball team, 26 on the hockey 
team and 29 on the football team. 14 play hockey and 
basketball, 15 play hockey and football, 12 play football 
and basketball and 8 play all the three games. How 


many members are there in all? 


In a survey of 200 students of higher secondary school, it 
was found that 120 studied Mathematics; 90 studies 
Physics and 70 studied Chemistry; 40 studied 
Mathematics and Physics; 3 studied Physics and 
Chemistry; 50 studied Chemistry and Mathematics and 
20 studied none of these subjects. Find the number of 


students who studied all the three subjects. 


66. 


67. 


68. 


69. 


70. 


ii, 


In a survey of population of 450 people, it is found that 
205 can speak English, 210 can speak Hindi and 120 
people can speak Tamil. If 100 people can speak both 
Hindi and English; 80 people can speak both English and 
Tamil, 35 people can speak Hindi and Tamil and 20 
people can speak all the three languages, find the 
number of people who can speak English but not a Hindi 
or Tamil. Find also the number of people who can speak 
neither English nor Hindi nor Tamil. 

A group of 123 workers went to a canteen for cold 
drinks, ice-cream and tea, 42 workers took ice-cream, 36 
tea and 30 cold drinks. 15 workers purchased ice-cream 
and tea, 10 ice-cream and cold drinks, and 4 cold drinks 
and tea but not ice-cream, 11 took ice-cream and tea but 
not cold drinks. Determine how many workers did not 


purchase anything? 
Let n be a fixed positive integer. Define a relation R on I 
(the set of all integers) as follows: 
a R biff n| (a— b)ice., iff (a — b) is divisible by n. Show 
that Ris an equivalence relations on I. 
N is the set of positive integers. The relation Ris defined 
on N x Nas follows: 
(a, b) R(c,d) = ad = be 

Prove that Ris an equivalence relation. 
The following relations are defined on the set of real 
numbers. 

(i)aRbS|a—b|>0 

(ii) a Rb |al =|D| 
(iii) aRb&|a|=|b| 
(iv)aRb@i+ab>0 
(v)aRbs|al<b 


Find whether these relations are reflexive, symmetric or 
transitive. 


Let A = {x:-1< x <1}= B for each of the following 
functions from A to B. Find whether it is surjective, 
injective or bijective 
a x 
(i) f(x) = 2 
(ii) g(x) =|x| 
(iii) h(x) = x| x| 
(iv) k(x) = x? 


(v) I(x) = sintx 
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72. 


73. 


Textbook of Algebra 


If the functions f and g defined from the set of real 

numbers R to Rsuch that f(x)=e* and g(x) =3x -2 

then find functions fog and gof. Also, find the domain of 

the functions ( fog)' and (gof)™'. 

If f(x) = is — 
x” +2x 


Show that f is one-one. Also, find the function 
d( f(x) 


dx 


, then find the domain and range of f. 


and its domain. 


74, 


If the functions f, g and h are defined from the set of 


real numbers R to Rsuch that 


f(x)= x? -1, g(x) = v(x? +1), 


0, if x<0 
A(x) = : 
x, if x20 


Then, find the composite function hofog and determine 
whether the function fog is invertible and h is the 
identity function. 


Sets, Relations and Functions Exercise 8 : 
Questions Asked in Previous 13 Year's Exam 


= This section contains questions asked in IIT-JEE, 
AIEEE, JEE Main & JEE Advanced from year 2005 


to 


75. 


76. 


77. 


78. 


79. 


year 2017. 


Let R = {(3, 3), (6, 6), (9, 9), (12, 12), (6, 12), (3, 9) be a relation 
on the set A = {3, 6, 9, 12}. 
The relation is [AIEEE 2005, 3M] 
(a) an equivalence relation 

(b) reflexive and symmetric only 

(c) reflexive and transitive only 

(d) reflexive only 


Let W denotes the words in the English dictionary. 

Define the relation R by R= {(x, y)= W xX W} the words x 

and y have atleast one letter in common, then R is 
[AIEEE 2006, 3M] 

a) not reflexive, symmetric and transitive 

b) reflexive, symmetric and not transitive 

c) reflexive, symmetric and transitive 


pe ee ae 


d) reflexive, not symmetric and transitive 
Let R be the real line, consider the following subsets of 
the plane R x R such that [AIEEE 2008, 3M] 
S={(x,y):y=x+land0< x <2} 
T = {(x, y): x —y is an integer}. 
Which one of the following is true? 


(a) Both S and T are equivalence relations on R 

(b) S is an equivalence relation on R but T is not 

(c) T is an equivalence relation on R but S is not 

(d) Neither S nor T is an equivalence relations on R 


If A, Band C are three sets such that AM B= AMC and 
AUB=AUC, then [AIEEE 2009, 4M] 
(al ANB=0 (b) A=B 
(c) A=C (d) B=C 


Let S = {1, 2,3, 4}. The total number of unordered pair of 


[lIT-JEE 2010, 5M] 
(d) 41 


disjoint subsets of S is equal to 
(a) 25 (b) 34 (c) 42 


80. 


81. 


82. 


83. 


Consider the following relations. 


R= {(x, y)|x, y are real numbers and x = wy for some 
rational number w } 


“9 


and qm = pn}, then 


m,n, p and q are integers such that n, q #0 


[AIEEE 2010, 4M] 
(a) neither R nor S is an equivalence relation 


(b) S is an equivalence relation but R is not an equivalence 
relation 


(c) Rand S both are equivalence relations 


(d) Ris an equivalence relation but S is not an equivalence 
relation 


Let P = {0 :sin® — cos@ = V2 cos} and 
Q = {0 :sin® + cos = V2 sin0} be two sets. Then, 
[lIT-JEE 2011, 3M] 


(a)P CQandA-P#¥0 (b)O¢P 

()P€Q (d) P=Q 

Let f(x) =x” and g(x) =sin x for all x € R.Then, the set 
of all x satisfying (fogogof )(x) = (gogof ) (x), where 

( fog)(x) = f(g(x)) is [IIT-JEE 2011, 3M] 
(a) + Jnm,n €{0,1,2,...} 

(b) + nt, ne {1,2,3,...} 

(c) - + Qnt,n €{...,-2, -1,0,1,2,...} 

(d) 2nm, n € {...,-2, —1, 0, 1, 2, ...} 

Let R be the set of real numbers. 


Statement-1 A ={(x,y)€ Rx R:y-— xis an integer} is 
an equivalence relation on R. 
Statement-2 B= {(x,y)e€ RX R: x =ay for some 


rational number ©} is an equivalence relation on R. 
[AIEEE 2011, 4M] 


(a) Statement-1 is true, Statement-2 is true; Statement-2 is 


not a correct explanation for Statement-1 
(b) Statement-1 is true, Statement-2 is false 
(c) Statement-1 is false, Statement-2 is true 


(d) Statement-1 is true, Statement-2 is true; Statement-2 is a 


correct explanation for Statement-1 


84. Let A and Bbe two sets containing 2 elements and 4 


elements, respectively. The number of subsets of A x B 
[JEE Main 2013, 4M] 


having 3 or more elements, is 
(a) 220 (b) 219 (c) 211 (d) 256 
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85. If X = {4" -3n-1:ne N}andY = {9(n—-1):n = N}, where 


N is the set of natural numbers, then X UY is equal to 


[JEE Main 2014, 4M] 
(a) X (b) Y (c) N (d) Y-X 


86. Let A and B be two sets containing four and two 


elements, respectively. Then, the number of subsets of 
the set A x B, each having atleast three elements is 

[JEE Main 2015, 4M] 
(a) 275 (b) 510 (c) 219 (d) 256 
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Exercise for Session 2 
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Exercise for Session 3 


1.(b) 2. (c) 3. (b) 4.(b)  5.(b) 6. (b) 
7.(d)  8.(b) 9.(b) 10. (a) 


Chapter Exerises 
1. (a) 2. (a) 3. (a) 4. (d) 5. (a) 6. (c) 
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13.(c) 14.(d) —15.(b) 16. (c)_—-17.(b)_—«‘18. (d) 
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31.(b) 32.(d) 33.(c) ~—-34.(d)_—35.(a)_— 36. (d) 
37.(c) 38. (d) 39. (d) 40. (a,b,c,d) 41. (a,b,c) 
42. (c,d) 43.(b)  44.(a) 45d) 46.(a)_—47.(b) 
48.(a) 49.(5)  50.(1) 51.3) 52.2) 53.(9) 
54. (A) > (x); (B) > (q); (©) > (p); D) > (s) 
55. (A) > (s); (B) > (2); (C) > (p); (D) > (aq) 
56.(b) 57.(c) 58.(c) _—-59.(a) 
60. (i) B (il) C (iii) {2} (iv) {x : xis an odd prime, natural number} 
61. (i) S AWG) T’ OW’ (iit) (MUT USY’ 


62. X UY = {(x, yi t+ y <i or0<x<land-1< y<1} 
X AY ={@, y)ix + y¥ Slandx2 0} 


63. 5, 2, 12, 60 64. 43 65. 20 66. 45, 110 
67. 44 
70. (i) Not reflexive, symmetric, not transitive 
(i1) Reflexive, symmetric, transitive 
(iii) Reflexive, not symmetric, transitive 
(iv) Reflexive, symmetric, not transitive 
(v) Not reflexive, not symmetric, transitive 
71. (i) Injective (i1) Injective 
(iii) Bijective (iv) Not injective 
(v) Surjective 
72. (fog)x = &*~7;x ER (gof)x = 3e° — 2;x ER 
Domain of (fog)! (x) = (0, ©). 
Domain of (gof) | (x) = (-2, ©). 


73. = R- {fh} 
(l- x) 
= I 
oO 2 , Domain of oO R- { 
dx (l-x) Ix 


z 
a< 
74. (hofog) x = . a = . his not an identity function and fog is not 
x 20 


invertible. 
75.(c) 76. (b) 77. (c) 78. (d) 79.(d) 80. (b) 
81.(d) 82. (a) 83. (a) 84. (b) 85.(b) 86. (c) 


> (V2 — 1) is an irrational number. 


a) 
and (2, 3) € R, then(2 -—3+ V2) is an irrational number. 
> (V2 - 1) is an irrational number. 
(,3)eRS0-3+ V2) is an irrational number. 


> (V2 — 2) is an irrational number. 


So, (1, 2) € R and (2, 3) € R (1, 3) € R (by any way) 
1. By Venn diagram. .. Ris not transitive relation. 


=x? 4+14+2x-1=x7’+2x 


eeeeeeeeeis S={x: fix) = fa} 


Sis the set of point of intersection of (y = x) and tf. 


Now, solve y =xand f(x) =x? + 2x 
It is clear that AN (AU B)=A 
x" +2x=x 


R S 2 
A B B C x +x=0 
x(x+1)=0 
R S 


7. Let set A contains n elements. 
Power set of A is the set of all subsets. 
*, Number of subsets of A ="C, + "C, + "C, +...+ "C, =2" 


-. Power set of A contains 2” elements. 
8. By Venn diagram, it is clear that 


R 
oe A-BCA and B’-A’CA and ANB’ CA 


SoR is the relation from A to C. 


but Ag A-B 
3. R={(1, 3), (2, 2), : a 9. A={1, 2,3} 
S ={(2, 1), (3, 2), 
aa B={3, 8} 
AU B={1, 2,3, 8} 
AN B=} 
belt (A U B)x(AN B) =(1,2,3, 8} x 3} 
= {(1, 3), @ 3), @, 3) (8, 3)} 

10. A={p,qr} 


RoS ={(2, 3), (2, 2), (3, 2)} 
4. XA(YAXY =X A(YUX’) 
=(X NY’ )U(X 9 X’) 


a eal R= Kr gulrs Puls GQ} 


Here, (p, p) € R,, so R, is not reflexive relation. 


R, = (p,q), (Gr), (P. 1), (P, PI} 


(q, q) € R,, so R, is not reflexive relation. 


So, R, is not an equivalence relation. 


5. xRy = (x-yt V2) is an irrational number. So, R, is not an equivalence relation. 


Para et a R= {(p. P). (4.9). (r, 7), (P @)} 
Then, x — x + J2 = V2 which is an irrational number. R, is an reflexive relation. 


xRx,VxeER (p, a) € R, but (q, p) € R; 
*, Ris an reflexive relation. R, is not symmetric relation. 
xRy S(x-yt J2 ) is an irrational number. So, R, is not equivalence relation. 
=>-(y-x- V2) is an irrational number. 11. A={x: xis a multiple of 3} 


=>(y-x- 2) is an irrational number. ae a ones . NY 

B={x: xis a multiple of 5} 
B={x:x=5n,neN} 

So, xRy = yRx ..R is not a symmetric relation. AB ={x: xis a multiple of both 3 and 5} 
Let (1, 2) € R, then(1 —2 + a2) is an irrational = {15, 30, 45, ...} 


number. 


yRxeeo(y-xt V2) is an irrational number. 


6. f(x) =(x+1)?-1 fie 2] 


12. Az=({1, 2,3}, B= {3, 4}, C ={4, 5, 6} 
> BOce= {4} 
and AU(B OC) = {1, 2, 3, 4} 

13. A={x, y, z}, B= {u, v, w} 
Now, f: A> B 


f is one-one and f is onto. 


14. A= {2, 4} 
B= {34,5} 
AQ B= {4} 


AU B={2,3, 4,5} 
(A 7 B)X(A U B) = {(4, 2), (4 3), (4 4), (4 5)} 
15. X ={a, b,c, d} 
R, = {(, a), (@, b), (c,d), @ ©)} 
(a, b) € R, and(a,c) € R, 
..R, is not a function. 


R, = (4 4), d, ¢), (b, b), (6 c)} 


x 
ae, 
ee 
ras 
Le 
Hence, R, is a function. 
16. f:ROR 
=> f(x) =sinx andg:R-~R 
=> &(x) = x? 


Range of gis R* U {0}, which is the subset of domain of f. 
.. Composition of fog is possible. 


fog = f(g(x)) = f(x") 


=sinx* 
17. x°-1=0 
—3 x=-11 
-.xisreal,q x’? +1=0 
=> x=ti 


-. xis notreal, x? -9=0 


=> CaaS 
-.xisreal x?-x-2=0 
=> x=2,-1 
*, xis real. 
18. By definition for equivalent relation. 
R should be reflexive, symmetric, transitive. 


19. -. x - coordinates of two brackets are same. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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n ; 
— means that n is a factor of m. 
m 


So, f is reflexive. 
+: A number is a factor of itself. 
Now, if nis a factor of m, then mis not a factor of n 


.. f is not symmetric. Let n is a factor of mand mis a factor of 
s, then it is true that n is a factor of s. 


.. f is transitive. 
8x -—6 
A =——,, where € 1, 


14A +6 
8x=144 +6 > x= us 


aa 4 “( + 1), when A € I 


and here greatest common divisor of 8 and 14 is 2, so there are 
two required solutions. 


for’ =3andA =7, x =6, 13 or x =[6][13] 
n(A) = 10 
Total number of distinc Functions from A to A = 107°. 


AcXandBcxXandAcCB 


In all 3 possible cases, 


A BB xX A B xX 


A = {a, b,c, d} 
B={s, t, u} 


A B 
a 
1 
ee 


It is clear that f is a function. 

But in relation h, a have h image s and u. 
So, his not a function. 

f(x)ax?, x EZ 


. f is not one-one 

Range of f is set of whole number. 
Which is a subset of Z. 

.. f is not onto. 


It is obvious. 


828 = Textbook of Algebra 


27. A=({1,2,...,.n}n 22 32. f: ADB 
B ={a, b} f is a function, then f Tisalsoa oo function. 
Number of into functions from A to B =2 ie function (f~ Ae 


Total Numer of functions from A to B = [n(B) J" =? 


“. Total Number of onto functions from A to B = 2" —2 
28. f:ROR 

=> f(x) =3x-4 

f is one-one onto function. 


oo Let =3x-4 = 
y+4 ene Tron” eer ) 
3 
Replace x by y > y = — =f (x) and (fog)y = f(g(y)) = f 5] 
29. f:ROR y - y : 
x ise Yat y oe kee 
It is clear that f is one-one and onto. / __ Sar 
.. Let y =10x-7 (+y’) ay) 
34. f:ROR 
x=¥4T 2 51g) 7 eee 
Lf x+7 When x 2 0, then f(x) =2x + x =3x 
= T= 10 When x <0, then f(x) =2x-x=x 
30. R={(a,b):a>b} Now, when x > 0 
We know that, a >a f£Bx) — f(-x) — 4x = 36x) -(-x) -— 4x =9x + x - 4x 


=6x ee 4 


(aa)ER,VaeR 


Ris a reflexive relation. Whenseu a ae 
Let (a,b) ER fx) — f(-x) — 4x =3x —(-3x) — 4x = 2x =2f(x) 
= az2b 35. Let A={1,2,3}, R={(1, 1) (1,2) 
aad ba and S = {(2, 2), (2,3)} 
> (b,a)ER be the transitive relation on A. 
So, R is not symmetric relation. Then, R U S = {(1, 1,) (1, 2)(2, 2) (2, 3)} 
Now, let (a, b) € Rand (b,c) € R. R U Sis not transitive, because (1,2) € RUS 
= a>b-and be and (2,3) é€ RUS but (1,3) €R US. 
> a>c 36. f:ROR 
:ROR 
> (a,c) ER ae 
*, Ris a transitive relation. a(x) = ee 
31. A={(xy):y =e", xe R} 3 : 
ey eeen) = (fog)(2) = fal) = fle? + 5)=2(x° +5) 3 
=2x° +7 
Now, let y =2x° +7 
2x3 =y-7 


Replacing x by y, we get 


7 sy 
. 2 


1/3 
nas : (fog) (x) = (2 ~ ") 


37. 


38. 


39. 


40. 


M1. 


42. 


f(x) =ax+b 
a 
F(g(x)) = a(f(x)) 
Poa = g(ax + b) 
accx + d)+ b=c(ax+b)+d 
acx+ad+b=acx+be+d 
ad+b=cb+d 
F(a) = g(b) 
f:RORg:ROR 
fx) =2 min f(x) — @(x),0) 
Let f(x) — g(x) > 0, then 
F(x) = f(x) — g(x) —| f(x) x)| and f(x) — g(x) < 0, then 
F(x) = 2[ f(x) - ate) = 190) — a(x)] — | F(x) — g(x)| 
f:R— Rand g:R- Rsuch that f is injective and +g is 


surjective. 
Then, g may be one-one or many-one. 


If g is one-one, then gof is one-one. 

fog is one-one 

gog is one-one 

But if g is many-one, then gof is not one-one. 
fog is not one-one. 

gog is many-one 

Now, fofis one-one 


Relation R on the set of all straight lines in the plane is of 
parallel line. 


A line is parallel to itself. So, R is reflexive. 
If], is parallel to 1, , then /, is parallel to 1,. 
.. Ris symmetric relation. [I,, 1, € L] 

Let 1,, 1,, 1, € L 

I, is parallel to 1, and 1, is parallel to J,. 
Then, |, is parallel to 1,. 

. Ris transitive relation. 

So, R is equivalence relation. 

X = {1, 2,3, 4,5} 

Y = {1, 3, 5, 7, 9} 

(a)R, ={(4 y):y=2+xxEX,yeY} 


x=1 y=2 
x=2 y=4 
x=3 y=s 
x=4 y =6 
x=5 y=7 


So, R, is a relation from X to Y. 


(b) R, = 40, 1), (2, 1), G: 3) (4, 3), (5, 5)} 
R,cxXxXY 
(c) R; = {(1, 1), (1, 3), (3, 5) 65, 7)} 
R,coXxXY 
(d)R, EX XY 
fFiR=LNS R- 
x+ra 
fixy=- 


Let x, x, € Dy 
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xX,+a x ,+a 
oy 1 _* 
b x, +b 


=> xx, + bx, + ax, + ab = x,x. + ax, + bx, + ab 
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[a #b] 


> D(x, — X_) = a(x, — X») 
> (x, — x,)(b-—a) =0 
=> X, = Xp 
.. f is one-one function. 
Now, let y= ai 
x+b 
xy+by=x+t+a 
x(y —1) =a —by 
a—b = a-—b 
=~ and fy) => 
pos yet 
yeR-{l} 
xis defined, Vy € R — {1} 
f7(2) 4." - ag oh 


oe (Q. Nos. 43 to 45) 


[a #b] 


(gof)(0) = g(f(0)) = g(7(0)* + 0- - 

= ea = o = 

and — (fog) (-3) = f(g(-3 ie 10)’ +0-8=-8 

(gof )(0) + (fog) i“ =—-8+8=0 
44. (fog)(7) = f(g(7)) = f7’ + 4) = f(63) 

= 8(53) + 3 = 427 

and (gof )(6) = g(f(6)) = g(4 X6 +5) + g(29) 
=(29)? + 4=845 

2 fog)(7) — (gof )(6) =2 x 427 — 845 =9 


45. (gof)(2) = g(f(2)) = g(4 x2 + 5) = g(13) 


= (13)? + 4=173 


and (fog)(g) = f(g(9)) = f9" + 4) = f(85) 
=8 X85 +3 =683 
A(gof)(2) — (fog)(9) = 4 x 173 — 683 =9 


Sol. (Q. Nos. 46-48) 
46. We have, (a, b) € R, iff|a — b| <7, where a, b Ez 
Reflexivity Leta ez 


=> a-a=0 
> |a—a| <7 
=> 0<7 
> (a,a)ER, 
.. The relation R, is reflexive. 
Symmetry 
(a, b) € R, 
=> ja—b| <7 = |Hb-a)| <7 
=> |b—al\ <7 => (b,a)ER, 


.. The relation R, is symmetric. 

Transitivity We have (2, 6), (6,10) € R, because 
2-6 =4<7 and |6-10|=4<7 

2-10|=8 £7 

(2,10) € R, 


Hence, the relation R, is not transitive. 


Also, 


830 = Textbook of Algebra 


47. We have (a, b) € R, iffab = 4, where a,b €Q 50. . eee and0Q<x<7m 
Reflexivity 5 <Q and(5)(5) =25 #4 2 
27 27 
Fe (5,5) € Ry > ——<x<— and 0<x<7 
The relation R, is not reflexive. 3 3 
2 
Symmetry > 0<x< = 
a,b)ER 
> ab=4 > ba=4 a alae s| 
=> (b, a) € R, 
“. The relation R, is symmetric. Again, sinx > : and 2 <x<n 
1 1 
Transitivity We have (s, | ; (; s € R, because tT 51 
2 2 > <x< and —<x<m7 
; ‘ 6 6 3 
am = = 1 51 
s(*as a (Joes oe 
3 6 
Also, 8(8) =64 #4 [a 5% 
B=\—,— 
(8,8) ¢ R, [3° 6 


3 
. The relation R, is not transitive. [x 2n 

48. We have, (a, b) € R, iff a” — 4ab + 3b” =0 Now, ANB= [3° = 
wherea,be R 


T 2n 
Reflexivity 3 SANB< 3) 
a’ — 4a-a + 3d* = 4a’ — 4a” =0 
leaen: Here X= - and w=- 
.. The relation R, is reflexive. A+ = 
Symmetry 51. Here, A=[-3,7), B =(0, 10) 
Pe ae. - - and  $ =(~00, o 
=> a’ — 4ab + 3b“ = 0, we geta=b anda =3b A=8=[-50] and B= A=1710) 
a ek AAB =(A — B) U(B— A)=[-3, 0] U [7, 10) 
— b* — 4ab + 3a° =0 


.. Positive integers are 7, 8, 9. 
we get b =a and b =3a 


(a, b) € R, (b, a) € R, 52 
.. The relation R, is not symmetric. 


Number of positive integers =3 
. As2™—2" = 48 =16 x3 =2* x3 
: => an(2™-" —1) =2* (2? -1) 
Transitivity We have (3, 1), (1 :| eR, “ n=4 and m-—n=2 


n=4 and m=6 
because (3)* — 4(3)(1) + 3(1)* =9 -12 +3 =0 


Now, m—-n=2 
aah ay «0 (2) | (2) =1 one 53. n((A x B) A(BX A)) =n((A 2 B) X(BO A)) 
3 3 3.3 =n(A  B)-n(Bo A) 


=n(A A B)-n(A- B) 


1 
Also, e :| é R,, because : 
3 =99x99=121x9 


2 
1 1 1 16 . = 
(3)? +-0)()43(2] =9-44+-=— #0 - =9 
3 3 3.3 54. (A)y =7x+1 
.. The relation R, is not transitive. f(x) =7x +1 
49. Given, a = 22, Y 
=12 
7 H E (0,1) 
x’ ox 
a 
and a+b+c=45 Let XX € Dy, 
=> 224+b+12=45 then F(x) = f(%) 
b=11=2A 41 => 7x,+1=7x,+1 > x, =x, 


=> X=5 fisone-one, VxeER 


yol 


Now, y=7xt+1> x= 


for each y € R, we getx ER 
f is onto function 
(B) y =cosx 
for x €[0,t]} y €[-1 1] 
.. f is one-one on [0 7], 
VxeR y e[-1, 1] 
y is not onto R. 
(C) y =sinx or f(x) =sinx 
for x €[0, 7], y €[0, 1] 


Oui) 


3 2 2 


.. f is not one-one on (0,7), 
Vx eRandy €[-1, 1] 
.. f is onto [-1, 1]. 
(D) y =1+ Inx and f(x) =1+ Inx 
y is defined for x € (0,00) 


Let xX; x, € Dr 
then f(x) = f(xy) 
=> 1+ Inx, =1+ Inx, 
=> X, = Xy 


.. f is one-one, V x € (0, °) 


55. (A) Let y =./3 —x + sin? =) 


For y to be defined 3 — x = 0 on -1 <= <1 
x<3 (i) 
=o S3= 2055 
and -1<x<4 (ii) 
From Eqs. (i) and (ii), we get 
x €[-1,3] 


(B) Let y = log, {1 — log,)(x” —5x + 16)} for y to be defined 
x’ —5x +16 >0and1 — log,,(x? —5x + 16) > 0 


2 
5 39 
E = *) + re > Oand log,,(x” —5x + 16) <1 


which is true, VxeR ...(i) 
=> x" —5x + 16 <10 

=> x? -5x+6<0 = (x—3)(x—2) <0 

> PA i a ...(ii) 


From Eqs. (i) and (ii), x € (2, 3) 


(C) Lety=cos — for y to be defined 


2+ sinx 
acer ‘ < 
dice 2 Zi E 1<sinx <1] 
2+ sinx [1 <2+sinx <3 | 


Multiplying by (2 + sin x) 
—(2+sinx) <2<2+sinx 


=> -2-sinx <2 |2<2+sinx 


56. 


57. 


58. 


59. 


60. 
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=> —sinx <4 |sinx20 
> sinx >—4 | 2nt<x<(2n+1)t,nez (i) 


We know that sin x € [-1, 1] 
an xeER 
From Eqs. (i) and (ii); x € [2km, (2k + 1)1] 


Domain = As [2kn,(2k + 17)] 
el 


(D) y =Vsinx + ./16 — x’ for y to be defined 


16-x’>0 


... (ii) 


sinx 20 


xe[2kn(2k+1)t],kel .i) |-4S5 x4 ...(ii) 
From Eqs. (i) and (ii), we get 
x e[-4,-12] U [0, 1] 
Let 


A = {y, Ay, 03... , An 


2 
Then, the number of binary relations on A=n"*") =n" 


2 
and number of relations form A to A =2”*" =2" 


Both statements are true but Statement-2 is not a correct 
explanation for Statement-1. 


Leta €(AM B)>Qa€A andaeB 


=> g(a) =0 
and f(@)=0 
= {f)}’ + {g@)}’ = 0 


=> Qisa root of {f(x)}’ + {g(x)}’ =0 

Hence, Statement-1 is true and Statement-2 is false. 
Let xe P(AXNB) 

= xc(AnB) 


oS xCA and xcB 
eS x € P(A) and x € P(B) 
eS x € P(A) A P(B) 


P(A B) c P(A)A P(B) 


and P(A) A P(B) c P(A B) 
Hence, P(A) A P(B) = P(A 2 B) 
Now, consider sets A = {1},B={2} = AU B={i,2} 


P(A) = {6, {1}}, P(B) = {6, {23}. 
and P(A U B)= {6 {1}, {2}, {1, 2} # P(A) U P(B)} 
Hence, Statement-1 is true and Statement-2 is false. 
n(A U B) =n(A) + n(B)—n(A 2 B) 

=3+6-n(AN B)=9-n(AN B) 
As maximum number of element in(A M B) =3 
.. Minimum number of elements in(A 7 B) =9-3 =6 


Both statements are true; Statement-2 is a correct explanation 
for Statement-1. 


A ={x: xis a natural number} 


B={x: xis an even natural number} 
C ={x: xis an odd natural number} 


D={x: xis a prime number} 
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(i) AN B={x:x=2n,neN}=B 

(ii) A A C = {x: xis an odd natural number} = C 
(iii) B 7 D ={x: xis prime natural number} = {2} 
(iv) CA D={x: xis odd prime natural number} 


61. U =Set of all people 
M = {Males} 

S = {College students} 

T = {Teenagers} 
W = {People having height more than 5 feet} 

(i) College students having heights more than 5 feet =S ~W 


(ii) People who are not teenagers and having their heights 
less than 5 feet = T’ 7 W’ 


(iii) All people who are neither males nor teenagers nor 
college students =(M UT USY 


X={(uy)ix? ty? <1} 
Y={(x,y):0<x<1-1<y<ti} 

X UY =((x,y):x? + y’ Slor0<x<land-1<y <1} 
X AY ={(x, y): x? + y’ <1and x > 0} 


62. 


A y 
0,1 t 
(0, 1) 0, 1) 
x’ >X 
(+1, 0) Vx x’ « Tila. 
(0, -1) ae 
=) 
vy’ { 
Y Y 
A» 
0, 1) 
(0, 1) 
< x X~ > 
oyya.n”* Gji.n” 
et (0, -1) 
¥. 
Y’ Y 
63. Given, a=20 (i) 
e+ ft+g=15 (ii) 
b+d+f+g=22 (iti) 
c=11 ...(iv) 
F 
C 
oy 
H 
c+td+et+g=25 ..(v) 
> dt+t+e+g=14 ...(vi) 
e=7 ...(vii) 
f=3 ...(viii) 
From Eqs. (vii), (viii) and (ix), 
e+g=12 ...(ix) 


e=7,f=3,g=5 


From Eq. (vi), d =2 

From Eq. (iii) b +24+3+4+5=22 

: b=12 

20, b =12,c=11,d =2,e=7, f =3,g=5 
Number of children play all the three games = g =5 


Hence, a 


Number of children play cricket and hockey but not football 
=d=2 

Number of children play hockey only = b = 12 

Total number of children in the group 


=atb+c+tdt+e+ft+g=60 
64. a+ fte+g=21 ...(i) 
b+d+f+g=26 ...(ii) 
c+td+e+g=29 (iii) 
ft+g=14 ..(iv) 
g+d=15 .-(v) 
e+ g=12 ...(vi) 
£=8 ...(vii) 
2 H 
(1\ 
—- 
F 
From Eggs. (vii) and (vi), e = 4 
Form Eqs. (vii) and (v), d =7 
From Eqs. (vii) and (iv), f =6 
From Eq. (iii), ¢ + 7+ 4+ 8=29=c =29—-19=10=c 
From Eq. (ii), b+ 7+6+8=26>b=26-21—5 b=5 
From Eq. (i), a+6+4+8=21>5a=21-185 a=3 
n(B)+nH)+nF) =at+b+ct+dt+et+ftg 
=34+54+104+74+44+648=43 
65. at+e+ft+g=120 ...(i) 
b+d+f+g=90 (ii) 
e+ f+cet+d=70 (iii) 
gt+f=40 ..(iv) 
f+d=30 .-(v) 
e+ f =50 ...(vi) 
M oa 
(<) 
a 
C 
U-(a+b+c+d+t+e+f+g)=20 
> at+tb+c+d+et+f+g=180 ...(vii) 
From Eqs. (i) and (iv), a+e=80 ...(viii) 
From Eggs. (ii) and (iv), b+d=50 ...(ix) 


66. 


67. 


From Eqs. (iii) and (v), e +c=40 
from Eqs (viii), (ix) & (x), a+ b+c+d+et+e=197 
from (xi), (vii) and (iv), 197 -e + 40 =180 

170 —e + 40 =180 


e =210 — 180 =30 


From Eq. (vi), e + f =50 


=> 30+ f =50 
=> f =20 
b+e+ f+g=205 
a+d+f+g=210 
c+d+e+g=120 

f + g=100 

e+ g =800 

d+ g=35 

g =20 


From Eqs. (vi) and (vii), d =15 

From Eqs. (vii) and (v), e = 60 

From Eqs. (vii) and (iv), f =80 

From Eq. (i), b + 60 + 80 + 20 =205 = b =205 — 160 
= b=45 =Can speak English but not Hindi or Tamil. 


From Eq. (ii) a + 15 + 80 + 20 =210 

=> a+115=210= a=95 
From Eq. (iii), c+ 15 + 60 + 20 = 120 

=> c =120-95 > c=25 


People who can speak neither E nor H nor T 
= 450 —(95 + 45+ 25 + 15 + 60 + 80 + 20) 
= 450 — 340 = 110 

c+ftgte=42 


b+d+gt+e=36 
at+f+d+g=30 


gte=15 

ft+g=10 
d=4 

e=11 


...(xi) 


...(i) 
...(ii) 


...(iii) 
...(iv) 


.. (vi) 


...(vii) 


68. 


69. 


Chap 11 Sets, Relations and Functions 


From (iv) and (vii), g+11=15> g=4 
From (v) and (viii), f+ 4=10 > f =6 
From (i),c+6+4+11=42 => c=21 
From (ii), b +4+4+11=365 b=17 
From (iii),a@+6+4+4=30>a=16 
Number of required persons 
=123-(16+17+21+4+114+6+ 4) 
= 123 —79 
= 44 
aRb iff n |(a — b)| i.e. (a — b) is divisible by n. 
Reflexivity a — a =0 which is divisible by n. 
So, (a,a)ER,Vael 


.. Ris reflexive relation. 


Symmetry Let(a,b)eR 


833 


..(viii) 


...(ix) 
...(Xi) 


...(xii) 


Then, (a, b) € R= (a — b) is divisible by n. 
> —(b — a) is divisible by n. 

> (b — a) is divisible by n. 

=> (b,a)ER 


.. Ris symmetric relation. 


Transitivity Let (a, b) € R,(b, c) € R, then (a — b) and (b — c) 


are divisible by n. 
a —b=nk, and b —c=nk, 
(a — b) + (b —c) =n(k, + k,) 
a—c=n(k, +k,) 
(a — c) is divisible by n. 
(a,c)ER 


.. Ris transitive relation. 


UUUUY 


“. Ris an equivalence relation. 


R defined on N x N such that 
(a, b) R(c,d) = ad =be 
Reflexivity Let(a,b)—eNxN 
> abe N => ab=ba 
> (a, b) R (a, b) 
.. Ris reflexive on, N x N. 
Symmetry Let(a, b),(c,d)éeNXN, 
then (a, b) R (c,d) ad = bce 
=> cb =da 
> (c, d) R (a, b) 
“. Ris symmetric on N x N. 
Transitivity Let (qa, b), (c,d), (e, fy) eNxXN 
Then, (a, b) R(c,d) =ad = be 
(c,d) R(e, f) = cf =de 
From Eqs. (i) and (ii), (ad) (cf) = (bc) (de) 
=> af =be 
> (a, b) R(e, f) 
.. Ris transitive relation on N x N. 
“. Ris equivalence relation on N x N. 


[ky, k, € I] 


...(i) 
...(ii) 
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(i) aRb S|a—b|>0 
Reflexivity a—a=0 
(a,a)¢R 
.. Ris not reflexive 


Symmetry (a,b)eR=>|a-—b|>0 


=> |-(b —a)>0| 
=> |b-a|>0 
> (b,a)ER 


.. Ris symmetric relation 
Transitivity (a,b) eR and (b,c)eER 


=> ja—b|>0 and |b-c|>0 
> |a—b|+|b-c|>0 [by addition] 
Now, leta>band b> c, thena>c 
ja—b|+|b-—c|=a—b+b-c=a-c>0 
> ja—c|>0 


If a<bandb>c, then 
ja—b\|+|b-c|=-(a—b)+(b-c)=-a+t+2b-c 
>» ja—c|>0 
.. Ris not transitive relation. 

(ii) aRb & |a| =|b| 
Reflexivity We have, |a|=|a| 
> aRaVa 


.. Ris reflecxive relation. 


Symmetry aRb=>|a|=|b| 

= |b] =| 

=> bRa 

“. Ris symmetric relation. 
Transitivity (a,b) ¢ Rand(b,c)eER 


= |a|=|b| and |b] =|c| 
= |a| =e| 
> (a,c)ER 


.. Ris transitive relation. 

(iii) aRb = |a| = |b| 
Reflexivity For anya € R, we have |a| = |a| 
So, aRa Va 
-. R is reflexive relation. 

Symmetry aRb= |a|=|b| 

> |b| <|a| 

.. Ris not symmetric relation. 

Transitivity aRb and bRc >|a| 2|b| and|b| =|c| 
> ja| =|c| 

=> aRec 

.. Ris transitive relation. 

(iv) aRb 1+ ab>0,Va,beER 
Reflexivity Leta ¢R>1+a-a=1+a’>0 
> (a,a)ER 
“. Ris reflexive on R. 

Symmetry Let (a, b) € R, then(a,b) ER 


> 1+ab>0 
> 1+ ba>0 
> (b,a) ER 


“. Ris symmetric on R. 


1 
Transitivity We observe that [. :| e€ Rand 


(3 ; -} € R but (1, —1) € R because 


1+(1)(-1)=0#0 
.. Ris not transitive on R. 


(v) aRb |a| <b 


Reflexivity Let —1 € R, then |—1| £(-1) 

.. Ris not reflexive relation 

Symmetry Now, let —3R 4, then |4| £ —3 

=> 4R-3 

..Ris not symmetric relation 

Transitivity aRb and bRc > |a| < b and|b| <c 
Then, jalSc =aRc 


.. Ris transitive relation. 


71. A={x:-1<xs} 


B={x:-1<xs} 


: x 
@) fx)= > 
2 
Let XX, EA 
ae! 
f(a) = fl) = == 
2 2 
=> X, =X, 
. f is one-one function. 
Now, let y st aoxa2y 
> -1sy<<l 
=> —2<$2y $25-2<8 x2 
Let x €[-1,1] 


“. There are some value of y for which x does not exist. 
So, f not onto. 


(ii) g(x) = |x| 
For x =—1, g(-1)=1 
and for x=1, g(1)=1 
.. f is not one-one function 
Let y =|x|, then y 20 
.. f is not onto. 
2 >0 
(iii) A(x) =x|x)=4" > ** 
=<"; x¥ <0 
y=x? 


ya-x? 


From figure, it is clear tat h is one-one and onto i.e., 
bijective. 


(iv) k(x) = x? 


kK(1) =1 
k(-1) =1 


So, k is many-one function. 


and 


From figure, y € (0, 1) 

“. y is not onto function. 
(v) y =U(x) =sintx 

for 


x=1, 11) =sint =0 


for x=~-1, l(—1) =sin(—7) = 0 
..l is not one-one. 

Now, -1<x<l1 

=> “TN SUXST 
=> -1Ssint x <1 
“. y is onto function. 

Hence, ! is surjective function. 


72. (fog)x = f(3x —2)=e*~? 


and (gof)x = g(e”) =3e" —2 

Let (fog)x=y > e* *=y 

> 3x-2=log.y => x= 2B 
_ 2+log.y 


=> (fog) '(y) - 


=> y>0So, domain of (fog) is (0, ©). 


Now, again let (gof)x =3e* —2 
=> parse 
aad 
x=lo 
(2 
eS +2 
= (gof)10) = bog {2} 
Clearly, yt+2>05y>-2 
. Domain of (gof)” is (-2, ©). 
2 
73. (x)= 2 * 
f x? 42x 
x(x -1) 
aera 
eee 
(x + 2) 
Dy ={x: x? + 2x #0} 
={x:x eR -—{0, —2}} 
Now, let y= = 
x+2 
=> yx + 2y =x-1> xy —-1)=-(1+2y) 


...(i) 


...(ii) 


[from Eq. (i)] 
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at pan! 3 
1-y 


Now, for y = 1, x is not defined. 


1 
Now, ca ela 
1 
Now, let Xj, Xq D, 
Pe! | X,—1 
Then, f(x,) = f(x) = +— = 


Xp+2 Xp t2 


=> Xx, + 2x, - x, -2= xXx, —- xX, +2x,-2 


> X, = Xp 
.. f is one-one function. 
Now, let y= = 

Ae 
Then, = = 

1l-y 

= 1+2 = 

= POT bh feaysr= fo 


Replace y by x, we get f-'(x) = aie 


(1 — x) 2-(1 + 2x) (-1) 
Gag) 

_2-2x+1+2x 

(=x) 


pon 
= Pre (x)} 


Domaner. {f-| (x)}=R-f1} 
dx 
f(x)=x° 1 
et ere _ 49 if x<0 
B(x) = yx rie)= {Oe x20 
*. (hofog) (x) = (hof) {g(x)} 
=(hof) x? +1 
=h{ f(x’ +1)} 
=Afy(x? + 1)? —1}=h(x? +1-1) 
=h(x?)= x? 
(fog) (x) = f{g(x)} 
2 
= fix? +1) =(V? +1) —1=x°+1-1=x" 
Let y =(fog)x =x", Vx R 


If x =1, theny =1 
If x =—1, then y =1 


[-t x” > 0] 


and 


So, fog is not one-one, so it is not invertible h(x) =)” 
For x =-1,h(-1) = 0and for x = —2, h(-2) = 0 


.. his not identity function. 
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79. 


80. 


87. 


82. 


83. 


Textbook of Algebra 


Here, (3, 3), (6, 6), (9, 9), (12, 12) So, it is Reflexive and 
(3, 6), (6, 12), (3, 12) So, it is Transitive 
Here, reflexive and transitive only. 
Clearly, (x, x)eR,VxEW 
So, R is reflexive. 
Let (x, y) € R, then (y, x) € Ras x and y have atleast one letter 
in common. So, R is symmetric. But R is not transitive. 
e.g. Let x = INDIA, y = BOMBAY and z = JUHU 
Then, (x, y) € Rand(y, z) € Rbut(x,z)éR 
T={(% y):x-yel} 
As 0 € I, so T is a reflexive relation. 
Ifx-yeIl=>y-xel 
..T is symmetric also. 
Ifx—y=Iandy-—z=I12 
Then, x-z=(x-y)+(y-z)=1,+1, €1 
‘, T is also transitive. 
Hence, T is an equivalence relation. Clearly, x # x + 1=(x, x) €S 


..S is not reflexive. 


. ANB=ANC>B=Cand AUB=AUCSB=C 
Hence, B=C 
For disoint sets, AM B= 


Each element in either A or B or neither. 
81:A=BiffA=B=96 


.. Total ways = 3" 


Otherwise, A and B are interchangable 


.. Number of unordered pair for disoint subsets of 


3°41 
S= =41 
2 
xRy need not implies yRx. 
P 
eis “2qm=pm> ms" is reflexive. 
n q s on 
ee Sea symmetric. 
nq qin 
and mo P Ps! _5qm=pn, pt =4qr 
nqq it 
mor. iad 
=> mt = nr=>— S — is transitive. 
nit 


“. Sis an equivalence relation. 
P : sin® — cos@ = /2 cos® = tan@ = V2 +1 


OvainO' 2 cond S42 sae Send = eed 
2-1 


_ P=Q 
*» (fogogof) (x) = (gogof) (x) 
(sinsin x’)? = sinsin x” > sinsinx” = 0or1 
> x=+ Vnt,n € {0, 1, 2, 3,...} 
Statement-1 A = {(x, y) € RX R: y — xis an integer} 


(a) Reflexive xRy :(x — x) is an integer 
which is true. 


Hence it is reflexive. 


84. 
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(b) Symmetric xRy :(x — y) is an integer. 
= —(y — x)is also an integer. 
*, (y — x) is also an integer. 
=> yRx 
Hence, it is symmetric. 
(c) Transitive x Ry andy Rz 
= (x —y)and(y — z) are integere and. 
=(x-—y )+(y —z) is an integer. 
= (x — z) is an integer. 
=>xRz 
.. It is transitive 
Hence, it is equvalence relation. 
Statement-2 
B={(x,y)€RxXR:x=y for some reational number } 
If a =1, then 
xRy : x =y (To check equivalence) 
(a) Reflexive xRx: x = x (True) 
.. Reflexive 
(b) Symmetric xRy:x=y>y =x=> yRx 
.. Symmetric 
(c) Transitive xRy and yRz>x=y 
and y=z=>x=z = xRz 
*, Transitive 
Hence, it is equivalence relation. 
..Both are true but Statement-2 is not correct explanation of 
Statement-2 
*" Ax B has 8 elements. 
.Number of subsets = 2° = 256 


Number of subsets with zero element = °C, =1 
Number of subsets with one element = °C, =8 


Number of subsets with one elements = °C, = 28 


Hence, Number of subsets of A x B having 3 or more elements 
= 256 —(1+ 8 + 28) = 256 —37 =219 
Since, 4” —3n—-1 =(1+3)" —3n-1 
= (14+ "C, 34+ "C,-37+ "C3°3° +...4"C, -3")-3n-1 
= 3°("C, + "C,°34...4."C,-3"~7) 


= 4" —-3n-1isa multiple of 9 for n > 2 
For n =1, 4" -3n-1=4-3-1=0 

For n = 2, 4" —-3n-1=16-6-1=9 

.4" —3n—1is multiple of 9 for alln € N. 


It is clear that X contains elements, which are multiples of 9 
and Y contains all multiples of 9. 


XCY ie, XUY=Y 
n(A) = 4,n(B) =2 > n(Ax B) =8 
The number of subsets of A x B having at least three elements 
= °C, + °C, + °C, +...4°C, 
= 2° -PO,+°C,+°C,) 
= 256 -(1+8 +28) =219 


